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Abstract

Nearest neighbor cells in R%, d € N, are used to define coefficients of di-
vergence (¢-divergences) between continuous multivariate samples. For large
sample sizes, such distances are shown to be asymptotically normal with a
variance depending on the underlying point density. The finite-dimensional
distributions of the point measures induced by the coefficients of divergence
converge to those of a generalized Gaussian field with a covariance structure
determined by the point densities. In d = 1, this extends classical central
limit theory for sum functions of spacings. The general results yield central
limit theorems for logarithmic k-spacings, information gain, log-likelihood ra-
tios, and the number of pairs of sample points within a fixed distance of each
other.
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1 Introduction

Suppose X(;, 1 < @ < n, are the order statistics drawn from an ii.d. sample
with distribution F on R and let G be a distribution function. Classical spacing

functionals on R [41] take the form of an empirical ¢-divergence

i¢<"[G<X<z‘+1>) - G(Xw))), (1.1)

where ¢ : RT — R is a specified function and where typically F' is unknown. When
F and G have densities f and g, respectively, the functionals (1.1) represent an
empirical version of the ¢-divergence of g from f, namely [ f (m)gzﬁ(%)dw. The ¢-
divergence functional, introduced by Ali and Silvey [1, 2, 3] and independently by
Csiszar [11, 12, 13], is a measure of the discrepancy of G relative to . Empirical
¢-divergences are widely used in non-parametric estimation and are well suited for
goodness-of-fit tests [8, 10, 17, 25, 40, 43, 50].

This paper has two main goals. The first is to use kth nearest neighbor cells to
establish high-dimensional analogs of the ¢-divergences (1.1). The nearest neighbor
cells are employed to define the statistical discrepancy of a proposed distribution
with density g relative to an observed i.i.d. sample drawn from a distribution with
density f. We establish a general central limit theorem (CLT) showing that the
resulting distance functionals converge to a normal random variable whenever f
and ¢ are bounded away from zero and infinity. The limiting variance is given in
terms of the V, j-divergence and A, j-divergence of g from f, where Vj, and Ay
are certain integral transforms of ¢.

Our second goal is to use ¢-divergences based on kth nearest neighbors cells to
provide a unifying approach towards proving classical CLTs for sum functions of k-
spacings [8, 10, 14, 15, 20, 47, 50]. This yields asymptotic normality for information
gain, log-likelihood ratios, and sums of logarithmic spacings whenever the densities
of F' and G are bounded away from zero and infinity. The methods extend to yield
a CLT for the number of pairs of sample points within a fixed distance.

Going beyond univariate central limit theorems, we consider the natural random
measures associated with the empirical ¢-divergences, obtained for d = 1 by putting
a point mass at each X;) of size equal to the ith term in (1.1), and analogously for

d > 1. We show that the finite-dimensional distributions of these point measures,
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after re-normalization, converge to those of a mean zero finitely additive Gaussian
field. We are motivated to consider these measures since in applications it might be
useful to compare the discrepancy of f and g over subsets of R? and not just the
whole of R

Our approach uses stabilization methods, a tool [5], [35]-[38], for establishing
general limit theorems for sums of weakly dependent terms in geometric probability.
These methods quantify local dependence in ways useful for establishing thermo-
dynamic and Gaussian limits and they also show that locally defined functionals
of Poisson points on large bounded sets can be well approximated by globally de-
fined functionals of homogeneous Poisson points on all of R?. This latter feature
conveniently often leads to explicit thermodynamic and variance asymptotics.

Existing general limit results cannot be applied directly to the high-dimensional
analogs of (1.1). However, these empirical ¢-divergences are nonetheless defined in
terms of nearest neighbor cells and one might thus expect that the underlying ideas
and methods at the heart of stabilization are applicable and lead to Gaussian limits
for the high-dimensional analogs of (1.1). This paper shows that this is indeed the
case. The approach bypasses the need to treat ¢-divergences of non-uniform samples
as a limiting case of statistics over samples having step densities; such an approach
requires interchanging limits, an obstacle to rigorous analysis even in dimension
d=1.

By establishing that the high-dimensional analogs of (1.1) are sums of stabilizing
functionals, we establish convergence of the associated pair correlation functional,
thus identifying limiting variances in the setting of Poisson samples. Further, by
adapting the methods of [36] to the present setting, we may prove central limit

theorems over point sets with a fixed (non-Poisson) number of points.

2 Main Results

2.1 Preliminaries

Notation. We use the following notation throughout. If B is a Borel subset of R,
then |B| denotes its Lebesgue measure. Given X C R4 a > 0, and y € RY, let
y+aX ={y+ar:z € X} Forx e RY let |x| be its Euclidean modulus and for



r > 0, let B,(x) denote the open Euclidean ball {y € R?: |y — x| < r}. Let 0 denote
the origin of RY, and let wy := |B1(0)| = 7%2/T'((d/2) 4+ 1). We use log z to denote
the natural logarithm of x.

We let f and g denote two probability density functions on R¢ (d € N) with
common compact support, which we assume is convex and which is denoted by A.
We assume once and for all that f and g are bounded and that they are bounded
away from zero on A. Abusing notation, we let F'(-) (respectively G(-)) denote the
probability measure on R? with density f (respectively g), i.e. F(B) := [ 5 f(x)dz
and G(B) := [, g(z)dz.

Throughout X7, Xs, ... denotes a sequence of independent random d-vectors with
common density f. Let X, := {X3,..., X,,}. Also, given A > 0, let P, be a Poisson
point process in A with intensity function A\f : A — R*. For all a > 0, let H,
denote a homogeneous Poisson point process on R? with intensity a. We write H
for H;.

Given a Borel subset £ C R% let B(E) denote the class of bounded Borel-
measurable real-valued functions on E. Given h € B(R?), we write ||h|/s for
sup,cga(|h(z)]) and given also p a Borel measure on R?, we let (h, 1) denote the
integral of h with respect to pu.

We shall consider ¢-divergences and related quantities for a general class F of
functions ¢, which we now describe. Let R* := (0, 00). Given a continuous function
¢ : RT — R, define the function ¢* : Rt — [0, 00) by

o (1) ::{ sup{|o(u)| :t <u <1} if 0<t<1

sup{lo(s)| : 1 <s <t} if t>1. (2.1)

In other words, ¢* is the minimal function on R™ with the properties that (i) —¢*(-)
is unimodal with a maximum at 1, and (ii) ¢*(-) dominates |¢(-)| pointwise.

Let F be the class of continuous functions ¢ : RT™ — R such that the restriction
to (0,1) of the function ¢* defined by (2.1) is square-integrable on (0, 1), and such
that log(max(¢(t),1)) = o(t) as t — oo. Let Fy be the class of functions in F which
are bounded on (0, 1].

Let I'; denote a gamma(1,1) random variable i.e., exponentially distributed with
mean one. Letting I'y ;, ¢ > 1, be independent copies of I';, we put '}, := Zle Iy,
a gamma random variable with parameters k and 1. For 02 > 0 let N(0,0?) denote

a normal random variable with mean zero and variance o2. Given random variables



X, Y we write X <Y (or Y > X) if Y dominates X stochastically, i.e. if P[X <
t] > PlY <t forall t € R.

2.2 High-dimensional ¢-divergence based on k-nearest neigh-

bor cells

Let K be an open convex cone in R? (a cone is a set that is invariant under dilations).
For all 7 > 0 let BN(x) := . + (K N B,(0)). Recall that the aspect ratio of a subset
E of R? is the ratio of the radius of the smallest ball containing £ and the radius of
the largest ball contained in E. For d > 2 we assume that K is ‘regular’ with respect
to A, that is K is chosen such that the sets BX(z) N A have bounded aspect ratio
uniformly over z € A, r > 0. When K = R? this condition is trivially satisfied. If
A is the unit cube then K may be either a tilted orthant or a right circular cone not
tangent to any coordinate subspace.
Given the cone K, x € R%, a finite set X C R, and k € N, put

Oz, X) := CN(z, &) == U BF(x). (2.2)
t>0:card(BF (z)NX\{z})<k

Here card()) denotes the cardinality of the finite set ). If card((z+K)NX\{x}) > k

then CX(x, X) is the largest set of the form BX(x) containing fewer than k points of

X\ {r}; otherwise, CX(x, X) is the whole ‘wedge’ x+K. When K = R4, CF(x, X) is

a ball whose radius is the distance between x and its kth nearest neighbor in X'\ z.

For each n > 2 and X;, 1 < i < n, we use the directed nearest neighbor cells

CK(X;, X,) to define high-dimensional spacing functionals analogous to the classical

one-dimensional functionals (1.1). Define for 1 <7 < n the transformed kth nearest
neighbor spacings

Di. = G(CF (X, X)),

Given ¢ € F, define the random point measure v; ; ,, with total measure Ny ;

as follows:
n n
VfL,d),k = Z ¢(”Dzn,k)5xﬁ Nﬁ,d),k = Z¢(”Dig,n,k)- (2.3)
i=1 =1
Here d, denotes the unit point mass at x. Let 7j ,, = v, ,, — E[v] ;] be the

centered version of the measure V;Z bk



Henceforth we call Ni o) the ‘k-nearest neighbors spacing statistic’, or ‘empirical
nearest neighbor ¢-divergence’; it provides a high-dimensional analog of the statistic
(1.1). Our main concern is with the limit theory of v ,, and N} ;.

The statistic Ng’ 4 brovides an empirical measure of the discrepancy of the
proposed distribution G from the (typically unknown) true distribution F. For
example, if £k = 1, then equating D£ .1 With its approximate expected value of 1/n
yields the approximation Ny, ~ >, ¢ (D;‘{n’l/D{n’l) , and thus N7 , | provides a
naive empirical estimate for the so-called ¢-divergence [1, 2, 3, 11, 12, 13] of g from
f which is defined by

1(0.) = [ 6 (%) staras 2.4)

In general I,(g, f) is possibly negative, and I,(g, f) = Is(f,g) where ¢*(x) =
zp(x~1). Also,

1s(f, f) = o(1); (2.5)
I,(g, f) > I,(f, f) if ¢ is convex. (2.6)

Choices of ¢ € F figuring prominently in estimation and decision theory include:

e ¢o(r) := —logz defines Kullback-Leibler information (also called the modi-
fied log-likelihood ratio statistic or relative entropy) and is used in maximum

spacing methods,
o ¢1/2(x) :=2(1 — /x)? yields the square of the Hellinger distance,

o ¢1(r) := zxlogz yields the log-likelihood ratio statistic or I-divergence of
Kullback-Leibler,

o ¢y(x) = (x —1)?/2 yields the chi-squared divergence, and
e ¢ (z) := 2" yields information gain of order r, r > 0.

