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1 Main results

Forall 1 € [1, 00), let P, denote a Poisson point process of intensity A¢ (x)dx, where

—d)2 ( |x|2)
¢ (x):=Q2m) exp -

is the standard normal density on RY, d > 2. Let X, ={X1,..., Xy}, where X; are
1.i.d. with density ¢ (-). Let K, and K, be the Gaussian polytopes defined by the convex
hull of Py, and X),, respectively. The number of k-faces of K, and K, are denoted by
fr(K;) and fr(K,), respectively.

Ind = 2, Rényi and Sulanke [20,21] determined E f;(K},) and later Raynaud [18]
determined E f;_1(K,) for all dimensions. Subsequently, work of Affentranger and
Schneider [2] and Baryshnikov and Vitale [6] yielded the general formula

24 ( d
E fi(K,) = — _1(mlogn) =D 1), 1.1
Si(Ky) ﬁ(k+1)ﬁk,d 1(r logn) (I+o(1)) (L.D)
with k € {0,...,d — 1} and where Bk 4— is the internal angle of a regular (d — 1)-

simplex at one of its k-dimensional faces. Concerning the volume functional, Affen-
tranger [1] showed that its expectation asymptotics satisfy

E Vol(K,) = kg(2logn)¥*(1 + o(1)), 1.2)

where kg :=7%/2/T'(1 4+ d/2) denotes the volume of the d-dimensional unit ball.

In a remarkable paper, Bardny and Vu [4] use dependency graph methods to estab-
lish rates of normal convergence for f;(K,) and Vol(K,), k € {0,...,d — 1}. A
key part of their work involves obtaining sharp lower bounds for Var f;(K,) and
VarVol(K,). Their results stop short of determining precise variance asymptotics for
fx(Ky) and Vol(K,) as n — 00, an open problem going back to the 1993 survey of
Weil and Wieacker (p. 1431 of [25]). We resolve this problem in Theorems 1.3 and
1.4, expressing variance asymptotics in terms of scaling limit functionals of parabolic
germ-grain models.

Let P be the Poisson point process on RY~! x R with intensity

dP((v, h)) :=e"dhdv, with (v, h) e R x R. (1.3)
Let IV :={(v,h) € R x R, h < —|v|?/2} and for w:= (v, h) € R x R we

put IV (w) := w @ IV, where @ denotes Minkowski addition. The maximal union of
parabolic grains [TV (w), w € R?~! x R, whose interior contains no point of P is

O (P) = U I (w).
weRIT xR
[P Nint(ITY(w)) = @
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Fig.1 The point process Ext(P) (blue); the boundary of the germ-grain model 9 (W (P) (red); the Burgers’
festoon 9(® (P)) (green). Points which are not extreme are at apices of gray parabolas (color figure online)

Notice that d® (P) is a union of inverted parabolic surfaces. Remove points of P not
belonging to P (P) and call the resulting thinned point set Ext(P). See Fig. 1.

We show that the re-scaled configuration of extreme points in P, (and in X))
converges to Ext(P) and that the scaling limit dK; as A — oo (and of 0K, as
n — 00) coincides with 9@ (P). Curiously, this boundary features in the geometric
construction of the zero-viscosity solution of Burgers’ equation [8]. We consequently
obtain a closed form expression for expectation and variance asymptotics for the
number of shocks in the solution of the inviscid Burgers’ equation, adding to [5].

Fixup:=(0,0,...,1) € R4 and let T, denote the tangent space to the unit sphere
S?=! at ug. The exponential map exp :=expy_, : Ty, — S?~! maps a vector v of T,
to the point u € S?~! such that u lies at the end of the geodesic of length |v| starting
at uo and having initial direction v. Here and elsewhere | - | denotes Euclidean norm.

