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SURFACE ORDER SCALING IN STOCHASTIC GEOMETRY'

By J. E. YUKICH
Lehigh University

Let P, := Py, denote a Poisson point process of intensity Ak on
[0, l]d, d > 2, with « a bounded density on [0, l]d and A € (0, 00). Given a
closed subset M C [0, l]d of Hausdorff dimension (d — 1), we consider gen-
eral statistics } -, cp, &(x, Py, M), where the score function £ vanishes un-
less the input x is close to M and where & satisfies a weak spatial dependency
condition. We give a rate of normal convergence for the rescaled statistics
dxePy S(Al/dx, )\l/dPA, A4 M) as ) — oo. When M is of class C2, we
obtain weak laws of large numbers and variance asymptotics for these statis-
tics, showing that growth is surface order, that is, of order Vol(kl/ d/\/t). We
use the general results to deduce variance asymptotics and central limit theo-
rems for statistics arising in stochastic geometry, including Poisson—Voronoi
volume and surface area estimators, answering questions in Heveling and Re-
itzner [Ann. Appl. Probab. 19 (2009) 719-736] and Reitzner, Spodarev and
Zaporozhets [Adv. in Appl. Probab. 44 (2012) 938-953]. The general results
also yield the limit theory for the number of maximal points in a sample.

1. Main results.

1.1. Introduction. Let P, := Py, denote a Poisson point process of intensity
Ak on [0, l]d, d > 2, with « a bounded density on [0, l]d and A € (0, 00). Let-
ting &£(-, -) be a Borel measurable R-valued function defined on pairs (x, X'), with
X C R? finite and x € X, functionals in stochastic geometry may often be repre-
sented as linear statistics ) ,cp, §(x, P;). Here, &(x, P;) represents the contribu-
tion from x, which in general, depends on P, . It is often more natural to consider
rescaled statistics

1.1) HEPy) = Y (W M4x,019Py).

xX€Py

Laws of large numbers, variance asymptotics and asymptotic normality as
A — oo for such statistics are established in [6, 18-20, 22] with limits governed by
the behavior of £ at a point inserted into the origin of a homogeneous Poisson point
process. The sums H §(P,) exhibit growth of order Vol (A14]0, 11)94) = A, the
d-dimensional volume measure of the set carrying the scaled input A!/4P;. This
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gives the limit theory for score functions of nearest neighbor distances, Voronoi
tessellations, percolation and germ grain models [6, 18, 20]. Problems of inter-
est sometimes involve R-valued score functions & of three arguments, with the
third being a set M C R4 of Hausdorff dimension (d — 1), and where scores
E(AMx, A12P,  A1/4 M) vanish unless x is close to M. This gives rise to

(1.2) HE Py, M) = Y (W, APy, a4 M),

x€P;,

Here, M might represent the boundary of the support of ¥ or more generally,
the boundary of a fixed body, as would be the case in volume and surface inte-
gral estimators. We show that modifications of the methods used to study (1.1)
yield the limit theory of (1.2), showing that the scaling is surface order, that is,
HE (Py, M) is order Volg_ (A4 (MN[0, 11%)) = ©(1@=D/4) The general limit
theory for (1.2), as given in Section 1.2, yields variance asymptotics and central
limit theorems for the Poisson—Voronoi volume estimator, answering questions
posed in [12, 26]. We introduce a surface area estimator induced by Poisson—
Voronoi tessellations and we use the general theory to obtain its consistency and
variance asymptotics. Finally, the general theory yields the limit theory for the
number of maximal points in random sample, including variance asymptotics and
rates of normal convergence, extending [2]-[5]. See Section 2 for details. We an-
ticipate further applications to germ-grain and continuum percolation models, but
postpone treatment of this.

1.2. General results. We first introduce terminology, cf. [6, 18-20, 22]. Let
M(d) denote the collection of closed sets M C [0, 1]¢ having finite (d — 1)-
dimensional Hausdorff measure. Elements of M(d) may or may not have boundary
and are endowed with the subset topology of R?. Let M (d) C M(d) denote those
M e M(d) which are C?, orientable submanifolds. Given M € M(d), almost all
points x € [0, 1]¢ are uniquely represented as

(1.3) X :=y+ruy,

where y := y, € M is the closest point in M to x, t :=1, € R and u, is a fixed
direction (see, e.g., Theorem 1G of [11], [13]); u, coincides with the unit out-
ward normal to M at y when M € M(d). We write x = (yy, ty) := (y,t) and
shorthand (y, 0) as y when the context is clear. To avoid pathologies, we assume
HA=T (M N ([0, 119)) = 0. Here, H4~! denotes (d — 1)-dimensional Hausdorff
measure, normalized to coincide with Vol;_; on hyperplanes.

Let £(x, X, M) be a Borel measurable R-valued function defined on triples
(x, X, M), where X c R? is finite, x € X, and M € M(d). If x ¢ X, we short-
hand &(x, X U {x}, M) as &(x, X, M). Let S := S(M) C [0, 1] be the set of
points admitting the unique representation (1.3) and put S" := {(y, tx)}xes. If
(y,1) € §', then we put £((y,1), X, M) = &(x, X, M) where x =y + tu,, oth-
erwise we put £((y, 1), X, M) =0.
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We assume £ is translation invariant, that is, for all z € R? and input (x, X', M)
we have E(x, X, M) =&(x + z, X + z, M 4 z). Given A € [1, 00), define dilated
scores &, by

(1.4) E.(x, X, M) =g (WMdx, M4 x 114 ),

so that (1.2) becomes

(1.5) HE (P, M) = Y &.(x, Po. M.
xePs

We recall two weak spatial dependence conditions for &. For 7 € (0, o0), H, de-
notes the homogeneous Poisson point process of intensity T on R“. For all x € R?,
r € (0,00), let By (x) := {w € R?:|lx — w|| <r}, where || - | denotes Euclidean
norm. Let 0 denote a point at the origin of R, Say that & is homogeneously sta-
bilizing if for all T € (0, o) and all (d — 1)-dimensional hyperplanes H, there is
R := R (H.,H) € (0, 00) a.s. (a radius of stabilization) such that

(1.6) £(0, H, N Br(0), H) = £(0, (1, N Br(0)) U A, H)

for all locally finite A C Br(0)¢. Given (1.6), the definition of & extends to infinite
Poisson input, that is, £(0, H,, H) = lim,_ 5 £(0, H; N B-(0), H).

Given M € Mi(d), say that & is exponentially stabilizing with respect to the pair
(P, M) if for all x € R? there is a radius of stabilization R := R (x, Py, M) €
(0, c0) a.s. such that

(1.7) Sk(x, PN B)L—l/dR(x), ./\/l) = fx(x, ('P)L N B)L—l/dR(x)) UA, M)

for all locally finite A C R? \ B,-1/4p(x), and the tail probability t(z) :=
T(t, M) :=sup; .o yerd P[R(x, Pr, M) > t] satisfies limsup,_, o, t~ogt(t) <
0.

Surface order growth for the sums at (1.5) should involve finiteness of the in-
tegrated score &, ((y, t), Px, M) over t € R. Thus, it is natural to require the fol-
lowing condition. Given M € M(d) and p € [1, 00), say that & satisfies the p
moment condition with respect to M if there is a bounded integrable function
G5P .= G&EPM:R — RY such that forall u € R

(1.8) sup  sup supE|&, ((y, A~ 9u), Py Uz, M)|P < G5P(lu)).
zeRIUG yEM A>0
Say that & decays exponentially fast with respect to the distance to M if for all
p e[l 00)
(1.9) limsuplul_llogGg’p(|u|) <0.
|u|—o0

Next, given M € M (d) and y € M, let H(y, M) be the (d — 1)-dimensional
hyperplane tangent to M at y. Put H, := H(0, M — y). The score & is well-
approximated by P, input on half-spaces if for all M € M (d), all y € M, and all
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w € R4, we have

Tim B[ (w, 2P — ). a1 (M = y)
(1.10) o
— &(w, APy — y), Hy)| =0.

We now give three general limit theorems, proved in Sections 4 and 5. In Sec-
tion 2, we use these results to deduce the limit theory for statistics arising in
stochastic geometry. Let C(M) denote the set of functions on [0, 119 which are
continuous at all points y € M. Let 0, be a point at the origin of H,.

THEOREM 1.1 (Weak law of large numbers). Assume M € M (d) and k €
C(M). If & is homogeneously stabilizing (1.6), satisfies the moment condition (1.8)
for some p > 1, and is well-approximated by 'P)._input on half-spaces (1.10), then

lim A=Y=V gEp, M)

LA—00

(I.11) =, M)

o0
::f f EE((0y, u), Hieyy, Hy)k () dudy — in LP.
M J—c0

Next, for x,x’ e R?, t € (0, 00), and all (d — 1)-dimensional hyperplanes H we
put

cs(x,x/;Ht,H)
= EE(x, He Ux', H)E(x', He Ux, H) — E£(x, He, D)EE (x', He, H).
Put for all M € Ml (d)
o (E, M) = u(E% M)

o0 o0 %_
(1.12) L @ 9 ) )
x k(y)? dudsdzdy.

THEOREM 1.2 (Variance asymptotics). Assume M € M(d) and k € C(M).
If € is homogeneously stabilizing (1.6), exponentially stabilizing (1.7), satisfies the
moment condition (1.8) for some p > 2, and is well-approximated by P, _input on
half-spaces (1.10), then

(1.13) lim A~ @D/ [ HE (P, M)] = 62 (8, M) € [0, 00).