The ¢-divergences N, , ;. and I4(g, f) (‘coefficients of divergence’) are used heav-
ily in goodness-of-fit tests [43] and are useful in characterizing the amount of in-

formation of one distribution contained in another [43, 44]. Note that (2.6) shows



Is,(g, f) and I4, (g, f) are nonnegative, and that I,a/2 (g, f) is symmetric in f and
g.
The following integral transforms of ¢ (defined for § > 0) arise naturally in the

asymptotic analysis of v/? bk (the random variables I'y, were defined in Section 2.1):

Myr(B) = E[p(OTw)], (2.7)
Apr(B) = (k+1)Myr(B) — kMg p1(53), (2.8)
Ver(B) = My i(B)

+ /Rd [E[¢(8]Cr(0,H Uy))o(B|Ch(y, H U O)|)] — My (8)?] dy(2.9)

Note that My, (z) = (1/2)$(1/z), where ¢ denotes the Laplace transform of ¢.

2.3 A general CLT for ¢-divergences

The following general CLT, our main result, establishes convergence of the finite-
dimensional distributions of n=/2p¢ mox @ m — oo (ie., the convergence of the
m-vector n=2 ((hy, 7% , ), o; (han, 72,4 1)) for all hy, ... by in B(A)) to the finite-
dimensional distributions of a mean zero finitely additive Gaussian field whose co-
variance kernel is a weighted average of the functions V;,;, and Ay . For h € B(A),

we define the h-weighted ¢-divergence of g from f by

Io(g, £,1) / e ( )(x)d:c,

which in the case h = 1 reduces to the ¢-divergence I,(f, g) defined at (2.4). Also,
for h, hy, hy in B(A) and ¢ € F we define the functions h?, hihs, ¢* pointwise, i.e.
h*(z) = (h(x))?* and so on.

Henceforth, by ‘convergence in law’ we shall mean convergence of finite-dimensional
distributions. The following general CLT, proved in Sections 4 and 5, establishes

—1/23;9

convergence in law of n ok 81 — 00. In the theorem below, since the formula

(2.10) is rather concise we expand it in (2.11).

Theorem 2.1 Suppose that either ¢ € Fy, d =1, or K =R%. Asn — oo, it is the
case that for h € B(A),

n~Var[(h,v8 , O] = Iv,, (g, h?) = (In,,.(9, ], h))z (2.10)
_ /A B2 (2)Vi 1 (%) F(a)ds — ( /A h(z) A s (%) f(x)d;z;) (2.11)
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and (n=Y*(h,v? o) I € B(A)), converges in law as n — oo to a mean zero Gaussian

field with covariance kernel

(h17 h2> = Iquc(ga f7 h1h2) - [A¢,k(ga f7 hl)[Ad,,k (g7 f7 hZ) (212)

Notice that putting h = 1, Theorem 2.1 yields the following CLT for the nearest

neighbors spacing statistic N;i bk

—_ D
n 1/2(Ng,¢,k o ENrgL,¢,k) - N(O’ [V¢,k(g’ f) - ([A¢,k (97 f))2)

For practical purposes, it is of use to compute V,;, and the next two results show
how to simplify the expression (2.9) in some special cases. Using these simplifications
we may explicitly identify V,, , for certain choices of ¢, as shown in Section 3.

The first of our simplifications applies when K # R?, and either k = 1 or d = 1.

The latter case is particularly relevant to the study of spacings (see Section 2.4).
Proposition 2.1 If K # RY, and either d =1 or k = 1, then for all 3 > 0 we have

Vor(B) = My x(B) + 2kMy 1 (8) (Mo 1(5) — Mo k11 (5))
k-1

+2 > Cov[p(BTh), o(B(Tiyy — 1)), (2.13)

j=

the sum being interpreted as zero for k = 1.

Our second simplifying formula for Vj is applicable when k = 1, K = R? and
¢ is differentiable with lim; o ¢(¢) = 0. This will provide limiting distributions for
some statistical distances of interest, including information gain and log-likelihood
in high dimensions (see Section 3.2). For s,t,u € RT, let I(s,t,u) be the volume of
the intersection of two balls in R?, with respective volumes s and ¢, at a distance u
apart. Set

Ja(s,t) = / h [e! (et _ 1) du, (2.14)

max(s,t)

Proposition 2.2 Suppose that K = RY and that ¢ € F is differentiable with
limy o ¢(t) = 0. Then for all 5 > 0,

Vor(B) = My (8) + 5 / N / " §(B)6 (Bt)e O a(s, £) — max(s, O)]dsdt

provided that the integral exists.



Remarks. (i) (Related work) Bickel and Breiman [7], and subsequently Schilling
[45], consider the functionals N , | when ¢(z) = exp(—z) and K = R?. Using the
approximation Df, | =~ g(X;)|C1(X;, &,)|, they establish a CLT for the empirical
process of nearest neighbor distances, but do not consider convergence of the as-
sociated random measures. Strong limit theorems for multivariate spacings using
general ‘shapes’ are given by Deheuvels et al. [16]. Penrose [33] finds a CLT for
k-nearest neighbor distances and a strong law [31] for the largest nearest neighbor
link. Henze [23] establishes the limit distribution for the maxima of weighted nearest
neighbor distances.

(ii) (Poisson CLT) For all A > 0, k € N, the Poisson analog of the point measures
(2.3) is

Woor = D @ (AG(Ci(z, Py))) b, (2.15)

z€Py
and its total measure is a Poissonized version of Ni s+ A byproduct of the approach
used here (see Proposition 4.1 below) is a proof that if ¢ € F and h € B(A), then

as A — 00,

A_lval“Kh, “g\,(b,k)] - IV¢>,k (ga fa hz) (2'16)

and A~/ s .1 converges in law to a mean zero Gaussian field with covariance kernel

(hh hQ) = IV¢,k (gv fa hlh?) (here ﬁi,qﬁ,k = :ug\,qb,k —-E [Mi,qﬁ,k])‘

(iii) (Law of large numbers, limits are distribution free) A further consequence
of the approach used here (see also [35]) is the following weak law of large numbers
for all h € B(A) and ¢ € F, namely

- L2
n 1<h’ Vg,¢,k> - ]M¢,k(g?f7 h)

By taking h = 1, we obtain a weak law of large numbers for the k-nearest neighbors
spacing statistic N;fi s Combining this with Theorem 2.1 and taking g = f, we
see from (2.5) that the limiting mean of n=!(h, 1/7]:’ o) and the limiting variance and
distribution of n=% 2<h,ﬁ£, %) do not depend on f for h = 1 (and in fact for any
h). Therefore the nearest neighbor functionals are asymptotically distribution free
under the null hypothesis g = f and have asymptotic variance V(1) — (Ag (1))
A possible goodness-of-fit test would be to take the density g to be tested, compute



the functional Ng’ .1, and see whether the cumulative distribution function is close
to the N(0,V;1(1) — (Ag1(1))?) cumulative distribution function.

(iv) (Voronoi cells) Volumes of nearest neighbor cells are computationally at-
tractive and have correlations decaying exponentially with the distance between cell
centers. Defining point measures analogous to (2.3) based on cells generated by any
locally defined Euclidean graph (e.g. Voronoi cells) leads to similar CLTs.

(v) (Properties of limiting variance) In most of our examples, A,y is strictly
positive, showing that Poissonization contributes extra randomness which manifests
itself in a larger limiting variance. We note that when V,,; is convex, which is the
case when k = 1, ¢(z) = 2", r € [1,00), or when ¢(x) = zlogx (see Section 3.1),
then the inequality (2.6) implies that the limiting variance over Poisson samples is
minimized when g = f.

(vi) (Independence of limit over disjoint sets) Theorem 2.1 (respectively Remark
(ii)) says that for hy, ..., by in B(A) the m-vector n™2((hy, 79 , ), ..., (hn, 72 5 1))
(respectively, the m-vector A™V/2((hy, B3 gx)s o (s 73 1)) tends to a Gaussian ran-
dom m-vector with covariance kernel (2.12) (respectively Iy, (g, f, hih2)).

In particular, if Bi,...,B,, are disjoint, then in the Poisson setting,
ANV s (B1), - T8 o 1 (Bm)) tends in distribution to a mean zero m-variate
Gaussian with independent components. Knowing the distribution of the latter vec-
tor could be useful in situations where the density changes from location to location,
as in change point problems.

(vii) (Asymptotic equivalence to a simpler random field) It is noteworthy that
1259

the limiting random field for n~ r in Theorem 2.1 has the same law as the

1)

limiting random field for the point measures

(e ) - 2 o () > )

where here the Poisson process P, is taken to be independent of the sequence { X},

and the quantity inside the square root can be shown to be nonnegative. Note that

this random field has no interactions between points.
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2.4 Asymptotic normality of sum functions of spacings

In dimension d = 1, if g is a probability density with distribution function G' on
[c1, c2], then the generalization to k-spacings of the empirical ¢-divergence defined
at (1.1) is the k-spacing statistic defined by

n—k
Shon =D 0nlG(Xgrn) — G(Xp)D. (2.17)

i=1
Developing the limit theory for Sf;@,k over continuous samples is important in
goodness-of-fit tests. Modulo some boundary effects, we can apply the general
theory of Section 2.3 to these classical spacings statistics, by putting d = 1 and
K = (0,00) in the definition of C}(x, X). Then the width of Cf(z, X) is the dis-
tance between x and its kth nearest neighbor in X’ ‘to the right’. Thus the k-nearest
neighbors spacing statistic Ng@’k, defined by (2.3), is the same as Squs’k but with
the sum in (2.17) extended to n terms and with X;) := ¢y if 7 > n.