For all 1 € [1, co) put

R = \/2 log A —log(2 - (27)4 - log A). (1.4)

Choose Ag so that for A € [Lg, 00) we have R; € [1, 00). Let B;_1 () be the closed
Euclidean ball of radius 7 and centered at the origin in the tangent space of S~ ! at the
point ug. It is also the closure of the injectivity region of exp,_;,i.e. exp(By—1 (7)) =
S9=1. For A € [Ag, 00), define the scaling transform TW R4 RI-I xR by

T3 (x) = (R,\ exp; ! —, R2(1— m)), xeRY. (1.5)
A

Ix| R
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Here exp~!(-) is the inverse exponential map, which is well defined on S¢~'\ {—uq}
and which takes values in the injectivity region B;_ (;r). For formal completeness,
on the ‘missing’ point —uo we let exp~! admit an arbitrary value, say (0,0, ..., 7),
and likewise we put 7™ (0) := (0, R%), where 0 denotes either the origin of R4-1 or
RY, according to the context.

Postponing the heuristics behind 7™ until Sect. 3, we state our main results.

Theorem 1.1 Under the transformations T™ and T™, the extreme points of the
convex hull of the respective Gaussian samples Py and X, converge in distribution to
the thinned process Ext(P) as .. — oo (respectively, as n — o0).

Let B4 (v, r) be the closed d-dimensional Euclidean ball centered at v € R? and
with radius r € (0, 00). C(Bg4(v, r)) is the space of continuous functions on By (v, r)
equipped with the supremum norm.

Theorem 1.2 Fix L € (0, 50). As A — oo, the re-scaled boundary T™ (3K} con-
verges in probability to d(® (P)) in the space C(By—1(0, L)).

In a companion paper we shall show that d(®(P)) is also the scaling limit of the
boundary of the convex hull of i.i.d. points in polytopes. In d = 2, the reflection
of (P (P)) about the x-axis describes a festoon of parabolic arcs featuring in the
geometric construction of the zero viscosity solution (. = 0) to Burgers’ equation
av

s (v, Vv = pAv, v=uo(t,x), t >0, (x,t) e RITIxRT, (1.6

subject to Gaussian initial conditions [17]; see Remark (i) below. Given its prominence
in the asymptotics of Burgers’ equation and its role in scaling limits of boundaries of
random polytopes, we shall henceforth refer to (P (P)) as the Burgers’ festoon.

The transformation 7™ induces scaling limit k-face and volume functionals gov-
erning the large A behavior of convex hull functionals, as seen in the next results.
These scaling limit functionals are used in the description of the variance asymptotics
for the k-face and volume functionals, k € {0, 1,...,d — 1}.

Theorem 1.3 Forall k € {0,1,...,d — 1}, there exists a constant Fy 4 € (0, 00),
defined in terms of averages of covariances of a scaling limit k-face functional on P,
such that

lim (2log )YV var fi(K)) = Frg (1.7)
—00
and
lim (2logn)~“=Y2Var fi(K,) = Fi.q. (1.8)
n—oo

Theorem 1.4 There exists a constant Vg € (0, 00), defined in terms of averages of
covariances of a scaling limit volume functional on P, such that

lim (2log 1) "4 2varVol(K ) = V, (1.9)
— 00
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and

lim (2logn)~“=3/2varVol(K,) = V. (1.10)
n— 00

We also have

— — d log(log)“) 1
1 d/2
2log A EVoIl(K;) =1 + O . 1.11

The thinned point set Ext(P) features in the description of asymptotic solutions to
Burgers’ equation (cf. Remark (i) below) and we next consider its limit theory with
respect to the sequence of cylindrical windows Q; 1= [—3A!/@=D 13 1/@=Djd-1, R
as A — oo. The next result, a by-product of our general methods, yields variance and
expectation asymptotics for the number of points in Ext(P) over growing windows,
adding to [5].

Corollary 1.1 There exist constants Eq and Ny € (0, 00), defined respectively in
terms of averages of means and covariances of a thinning functional on P, such that

A1im A7E [card(Ext(P N Q)] = Ey4 (1.12)
and
Alim A~ 'Var[card(Ext(P N 0,))] = Ny. (1.13)

In particular, Ng = Fy 4.