Let N(0,02) denote a mean zero normal random variable with variance o2

and let ®(¢) := P[N(0,1) <t],t € R, be the distribution function of the standard
normal.
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THEOREM 1.3 (Rate of convergence to the normal). Assume M € M(d). If
& is exponentially stabilizing (1.7) and satisfies exponential decay (1.9) for some
P >q,q € (2,3], then there is a finite constant ¢ ‘= c(d, &, p, q) such that for all
A>2

[Hs (P, M) = E[H* (P, M)]
v Var[HE (P, M)]

< c(log YT @=DI (Var[ HE (Py, M)]) T2,

5ti| — o)

sup| P
teR
(1.14)

In particular, if 02(§, M) > 0, then putting q =3 yields a rate of convergence
O ((log 1))\~ d=D/2dy 16 the normal distribution.

REMARKS. (i) (Simplification of limits.) If £(x, X', M) is invariant under ro-
tations of (x, X', M), then the limit u (&, M) at (1.11) simplifies to

(A.15)  pE M) = /M /_OoEg((o,u),HK(y),Rd—l)duK(y)dy,

where (0, u) € R4~! x R. The limit (1.12) simplifies to
o, M) = pu(E*, M)

(1.16) / A;d 1/ / (00, w), (2, 8); Hegy). RITY

X K(y)zdu dsdzdy.

If, in addition, £ is homogeneous of order y in the sense that for all a € (0, o) we
have

E(ax,aX, RN =a¥E(x, X, R,

then putting

(1.17) W d) = /OO E&((0, u), H1, RY) du

we get that (&, M) further simplifies to
(1.18) pE M= d =) [ )@ dy,
Similarly, the variance limit o%(£, M) simplifies to

GZ(S,M) = ,u(g d— 1)/ K(y)(d—y—l)/ddy
A;d 1/ / $((0.1), (z.9): H1. R ) duds dz

X / K(y)(d_zy_z)/d dy.
M
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If k = 1, then putting

(1.19)  v(,d):= /ﬂ'{d /_oo f_oo ¢ ((0,u), (z,5); H1, RY) duds dz

we get that (1.11) and (1.13), respectively, reduce to
(120)  lim A@=DAgE (P, M) = (€, d— DHTI M) inLP
—>00

and

lim A==V var[ HE (P, M)]

A—>00
=[n(Exd — 1) +v(E, d — DIH M.

(i1) (A scalar central limit theorem.) Under the hypotheses of Theorems 1.2
and 1.3, we obtain as A — 00,

(1.21)

(122) A==V (gE (P M) — EHE (P, M)) 2> N(0, 025, M)).

In general, separate arguments are needed to show strict positivity of o2(£, M).
(iii) (Extensions to binomial input.) By coupling P, and binomial input {X;}!"_,,

where X;,i > 1, are i.i.d. with density «, it may be shown that Theorems 1.1

and 1.2 hold for input {X;}?_, under additional assumptions on &. See Lemma 6.1.
(iv) (Extensions to random measures.) Consider the random measure

= Y E(x, Pr M)S,,

xe€Py

where &, denotes the Dirac point mass at x. For f € B([O0, l]d), the class of
bounded functions on [0, 1]1¢, we put (f, ,ui) =/f dui. Modifications of the
proof of Theorem 1.1 show that when f € C([O, l]d), we have L?, p € {1, 2},
convergence

lim A~@=V/d(y, Mi)

A—00

(1.23) =uE M, f)
= /M /_oo E&((0y. 1), Hey). Hy )k () f () dudy.

Using that a.e. x € [0, 1]¢ is a Lebesgue point for f, it may be shown this limit
extends to f € B([O, 119) (Lemma 3.5 of [18] and Lemma 3.5 of [19]). The
limit (1.23) shows up in surface integral approximation as seen in Theorem 2.4
in Section 2.2.

Likewise, under the assumptions of Theorem 1.2, it may be shown for all f €
B([0, 119) that

lim 2~“=D/d var[(f, ui)] =02, M, [),

A—00
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where

o2 (E, M, f) = puE2 M, )

+/M /RH /_C:/_O;cf((oy,u),(z,S>;’HK(y>»Hy)

x k(N F()dudsdzdy.

Finally, under the assumptions of Theorem 1.3, we get the rate of convergence
(1.14) with HE (P, M) replaced by (f, 1)

(v) (Comparison with [22].) Theorem 1.3 is the surface order analog of Theo-
rem 2.1 of [22]. Were one to directly apply the latter result to H (P, M), one
would get

sup
teR

P[Hf (P, M) —EHE (P, M)
V' Var[HE (Ps., M)]

= 0((log »)**+ A (Var[ HE (P, M)]) /).

< t:| — CID(t)‘
(1.24)

However, when Var[HS (P, M)] = Q(1@=D/d) a5 is the case in Theorem 1.2,
the right-hand side of (1.24) is O((log)3@*+1x~@+1/2d) The reason for this
suboptimal rate is that [22] considers sums of ®(X) nonnegligible contributions
&(x,Py), whereas here, due to condition (1.9), the number of nonnegligible con-
tributions is surface order, that is, of order @ (A(@—D/d),

(vi) (Comparison with [23].) Let M € M (d). In contrast with the present pa-
per, [23] considers statistics HE(Y,) = > §(n1/(d_1)Yl~, n!/@=Dy "y with in-
puty, = {Yj}’j’.:l carried by M rather than [0, 1]¢. In this set-up, H ()/,) exhibits
growth ©(n).

2. Applications.

2.1. Poisson—Voronoi volume estimators. Given P, as in Section 1 and an un-
known Borel set A C [0, 119, suppose one can determine which points in the real-
ization of P, belong to A and which belong to A€ := [0, 14 \ A. How can one use
this information to establish consistent statistical estimators of geometric proper-
ties of A, including Vol(A) and H?=1(9A)? Here and henceforth, we shorthand
Vol by Vol. In this section, we use our general results to give the limit theory for
a well-known estimator of Vol(A); the next section proposes a new estimator of
H4~1(3A) and gives its limit theory as well.

For X C R locally finite and x € X, let C(x, X) denote the Voronoi cell gen-
erated by X and with center x. Given P, and a Borel set A C [0, 114, the Poisson—
Voronoi approximation of A is the union of Voronoi cells with centers inside A,
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namely

Ay = U C(x,Py).

xePNA

The set A, was introduced by Khmaladze and Toronjadze [16], who antic-
ipated that A, should well-approximate the target A in the sense that a.s.
limy_, oo VOI(AAA;) = 0. This conjectured limit holds; as shown by [16] when
d =1 and by Penrose [18] for all d =1, 2,.... Additionally, if P, is replaced
by a homogeneous Poisson point process on R? of intensity A, then Vol(Aj) is an
unbiased estimator of Vol(A) (cf. [26]), rendering A; of interest in image analysis,
nonparametric statistics and quantization, as discussed in Section 1 of [16] as well
as Section 1 of Heveling and Reitzner [12].

Heuristically, Vol(A;) — EVol(A,) involves cell volumes Vol(C(x,P;)), x €
P, within O(A~1/4) of JA. The number of such terms is of surface order, that
is there are roughly O(1“~D/?) such terms, each contributing roughly O (12)
toward the total variance. Were the terms spatially independent, one might expect
that as L — oo,

2.1) 2D/ (ol (A;) — EVol(A;)) —> N(0,02),

as conjectured in Remark 2.2 of [26]. We use Theorems 1.2—1.3 to prove this
conjecture and to obtain a closed form expression for o2 when 9A € Ma(d); we
find rates of normal convergence for (Vol(A,) — EVol(A;))/+/Var Vol(A,) as-
suming only dA € M(d). This adds to Schulte [27], who for k =1 and A com-
pact, convex, shows that (Var Vol(A4,))~Y2(Vol(A,) — EVol(A})) is asymptoti-
cally normal, A — oco. We obtain analogous limits for Vol(AAA;). In addition to
the standing assumption ||« ||, < 00, we assume everywhere in this section that «
is bounded away from zero on [0, 1].

THEOREM 2.1. If0A € M(d), then

P[VOI(AA) —EVol(A)) - t] B CI>(t)‘
+/ Var Vol(A;) -

= 0((log »)>+1).7271/d (var Vol(AA))_3/2)

teR

and
Vol(AAA;) —EVol(AAA
supP[ ol(A24,) — EVoll A)St]—CD(l)‘
reR v/ Var Vol(AAA;)

= 0((log A)¥* ' A=2"1/4 (Var Vol(AAA;)) /%),

The rate of convergence is uninformative without lower bounds on Var Vol(A;)
and Var Vol(AAA;). Schulte [27] shows Var Vol(A;) = Q(A~“@+D/4) when A is
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compact and convex. The next result provides lower bounds when d A contains a
smooth subset. For locally finite X’ C R4, x € X, define the volume scores

vE(x, X, 0A)
(2.2)
Vol(C (x, X) N A°), ifCx, X)NdA£ D, x €A,
=1 £Vol(C(x, X)NA), ifCx,X)NIA#D,x € A,
0, if C(x, X)N3A = 0.

In view of limits such as (1.16), we need to define scores on hyperplanes R¢~1,
We thus put

vi(x,X,Rd_l)
(2.3)
Vol(C (x, X) NRE), if C(x, X)NRI £z, x e R,
=1 £Vol(C(x, X)) NRITY),  if Cx, ¥)NRI £ 2, x e RI,
0, if C(x, X)NRI™ =g,

where RT™! := R?~1 x [0, 00) and RY™! := R?~! x (—00, 0]. Define 62(v, A)
by putting £ and M to be v~ and 9 A, respectively, in (1.16). Similarly, define
o?(vt,dA). When « = 1, these expressions further simplify as at (1.21).