For the sake of a better match with the existing literature, we extend the gen-
eral theory by considering a modified version of Theorem 2.1 in which we redefine
CK(x, X) to be the empty set whenever card(X N (x+K)\ z) < k, and set ¢(0) = 0.
Denote by vy, ;. the analog of Vfl’ ¢ under this modification (here we suppress the
dependence on g). The corresponding centered measure is then denoted U ok 1t
d=1and K = (0,00), the total measure of v} ; , is indeed equal to SZ,(;,,k-

We assert that the limit theory of Section 2.3 is unaffected by the change from
I/;Z’ o1 L0 vy 4. Since we are principally interested in this modification for the case

d =1 and K = R™", we restrict the formal statement of this assertion to that case.

Theorem 2.2 (Gaussian limit for sum functions of spacings) Let A = [cy,cal,
K = (0,00), and ¢ € F. Then the conclusion of Theorem 2.1 holds with v;, ,
replaced by v, , . Moreover, in this case Vy 1. (B) is given by (2.13).

Applications of Theorem 2.2 are given in Section 3 and the proof is in Section 7. This
result, like our main result, shows that sum functions of spacings are asymptotically
distribution free under the null hypothesis f = g.

Remarks. (i) Darling [15] undertook the first systematic study of the function-

als S, 1 Wwhen k = 1, but restricted attention to uniform samples. Theorem 2.2
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generalizes Holst [24], as well as earlier work of Cressie [10], who proves asymptotic
normality (but not convergence of finite-dimensional distributions) for sum functions
of k-spacings over uniform points. Holst uses a generalization of LeCam’s method
and a CLT for k-dependent random variables. In d = 1, Holst and Rao [25] prove
asymptotic normality of SY s under ‘somewhat stringent conditions’ on f and g.
For non-uniform samples the asymptotics of Sn, s have been widely studied under
the assumption that G runs through a sequence of alternatives G,, approaching the
uniform distribution; see Hall [22] and del Pino [40]. Khashimov [29] establishes
asymptotic normality of S s, under rather technical differentiability conditions on
¢ and f.

(ii) The approach used here also yields a weak law of large numbers, namely
convergence in mean-square of nilSZ’ ok L0 Inry (g, f)- This extends the corresponding

weak laws in [28]. Analogous results hold for non-overlapping k-spacings [46].

2.5 Number of pairs of sample points within a fixed distance

Instead of considering point measures based on spacings, we now consider a func-
tional using cells of fized radius depending on a continuous ¢ : A — R* and a
parameter t. Thus, for all ¢+ > 0, all point sets )V, C R¢ having cardinality n, and
all p € F, we define the functional

HE' (V) = Z ¢ (card{ Y N Bygray-1/a(2)}) -

.Z‘EX’VL

When ¢(x) =z and g = 1, then Hg;;(yn) counts the total number of pairs of points
in ), distant ¢ from each other. Recalling that X1, ..., X,, are i.i.d. with density f,

we seek the asymptotic distribution of Hg’t (X,) as well as that of the point measure

vy = Z¢ card{X,, N Byg(a))-1/a(2)}) Ox,-

=1
The following CLT is obtained by modifying the proof of Theorem 2.1; see Section
7 for details.

Theorem 2.3 (Gaussian limit for the number of pairs of points within distance t)

For all continuous g : A — R*, t >0, and ¢ € F, we have as n — oo

n=Var[Hp (X)) — 07 44(f)

12



for some constant o7 ; () and

_ D
n= VA HT(X) — EHG (X)) — N(0, 07, ,(f))

while n 1/21/51’(7j converges in law to a mean zero Gaussian field.

Remarks. The limiting variance Jf’ &, g( f) takes the same form as in the right
hand side of (2.10) with the functions Vj; and d, suitably modified; see Section
7.2 for details.

Various authors have studied the functional H?' we When ¢(r) = z and g = 1.
L’Ecuyer et al. [18] considers Hg:¢ from the point of view of multidimensional
goodness-of-fit tests, but restricts attention to uniform samples. Penrose [32] (Ch.4)
proves that the finite-dimensional distributions of the process HZ:;(XH), t > 0,

converge to those of a Gaussian process.

3 Applications

3.1 Classical spacing statistics

For many tests involving goodness-of-fit (Dudewicz et al. [17], Blumenthal [8],
Cressie [10], Holst and Rao [25], delPino [40], Weiss [50]) and parametric estimation
(Ghosh and Jammalamadaka [21]) it is important to know the asymptotic distribu-
tion of Sy , ;. (defined at (2.17)) for arbitrary g and f and for various choices of ¢.
The following provides some illustrative examples. Throughout Section 3.1 we write
V.3, for the value of V), given by (2.13).

3.1.1 Limit theory for logarithms of spacings
Let
n log k- Z IOg H—k ) G(X(Z)>])

denote the sum of the logarithmic k-spacings. Setting ¢(z) = logx in Theorem 2.2
and appealing to (2.8) and (2.13), we find a CLT for logarithms of k-spacings as

follows.
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Let ¢ be the di-gamma function with ¢ (k) := Zf:_ll it — v, where 7 is Euler’s
constant, and let ¢/ (k) := — S.F " i2 + 72/6.
By Cressie [10] and Holst [24],

k—1
> Cov(log Ty, log(Tis; — T;)) = k(k — )¢/ (k) — (k — 1).
j=1
Also, E[logT'x] = ¥(k), so we have 2kE [log I'y|(E log'y — E logI'y11) = —2¢(k).
Also, E [log?T'y] = ¢'(k) + (¢(k))?. So, combining terms and using (2.13) for ¢(z) =

log x gives
Vioer(1) = U/ (k) + (0 (k) = 20(k) + 2[k(k — 1)/ (k) — (k = 1)].  (3.1)

By (2.8) we have A1 (1) = (k + D)p(k) — kv (k + 1) = (k) — 1.

Using simple relations such as Cov(log 8X,log8Y) = Cov(log X,logY), it is
straightforward to deduce that Vi3, . (6) = V5, (1) + log® 8+ 2log B(¢(k) — 1) and
Ajog i(B) = Ajogp(1) + log f. Substituting this into Theorem 2.2, putting 7, =
(2k%* — 2k + 1)y’ (k) — 2k + 1, and re-arranging terms yields:

Corollary 3.1 (CLT for logarithmic k-spacings) Let X, X1, Xo, ... be i.i.d. with
density f on [0,1]. Asn — oo, n="Var[SY, ] — 7 + Var [log(%)] and

n—1/2(59

n,log,k

ES i) — N (o, 7 + Var [m(%)b .

Remarks.  When A = [0,1] and f = g = 1, then the CLT for S}, was
established by Darling (sect. 7 of [15]) for £k = 1 and later by Holst [24] and
Cressie [10] for general k. When the X; have a step density then Cressie shows
asymptotic normality of Silog,k including cases when k — oo. Czekala (Thm. 1
of [14]) apparently re-discovered Cressie’s result. Shao and Hahn [47] treat general
densities for k = 1, although their proof depends upon interchanging limits in order
to pass from step densities to arbitrary densities. When k£ = 1, Blumenthal (Thm.
2 of [8]), proves Corollary 3.1 for densities f satisfying special conditions. Corollary
3.1 extends all of these results to f and g bounded away from zero and infinity,

resolving a conjecture of Darling ([15], p. 249) affirmatively.
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3.1.2 Information gain of order r

Let ¢o(z) = 2", r > 0. We write SY , to denote SY ., also known as Rényi’s
n,r,1 n,¢,1

information gain (I-divergence) of order r in d = 1, that is

n—1

891 = Y (n[G( X)) — G(Xp))"-

=1

Denote the associated point measures by

Uy 1 i= Z(H[G(X(H-l)) — G(X@)]) 0x;-

Let w, := —2rT%(r + 1) + ['(2r + 1) and ¢, := ['(r + 1)(1 — r). It is a simple
matter to verify via (2.13) and (2.8), respectively, that for all 5 > 0

Vi (B) = w, 0% and Ay, (B) := 2E[¢(5T1)] — E[o(6T2)] = t,5".

r) = | (%)%f(x)dx—t? < / (%)Tﬂx)dxf

Theorem 2.2 yields:

Put

Corollary 3.2 (Gaussian limits for information gain) Let X1, X, ... be i.i.d. with
density f on A :=[c1,ca). Asn — oo,

n’l\/ar[SZ,r,l] — 07(f,9)

PN 0,02(f,q)), while n=Y?7* _, converges in law to a
r n,r,1

and n=/2(S9 ., —ESY

n,r,1

mean zero Gaussian field with covariance kernel
(x) 2r
(k) = e [y (@)ha(e) (35) F(a)de
—t2 [ ha(x) (%) f(x)dz [, ho(x) (%) f(z)da.

Remarks. It is easy to verify using [5] that o2(f,g) > 0 except when r = 1.
Corollary 3.2 extends upon the CLTs of Darling [15] (uniform case) and Weiss [50].

Moran [30] proved a CLT for the functional Sy over uniform random variables.
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3.1.3 Limit theory for log-likelihood ratio

Let ¢(z) = xlogz. Consider the log-likelihood point measure

Vi 4= Zqﬁ G (X)) — G(X)])ox,

and let Sg denote the total mass of this measure, also called the log-likelihood

statistic. Again denoting FEuler’s constant by v, we have for 3 > 0 that

E[8'1 log(8I')] = Blog B + B(1 —7);
E [8T51log(B8T9)] = 281log 8+ (3 — 27);
E (BT 1og(8T))°] = 5*[2(log 8)* + (6 — 4y) log 3 + 2 + 72 /3 — 67 + 277].

Using these in (2.13) and (2.8) respectively, it is easily verified that

2

VS.(8) = (% —2)32 and Ay (8) = 2E ¢(BT}) — E¢(BT,) = —4.

o (f.9) = (5 — /f (/Ag(x)da:>2.

Let X have density f and note that since g is a density we have

v [29] g

Using the above values for V1, Ay, ai( f,9), and applying Theorem 2.2 for ¢(x) =

Put

2

o(f.9)= (5 ~

x log x yields:

Corollary 3.3 (Gaussian limit for log-likelihood) Let X1, X, ... be i.i.d. with den-
sity f on A:=le1, ). Asn— oo, n~'Var[S] , || — 03(f,g) and

nV2(SY —ESY, ) > N(0,03(f,9)),

1/257*“751 converges in law to a mean zero Gaussian field with covariance

while n~
kernel

2

(hy, hy) — (%—Q)Ahl(x)hg(x)%dx—/Ahl(x)g(m)dx/Ahg(:c)g(x)dx.
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Remarks. Corollary 3.3 extends the results of Gebert and Kale [20], who assume
uniformity of X; and Czekala (Thm. 2 of [14]), who assumes that X; have a step
density. Van Es [49] establishes asymptotic normality for S§ whenever k, n — oo,
k= o(n'?), and f: A — [0,00) is Lipschitz.