For k € {1,...,d — 1}, we denote by Vi (K}) the kth intrinsic volume of K. In
[16], Hug and Reitzner establish expectation asymptotics for Vi (K;) as well as an
upper-bound for its variance. The analog of Theorem 1.4 holds for Vi (K}), as shown
by the next result, proved in Sect. 5.

Theorem 1.5 There exists a constant v € [0, 00), defined in terms of averages of
covariances of a scaling limit (intrinsic) volume functional on P, such that

lim (2log &) ¥t 2varvi (K;) = v (1.14)
A—>00

Moreover, we have

B k log(log 1
5k (2 10g 1) HPE Ve(Ky) = 1 — klogllogd) | (—) .
(k)Kd 4log X log A

The limit (1.14) improves upon Theorem 1.2 in [16] which shows that (log 1)~ *—3)/2
Var Vi (K,) is bounded. In [19], Reitzner remarks ‘it seems that these upper bounds
are not best possible’. We are unable to show that the limits v, 1 < k < (d — 1),
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are non-vanishing, that is to say we are unable to show optimality of our bounds. In
particular, Var Vi (K} ) goes to infinity for k > (d + 3)/2 as soon as v # O.

There are several ways in which this paper differs from [9], which considers func-
tionals of convex hulls on i.i.d. uniform points in B, (0, 1). First, as the extreme points
of a Gaussian sample are concentrated in the vicinity of the critical sphere d B;(0, R;,),
we need to calibrate the scaling transform 7™ accordingly. Second, the Gaussian
sample P,, when transformed by T, converges to a non-homogenous limit point
process P, which is carried by the whole of R4=! x R. This contrasts with [9], where
the limit point process is simpler in that it is homogeneous and confined to the upper
half-space. The non-uniformity of P, together with its larger domain, induce spatial
dependencies between the re-scaled functionals which are themselves non-uniform,
at least with respect to height coordinates. The description of these dependencies is
made explicit and may be modified to describe the simpler dependencies of [9]. Non-
uniformity of spatial dependencies leads to moment bounds for re-scaled k-face and
volume functionals which are also non-uniform. Third, the scaling limit of the bound-
ary of the Gaussian sample converges to a festoon of parabolic surfaces, coinciding
with that given by the geometric solution to Burgers’ equation with random input.
This correspondence, described more precisely below, merits further investigation as
it suggests that some aspects of the convex hull geometry are captured by a stochastic
partial differential equation.

Remarks (i) Burgers’ equation. Let Ext(P)’ be the reflection of Ext(P) about the
hyperplane R¢~!. The point process Ext(P)’ features in the solution to Burgers’ equa-
tion (1.6) for u € (0, co) as well as for u = 0 (inviscid limit).

When u = 0, d = 2, and when the initial conditions are specified by a station-
ary Gaussian process n having covariance En(0)n(x) = o(1/logx),x — oo, the
re-scaled local maximum of the solutions converge in distribution to Ext(P)’" [17].
The abscissas of points in Ext(P)’ correspond to zeros of the limit velocity process
v(L?t, L*x), as L — oo (here the initial condition is re-scaled in terms of L, not L?).
See Figure 1 in [17] as well as Figure 13 in the seminal work of Burgers [8]. The shocks
in the limit velocity process coincide with the local minima of the festoon A(D(P)),
which are themselves the scaling limit of the projections of the origin onto the hyper-
planes containing the hyperfaces of K. By (1.5), when d = 2, the typical angular
difference between consecutive extreme points of K, after scaling by R;, converges
in probability to the typical distance between abscissas of points in Ext(P)’. Thus the
re-scaled angular increments between consecutive extreme points in K, behave like
the spacings between zeros of the zero-viscosity solution to (1.6).