THEOREM 2.2. Ifx € C(dA) and if dA contains a C' open subset, then
Var Vol(A;) = Q(A~“TD/4) and  VarVol(AAA;) = (1~ FD/d),
Additionally, if 0A € Ma(d), then
lim 2“TD/4varvol(A;) = o?(v™,8A) and

A— 00

lim A9/ varVol(AAA;) =% (vT, 0 A).

A—00

Combining the above results gives the following central limit theorem for
Vol(A;) — Vol(A); identical results hold for Vol(AAA;) —EVol(AAA};).

COROLLARY 2.1. Ifk € C(dA) and if either dA contains a C' open subset
or A is compact and convex, then

|:V01(AA) — EVol(A;) -
teR +/ Var Vol(A;) -
Additionally, if 0A € M>(d), then as A — o0

f] - GI>(t)‘ = O((log1)3@+1)~d=D/2d),

A@TD/2 (ol (A;) — EVol(A;)) —> N (0,02 (v, 3A)).

Recall X;,i > 1, are i.i.d. with density «; A}, := {X;}7_,. The binomial-Voronoi
approximation of A is A, :=J X;cA C(X;, X,). The above theorems extend to
binomial input as follows.
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THEOREM 2.3. Ifk € C(dA) and if either A contains a C' open subset or
A is compact and convex, then

Var Vol(A,) = Q(n =T/ and  VarVol(AAA,) = Q(n~@TD/d),
Additionally, if 0 A € M»(d), then
lim n“*D/4Varvol(A,) = o2(v™, dA),

n—oo

lim n“tY/4varVol(AAA,) = a2 (vT, 0A),

n—oo

and as n — 00,

n@+D/24 (Vol(A,) — EVol(A)) —2> N(0, 02 (v, 3 A)).

REMARKS. (i) (Theorem2.2.) When k = 1, Theorem 2.2 and (1.21) show that
the limiting variance of Vol(A;) and Vol(AA A, ) involve multiples of HI71HA),
settling a conjecture implicit in Remark 2.2 of [26] when d A € M (d). Up to now,
it has been known that Var Vol(A,) = @ (A~@*tD/d) for A compact and convex,
where the upper and lower bounds follow from [12] and [27], respectively.

(ii) (Corollary 2.1.) When d A contains a C! open subset, Corollary 2.1 answers
the first conjecture in Remark 2.2 of [12]; when A is convex it establishes a rate
of normal convergence for (Vol(A;) — EVol(A,))/+/ Var Vol(A, ), extending the
main result of [27] (Theorem 1.1).

(iii) (The C? assumption.) If A C R has finite perimeter, denoted Per(A),
then [26] shows that limkﬁookl/dEVol(AAAk) = cqPer(A), where c¢;4 is an ex-
plicit constant depending only on dimension. This remarkable result, based on co-
variograms, holds with no other assumptions on A. Theorem 2.2 and Corollary 2.1
hold for d A not necessarily in M (d); see [29].

2.2. Poisson—Voronoi surface integral estimators. We show that the surface
area of A;, when corrected by a factor independent of A, consistently estimates
H9=1(3A) and that it satisfies the limits in Theorems 1.1-1.3.

Given X locally finite and a Borel subset A C R?, define for x € X N A
the area score o(x, X', dA) to be the H?~! measure of the (d — 1)-dimensional
faces of C(x, X) belonging to the boundary of (J,cxna C(w, X); if there are
no such faces or if x ¢ X N A, then set o(x, X', dA) to be zero. Similarly, for
x e X NRET, put a(x, X, R¥1) to be the H~' measure of the (d — 1)-

dimensional faces of C(x, X') belonging to the boundary of Uw cxnri-1 C(w, X),

otherwise a(x, X', R4~1) is zero.
The surface area of A, is then given by } . .p, a(x, Py, dA). We might expect
that the statistic

(2.4) AT@DMA gy 9 A) = A @DMN o (x, PrL 9A)

X€Py
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consistently estimates H41(3A), » — 0o, and more generally, for f € B([0, 119
that

ATEEVIEN ™ a5 (x, Pa, 9A) £ ()

xG’P)L

consistently estimates the surface integral [, f (x)H?1(dx). Provided that one
introduces a universal correction factor which is independent of the target A, this
turns out to be the case, as seen in the next theorem. Define u (o, d) and v(o, d)
by putting £ to be « in (1.17) and (1.19), respectively.

THEOREM 2.4. Ifk =1and 0A € Ma(d), then

(2.5) Jim (u(or.d — D)1 @4) =HT 94)  inL?
—00
and
lim A @D/ yar[ 11 (0 A5)]
2.6) o

=[u(e® d —1) +v(a,d — D]H "L A).
Further, for f € B(|0, 11%)

(e, d — 1) ~'27@DMA N o (x, PoL A f(x)

)6673)L

:f FOH dx)  in L2
0A

lim
A—00

Q2.7)

REMARKS. (i) (Extensions.) Assuming only dA € M(d), it follows from The-
orem 1.3 and the upcoming proof of Theorem 2.4 that (VarH¢~1(3A,))~1/? x
(HY1(A,) —EHIL(DA,)) is asymptotically normal. When 0 A € M, (d) it fol-
lows by (1.22) that as A — oo

A@=D24 (=13 45) —EHITN(9AL) —> N(0,07),

with 02 :=[u(@?,d — 1) + v(a,d — 1)JH? "1 (9 A). Analogs of (2.5)—(2.7) hold if
P;. is replaced by X, :={X;}!'_,, A is replaced by A, := Ux,ea C(Xi, &), and
n— oo.

(i1) (Related work.) Using the Delaunay triangulation of Py, [15] introduces an
a.s. consistent estimator of surface integrals of possibly nonsmooth boundaries.
The limit theory for the Poisson—Voronoi estimator H*(P,, dA) extends to non-
smooth d A as in [29].
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2.3. Maximal points. Let K C R? be a cone with nonempty interior and apex
at the origin of R4, Given X c R4 locally finite, x € X is called K-maximal, or
simply maximal if (K @ x) N X = x. Here, K @ x is Minkowski addition, namely
K@®x:={z+x:z€K}. Inthe case K = (R")?, a point x = (x1,...,x3) € X
is maximal if there is no other point (z1,...,24) € X with z; > x; for all 1 <
i <d. The maximal layer mg (X) is the collection of maximal points in X. Let
Mg (X) :=card(mg (X)).

Maximal points feature in various disciplines. They are of broad interest in com-
putational geometry; see books by Preparata and Shamos [25], Chen et al. [8].
Maximal points appear in pattern classification, multicriteria decision analysis,
networks, data mining, analysis of linear programming and statistical decision the-
ory; see Ehrgott [10] and Pomerol and Barba-Romero [24]. In economics, when
K = (R+)d, the maximal layer and K are termed the Pareto set and Pareto cone,
respectively; see Sholomov [28] for a survey on Pareto optimality.

Next, let k be a density having support

A:={(v,w):veD,0<w =< F(v)},

where F: D — R has continuous partials F;, 1 <i <d — 1, which are bounded
away from zero and negative infinity; D C [0, 1171, and |F| < 1. Let Py := P
and X, := {X;}]'_, as above.

Using Theorems 1.1-1.3, we deduce laws of large numbers, variance asymp-
totics, and central limit theorems for Mg (P,) and Mg (A,), as A — oo and
n — 0o, respectively. Put 0 A := {(v, F(v)):v € D} and let

1, if(K®x)NA)NX=r,

x,X,04A):=
3 ) { 0, otherwise.

When x = (y,1), y € A, we write

1, if (K®x)NHy(y,dA)NX =x,

2.8 X, X, H )
28) 3 2 {0, otherwise,

where H; (y, dA) is the half-space containing 0 and with hyperplane H(y, dA).
To simplify the presentation, we take K = (R*)?, but the results extend to gen-
eral cones. Recalling definitions (1.11) and (1.12), we have the following results.

THEOREM 2.5. Ifk € C(0A) and if k is bounded away from 0 on A, then

lim A=Y=V p1e (P
A—>00
(2.9) =u(,04)
1/d

:(d!)l/dd_lf‘(d_l)/ k(v, F))“" V4 qy in L?
D

d—1
[]Fi
i=1
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and
(2.10) lim A~/ Var[Mg (P3)] = 02(¢, 3A) € (0, 00).
A—>00
Moreover, as .. — 00, we have
AT@=D/24 (a1 Py — EM (Py) —> N(0,02(2, 9A)).

Identical limits hold with Mg (P,) replaced by Mg (X,), n — oco. We also have

PI:MK(PA) —EMg(Py) -

(2.11) =
Var[Mg (P3)]

f} - <I>(t)‘ < c(log )30+ @=D/2d
teR

REMARKS. (i) (Related expectation and variance asymptotics.) Formu-
la (2.10) is new for all dimensions d, whereas formula (2.9) is new for d > 2.
For d =2, (2.9) extends work of Devroye [9], who treats the case k = 1. Barbour
and Xia [3, 4] establish growth rates for Var[ Mg (P;)] but do not determine limit-
ing means or variances for d > 2. Hwang and Tsai [14] determine EMg (X},) and
Var Mg (X)) when A :={(x1,...,xq):x; >0, Z;’;l x; < 1}, thatis, 0 A is a subset
of the plane Zidzl xi =1.