3.2 Information gain and log-likelihood in high dimensions

In this section we put k =1 and K = R,

3.2.1 Information gain of order r

Let ¢() = 2", v € R*, so that N} , | defined by (2.3) yields Rényi’s information

gain (I-divergence) of order r. For all r € RT, define the constant
K, = r2/ / sTUr e[ (s, 1) — max(s, t)]dsdt,
o Jo

with Jy(s,t) given by (2.14). Since ¢ satisfies the conditions of Proposition 2.2 and
since E [¢*(T1)] = T'(2r + 1), the following is immediate.

Lemma 3.1 Forall 3 > 0 and for ¢(x) = x", r > 0, we have Vg 1(8) = " [['(2r + 1) + K,].

Note that $* = ¢*(8). Combining Lemma 3.1 with Theorem 2.1 yields the
following CLT for Ny ;, and the associated measures v; ;, defined by (2.3).

Corollary 3.4 Let ¢(x) = ", r > 0. Then as n — oo n~'Var[Ny , || converges to
[F<2T + 1) + KT] I¢2,1(g7 f) - (IA¢,1 (fa g>>27 and

n_1/2(Ng,¢,1 —E Nng,qb,l) L N(07 [F<2T + 1) + KT"] I¢2,1(gv f) - (IAqs,l(gu f))z)

1/259

while n™/*v; 4| converges in law to a mean zero Gaussian field with covariance

kernel

(hy, he) = [T(2r + 1) + K1y 1(g, f, hiha) — Ia, (9, f, h)Ia, (9, f, ho).
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3.2.2 Log-likelihood

When ¢(z) = zlogz, N, ; defined by (2.3) yields the log-likelihood statistic. To
apply Theorem 2.1 , we define the constants

I = / / (log s + 1)(logt + 1)e” [ Jy(s, t) — max(s, t)|dsdt,
o Jo

L= / / (log s + 1)e~ [ Jy(s, t) — max(s, t)]dsdLt,
o Jo

and

I _/ / ~H[14(s,t) — max(s, t)]dsdt.

Also, set Ky :=2+ 3 — 67+ 292 + 1, Ky := 6 — 4y + 215, and K3 := 2 + I5. The
following is an easy consequence of Proposition 2.2.

Lemma 3.2 For ¢(z) = zlogx, V,1(8) = (K1 + Kalog 8 + Ks(log 5)?), 5 > 0.

Theorem 2.1 yields asymptotic normality for the log-likelihood functional Ngv 6.1

and the associated measures v}, , | given by (2.3). Put

o2(f.9) ::/A(%)Z Ky + Ky log (%) K <log%)2] f(z)dz.

Corollary 3.5 Let ¢(x) = xlogz. Then asn — oo, n~"Var[N] , || — 03(f,g) —
([A¢,1 (g, f>)2 and

n V2 (N9 s1—ENZ, ) P, N(0, O'¢(f 9) — (Ia,. (9, /)%

—1/259

while n™/*V 4, converges in law to a mean zero Gaussian field with covariance

kernel
(hla h2) = ]Vd%l (97 fa hth) - [A(/),l (97 fa hl)IA¢,1 (gv f> h2)

with Vi1 gwen by Lemma 3.2.
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4 Proof of Theorem 2.1 for ¢ bounded on (0, 1]

The proof of Theorem 2.1 involves expressing the measure th s as a sum of weakly
spatially dependent terms having the property that the spatial dependence can be
quantified, allowing us to show convergence of the associated two point correla-
tion function (over Poisson samples) and thus crucially establish convergence of the
variance of the measure l/zy sk (Proposition 4.1) in the context of Poisson samples.
Even though the measures in question share neither the same representation nor the
same scaling properties as those considered in previous work ([5], [35]-[39]), once
we have shown the crucial variance convergence for measures defined in terms of
Poisson samples we can draw upon some well established dependency graph tech-
niques ([35], [36], [39]) to deduce a Poissonized version of Theorem 2.1. Further, as
a direct application of the arguments in Penrose [36], we may easily de-Poissonize
and deduce Theorem 2.1 when ¢ is bounded on (0,1]. Deducing Theorem 2.1 for
general ¢ requires considerable extra technical effort (see Section 5).

Recall that for all @ > 0, H, is a homogeneous Poisson point process of intensity a
on R?. Suppose we fix the set A C R?, the densities f and ¢ and their corresponding
distributions F and G on R¢, as described in Section 2.1.

For all A > 0, = € R? and all finite X C R?, we lighten the notation and write
C(z,X) for CF(x,X) given by (2.2). For all Borel B C R? define the numbers
Qy(z, X) = ¥ (2, X) and &\ (z, X, B) := & (z, X, B) by

Oy (z,X) = p(AG(C(x, X)); &z, X, B) := Dy\(z,X)0.(B).
Clearly we have

V’rgz,qﬁ,k(B) = Z gz(X% Xna B)
=3

where we recall X, := {X7,..., X,,}. Then &,(x, X,-) is a (signed) point measure on
R? determined by z and X, in a similar manner to the general case considered in
[36]. Unfortunately, unlike in [36] it is not the case here that for each A\ the measure
&x(z, X, ) is obtained by scaling the measure & (because the function g enters in
a more complicated way into the definition of £, here) so we cannot directly apply
results from [36]. We write (h, & (@, X)) for [o. h(y)&x(x, X, dy).

We note some immediate consequences of the assumptions set out in Section 2.1.

The assumptions on f and g imply that there is a finite constant K4 such that for
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any Borel B C R,
F(B) < K,G(B); G(B) < K,F(B). (4.1)

Also, if ¢ € F then it is not hard to show that the dominating function ¢*
defined by (2.1) satisfies log(max(¢*(t), 1)) = o(t) as t — oo, and thence to deduce
that for all 5 > 0 and all 6 > 0 we have

E (6" (8T4)%] < oo; (42)
E [¢*(8T4)*1{T}, > §}] < oco. (4.3)

Recall that Fy is the class of functions in F which are bounded on (0,1]. As

indicated, we shall first prove Theorem 2.1 when ¢ € Fy. For ¢ € Fy define

¢** : Rt — [0, 00) to be the minimal nondecreasing function on R which dominates

|6(-)| pointwise, i.e. set
9™ (t) == sup{[e(s)] : 0 < s < t}.
Then ¢* satisfies log(max(¢*(t), 1)) = o(t) as ¢ — 00, so that for all 8 > 0,
E [¢™(6T%)"] < o0. (4.4)

Let S5 denote the class of all finite subsets of A having at most three elements.

For A > 0, recall that P, denotes a Poisson process in R? with intensity function

A

Lemma 4.1 Under our stated conditions on f and g, if ¢ € Fo then

sup E[®)(z,Py)*] < oo; (4.5)
A>1l,xz€A
sup  E[®y(z, PyU {y})"] < oo (4.6)
A>1lxeAycA
and
sup sup E [®y(x, X, U.A)Y < co. (4.7)

A>1,2€A,AES3 (\/2)<m<(3)/2)
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Remark. For general ¢ € F, condition (4.7) is unfortunately not satisfied.
This is the main reason we need to work initially with the class F;. We will show
Theorem 2.1 holds for ¢ € Fy and then use truncation in Section 5 to show that
Theorem 2.1 also holds for ¢ € F provided either £ = R? or d = 1.

Proof. Let z € A. By (4.1), for t > 0 we have
PING(C(z,Py)) > t] < PIANF(C(z,Py)) >t/ Kyl (4.8)

Put r(z,u) := inf{r : F(BX(x)) > u}, with the infimum of the empty set taken to

be co. If r(x,t/(K4N)) is infinite, then the left-hand side of (4.8) is zero. If not, then

the event in the right-hand side of (4.8) occurs iff card(Py N BT(x iy (T) < k.
We thus have

Mi

PAG(C(z,Py)) > 1] < exp ( > :Ojl <L>J

whence we obtain the stochastic domination relations
AG(C(z, Py U {y})) < A\G(C(z,Py)) < KTk
Hence by (4.4)
E[@(z, Py)'] S E[¢™(AG(C(x,Pr))"] < E[¢™ (L))" < o0

yielding (4.5); (4.6) follows similarly. Also, by an argument similar to that above,
for any t > 0, m > k, G(C(z, X, U A)) > t/X implies that there are at most k — 1
points of X, in BT(I 1o (@ ) So for x € A and A € S,

PIAG(C(x, X UA)) > 1] < g (?) (1 - %A)m_j (%A)J

For 2k < A\/2 < m < 3X\/2 and m/2 < m — j we have )\*j(?) < o< Jl(%)j, and

SO

k—1 j
PIAG(C(z, X UA) > 1] <3~ exp <—L> <%) < 6*PAKTy > 1],
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Thus
E[®)(z, X, UA)Y < E[¢™(A\G(C(z, Xy UA)Y < 6FE [¢** (4K, T%)Y] < oo.

This yields (4.7) for A € [4k,00). For X € [1,4k), we have E [®)(z, X, U A)*] <
E[¢*(A\G(C(z, X,, U A)))] < (¢™(4k))* since ¢** is non-decreasing and since
G(B) <1 for all sets B. Thus (4.7) holds for all A > 1. O

For locally finite X C R? and 2 € A we define

L7 (X) 1= ELPN(X) = o (9(2)|C(0, X)) (4.9)

Our next result illustrates one of the central ideas of this paper, namely that the
local behavior of @) near x € A is approximated by the behavior of the limit functional
£9® on homogeneous Poisson point sets on the (infinite) space R?. This result,
combined with the localization (stabilization) property of the upcoming Lemma 4.3,
lies at the heart of our approach, facilitating convergence of the pair correlation
function and thus the variance convergence of Proposition 4.1.

Recall that x € R? is a Lebesque point of f if r=¢ fBr(z) |fly) — f(x)|dy — 0 as
r | 0, and that almost all x € R? are Lebesgue points of f.