In the case u € (0, 00), the point set Ext(P)’ is shown to be the scaling limit as
t — oo of centered and re-scaled local maxima of the solutions to Burgers’ equation
(1.6) when the initial conditions are specified by degenerate shot noise with Poissonian
spatial locations; see Theorem 9 and Remark 3 of [3]. Correlation functions for Ext(P)’
are given in section 5 of [3].

(1) Theorems 1.1 and 1.2-related work. In 1961, Geffroy [14] states that the Hausdorff
distance between K, and By (0, /2Togn) converges almost surely to zero. From [4]
we also know that the extreme points of the polytope K concentrate around the sphere
R;.S¢~! with high probability. Theorems 1.1—1.2 add to these results, showing conver-
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gence of the measure induced by the re-scaled extreme points as well as convergence
of the re-scaled boundary.

(iii)) Theorem 1.3-related work. As mentioned, Bardny and Vu [4] show that
(Var fio (K) V2 (fi(Kp) — E fi(Kn)) converges to a normal random variable as
n — 00. They also show (Theorem 6.3 of [4]) that Var f;(K,) = 2 ((log n)(d’l)/z).
These bounds are sharp, as Hug and Reitzner [16] had previously showed that
Var fy (K,) = O((logn)@=D/2). Aside from these variance bounds and work of
Hueter [15], asserting that Var fy(K,) = c(log n)(”l_l)/2 + o(1), the second order
issues raised by Weil and Wieacker [25] have largely remained unsettled in the case
of Gaussian input. In particular the question of showing

Var fi (K,) = c(logn)@=D/2(1 4 o(1))

fork € {1,...,d — 1} has remained open. On page 298 of [16], Hug and Reitzner,
commenting on the likelihood of progress, remarked that ‘Most probably it is difficult
to establish such a precise limit relation...”. Theorem 1.3 addresses these issues.

(iv) Theorem 1.4-related work. Hug and Reitzner [16] show VarVol(K,) =

O((logn)@=»/2) and later Barany and Vu [4] show that VarVol(K,) =
O((log n)(d_3)/ 2). The asymptotics (1.9) and (1.10) turn these bounds into precise
limits. The equivalence (1.11) improves upon (1.2) in the setting of Poisson input.
(v) Corollary 1.1-related work. Baryshnikov [5] establishes the asymptotic normality
of card(Ext(P) N Q) as A — 00, obtaining expectation and variance asymptotics in
Theorem 1.9.2 of [5]. Notice that Ext(P) N Q, restricts extreme points in P to Q;,
whereas Ext(P N Q,) are the extreme points in P N Q;, which in general is not the
same set, by boundary effects. Baryshnikov left open the question of obtaining explicit
limits, remarking that ‘the question of constants is quite tricky’; see p. 180 of ibid.

In general, if a point process P is a scaling limit to the solution of (1.6), then
card(Pso N Q;.) coincides with the number of Voronoi cells generated by the abscissas
of points in Py, N Q;; under conditions on the viscosity and initial input, such cells
model the matterless voids in the Universe [3,5,17].

(vi) Goodman-Pollack model. In view of the Goodman-Pollack model for Gaussian
polytopes, it is well-known [2,6,16, 19] that asymptotics for functionals of K,, admit
counterparts for functionals of the orthogonal projection of randomly rotated regular
simplices in R"~!. The proof of (1.1), as given in [2], is actually formulated as a limit
result for the Goodman-Pollack model. Theorems 1.3 and 1.4 may be likewise cast in
terms of variances of projections of high-dimensional random simplices. For more on
the Goodman-Pollack model and its applications to coding theory, see [16,19].