(i1) (Related central limit theorems.) Using Stein’s method, Barbour and
Xia [3, 4] show for d = 2, « uniform and K = (R1)? that (Mg (X,) —
EMk (X,))/+/ Var Mk (X,) tends to a standard normal. Assuming differentiability
conditions on F, they find rates of normal convergence of Mg (X,) and Mk (P;)
with respect to the bounded Wasserstein distance [3] and the Kolmogorov dis-
tance [4], respectively. Their work adds to Bai et al. [2], which for K = (R1)?2
establishes variance asymptotics and central limit theorems when « is uniform on
a convex polygonal region, and Baryshnikov [5], who proves a central limit the-
orem under general conditions on 9 A, still in the setting of homogeneous point
sets.

(iii) (Related results.) Parametrizing points in R? with respect to a fixed (d — 1)-
dimensional plane Hp, the preprint [7] obtains expectation and variance asymp-
totics for Mg (P,) and Mg (X,), with limits depending on an integral over the pro-
jection of dA onto Hy. By comparison, the limits in Theorem 2.5 follow straight-
forwardly from the general limit theorems and exhibit an explicit dependence on
the graph of F, that is, d A. Preprint [7] uses cumulants to show asymptotic nor-
mality without delivering the rate of convergence offered by Theorem 1.3.

(iv) (Extensions.) Separate analysis is needed to extend Theorem 2.5 to spherical
boundaries S~ N[0, oo)d , that is to say quarter circles in d = 2.

2.4. Navigation in Poisson—Voronoi tessellations. Put k = 1. Let X C R? be
locally finite and let 7(¢),0 <7 <1, be a C' curve C in [0, 1]>. Let Ve := Vo (X)
be the union of the Voronoi cells C (x, X) meeting C. Order the constituent cells of
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Ve according to the “time” at which r(¢) first meets the cells. Enumerate the cells
as

Cx,X,0),...,Cxn, X,0); N random.

The piecewise linear path joining the nodes xi,...,xy is a path C(X) whose
length |C(X')| approximates the length of C. The random path C(P,) has been
studied by Bacelli et al. [1], which restricts to linear C. For all x € X define the
score

one half the sum of lengths of edges incident to x in
px, X,C):= C(X)ifx e C(X),

0, otherwise.

Then the path length |C (P, )| satisfies
CP| =3 px. Po.C) =17 2HP (P, 0).
xXeP;,

We claim that the score p satisfies the conditions of Theorems 1.1-1.3 and that
therefore the limit theory of |C(P;)| may be deduced from these general theorems,
adding to [1]. Likewise, using the Delaunay triangulation of P,, one can find a

unique random path Cy(Py) whose edges meet C and belong to the triangulation
of P,, with length

C.(P| = Y px, Pr,C) =27 2HP (P, 0),
xe€Py

where

5, P C) = one half the su.m of lengths of edges incident to x if x € éA Py,
0, otherwise.

Theorems 1.1-1.3 provide the limit theory for 1Co.(Py)].

3. Auxiliary results. We give three lemmas pertaining to the rescaled scores
&, A > 0, defined at (1.4).

LEMMA 3.1. Fix M € Mo (d). Assume that & is homogeneously stabilizing,
satisfies the moment condition (1.8) for p > 1 and is well-approximated by P;,
input on half-spaces (1.10). Then for almost all y € M, all u € R, and all x €
R? U @ we have

G lim g ((y, ATy Vi Py, M) = BE((0y, 1) 4 x, Hyey), Hy).

PROOF. Fix M € M (d). We first show for almost all y € M that there exist
coupled realizations P; and H, ) of Py and H; ), respectively, such that for
u € R and x € R?, we have as A — 0o

(3.2) & (v, 2 hu) + 27V, Pl M) > E((Oy, u) + x, H () Hy).
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By translation invariance of £, we have
&.((y, AVdyy Ve Py, M) =&((0,, AV oV Py —y, M — )
=£((0y, 1) +x, APy — y), AAM = y)).

By the half-space approximation assumption (1.10), we need only show for almost
all y € M that there exist coupled realizations P; and Hf((y) of Py and Hy(y),
respectively, such that as A — oo

D
(3.3) (), u) +x, APy — y), Hy) —> (0, u) + x, My Hy).

This, however, follows from the homogeneous stabilization of £ and the continu-
ous mapping theorem; see Lemmas 3.2 and 3.2 of [18], which proves this assertion
for the more involved case of binomial input. Thus, (3.2) holds and Lemma 3.1
follows from uniform integrability of &, ((y, A~ Vdyy 4y —1dy Pi, M), which
follows from the moment condition (1.8). [

LEMMA 3.2. Fix M € Mo(d). Assume that & is homogeneously stabilizing,
satisfies the moment condition (1.8) for p > 2, and is well-approximated by P,
input on half-spaces (1.10). Given y € M, x € R¢ and u € R, put

Xz =& (0, A7 u), P U (v, A7V u) + 27 x), M),
V= (A7) 27 Py U (357 ). M),
X :=&((0y,u), Hiey) U ((0y,u) +x),H,) and
Y :=E((0y, u) + x, He(y) U 0y, u), Hy).
Then for almost all y € M we have lim, _, o EX, Y, = EXY.

PROOF. By the moment condition (1.8), the sequence X2, A > 1, is uniformly
. e e D
integrable and hence the convergence in distribution X; — X extends to L?

convergence and likewise for Y) L. Y. The triangle inequality and the Cauchy-
Schwarz inequality give

X3 Yy = XY It < IYVal2l X5 — X2 + 1 X W21Y5 = Yl2.

Lemma 3.2 follows since sup; _ | Y3 |l2 < oo and || X <oo. O

The next result quantifies the exponential decay of correlations between scores
on re-scaled input separated by Euclidean distance ||x]|.

LEMMA 3.3. Fix M € M(d). Let & be exponentially stabilizing (1.7) and as-
sume the moment condition (1.8) holds for some p > 2. Then there is a cg € (0, 00)



192 J. E. YUKICH

such that for all w, x € RY and \ € (0, 00), we have
}ES}L(U), P, U (w + )\,_l/d.x), /\/l)é,\(w + )»_l/dx, P, Uw, M)
— E& (w, Py, M)EE, (w + A7V, Py, M)

< coexp(—cq ' lIxl)-
PROOF. See the proof of Lemma 4.2 of [19] or Lemma 4.1 of [6]. [

4. Proofs of Theorems 1.1-1.2. Roughly speaking, putting x = & in (3.1)
and integrating (3.1) over y € M and u € R, we obtain expectation convergence of
A~@=D/d g (P, , M) in Theorem 1.1. We then upgrade this to L' and L? conver-
gence. Regarding Theorem 1.2, Lemmas 3.1 and 3.2 similarly yield convergence
of the covariance of scores &), at points (y,k_l/du) and (y,k_l/du) + A1y
and Lemma 3.3, together with dominated convergence, imply convergence of in-
tegrated covariances over x € R? and u € R, as they appear in the iterated integral
formula for A~@—D/d yar g (P, M). The details go as follows.

PROOF OF THEOREM 1.1. We first prove L? convergence. Recall the defini-
tions of H¢ (P, M) and (&, M) at (1.2) and (1.11), respectively. In view of the
identity

E( =D HE (P, M) — (. M))?
— A 2@=D/AR E (P M)? — 2u(E, M)A~ VAR HE (P, M)

+ (€, M),
it suffices to show
4.1 Aggor(d—n/dEHf (P, M) = (&, M)
and
(4.2) lim AT2E=DAR gE (P M) = (g, M)2.

To show (4.1), we first write

o~ @=V/ARHE (P, Ay =14 /[O B e, i M) d

Given M € M, (d) and x € [0, 119, recall from (1.3) the parameterization x =
y + tuy, with uy the unit outward normal to M at y. The Jacobian of the map
hix e (y+tuy) at (v,1) is Ju((v,0) == [19Z (A +1Cy 1), where Cy;, 1 <i <
d — 1, are the principal curvatures of M at y. Surfaces in M (d) have bounded
curvature, implying || Jxlloo 1= SUp(y seqo, 13 10 ((y, 1))| < 00.
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Given y € M, let Ny, be the set of points in [0, 11¢ with parameterization (y, t)
for some t € R. Define 7, := {t € R: (y, 1) € Ny}. This gives

A==V HE (P, M)

:Al/d/ E&; (v, 1), P M) Ji (0, 0) |k (v, 1)) dt dy.
yeM JieT,

Let r = A~ 14y to obtain
AT @D S (P M)

43) = /y " /ueWTy E&. (v, 27 u), P MY (v, 27 w))]|

x k((y, AV ) du dy.
By Lemma 3.1, for almost all y € M and u € R, we have
@4 lim g (v, A7 u). Pr M) =B (O, ). Hucryy, Hy)-

By (1.8), for y € M, u € R, and A € (0, 00), the integrand in (4.3) is bounded
by GE 1 (luD || Inllsoll% Il oo, Which is integrable with respect to the measure du dy.
Therefore, by the dominated convergence theorem, the limit A!'/¢ Ty 1 R, the con-
tinuity of «, and (4.4), we obtain (4.1), namely

o
lim )F(d_”/dEH‘?(PA,M):/ / E[£((0y, u), Hi(y), Hy)]du k() dy.
yeM J—o0

A—00
To show (4.2), we note

WTHADEE HE (P, M)?
— 3 -2d-1)/d

X [,\ f[o’l]dE[é};L(x,PA,M)Z]K(x)dx

2
nyy /{md /[O’I]d EE, (x, Py, M), (w, Py M) (x)c (w) dx dw]

The first integral goes to zero, since sup; . AL/ f[o’l]d E& (x, Pa, M)k (x)dx is
bounded. The second integral simplifies to

)LZ/d/ / E&, (x, Py, MYE (w, Py, Mk (x)k(w) dx dw.
(0,114 J[0,1}4

As A — 00, this tends to (&, M)? by independence, proving the asserted L2
convergence of Theorem 1.1.