Lemma 4.2 Suppose x € A is a Lebesgue point both of f and of g. Then for all

2z € R?, as n — oo we have
Oy (2 4+ A"z, Py) 2o €25 (Hp ) (4.10)
and

Dy (z, Py U {z 4+ AV 0, (x + XV PyU{2})
= €8 (Hye) U 2)€57 (=2 + (My) U 0)). (4.11)

Proof. Let vy := x + A"%/%z. By Lemma 3.2 of [35], it is the case that using the

metric on point sets introduced in [35], as A — 0o we have the weak convergence

N~y + Py) 5 Hio); (4.12)
AUz 4 Py) 2 i (4.13)

22

A JY



By (4.12) and the Continuous Mapping Theorem ([6], Chapter 1, Theorem 5.1),
AC (w3, P)| = [C(0, X (=0n + Pa))| = [C(0, Hy)] (4.14)

Also, using (4.12) and the assumption that x is a Lebesgue point of g, we have

A/ (9(y) — g(x))dy > 0. (4.15)
C(vx,Px)

Combining (4.14) with (4.15) and using Slutsky’s theorem we obtain

A/ 9(y)dy = g(2)|C(0, Hye)]
C(va,Pr)

so that the Continuous Mapping Theorem gives us (4.10).
For (4.11), note that by (4.13) and the Continuous Mapping Theorem we have
()\’O(ZL’, P)\ U U,\)|, /\|C(U)\, P)\ U :L‘)D
= (IC(0, A=z +Pa)) U 2), [C(z, (/4= + Px)) U O)])
D
— (|C(0, Hy() U 2)[, |C(z, Hyw) U 0)]). (4.16)

Also, using (4.12), (4.13) and the assumption that x is a Lebesgue point of g, we

have
P P
o gy o a [ (o) - gy Lo
C(z,P\Uvy) C(vy,P\Uz)
and combined with (4.16) and a 2-dimensional version of Slutsky’s theorem, this
gives us
YRRy )
C(z,Pr\Uvy) C(’U,\,'PAU.Z’)
D
— (9(@)|C(0, H @) U 2)[, 9()|C (2, H pay U 0)])-
The Continuous Mapping Theorem then gives (4.11). O

For all x € A and given k € N, let t5(x) denote the infimum of all ¢ with the
property that BX(z) N A is the same for all u > ¢. Given also a locally finite set
X C A and K, and writing #(-) for card(-) and X \ = for X \ {x} here, define

nf{t € R : #(BE(@x) N X \2) >k} if #((@+K)NX\z) >k

to(z) otherwise

Rl(l’, X) = {
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Thus Ry (z, X)) is the distance between z and its kth nearest neighbor in X in the
direction of the cone KC or if no such neighbor exists, the furthest one has to look
from z to ascertain that this is the case. For A > 0 let Ry(z, X) := AR (z, X).
The following lemma establishes the equivalent of the ‘exponential stabilization’

conditions discussed in [36].

Lemma 4.3 [t is the case that

limsup sup ¢ ‘log P[Rx(z,P)\) >t <0 (4.17)

t—oo x€AN>1

and

lim sup sup t~1log P[Ry(x, X, U.A) > t] < 0. (4.18)
t—oo €A N>1,(A/2)<n<(3)1/2),A€S3

Proof. By the assumptions that f is bounded away from zero on A, and that the
sets BX(x) N A have bounded aspect ratio uniformly over € A and r > 0,

inf{r~?F(B(x)) :x € A,r € (0,to(z))} > 0. (4.19)
Hence, there is a finite constant K > 1 such that if A=1/% < to(x), then

P[Ry(z,Py) > t] = P[Ri(z,Py) > A% = Pleard(Py N BY 4, (2)) < k]

< exp (‘%)kij—l. (%)J (4.20)

J=0

and for A € Ss,

P[Ry(z, X, U A) > 1] < Pleard(X, N BY,1/a(2)) < k]
2 (n Lt mI o gd N
: J K\ K\)
7=0
For A/2 <n < 3\/2 we have A~ 3( ') < ]l(%)] and so for 1 < t < A\™Ydty(x),

k— n—j k n—k
1 /3t td J 3t td
PIR (2. X, U A) > 1] < _(_) ( _) gk(—) (1__) (4.21)
z; g! K\ 2 K\

If A=/ > t4(z) then the bounds (4.20) and (4.21) still hold since then the prob-
abilities in question are zero. Equations (4.20) and (4.21) imply (4.17) and (4.18)

IN
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respectively. O

Recall (2.15) that 4 ,, denotes the Poissonized version of vf ; ;. The following

is a Poissonized version of Theorem 2.1 for ¢ € Fy and is of independent interest.

Proposition 4.1 Let ¢ € Fy and h € B(A). Then as A — oo

AVl 8,001 = [ 1@Var (3 flalde = R (o £02) (422

and A‘l/Qﬁf’wk converges in law as X — oo to a mean zero Gaussian field with

covariance kernel (hy, hy) = Iy, , (g, f, h1)1v,, (9, f, ha).
Proof. For simplicity we first assume that h is a.e. continuous. It is the case that
A Var[(h, 13 o)) = )\/ / YHE [@r(2, PrUy)Pa(y, Py U )]
—E (@5 (z, PA)E [@a(y, Pa)]}f () f(y)dady + /Ah2(i€)E (3 (=, P f (2)dw. (4.23)

We will use Lemmas 4.1 -4.3 to show that A" Var[(h, 1§ , ;)] converges to

[ P () U 22 (=2 + () U 0) = (B2 (o)1)

+ [ BBl (P (@) (4.24)
Putting y = 2-+A"'/2 in the right-hand side in (4.23) reduces the double integral
to
= / / h(z)h(z + XY Y f(2) f(x + N V92)dzda (4.25)
A AVdgia1/da
where

{.} = {E[®\(z,PyU{z + XY\ (x + A Y2 PyU2)]
—E [®x(z, Py) E[@r(z + A2, Py)]}

is the two point correlation function for ®,. By Lemmas 4.1 and 4.2, it follows for all
x € Aand all z € R?, that the two point correlation function for ®, converges to the
two point correlation function for £%%, i.e., the bracketed expression in the first term

of (4.24). Moreover, the integrand in (4.25) is dominated by an integrable function of

25



z over R? (see Lemma 4.2 of [36]; here we are using Lemma 4.3). The convergence of
the double integral in (4.23) to that in (4.24) now follows by dominated convergence,
the continuity of A, and the moment bounds of Lemma 4.1. To show convergence
of general h € B(A) we refer to [36].

To complete the proof that (4.23) converges to (4.24) we need only to show
convergence of [, h?*(x)E [®3(x, Px)]f(x)dz. This is a simple consequence of the
convergence (4.10), the moment bounds (4.5), and dominated convergence.

For all z € A we define Vék(z, 0) := 0 and for all a > 0 we put

VE, (2 0) = B2 (Ha) +a / (B 69 (H, U 2)E07(—2 + (Ha U 0)) — (BEL7(H,))?] de.

Rd
Using (4.9), it is easy to see that

Vipte,a) = Efo(22r, )

+ [ [ [ e umhe™ cw nuo)| - @l dy .20

a

and in particular, by definition of Vj,, (recall (2.9)) we have

Vi, F(@) = Vou (%) |

By combining this with (4.24) we thus obtain the desired limiting variance (4.22).
The proof of the second part of Proposition 4.1 (i.e., convergence to the normal)
follows from Lemmas 4.1-4.3 and that of Theorem 2.2 of [36], which itself follows
dependency graph arguments in [39]. By Lemma 4.2, £27(Hf(,)) corresponds in our
setting to the limiting expression from Lemma 3.4 of [36], and consequently appears
in expressions for limiting variances arising from following the proofs in [36], where

all expressions for limits are obtained through Lemmas 3.4 and 3.5 of [36]. O

To obtain Theorem 2.1 we will need to de-Poissonize Proposition 4.1 and then ex-
tend the result to all ¢ € F. The former is achieved by suitably adapting the proofs
of Theorems 2.1, 2.2 and 2.3 of [36] whereas the latter is achieved via truncation
arguments.
The next result plays the role of Lemma 3.6 of [36], which is used in de-Poissonizing
the limit theorems. We write H, for an independent copy of the homogeneous Pois-
son process Hy. e need
to define
26 X/, re-
move &y,
etc. JY



Lemma 4.4 Let (z,y) € A? with x # y and x, y both Lebesgue points of both
f and g. Let (z,w) € (RY)2. Given integer-valued functions (((A\),\ > 1) and
(m(X), A > 1) with £(X) ~ X\ and m(\) ~ X as A — 0o, we have convergence in joint

distribution, as A — oo, of the 11-dimensional random vector

1/d

(@x(3 20, @ 27), (0 (a5 X5, (6 72 U ),
Dy (5 X ), Pa(; X2), P X2 U {a + AV}, 04 (y; X,
Da(y; X2), Pay; X U {z + A2},
Dy (y; Xr U{x + )\_l/dz, Y+ A_l/dw})>

to

—~

(9(%)\0(0,Hfm)\,g(x)IC(O,Hfm)\ag(:v)!C 0, Hiw))l, 9(2)|C(0, Hio))l;
9(@)|C0, H )|, 9(@)|C(0, Hywy ), f (2)]C(0, Ha)l ()| C(0, Hpiw))
g<y)|0(07Hf(y))lag(y)lC(O,Hf<y>)|,g(y)|0(0,H?@)) :

—~

x

Proof. We may follow the proof of Lemma 3.6 of [36], since Lemma 3.2 of [36]
remains valid in our setting. The ‘Binomial exponential stabilization’ condition of
[36] holds by (4.18). O

X

g9(z)

Proposition 4.2 Suppose ¢ € Fy. Then the conclusions of Theorem 2.1 hold.

Proof. Taking Proposition 4.1 as our starting point, we can follow the de-
Poissonization argument of Section 5 of [36] which is used there to prove Theorem
2.3 of [36]. The argument carries through verbatim; the condition A5 in [36] follows
from Lemma 4.1 and (4.18).

To obtain the limiting variance in the present setting, again we compare the
limiting expressions in Lemma 4.2 with the corresponding limits obtained in Lemmas
3.4 and 3.5 of [36]. That is, for all z € A and all @ > 0 we define

A ploa) = B0 + a [ | [BE (o Uy) = €2 (Ha)l .

analogously to the definition of §(z, a) in [36]. It is easy to see that

8§ ,0) = E(T0] + o [ B[00, Ha L))~ ola()COO, Ha)
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By a change of variables y — a'/%y, the equivalence a/*H, 2 H, and (2.8) we

obtain
g(x g(x) x)

A@mszM(—D+/Ewd—W@Humw»d—meMd

a R4 a (4 )

We now show that A€ o(x,a) reduces to Ay (g(z)/a) defined by (2.8). Put § :=

g(x)/a and by = |B’C( )|. Since |C'(0,H)| has the same distribution as Fk, (4.27)
yields

A i (,0) = My () = /}CE [(6(BIC(0, HUy)]) — ¢(BIC(0,H)[)1{baly|* < Tw}] d
- /ICE [(¢(Bmax(balyl”, Ti—1)) — ¢(5Tw)) L{balyl" < Ti}] dy.

Putting s := |B"§|(O)| shows that

| ]
A (2, a) — Myp(8) = E /0 6(AT_1)ds

Ty

+E [ ¢(Bs)ds — E[Teo(AT)]. (4.28)

Tr—1

The third term in the right hand side of (4.28) is
o0 k—1
El I'y) =
e R

and likewise, the first term is (kK — 1)E ¢(B'x). Recalling that T'y, = Zle I'y; and
setting t = s — ['y_1, we find that the middle term in the right hand side of (4.28) is

B [ 0030t + ) Ler, it = / B(A(Th1 + 1)) dt
’ $(BTx))] = My ().

e *ds = kE [¢(OT k+1)] (4.29)

Combining these expressions for terms in the right side of (4.28) yields

A (,a) = (k+ )My r(B) = kMg (8) = Dy r(B).

It follows from the proof of Theorem 2.3 of [36] that the finite-dimensional distri-
butions of the random field (n~'/2(h, 7% ,), h € B(A)), converge weakly as n — oo
to those of a mean zero finitely additive Gaussian field with covariance given by

(2.12). This concludes the proof of Proposition 4.2. O
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5 Proof of Theorem 2.1 for general ¢

Section 4 establishes Theorem 2.1 for ¢ € Fy. To prove Theorem 2.1 for ¢ € F
when either £ = R? or d = 1, we will use the Efron-Stein inequality [19], which
we now recall. Suppose S(z1,...,7,) is a symmetric function of n vectors x; € R%.

Define the random variables
Si ::S(Xb'"7X7L—17Xi+17"'aXn+1)a I<i<n+1

The Efron-Stein inequality says that for any random variable Z we have
n+1

Var[S(X1,...,X,)] <E Z<Z )

We also recall the notation || X||, := E[|X[P]*/? for any random variable X and any
p=>1

We shall extend Theorem 2.1 to cases with ¢ € F \ Fy (i.e., where ¢ ‘blows up’
at 0) via a truncation argument. Given ¢ > 0, define the functions ¢° : Rt — R
and ¢, : RT — R by

¢°(x) = { do) Hz>e { plz) ifz<e

(1) =
0 otherwise, 9<(z) 0 otherwise.

Lemma 5.1 Given h € B(R?) and § > 0, there exists g > 0 and ng > 0 such that
for e € (0,&9) and n > ny we have n~*Var[(h, vy oo i)] < 0.

Proof. We first assume K = R%. Recall that we write C'(z, X) for CN(x, X). Apply-
ing the Efron-Stein inequality with

S(‘Th s ,CCn) = Z h’('xl)gbé(nG(C('xu {1'1, s ,$n})))
=1
and Z := Y"1 h(X;)¢-(nD?,,, ), We obtain the bound

Var[(h,v9 , )] = Var Z (Xi)¢e(nDY,, )
(n+1E (Zh oD, 1 1) — Zh(Xi)¢€(annk)>

= (TL+ 1)E (h(X”+1>¢€( n+1 n+1,k +Zh ann—&—l k) ¢E(nDznk>)>

(5.1)

29



Write X for X,,41. By (4.1), for t € [0, 1], and n > 2K, we have

PInD3,, 1p > 1) = PInG(C(X, X)) 2 1] 2 PInF(C(X, X,)) > 1Ky

tK
(1 - —4> > e 5 = PIKS'T, > 1] (5.2)
n

for some constant K5 > 0. Hence
min(nD; g5 1) = min(K; Ty, 1). (5.3)

Let the dominating function ¢* be defined by (2.1). Let ¢ € (0, 1] and define the

function ¢: by S@) o<
xz) ifx<e

* T —
¢:() 0 otherwise.
Then ¢f(x) is a non-increasing function of min(zx, 1), so by (5.3),
E [¢€<nD'Z+l,n+1,k)2] <E|[¢; (nD}qH—l n+1, k) | <E[¢: (Kglrl)z]- (5.4)
Next, let WP, ..., W9 be a finite collection of open cones in R¢, each with vertex

at the origin and angular radius 7/6, such that R?\ {0} C U;.Izl W). For1<j<J,
let W be the translate of W) with its vertex at X.

For1 <j < J,and 1 <[ <k, let Yj;, denote the [th nearest neighbor of X
in the point set X, N W;, with Y;,,, := X if card(X,, " W;) < l. Let I;;, be the
indicator function of the event that card(X, N W;) > L.

For1 <i<n,and 1 <j < J,if X; € W; and X, is not among the k nearest
neighbors of X in &,, N W, then there are at least k points of X,, N W, lying closer
to X than X, does, in which case by elementary geometry these points lie closer to
X; than X does, so that C(X;, Xny1) = O(X;, &) and D, ., = Dy, . Therefore

Zh(Xi)(cbs D7, 1) — ¢=(nD7,))
<szjln’h Jln ¢s(nG( (Jlna n+1))) ¢5<HG( (jlm‘)(n)))”

=1 Il=1
If X is not among the k nearest neighbors of Yj,, in X, 41 then C(Yj;,, Xpt1) =

C(Yjin, Xn) so that the corresponding term in the above sum is zero. On the other

hand, if X is among the & nearest neighbors of Y;; ,, in &}, 11, then

|0 (NG (C(Yjim, Xny1))) — ¢ (nG(C(Yjim, Xn)))|
< QX (nG(C(Yjyn, Xui1))) + L (nG(C(Yjim, X)) < 205 (nG(CY (Yjim, {X})))
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since ¢! is a non-increasing function. Hence,

Zh(Xi)(¢s(an’,n+1) ¢=(nD7,,)) <2HhHooZZ 1 0L (G(CY (Yin, {X1)))

=1 Il=1
J

k

< 2l 32 3 G (nG(CE (Y1, {X1)))(5.5)

j=1 I=1
Define the variable R;;,, by
R o | X — Y] if card(X, N W;) > 1
PN oo otherwise.

Since f is assumed bounded, there is a constant Ky such that for any r > 0, z € A
we have F(B,(x)) < K¢r?. Hence,

P[Rj;n > 1] = Pleard(X, N B&(X)nW;) < ]
> Plcard(X, N BY(X)) = 0] > (1 — K¢r)™. (5.6)

Since we assume K = R? here, by our assumptions on g and A there is a constant
K; > 1 such that for all z € A and 0 < r < 1 we have G(BX(x)) > r?/K;. Then
for t € [0,1] and all n > K7 we have

PInG(CF(Yj1m, {X})) > t] > PInR}

7,L,n

/K7 >t] = PRy, > (tK7/n)"/"
so that by (5.6) we have
PIG(CE (Y {X}) > ] > exp(—tK) (5.7

for some constant Kg. Thus, for large enough n we have min(nG(C (Y., {X})),1) =
min(Kg Ty, 1) and since ¢*(z) is a non-increasing function of min(z, 1) we obtain
forall1 <7< J1<I<k,

E [(¢2(nG(C1(Yjan, {X 1)) < E[02(K5 'T1)?). (5-8)

By (5.5), (5.8) and Minkowski’s inequality,

W(Xi)(@e(nDf, 11 4) = ¢=(nD], )| < 2Tk|[Alloo |62 (B T2 (5.9)

i=1

2
By (5.1), (5.4) and (5.9), and Minkowski’s inequality, for all large enough n we have

(n=Var[(h, v 5, Y2 < AllBlloc (102K T2 + TEIGL(ES ' T)2).  (5.10)
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Since ¢ € F, both E[¢i(K;'T1)? and E[¢!(Kg'T1)?] are finite by (4.2), so the
bound in (5.10) can be made small by taking ¢ small. This gives Lemma 5.1 when
K = R4

When d = 1 and K = (0, 00), then we modify the above arguments as follows.
Suppose A := [c1,¢s]. Then (5.1) remains unchanged. Since CF(X, &) could be
exceptionally small, as would be the case if X were close to the right endpoint c,,
we alter (5.2) as follows. Let E be the event E := {nF([X,c]) > tK,}. Then for
all t € [0, 1] and all large enough n > 2K, we have

PnF(CF(X,X,)) > tK,] > P[nF(CN(X, X,)) > tK,|E|P[E] = (1 _ %) |

showing that (5.4) holds for a possibly different value of K.
Next, for all 1 <1 < k, let Y},, denote the /th nearest neighbor of X in &), to
the left of X with Y}, := X if no such point exists. Then (5.5) becomes

k
Zh )(@=(nDf,,,1) = 6-(nDf,))| < 2lhlles Y GL(G(CE (Yo, {X))).
=1
Deﬁne the event E' := {nF([c;, X]) > tK4}. If ENE occurs, and if the interval
with F-measure tK4/n with X as its right endpoint contains no point of A,,, then
nG(CF (Y., {X}) > t. Hence, P[nG(CF (Y., {X})) > t{ENE] > (1 — tKy/n)",
and so we obtain P[nG(CI (Y., {X})) > t] > exp(—tK}), the analog of (5.7).
The argument after (5.7) then carries through verbatim, so Lemma 5.1 holds when
A = [c1,¢9) and K = (0, 00). O

Before stating the next lemma we define for all 3 > 0,y € R%, ¢ € F, and ¢ > 0

Y(B,y) == E[o(B|C(0, K Uy)[)o(B|C(y, K UO)])] — (E¢(5T))* (5.11)

and

Ve (B,y) = E[¢°(BC(0, HUy))¢*(BIC(y, HUO))] — (E¢(Tx))*.  (5.12)
We also define ax := E[¢*(T'y/K)?] + E [¢*(KT})?] for K > 0, and observe for
any K > 1 that ax < oco. Also, if K~! < 8 < K, then since ¢* is decreasing on
(0,1) and increasing on (1, 00),
E[¢"(6T%)?] = E[¢"(BT1)*1{Ty < 1/} + E [¢"(8T%)*1{Tx > 1/5}]
<E[¢"(Nk/K)*U{Tw < 1/B}] + E[¢"(KTy)* 1T > 1/8}] < ax. (5.13)
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Lemma 5.2 Let K > 1. Then there exists a Lebesque integrable function v} :
R? — [0,00), such that

08, y)] < ¥i(y) VyeRIN\{0}, e €(0,1], § € [1/K, K]. (5.14)
Proof. Set

Xpey = 0°(BIC(0,HUY)|);  Ypey = ¢ (BIC(y, HUO)]),
Xge =0 (BIC(O,H)]); Y :=¢°(BIC(y, H)I),
so that ¥.(8,y) = E [ Xy Y5yl — E[Xp|E [Yse]. Define the events

= {card(H N Bly\/2( )) >k} and F, := {card(H N B\y|/2( ) > k}.