To prove L' convergence we follow a truncation argument similar to that for
the proof of Proposition 3.2 in [21]. Given K > 0, we put

X (x, X, M) :=min(§(x, X, M), K).
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Then £X is homogenously stabilizing and uniformly bounded and, therefore, by
the first part of this proof we get

4.5) lim A@DMAEES D M) = w(EK, M) in L2
—00
Also, following the arguments around (4.3), we have

|)L*(d71)/d(EH$(fP)”M) _EHsK('P)”M)M
—1/d —~1/d
= /yeM fuexl/dry B[ A Jn (s A7 u)) [ (v, 27/ u)) dudy,

where E[- - -] := E[|&.((y, A~ Y4u), Py, M) —EX (v, A=Y4u), Py, M)|]. This ex-
pected difference tends to zero as K — 0o, because the moments condition (1.8)
with p > 1 implies that |&,((y, A~V%u), Py, M) — EX((y, A= Y4u), Py, M) is
uniformly integrable. By monotone convergence, i (6%, M) — (£, M) as K —
oo. Thus, letting K — oo in (4.5) we get the desired L! convergence. [

PROOF OF THEOREM 1.2. We have

3 ==/ Nap 16 (P, M) = 214 f[o y E£2(x, Py, M)k (x)H% (dx)

+A1+1/df / { ) (w)dxdw,
x€[0,11¢ Jwel0, 114

where

{' . } = Eé)\(x’ P)L Uw, M)S}\.(w’ PX Ux, M) — ng(X, P)w M)ESA(U}, P)u M).

For a fixed (y,7) € M x R, parameterize points x € [0, 14 by xy 1= (zy, sy),
where z, € H, and s, € R. Given (y, 1) € [0, 11¢ and zy € Hy, let S; := S (=
{sy e R:(y, 1) + (zy, 5,) € [0, 1]} and let Z, :=[0, 1]¢ N H,. We have

s —(d=1)/d Valr[Hs (Pr, M)]

:)\l/d/m &, (x, Py, M)k (x) dx

(4.6)
1+1/d “oe
+2. yeM/T /Z /Szy{ HIn((,0)]

k(. D)k (. 1) + (zy, 5y)) dsydzydt dy,
where
(-} =E&((, 1), Pa Uy, 1) + (zy, 8y), M)E((y, 1) + (2y, 8), PA U (v, 1), M)
—E& ((y, 1), Po, M)E&L((0, 1) + (zy, 5y), Pas M).
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As in the proof of Theorem 1.1, the first integral in (4.6) converges to

7 /M f_ E&2((0y. 1), Haiyy, Hy) du e (y) dy.

1/d 1/d

In the second integral in (4.6), we let 1 = A~V 4u, s, = A=Vds, 7, = 27197 50 that

dz = 21=V/d gz, These substitutions transform the multiplicative factor
[0 (s D) e (s D)ie (v, 1) + (2y,5y))

into

48 (0 A ) i (v A )i (v ) (2, 57,

they transform the differential A!*1/¢ ds, dz, dt dy into dsdzdudy, and, lastly,
they transform [recalling x, = (zy, sy)] the covariance term {- - -} into

) = EE (3, A 4u), Po U (3, A7) + 27V, M)
(4.9) x & ((y, A u) + 27y Py U (v, AV ), M)
— E& (v, A~ Y0), Py, MYEE, (v, A~ 40) + 2715, Py, M).

The factor at (4.8) is bounded by || J; || o || ||C2>O and converges to K(y)z, as A — oo0.
By Lemma 3.2, for almost all y € M, the covariance term {- - -}" at (4.9) converges
to

¢ ((0y, 1), (0y, u) + (2, 5), He(y), Hy).

By Lemma 3.3 as well as (1.8), the factor {---}’ is dominated by an integrable
function of (y,u,xy) € M x R x R?. By dominated convergence, together with
the set limits Al/dZy 1 RE kl/dSZy T R, and Al/dTy 1 R the second integral
converges to

o0 o0 %‘
/M A‘@d—l /.—oo ,/;oo ¢ ((Oy, M)’ (Oy’ u) + (Z’ s); HK()’)’ Hy)
x k() dudsdzdy,

which is finite. Combining (4.7) and (4.10), we obtain Theorem 1.2. [J

(4.10)

5. Proof of Theorem 1.3. Put T} := H¢ (P, M), M € M(d). We shall first
prove that Theorem 1.3 holds when T}, is replaced by a version 7} on input concen-
trated near M. To show asymptotic normality of T}, we follow the set-up of [22],
which makes use of dependency graphs, allowing applicability of Stein’s method.
We show that T} is close to T, thus yielding Theorem 1.3. This goes as follows.

Put p) := BlogA,s; := pl)\,_l/d = Blogh - Al B € (0, 00) a constant to be
determined. Consider the collection of cubes Q of the form ]_[fl: 1Lisa, (i +Dsy),
with all j; € Z, such that | 0 k(x)dx > 0. Further, consider only cubes Q such
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that d(Q, M) < 2s;, where for Borel subsets A and B of RY we putd(A, B) :=
inf{|x — y|:x € A, y € B}. Relabeling if necessary, write the union of the cubes as
Q= U,-W;l Q;, where W :=W(A) = @((sx_l)d_l), because H4™1 (M) < oo.

We have card(Q; NP,) := N; := N(v;), where N; is an independent Poisson
random variable with parameter

" :=A/Q_ k() dx < [ loopt

We may thus write Pj N Ui‘il 0= Ui‘ll{X,-j}?il, where for 1 <i < W, we have
X;j are ii.d. on Q; with density
k()
()= —"1(0)).
ki () le.K(x)dX (9
Define
Thi= Y &, Pr. M.
xePNQ
Then by definition of W, N; and X;;, we may write
W N;

To=)Y > &(Xij, Pr, M).

i=1j=1

As in [22], it is useful to consider a version TA/ of TA which has more inde-
pendence between summands. This goes as follows. For all 1 <i < W and all
Jj=1,2,..., recalling the definition (1.7), let R;; := RS (Xij, Py, M) denote the
radius of stabilization of § at X;; if 1 < j < N; and otherwise let R;; be zero. Put
Eij:={Rij < pa}, let

(5.1) Ey:=([)Ei

and define
W N;

T =" &(Xij, Pr. MOL(E;)).

i=1j=1
Forall 1 <i < W, define

N;
Si 1= Sg; == (VarT) /* Y &.(Xij, P, MOL(E;)).
j=1

Note that §; and §; are independent if d(Q;, Q) > 2~V p,  Put

w
S, = (Var )~ 2(T] —ET)) = S(S; —ES)).
i=1
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We aim to show that TA’ closely approximates T, but first we show that ﬂ
closely approximates 7.

LEMMA 5.1. Given M € M(d), let G52 := G5>M satisfy (1.8) and (1.9).
Choose B € (0, 00) so that

(5.2) Blimsup [u| ' log G52 (|ul) < —8.
|u|—o0

Then

(5.3) 1T, — Talla=0(7)

and

(5.4) | Var Ty, — Var T | = O (»72).

PROOF. Writing TA =T+ (fx —T,) gives
Var Tj, = Var Ty, + Var[ Ty, — T5.] + 2Cov(Ty, Ty — T3).
Now
Var[T5, — Ty]

2
snﬁ—nﬁ=E(§jsuxﬂwMﬁ

xeP\Q
:A2[ / E[£,.(x, P, M)EL(Y, Pr, M)k (x)k () dx dy.
[0.119\,Q 0,114\ 0

If x € [0, 119\ Q, thend(x, M) > BlogA-A~ /4 Thus, by (1.8) and (1.9), for large
A we have E&, (x, Py, M)? < G52(Blogr) < exp(—8logr) = A~8. Applying the
Cauchy—-Schwarz inequality to E&; (x, Py, M)&.(y, Py, M) with x, y € [0, 119\
0, we obtain

(5.5) 1T, — Toll3= 0(»™°)

which gives (5.3). Also, since ||7} ]2 = O(X) and ||fx — Tl = O(X73), another
application of the Cauchy—Schwarz inequality gives

(5.6) Cov(Ty.. Tr = T3) < | Tall2l Ty — Talla = O (A72).
Combining (5.5) and (5.6) gives (5.4). U
LEMMA 5.2. Assume that & satisfies the moment conditions (1.8) and (1.9)
for some p > q,q € (2,3]. For B large, we have
(5.7) |7 = 1], = 0(.7)
and

(5.8) |Var Ty — Var T} | = O (A 72).
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PROOF. We have [|Tx — Tjll2 < ITh — Tala + 1o — Tylla = O(x %) +
Ty — T/|l2, by Lemma 5.1. Note that |T; — T}| = 0 on Ej, with E; defined
at (5.1). Choosing B large enough, we have P[E[] = O(A~P) for any D > 0.
By the analog of Lemma 4.3 of [22], and using condition (1.8), we get for
g € (2,3] that || T; — T/l = O(X). This, together with the Holder inequality, gives
(T3, — THL(ES) ]2 = O(A~3), whence (5.7).