Then Xs.,1g, and Y., 15, are independent and X, 15, = Xg.1p, and Y., 15, =
Ys.:1F,, so that
E[XpeyYpey = E[Xpeylu,|E [Yoeylr] + E[Xpeyle, YVoeylr + E[Xpeyln:Yse,l

= E[Xp1p,JE[Ysclp, |+ E[Xgeylp, Yocylrg] + E[Xpeylp Vs fb-15)

Also,
E[Xp|E [Ypel = E[Xpelp, |E[Yselp,] + E[Xp1p, B [Ys1r| + E[Xg 1p]E[Ys]
so by (5.15), and Hélder’s inequality,

(B, y)| = [E [XpeyYsey] — E[XpJE[Y5.]]

= [E[Xpeylp,Yaoeylrg] + E[XpeyleYse,]

—E [Xp:1p, |JE[Ys:15] — E[X5 15 ]E [Ys.]|

<N X eyl Vs ey Lrg la P + (| X ey L llall Vel PLEG]
H X ell2 Vs ll2 (P2 + P[EG)?). (5.16)

Define the constant C := C(d, IC) := |K N B1(0)]. We have

P(E; ZeXp C(lyl/2) )—(qu]'.!/?) )
while by (5.13), for 1/K < g < K,
E[X3.] = E[Y;.] = E[¢°(6T)%] < E[¢*(6T4)?] < ax < oo. (5.17)
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Note that since ¢* dominates |¢°|, if y € K then

| Xpy| = |¢°(Bmin(Ty, max(Ly_1, Cly|?)))]
< ¢*(Bmin(T'y, max(Ty_1,ClylY)), yeK. (5.18)

On the other hand, if y ¢ KC, then |Xg.,| = |¢°(8T%)| < ¢*(Bl'k), and hence, using

also (5.18) and the fact that ¢* is nondecreasing on [1, c0), we have
| Xyl < ¢*(BT%) if CBly|* > 1. (5.19)
Thus for y such that C3Jy|¢ > 1, we have
E(X2.,) < E[¢"(8T)7) < ax < . (5.20)
If CBly|? > 1, then by (5.19) and then (4.3),

E[X}. 5] <E[¢"(BT%) 1{Tx > C(lyl/2)"}]
< E[¢"(BTw) ' 1{Tx > 1/(278)}]
<E[(¢"(KTp)* + ¢*(2~)" LT, > 1/(2°K)}] < o0

and similarly,

E[Yj.,] < ax < oo;
E Y., 1re] SE[(¢"(KTx)* + ¢* (27" 1{Tk > 1/K}] < co.

By combining (5.16) with the subsequent estimates on the terms in the right hand
side of (5.16), we find that (|¢.(8,9)], ¥ € R?\ Bigg)-1/4(0)) is bounded by an
integrable function of y that is independent of ¢ and of § € [1/K, K].

Next we find an integrable bound on [¢.(8,y)|, ¥ € Bcg)-1/4(0). By (5.17),
the second term E [¢°(8T})]? in the definition (5.12) of v, is bounded by ag for
B €K™ K]. So we need only to consider the first term, which is E[Xg., V5. ,].

If y € Bcp-1/4(0) satisfies also y € K, then by (5.18), X3_ < ¢*(3C|y|?)* +
¢*(BT%)?. This bound also holds if y ¢ K. An identical bound holds for Y3, ,. By
the Cauchy-Schwarz inequality, when C3|y|? < 1 we thus have

E [Xﬂ@yyﬁ,e,y] <E [¢*(ﬁrk)2] + ¢*(Oﬁ|y’d)2 <ag + ¢*(C’y|d/K)2, (5.21)
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where the last inequality comes from (5.13). We have
K/C
/ 5Ol Ky = [ 6 (Cofi P < o0
y€B<K/C>1/d(0) 0

Hence [¢.(3,y)| is bounded on y € Bcg)-1/4(0) by an integrable function, not
dependent on 3 or &, and combined with the earlier argument for y € R4\ B (cp)-1/4(0)
this shows that there is an integrable function ¥ : R? — [0,00) such that (5.14)
holds. O

Our next two lemmas show that Vi ,(5) and Ay (3) defined by (2.9) and (2.8),
respectively, converge to Vj (5) and Ay x(8) as € | 0.

Lemma 5.3 For all 5> 0 and k € N, V, () satisfies

ln Ve 1(8) = Vau(9). (5.22)

Moreover, given K € [1,00), it is the case that
sup{|Vee x(0)] : 0 <e < 1,1/K < B< K} < o0 (5.23)

Proof. Let ¢* be the dominating function given by (2.1). If 5 > 0, then by (4.2),
¢*(BT})? is a nonnegative integrable random variable, which dominates ¢°(3T)?,

so by the dominated convergence theorem, as £ | 0 we have

E[¢°(8T'%)] — E [o(8T%)]; (5.24)
E [(¢°(8T%))’] — E[(6(5T))?). (5.25)

Fix K € [1,00). Let ¢**(t) := ¢*(t)1{t > €}. For y € R?\ {0} and 3 € [1/K, K],
by the Cauchy-Schwarz inequality, (5.20) and (5.21),

E [¢7(81C(0, HU y)[)o™" (B1C(y, KU 0)])] < ax + ¢"(Cly|"/K) < o0

and by the monotone convergence theorem this still holds with ¢=* replaced by ¢*

on the left so that by the dominated convergence theorem, as € | 0 we have for fixed
y and

E[¢°(BIC(0, HUy)[)¢=(BIC(y, HU0)[)] — E[o(5]C(0, HUy))(B|C(y, H U 0)[)].
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Combined with (5.24) and recalling (5.11) and (5.12), this shows that

Ve(B,y) = ¥(B,y) as 10 (5.26)

By (5.25), (5.26), (5.14) and the dominated convergence theorem, the right hand
side of the expression (2.9) for Ve () converges to the corresponding expression
for V, (), and (5.22) follows.

By (2.9), (5.13) and (5.14), it is also the case that for all ¢ € (0,1] and 8 €
[1/K, K] we have |V x(3)] < ax + [za ¥k (y)dy and this bound is finite, so (5.23)
follows. O

Lemma 5.4 For any > 0 and k € N we have

ln Ay 4(9) = (9). (5.27)

Also, given K € [1,00), it is the case that
sup{|Ap x(B)] : 0 <e <1,1/K < B < K} < 0. (5.28)

Proof. By (2.8) and (5.24) we obtain (5.27). Also (2.8) implies |Age ()] <

(k+ DE[¢*(6T%)] + kE [¢*(8Tk+1)] and the bound (5.28) easily follows from this
with (5.13). O

Given h € B(A), let Ly(¢) be the limiting variance in the statement of Theorem
2.1, i.e. let

Li(¢) = /A h2(2)Vi (%) fla)dz — ( /A h(z) Ay (%) f(x)da:>2. (5.29)

Lemma 5.5 Given h € B(A), it is the case that

lim Ly (¢%) = Ln(#). (5.30)
Proof. By assumption, (g(z)/f(x),x € A) is bounded away from 0 and oo, and f is
bounded. Hence by (5.23), the integrand in the first integral in the expression (5.29)
for Lj(¢) is bounded by a constant, not depending on e. Similarly, by (5.28), the
integrand in the second integral in the expression (5.29) for Lj(¢°) is bounded by a
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constant, not depending on . By (5.22) and (5.27), for both integrals the integrand
converges, as ¢ | 0, to the corresponding integrand for Lj(¢). So by the dominated

convergence theorem, the integrals converge and (5.30) follows. |

Proof of Theorem 2.1. Let h € B(A). Given § > 0, by Lemmas 5.1 and 5.5 we

can find gy > 0 and ng > 0 such that for € < ¢y and n > ny we have

| Ln(67) — Ln(0)| <6 (5.31)

and n~'Var[(h, vy , )] < . The function ¢° lies in the class F, so by Proposition
42,
Tim. n~'Var[(h, V] s )] = Ln(¢°) (5.32)

and hence by the Cauchy-Schwarz inequality, for large enough n we have

n~HVar((h,v] ;1)) — Var((h, v 4 )]
= |n""Var((h, u§7¢67k)) + 2C0V(n’1/2<h, VZ7¢57k>, n*1/2<h, V57¢8’k>)‘
< 6+ 262 (n " Var(h, uz’qse’k))l/z < 6+ 20Y3(Ly () + 6)Y2.

Using (5.31) and (5.32), for large enough n, we thus have
I Varl(h, 2] — La6)] < 36 + 26 2(La(6) + 8)1/
and since § > 0 is arbitrary this shows that
n~Var[(h, v , )] = Li(¢) as n — oo,

which is the first part of the statement of Theorem 2.1.