To show (5.8), we note that by (5.4) and the triangle inequality, it is enough to
show | Var YN’A — Var TA/ | = O(x2). However, this follows by writing

Var Ty, = Var T} + Var[T5, — T}] + 2 Cov(T}, T; — T}),

noting Var[Ty — T}1 < | Ty — T}|l» = O(A™3), and then using ||T}[> = O (%) and
the Cauchy—Schwarz inequality to bound Cov (77, Ty — T,) by on%. O

Now we are ready to prove Theorem 1.3. Since (1.14) trivially holds for large
enough A when Var 7, < 1, we may without loss of generality assume Var7) > 1.

As in [22], we define a dependency graph G, := (V,, &) for {Si}iV:l. The
set V, consists of the cubes Qjp,..., Qy and edges (Q;, Q;) belong to &,
iff d(Q;, Qj) < 2~V p, . Using Stein’s method in the context of dependency
graphs, we adapt the proof in [22] to show the asymptotic normality of S,
A — 00, and then use this to show the asymptotic normality of 7;,A — oo.
In [22], we essentially replace the term V = @()»/(log)»)d) by the smaller
term W = @(A“~D/4/(lognr)¢~1), and instead of (4.16) and (4.17) of [22],
we use (5.7) and (5.8). Note that for p > g,q € (2,3], we have ||S;ll; =
0((Var[TA/])_l/zpf(pH)/p). We sketch the argument as follows.

Let ¢ denote a generic constant whose value may change at each occurrence.
Following Section 4.3 of [22] verbatim up to (4.18) gives, via Lemma 4.1 of [22],

with p > ¢, g € (2,3] and 6 := c(Var[T]])~1/2p PP,

sup|P[Sy <t] — @ (1)
teR

(5.9) <cWoi < C)»(d_l)/d,o;(d_l)(Var TA/)—q/Zpil(erl)q/P
< AV (Var[T37) 71 pl T,

where we use Var[7}] > Var[7})]/2, which follows (for A large) from (5.8).

Follow verbatim the discussion between (4.18)—(4.20) of [22], with V (1) there
replaced by W. Recall that g € (2, 3] with p > ¢g. Making use of (5.7), this gives
the analog of (4.20) of [22]. In other words, this gives a constant ¢ depending on
d, &, p, and g such that for all A > 2 the inequality (5.9) becomes

sup| P[(Var T}) ™ "/*(T; — ETy) < 1] — @(1)]
(5.10) <

< A=/ (ar 1)~/ p 0T 4 0372,
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By [6, 19], we have Var T} = O()) and so cA ™2 is negligible with respect to the
first term on the right-hand side of (5.10).

Finally we replace Var 7, by Var 7, on the left-hand side of (5.10). As in [22],
we have by the triangle inequality

sup| P[(Var T5) " V2(Ty — ET3) <t] — (1|

teR
_ Var T, \ /2
<sup P[(VarTA/) l/Z(T;L—]ET,\)ft-( il é) :|
teR VarTA
(5.11)
Var T, 172
~o((Sar) )
Var T,
+ cb(z(vam)l/z) @(t)’
su — .
tdg Var 7}
We have

Var T; Var T;
‘ arﬁ—l‘g‘“ﬁ—l‘:O(rz).
Var T, Var T,

Let ¢ := @' be the density of ®. Following the analysis after (4.21) of [22], we get

@(t VarTA> _ q;(t)‘ < csup((%)( sup gb(u))) =0(.7?).

/
Var T, teR uelt—te/A2,1+tc/A2]

sup
teR

This gives (1.14) as desired.

6. Proofs of Theorems 2.1-2.5. We first give a general result useful in prov-
ing versions of Theorems 1.1-1.3 for binomial input. Say that & is binomially
exponentially stabilizing with respect to the pair (X,,, M) if for all x € R? there is
a radius of stabilization R := R% (x, X,,, M) € (0, 00) a.s. such that

6.1) & (x, X N B,-1/ag(x), M) =&,(x, (X, N B,-1/ax(x)) UA, M)

for all locally finite A C R4 \ B,,-1/4 g (x), and moreover, the tail probability 7 () :=
T(t, M) :=sup, > yerd PIR(x, X, M) > 1] satisfies limsup,_, o, t~ogt(t) <
0.

LEMMA 6.1. Let M € M(d). Let & be exponentially stabilizing (1.7), bino-
mially exponentially stabilizing (6.1), and assume the moment conditions (1.8)
and (1.9) hold for some p > 2. If there is constant ¢ € (0, 00) such that

(6.2) P[|&,(X1, Xp, M)| > c1logn] = O (n™'=2/0=1/P)),
and if N (n) is an independent Poisson random variable with parameter n, then

(6.3) |Var H (X,,, M) — Var H (Xy ), M)| = o(n'@~D/9),
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PrROOF. Let D :=2/(1 — 1/p). By (6.2), there is an event F, 1, with
P[Frf,l] = O(n—P) such that on Fy.1 we have

(6.4) max |&,(X;, Xy, M)| <cjlogn.

1<i<n+1

As in the proof of Theorem 1.3, put s, := ﬁlogn/nl/d, Q:=00n) = Uiu;l 0,
where d(Q;, M) < 2s,, W := W) = 0((5,1_1)‘1_1), and B is a constant to be
determined. Consider the event Fj, > such that for all 1 <i <n 4 1, we have
£, (Xi, Xy, M) =&,(X;, &, N Bgyy(X;), M). By binomial exponential stabiliza-
tion (6.1) and for 8 large enough, we have P[Fnc’z] = O(nP). Define for all
n=1,2,...

To= ), &(Xi, XN Qu M.

Xi€XpyNQy
As in Lemma 5.1, for 8 large we have the generous bounds
|Var H® (X, M) — Var T, | = o(n?~D/4)
and
[Var HE (Xy gy, M) — Var Ty | = o(n@=1/4).
Therefore, to show (6.3), it is enough to show
(6.5) |Var T, — Var Ty )| = o(n@=D/4).

Write &, (X;, Xy) for &,(X;, Xy, M). If X; € Bf (Xu41),1 <i <n, then on F, >
we have §,(X;, &) =§,(X;i, Xy+1). On F, 2, we thus have

Ty — Tug1] < & (Xng1, Xog1) + > |60 (X, X)) — £ (Xi, Xg1)].
1<i<n:X;€Bs, Xpt1)

Given a constant ¢; € (0, 00), define
F, 3 :={card{ X, N By, (Xn+1)} < c2logn}.

Choose ¢ large such that P[F,fﬁ] =0mP). On F,1N F,»N F,3 we have

by (6.4) T, — Tn+1| = O((logn)?). We deduce there is a ¢3 such that on F.an
F,2NF,3and all integers [ € {1, ..., n}

(6.6) | Ty — Tutt] < c3l(logn)®.
To show (6.5), we shall show
(6.7) | Var T, — Var Ty )| = O ((logn)*n'=3/24),

To show (6.7), write

(6.8) Varf“ = Var TN(,,) + (Var Tn — Var TN(,,)) + 2COV(fN(n), Tn — TN(n))~
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The proof of Theorem 1.2 shows Var T Nm) =0 (n (d=1)/2dy yielding

COV(TN(n)a Tn - TN(n)) =y Var TN(n) : H(Tn - 7~~N(n))”2
= O(n(dil)/zd ”(Tﬂ - TN("))HZ)'

It is thus enough to show
(6.9) [T = T3 = O(ogm)®n'=2%),

since the last two terms in (6.8) are then O ((log n)*n!=3/24y Relabel the X;,i > 1,
so that X, N Q, ={X1,..., XB(n,sn)}a XN(n) NQn=1{Xi,..., XN(n-sn)}-

Put £, :={B(n, s,) # N(n - s,)}. There is a coupling of B(n, s,) and N(n - s,)
such that P[E,] < s,. By definition of E,,

| (T = T |3

g

2

Z E (X, XN Q) — Z En(Xi, Xy N Q)

X;eX,NQ, XiEXN(n)an
x 1(E,)dP.

Now |B(n,s,) — N(n - sp)| < c4logn,/ns, on an event F, 4 with P[F,f,4] =
O(n—P).Let F, := ﬂ?:] F,,; and note that P[F,] = o(n=P). By (6.6), we have
[l ¥ axixnon- ¥ & awmnon

X, eX,NQ, Xi €XNm)NQy
(6.10) x 1(E,)1(F,)dP

< (c3calogn./nsy,(log n)z)z.

For random variables U and Y, we have ||UY||% < ||U||%p||Y||%q, pl4+qg =1,
giving

2

61 [Ty = Tna W (E) 5 = 1T = Twan 13, 11(F5) |3,
' = 0(n?)(P[F])V = o).

Combining (6.10)—(6.11) yields (6.9) as desired:

I(F, = T 13 = 0(togm)®ns, [ 1ENE)AP) +0(1)

= O((logn)®ns, P[E,]) + O(1)
= O((logn)®ns?) = O((logn)¥n'=%/4). O
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PROOF OF THEOREM 2.1. Recalling the definition of v~ at (2.2), we have

(6.12)  A(Vol(A;) — Vol(A)) = > vl (x,Pr,04)=H" (P3,04),

xX€Py

where the last equality follows from (1.5). Therefore,
A @D/ yar[Vol(A;) — Vol(A)] = A~ “=D/dvar[H (Py, 8A)].
Likewise,

WVOI(A A A) = Y v (x,Pr, 0A) = H' (Py, 9A).

xXEP),

It is therefore enough to show that v~ and v* satisfy the conditions of Theo-
rem 1.3. We show this for v™; similar arguments apply for v*. Write v for v~ in
all that follows.