To prove convergence to a Gaussian field with covariance (2.12), by standard
arguments based on the Cramér-Wold device, it suffices to show that for any h €
B(RY),

n V2 (0, ) > N(0, Ly (). (5.33)

Let t € R. Set X, := n~Y2(h, 7 , ) and for £ > 0 set X5 :=n~"2(h, 79 .. ). Since
¢° is in Fy, Proposition 4.2 shows that X; 2, N(0, Ly(¢°)) as n — oco. Hence,

E [exp(itX2)] — exp(—t*L(¢°)/2) — 0 as n — oo. (5.34)
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Given 6 > 0, by Lemmas 5.1 and 5.5 we can choose € > 0 such that for large n,
E[|exp(itX,,) —exp(itX:)|] < E[[t(X, — X;)|] <o

and also |e~**In(9)/2 — ¢=Ln(#°)/2] < § 50 that combining with (5.34) we have for
large n that
IE [exp(itX,)] — e ©1r9)/2] < 35

and since ¢ is arbitrary, this implies (5.33). O

6 Proofs of Propositions 2.1 and 2.2

6.1 Proof of Proposition 2.1

First we identify V;(3) when K # R, which implies —y ¢ K for all y € K. The
integral in (2.9) has contributions only from y € K and from 0 € (y + K), and these
contributions are equal by a symmetry argument. Let by := |BF(0)].

Consider y € K. Then |C;(0,H Uy)| has the distribution of min(T'y, by|y|?) and
|C1(y,H U 0)] has the distribution of I';, and they are independent. Hence, the
integral in (2.9) is equal to

2 / E [6(6T)](E [¢(3 min(Ty, baly|®) — 6(5T1)])dy
— M, (8) / E [6(8min(T', s)) — 6(8T1))ds
200D [ (6(55) — (T D)

In the last expectation, the first term is equal to fooo ¢(Bs)P[T'y > s] which comes
to My1(3). The second term comes to Myo(3) as in (4.29). Thus, the integral in
(2.9) is equal to to 2My1(6)(My1(8) — Mso(5)) and substituting in (2.9) we find
that V1(0) is given by case k = 1 of formula (2.13) when K # R%.

To complete the proof of Proposition 2.1, we need to show that V,; is given by
(2.13) in the case when d = 1 (for arbitrary k, but still assuming K # R9). There
are only two possibilities for IC and by symmetry it suffices to consider the case with

K = (0,00). In this case, the expression (2.9) becomes:

oo

Vou(8) = My n(8)] + / &0, y)dy (6.35)

—0o0
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where

(0,y) :=E [¢(8Co)d(BC,)] — (E [6(BTk)])?,

where Cp (respectively, C,) denotes the length of the k-spacing starting at the origin
(respectively, starting at y) with respect to the augmented point set H U0 U y.
We proceed to evaluate the integral in (6.35). Write eg := E [¢(51'x)]. Then

(0,y) = E[(¢(BCo)p(BC,) — ¢(BT)er)(1{y < Ty} + 1{y > I};})]
= E[(¢(8Co)o(BCy) — ¢(BTk)er)1{y < Ty}l

Integrating over y and setting I'y := 0, we have that

oo k o0

/ (0, y)dy = (Z [j> _/ E[¢(6Tk)ex1{y < T'x}]dy, (6.36)
j=1 0

0

where we set

I =E / " (6(BC0)6(5C,) - 1{y < T;})dy.

-1

Recall that I'; = Z:l I'y ;. We now compute /; in the case with 1 < j <k —1.
For such j, it I',_; < y < I'j then Cp = T'y—y and C, = T'j44—1 — y; setting
w=1y—I';_1 we have for 1 <j <k —1 that

k—1

=B [0+t Ty —w)+ Y 1)
0 i=j+1
jk—1
><¢(ﬂ(F1’j —w + Z Fl,i))l{rl,j > w}dw
i=j+1

Now take the expectation inside the integral. Since I';; is exponential we have
P[I'1; > w] = e, and by conditioning on this event, using the memoryless property
of the exponential distribution and independence of I'y ; from the other random
variables in the expression, we obtain

k—1 j+k—1

I = /OOOIEgzﬁ(ﬂ(Fj_l +w+T+ > Ti))eB(;+ Y Tig)e “dw.

i=j+1 i=j+1
Now take the integral back inside the expectation. Letting I'y o be a further inde-

pendent exponential random variable with density function e™ w > 0, we have
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that
k—1 jk—1
Li=E[¢(B(T 1 +Tio+T+ > Ti))o(B(T;+ Y Tiy))l
o, i i=j+1
-

—E[O(3(Y D03 Y. Do) =EB(To(3(Thsy ~T) (637)

To deal with I we modify the preceding argument as follows. If Ty < y < T’y

then Cp =y and O = I'ypy1 — y. Setting w = y — I',—1 we have that
2%—1

I,=E /0 T (BT + )BT s — w0 + 3 T T = w)dw.

i=k+1
Conditioning on the event that I'y; > w using the memoryless property of the

exponential distribution and independence of I'y ;, from the other random variables

in the expression, we obtain
2k—1

I.=E / S(BThmr +w)d(BTre+ Y Tra))e “duw.
0 i=k+1
Letting I'1 o be a further independent exponential random variable we have that
2k—1
I =E[¢(B(Tho1 +T10)¢(BT 1k + Y T1s))]
i=k+1

2k—1

= B[6(3( Ta)o3(Y Tual)] = e
Now as in (4.29) the last term in (15.%6) is -
e /0 E [6(8T)1{y < T }ldy = kexE [6(T41)].

Combining this with the preceding expressions for I; (j < k) and for I, we may
rewrite (6.36) as

0o k-1
/0 (0, y)dy = (ZE[¢(ﬂFk)¢(ﬁFk+j - ﬁrm) + €2 — heyer

j=1
k—1
= < (E[¢(BTk)p(OT ks — BT)] — 6%)) + kex(ex — €x11)
j=1
k—1
= kek(ek - 6k+1) + Z COV(¢(5F1€)7 ¢(5Fk+j - 6Fj>)‘
j=1

By symmetry, for all 3 we have ffoo ¢?(0,y)dy = [, ¢(0,y)dy and thus from (6.35)
we obtain for all 5 > 0 that V},x(3) is given by (2.13). This completes the proof of
Proposition 2.1. O
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6.2 Proof of Proposition 2.2

We deduce Proposition 2.2 as follows. From the definition (2.9) we obtain

Voa(B) = Ma(8) + [ (090,
where ¢(0,5) = E[(51C1(0,H U 5))o(BIC1(y, H U 0)))] — (E[$(AT1))?. For all
s,t € RY let p(s,t) := P[|C1(0,H Uvy)| > s,|Ci(y, HUO0)| > t]. Then for all

s,t € [0, |y|%wa] we have
p(S,t) _ ef(s+t)+1(s,t,|y\).

Otherwise p(s,t) = 0. Hence, for y € R?, by the fundamental theorem of calculus,
the assumption that ¢ is differentiable with lim¢ g ¢(t) = 0, and Fubini’s theorem,

C(O,y)ZE/ / B2 (85)0' (B) {1, (0.10m)|> 5,101 (4. 100) 11 dSdE
0 0

o) 2

= 3 / / ¢ (Bs)d' (Bt)[p(s, t) — e~ TD]dsdt.

Since p(s,t) vanishes whenever (s,t) ¢ [0, |y|%w,4]? we obtain

lyl%wa  plylwa
0= [ [T d B0 Bnle M - e Oldsar -
0 0
_62// ¢/(68)¢/<ﬁt)€_(s+t)d8dt.
max(s,t)>|y|%wq
Therefore » »
Y|"wa Y| wd
— 32 ! (s+t)+I(s,t,lyl) (s+t) .

[eomay=p [ [T [T s9660i Jdsdidy

132 / / —(s—l—t)d dtd
5 /R d / /m e, SN 0 sy

and letting u := |y|%wy, the above becomes

/ooo c(0,y)dy = §° /o: /o /0 ¢ (Bs)¢/ (Bt)eHD [ (0™ — 1] dsctdu —
_3? ¢ (Bs)¢' (Bt)e” D dsdtdu.
/O //max(s,t)Zu ( 8) ( )e ’ !

Finally, change the order of integration to obtain

/ (0, y)dy = B / / o/ (55)6/ (B)e=t+) / (el _ Y dudsdt —
0 0 0 max(s,t)

o [ [T swsonee | " s

0. Jo
which is exactly the desired limit. This proves Proposition 2.2. |
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7 Proofs of Theorems 2.2 and 2.3

7.1 Proof of Theorem 2.2

We need to check that the proof of Theorem 2.1 in Sections 4 and 5 carries through
when we modify CX(x, X) to be the empty set whenever card(X N (x +K) \ z) < k,
and set ¢(0) = 0.

This change has the effect only of modifying the value of ¢(CK(x, X)) to zero
on certain outcomes. Therefore it is easy to see that all moments conditions carry
through. This applies in particular to Lemmas 4.1 and 5.1.

The stated change also has no effect on the lemmas concerned with weak conver-
gence (Lemmas 4.2 and 4.4) because for the limiting random object (a homogeneous
Poisson process) the probability of seeing fewer than k points in the cone K is zero,
and hence the value of ¢(CX(H,,)) is unaffected by the modification being considered,
for any a > 0.

Essentially as a result of these two observations, it can be checked that all steps

in the proofs in Sections 4 and 5 carry through, and so the result holds. |

7.2 Proof of Theorem 2.3

We prove Theorem 2.3 by again following the proof of Theorem 2.1. The proof is
a bit simpler since the analog of Lemma 4.1 holds for all ¢ € F, thus avoiding the
lengthy truncation arguments.

Put for all £, A > 0, locally finite point sets X', and x € X

q)‘()]jt(.flf, X) = ¢ (Card{X N Bt(/\g@))fl/d(x)})

and

9PN X) == ¢ (card{)( N Byg(z))-1/a (m)}) )
Since ®J*(x, Py) 2 »(Po(m)) where Po(m) denotes a Poisson random variable with
parameter m := m(t, ), and since E[¢*(Po(m))?] < oo for any m, it follows that
Lemma 4.1 holds for any ¢ € F. Moreover the analog of Lemma 4.2 goes through
verbatim with this definition of ®{*(,-). Since the functional ®'(-,-) depends only
on points at a fixed deterministic distance from z, the functional @i’t(-, -) clearly

localizes and Lemma 4.3 holds as well.
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It follows that Proposition 4.1 and Proposition 4.2 also hold verbatim with
Vé . (z, a) replaced by
V(o) = B[ (o ha [ [BER (M, Uy (oy+ Mo U0) — (EE7 () dy
and 5§,k(z, a) replaced by ’
5 (2, ) = B2 (H,)] + a / E [€054(H, Uy) — 54 (H,)] dy.

Rd
This proves Theorem 2.3. O
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