As seen in Lemma 5.1 of [18], when « is bounded away from 0 and infinity,
the functional v(x, X) := Vol(C(x, X)) is homogeneously stabilizing and expo-
nentially stabilizing with respect to P,. Identical arguments show that v is homo-
geneously stabilizing and exponentially stabilizing with respect to (P;, dA). The
arguments in [18] may be adapted to show that v satisfies the p-moment condi-
tion (1.8), and we provide the details. For all y € A, z € R?, u € R, we have

]vk((y,)\_l/du),PA Uz, 0A)|
(6.13) < wg diam[C (A4 y, u), A1 (P, U 2))]¢
x 1(C (A 1y, u), AP, Uz2)) N DA # 2),

where wy ;= 72[(1 +d /2)]_1 is the volume of the d-dimensional unit ball.
When « is bounded away from zero, the factor diam[C((Al/dy, u), Mepuz)d
has finite moments of all orders, uniformly in y and z [17]. It may be seen that
E[1(C(AYy, u), \14(P) Uz)) N A # @)] decays exponentially fast in u, uni-
formly in y and z (see, e.g., Lemma 2.2 of [17]), giving condition (1.8). The
Cauchy—Schwarz inequality gives exponential decay (1.9) for v.

Thus, v := v~ satisfies all conditions of Theorem 1.3 and, therefore, recall-
ing (6.12), the first part of Theorem 2.1 follows. The second part of Theorem 2.1
follows from identical arguments involving v :=v*. [

PROOF OF THEOREM 2.2. As seen above, v is homogeneously and exponen-
tially stabilizing with respect to (P;, dA). It remains only to establish that v is
well-approximated by P, input on half-spaces (1.10) and we may then deduce the
second part of Theorem 2.2 from Theorem 1.2. This goes as follows.

Fix 0A € M5(d), y € 0A. Translating y to the origin, letting P, denote a Pois-
son point process on [0, 1]1¢ — y, letting dA denote dA — y, and using rotation
invariance of v, it is enough to show for all w € R? that

lim E|v(w, AY9P,, A9 4) — v(w, 24P R = 0.
A—00
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Without loss of generality, we assume, locally around the origin, that dA C R

Let C‘(w, A174P, ) be the union of C(w, A174P, ) and the Voronoi cells adjacent
to C(w, A1/4P,) in the Voronoi tessellation of P;. Consider the event

(6.14) E(h, w) := [diam[C (w, 21/9P;)] < Blog ).
For B large, we have P[E (L, w)¢] = O (A 72) (see, e.g., Lemma 2.2 of [17]). Note
that v(w, A1/4P,, A1/49 A) and v(w, 11/9P,, R4~1) have finite second moments,

uniformly in w € R? and 1 € (0, 00). By the Cauchy—Schwarz inequality, for large
B € (0, 00), we have for all w € R,

)Llim E|(v(w, AVdp, kl/daA) —v(w, Adp, Rd_l))l(E(A, w)“)| =
—00

It is therefore enough to show for all w € RY that
(6.15) lim E|(u(w,k1/d73k,kl/d8A) —v(w, AP, RENE G, w))| =

We first assume w € RY™!; the arguments with w € Rd are nearly identical.
Moreover, we may assume w € A/¢ A for A large. Cons1der the (possibly degen-
erate) solid

(6.16) As(w) = As(w, B) := (RETI\ ADA) N Bogroga(w).

Since dA is C2, the solid Ay (w) has maximal “height” o((||w|| + 28 log1)A~1/9)
with respect to the hyperplane R?~!. It follows that

Vol(A; (w)) = O((Jlw]| +281log M)A~ 4281og 1)) = O((log 1)?1~1/9).

On the event E (%, w), the difference of the volumes C(w, A1/4P;) N A1/ A€ and
C(w, A/4P;) NRE is at most Vol(A; (w)). Thus,

E|(v(w, A4Py, 219 A) — v(w, 24P RN L(E(, w))]
< Vol(Aj(w)) = O((log v a1/,

which gives (6.15), and thus the variance asymptotics follow.

We next prove the first part of Theorem 2.2, namely Var Vol(A,)
Q(—d-b/dy, By assumption, there is a C! subset I of A, with H4~1(I)
0. Recalling A C [0, 114, subdivide [0, 1]¢ into cubes of edge length I(}) :
(IAY4])=1. The number L (1) of cubes having nonempty intersection with I satis-
fies L(1) = Q(A@=D/d) a5 otherwise the cubes would partition I" into o(A@d=D/d)
sets, each of H4~! measure O ((A~1/4)4-1), giving H?=1(T") = o(1), a contradic-
tion.

Find a subcollection Q1, ..., QO of the L(A) cubes such that d(Q;, Q;) >
2/di(0) foralli, j <M, and M = Q(14-D/d), Rotating and translating Q;, 1 <
i <M, by a distance at most (v/d d/2)l(}), if necessary, we obtain a collection
O1,..., Opy of disjoint cubes (with faces not necessarily parallel to a coordinate
plane) such that:

v
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o d(Q;, 0))>dl() foralli, j <M,
e [ contains the center of each Qi, here denoted x;, 1 <i < M.

By the C! property, I is well-approximated locally around each x; by a hyper-
plane Hj tangent to I" at x;. Making a further rotation of Q;, if necessary, we may
assume that H; partitions Q; into congruent rectangular solids.

Write v for v~ . We now exhibit a configuration of Poisson points P, which has
strictly positive probability, for Wthh A@=D/d\o](A;) has variability bounded
away from zero, uniform in A. Let Onl,n, € R4, be the unit normal to I at x;.
Let ¢ := ¢(A) :=[(A)/8 and subdivide each Ql into 8¢ subcubes of edge length ¢.
Recall that B, (x) denotes the Euclidean ball centered at x € R? with radius r.
Consider cubes Q;, 1 <i < M, having these properties:

(a) the subcubes of Qi having a face on 0 Qi, called the “boundary subcubes,”
each contain at least one point from P,

(b) Py N [Bg0(xi — f—on,-) U Be 20(x; + %ni)] consists of a singleton, say w;,
and

(c) Py puts no other points in Qi.

Relabeling if necessary, let I := {1, ..., K} be the indices of cubes~Q,~ having
properties (a)—(c). It is easily checked that the probability a given Q; satisfies

property (a) is strictly positive, uniform in A. This is also true for properties (b)—
(c), showing that

(6.17) EK = Q(r@-D/d),

Without loss of generality, we may assume that A contains Bg /20 (x; — f—on,-)
but that A N Bg/20(x; + 18_0”1') = . Abusing notation, let Q := UI‘K=1 Qi and put
Q¢ :=10, 1]¢ \ Q. Let F; be the sigma algebra determined by the random set 7,
the positions of points of P, in all boundary subcubes, and the positions of points
P, in Q°. Given F;, properties (a) and (c) imply that Vol(C(w;, Py)) = Q ().
Simple geometry shows that when w; € B 20(x; — f—oni) we have Vol(C (w;, Py)N
AS) = Q(e9), that is the contribution to A, by the cell C(w;, Py) is Q(e?). On
the other hand, when w; € B 20(x; + f—oni), then there is no contribution to Aj .
Moreover, in either case, the volume contribution to A, arising from points of Py
in the boundary subcubes is modified by o(¢¢) regardless of the position of w;.
Conditional on F;, and using that w; is equally likely to belong to either ball, it
follows that Vol(A; N Q ) has variability Q(szd) Q™ 2) uniformly in i € 1,
that is,

(6.18) Var[Vol(A; N Q)| F ] =Q(1A73), el
By the conditional variance formula,
Var[Vol(A,)] = Var[E[Vol(A,)|F,]] + E[Var[Vol(A,) | Fr]]
> E[Var[Vol(A,)|F:]]

= E[Var[Vol(A, N Q) + Vol(A, N Q)| F]].
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Given F,, the Poisson—Voronoi tessellation of P; admits variability only in-
side Q, that is Vol(A; N QF) is constant. Thus,

Var[Vol(A;)] > E[Var[Vol(A; N Q)| F:]]

= ]E[Var[ZVol(AA N Q,-)mﬂ = E[Z Var[Vol(A;. N Q,-)m]],

iel iel

since, given JF;, Vol(A; N Qi),i € I, are independent. By (6.17) and (6.18), we
have

Var[Vol(A;)] = csA2E[K ] = Q(a~@+D/d),

concluding the proof of Theorem 2.2 when v is set to v ™. ~
To show Var[Vol(A A A;)] = Q(A~@tD/4) consider cubes Oi,1<i<M,
having these properties:

(a’) the “boundary subcubes,” each contain at least one point from P,

(b") Pa N Bejo(xi — {gni) consists of a singleton, say w;, and

(c") Pr.N[Bgjao(xi + f—oni) U Bg20(x; + &n;)] consists of a singleton, say z;,
(d’) P, puts no other points in Qi.

Let I’ :={1, ..., K'} be the indices of cubes Q; having properties (a’)—(d). Let
F;. be as above, with I replaced by I’. It suffices to notice that on F;, we have

Vol(A A A)1(zi € Bejao(xi + €n;)) = 2Vol(A A A;)1(zi € Bejoo(xi + €/10n;))
=Q(172).
From this, we may deduce the analog of (6.18), namely
Var[Vol((A A Ay) N Q)| Fa]=Q(73), el

and follow the above arguments nearly verbatim. This concludes the proof when v
issettovt. O

PROOF OF THEOREM 2.3. For any 0A, we have |v$(X,-, Xy, 0A)| <
Vol(C(X;, X)) < wg(diam[C (n'/4X;, n'/4x,)])?. Let D =2/(1 — 1/p). Modi-
fications of Lemma 2.2 of [17] show that with probability at least 1 —n =P~ we
have (diam[C (n'/?X;, n'/? X,)])? = O(logn), that is to say v satisfies (6.2). The
discussion in Section 6.3 of [19] shows that the functionals vt and v~ are bino-
mially exponentially stabilizing as at (6.1). Theorem 2.3 follows from Lemma 6.1,
Theorems 2.1-2.2, and Corollary 2.1. [J

PROOF OF THEOREM 2.4. It suffices to show that the functional « defin-
ing the statistics (2.4) satisfies the conditions of Theorems 1.1 and 1.2 and then
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apply (1.20) and (1.21) to the statistic (2.4) to obtain (2.5) and (2.6), respec-
tively. To do this, we shall follow the proof that the volume functional v de-
fined at (2.2) satisfies these conditions. The proof that o is homogeneously sta-
bilizing and satisfies the moment condition (1.8) follows nearly verbatim the
proof that v satisfies these conditions, where we only need to replace the fac-
tor wy diam[C (A /9y, u), 214 (P; U )19 in (6.13) by wg—1 diam[C (A y, u),
WP U

To show that « is well-approximated by P, input on half-spaces (1.10), by
moment bounds on « and the Cauchy—Schwarz inequality, it is enough to show
the analog of (6.15), namely for all w € R¢ that

(6.19) Al_i)n;oE|(a(w,)»l/dPA,)»l/d8A) — a(w, AP, RITNI(E (L, w))| =0,

where E (A, w) is at (6.14). Recalling the definition of Aj (w) at (6.16), define
Eo(n, w) = {AV9P5 0 As(w) = ).
Since the intensity measure of 1!/ is upper bounded by |/ || o0, We have

620 P[Eo(h, w)]=1— P[Eo(h, w)] < 1 — exp(—[lk]loo VOI (A (w)))
' <1 —exp(—celogM)A~14) = O ((log 1)?1~1/4).

On the event E(A,w) N Eg(r,w), the scores a(w,r'/4P,, A1/49A) and
a(w, A1/4P, R9=1) coincide. Indeed, on this event it follows that f is face of
the boundary cell C(w,A'/4Py) of A1/4A; iff f is a face of a boundary cell
of the Poisson—Voronoi tessellation of RY~!. [If f is a face of the boundary
cell C(w, A4P;), w e A1/4 A, then f is also a face of C(z, A14P,) for some
ze /A 1f A (w) = @, then z must belong to ]R{ffl, showing that f is a face
of a boundary cell of the Poisson—Voronoi tessellation of R?~!. The reverse impli-
cation is shown similarly.]

On the other hand, since

(et (w, A4P5, A48 A) — a(w, APy, R I(E (1, w)) |, = O (1),

and since by (6.20) we have P[Eq(x, w)] = O ((logA)?1~1/4), it follows by the
Cauchy—Schwarz inequality that as A — oo,

E|(ce(w, A/9P;, A9 A) — a(w, A1/9P; , RIT)
(6.21)
x 1(E (X, w))1(Eo(A, w)°)| — 0.

Therefore, (6.19) holds and so « is well-approximated by P, input on half-spaces
and o satisfies all conditions of Theorems 1.1 and 1.2. This proves statements
(2.5)—(2.6). Note that (2.7) follows from (1.23), proving Theorem 2.4. To show
these limits hold when Poisson input is replaced by binomial input &}, we shall
show that « satisfies the conditions of Lemma 6.1. Notice that |, (X1, Xy, 0A)| <
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HI-N(C (X1, &) = O(diam[C(n/?X |, n'4 x,)14~1) = O((logn)@—D/) with
probability at least 1 — n~P~!, that is « satisfies condition (6.2), where D =
2/(1 — 1/p). The arguments in Section 6.3 of [19] may be modified to show that
« is binomially exponentially stabilizing as at (6.1) and, therefore, by Lemma 6.1,
the limits (2.5)—(2.7) hold for input &;,, as asserted in remark (i) following Theo-
rem2.4. [

PROOF OF THEOREM 2.5. Orient dA so that points (y, t) € A, have positive
t coordinate. Notice that ¢ satisfies the decay condition (1.9) for all p € [1, c0).
Indeed, for all z e R4 U &, y€JA,u € (—00,00), and A € (0, c0), we have

16 ((v, A u), Py Uz, 0A)| < 1((K @ (v, A~ u)) N ANP, = 2).
Now
P[(K & (y, 2" u)) N ANP; = @] =exp(—AVol((K @ (v, 2~ 9u)) N A))

decays exponentially fast in |u| € (0, 00), uniformly in y € A and A € (0, co0) and
therefore (1.9) holds for all p € [1, c0).

To see that ¢ is homogeneously stabilizing as at (1.6), we argue as follows.
Without loss of generality, let 0 belong to the half-space H with hyperplane H, as
otherwise ¢ (0, H., H) = 0. Now ¢ (0, H., H) is insensitive to point configurations
outside K N H and so R®(H.,H) := diam(K N H) is a radius of stabilization
for ¢.

To show exponential stabilization of ¢ as at (1.7), we argue similarly. By def-
inition of maximality, ¢, (x, Py, dA) is insensitive to point configurations outside
(K @ x) N A. In other words, g“()\l/dx,)»l/dpx, kl/daA) is unaffected by point
configurations outside

Ki(x):=(K@rx)nal/da.

Let R(x) := R%(x, P;, dA) be the distance between 1!/ x and the nearest point
in K; (x) N AY/4P, | if there is such a point; otherwise let R(x, Py, dA) be the max-
imal distance between A/9x and K; (x) N d(x!/?A), denoted here by DWWy,
By the smoothness assumptions on the boundary, it follows that K (x) N B;(x) has
volume at least ¢7¢¢ for all 0 < r < D(A!'/9x). It follows that uniformly in x € 3 A
and A >0

(6.22) P[R(x) > t] < exp(—c7t9), 0<t<D(Vix).

For t € [D(A'/9x), 00), this inequality holds trivially. Moreover, we claim that
R(x) is a radius of stabilization for ¢ at x. Indeed, if R(x) € (O, D(\Y4x)), then
x is not maximal, and so

¢ (x, A9P, N Br(x), A9 4) = 0.
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Point configurations outside Bgr(x) do not modify the score ¢. If R(x) €
[D(A'/?x), 00) then

¢ (x, A9P N Br(x), A0 4) =1

and point configurations outside Bg(x) do not modify ¢, since maximality of x is
preserved. Thus, R(x) := R®(x, Py, dA) is a radius of stabilization for ¢ at x, it
decays exponentially fast by (6.22), and (1.7) holds.

It remains to show that ¢ is well-approximated by P, input on half-spaces
(1.10). As with the Poisson—Voronoi functional, it is enough to show the conver-
gence (6.15), with v replaced by ¢ there. However, since ¢ is either O or 1, we
have that (6.15) is bounded by the probability of the event that A!/¢P; puts points
in the region A, (w) defined at (6.16). However, this probability tends to zero as
A — 00, since the complement probability satisfies

lim P[AY9P; N A; (w) = @] = lim exp(—Vol(Ay(w))) = 1.

A—00 A—00
This gives the required analog of (6.15) for ¢ and so ¢, satisfies (1.10), which
was to be shown. Thus, Theorem 2.5 holds for Poisson input P, , where we note
02(§ ,0A) € (0, 00) by Theorem 4.3 of [3]. Straightforward modifications of the
above arguments show that ¢ is binomially exponentially stabilizing as at (6.1).
Now |¢] <1, so ¢ trivially satisfies (6.2). Therefore, by Lemma 6.1, Theorem 2.5
holds for binomial input A&;,.

This completes the proof of Theorem 2.5, save for showing (2.9). First notice
that

623)  p o) = [ [T EC(@y 0. 20 H () dudy.

which follows from (1.11) and E¢ ((0y, u), H., H,) =Ez((0y, utl/dy H,, Hy).
The limit (6.23) further simplifies as follows. In d = 2, we have for y =
(v, F(v)) € dA and all u € (0, co) that

u? (14 F’(v)2>)
2 [Fwm| )’
where we use that a right triangle with legs on the coordinate axes, hypotenuse

distant u from the origin and having slope m € (0, —oo) has area u®(14+m?)/2|m|.
Put b := (1 + F'(v)?)/2|F’(v)| and z = u%b. Then

E{ ((Oya M), H] , Hy) = exp<_

pe. oA = [ [T R0, 10, B du )2 dy
-1 ” - —1/2 ()2 12
_2/%[0,1]/0 exp(—2)(b2) 2\ 1+ F)e (v, F@)' dzdy
= lr(l)/ b_l/zmk(v, F@)2dv
2 \2/ Jvepo.n
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1 1 1/2 12 4
=-I(= / 2'2|F' )|k (v, F
2 <2> vel0,1] [F @k, Fw)

N (%)I/Z/OIIF/@W (v, F@)"dv

More generally, in d > 2, assume that F is continuously differentiable with
partials which are negative and bounded away from 0 and —oco. Let y € dA be
given by y = (v, F(v)),v € D, and put F; := dF/dv;. Then for u € (0, 00) we
have

—Ltd(l +Zfi:_11 Fi/(U)Z)d/Z)
A2 Rt )
Let z = u“b, where b := %(1 Zl_l F (v)%)4/2] ]_[l_1 F;(v)|~!. This yields

Ez((0y, u), Hi, Hy) = exp<

n(g,9A) = faAfo E¢((0y,u), H1, Hy) du ()44 dy

1/d

= (@) 'r(d / K (v, F(v))(d_l)/ddv,

that is to say (2.9) holds. [J

]_[F(v)

i=1
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