This paper is organized as follows. Section 2 introduces scaling limit functionals
of germ-grain models having parabolic grains. These scaling limit functionals appear
in a general theorem which extends and refines Theorems 1.3 and 1.4. In particular
the limit constants in Theorems 1.3 and 1.4 are seen to be the averages of scaling limit
functionals on parabolic germ-grain models carried by the infinite non-homogenous
input P. Section 3 shows for each A € [1, 0o) that the scaling transform 7™ maps
the Euclidean convex hull geometry into ‘nearly’ parabolic convex geometry, which
in the limit A — oo becomes parabolic convex geometry. We show that the image of
P;, under T™ converges in distribution to 7 and that T defines re-scaled k-face
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and volume functionals. Section 4 establishes that the re-scaled k-face and volume
functionals localize in space, which is crucial to showing the convergence of their
means and covariances to the respective means and covariances of their scaling limits.
Finally Sect. 5 provides the proofs of the main results.

2 Parabolic germ-grain models and a general result

In this section we define scaling limit functionals of germ-grain models and we use
their second order correlations to precisely define the limit constants Fy 4 and V; in
(1.7) and (1.9), respectively. We use the scaling limit functionals to establish variance
asymptotics for the empirical measures induced by the k-face and volume functionals,
thereby extending Theorems 1.3 and 1.4. Denote points in RY~! x R by w := (v, h).

2.1 Parabolic germ-grain models

Let
d—1 v|?
nt.= [(v,h) eRI xR b > T]

Let ITT (w) := w @ IT". The point set P generates a germ-grain model of paraboloids

wP):= J mtw).
weP

A point wg € P is extreme with respect to W (P) if the grain ITT (wy) is not a subset
of the union of the grains IT" (w), w € P\{wo}. See Fig 1. It may be verified that the
extreme points from this construction coincide with Ext(P), see e.g. section 3 of [9].

2.2 Empirical k-face and volume measures

Given a finite point set X C RY, let co(X) be its convex hull

Definition 2.1 Givenk € {0, 1,...,d — 1} and x a vertex of co(X), define the k-face
functional & (x, X) to be the product of (k + 1)~! and the number of k-faces of co(X)
which contain x. Otherwise we put & (x, X) = 0. Thus the total number of k-faces in
co(X)is er x &k(x, X). Letting 8, be the unit point mass at x, the empirical k-face
measure for P, is

= D E e Pb. 2.1)

x€P;,

Let F(x, Py) be the collection of (d — 1)-dimensional faces in K; which contain x
and letcone(x, P)) :={ry,r > 0,y € F(x, Py)} be the cone generated by F (x, P,).
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Definition 2.2 Given x a vertex of co(P;), define the defect volume functional
£y (x, Py) :=d 'R [Vol(cone(x, Py) N B4(0, Ry)) — Vol(cone(x, Py) N K3)].

When x is not a vertex of co(P;,), we put&y (x, P,) = 0. The empirical defect volume
measure is

W= D k(e Pis. (22)
x€P;,

Thus the total defect volume of K, with respect to the ball B;(0, R)) is given by
RIS op, Ev(x. Po).

2.3 Scaling limit k-face and volume functionals

A set of (k + 1) extreme points {wy, ..., wiy+1} C Ext(P), generates a k-dimensional
parabolic face of the Burgers’ festoon 8 (®(P)) if there exists a translate TV of T
such that {wyq, ..., wi+1} = I n Ext(P). When k = d — 1 the parabolic face is a
hyperface.

Definition 2.3 Define the scaling limit k-face functional E,goo)(w, P)r,ke{01,...,
d — 1}, to be the product of (k + 1)~ ! and the number of k-dimensional parabolic faces
of the Burgers’ festoon d(® (7)) which contain w, if w € Ext(P) and zero otherwise.

Definition 2.4 Define the scaling limit defect volume functional s‘(j"’)(w, P),w €

Ext(P), by

£9°9(w, P) :=d—1/ (D (P))(v)dv,
Cyl(w)

where Cyl(w) denotes the projection onto R?~! of the hyperfaces of 8(®(P)) con-
taining w. Otherwise, when w ¢ Ext(P) we put é‘(,oo)(w, P)=0.

One of the main features of our approach is that S,goo), ke {0,1,...,d — 1},
are scaling limits of re-scaled k-face functionals, as defined in Sect. 3.3. A sim-
ilar statement holds for “g“(,oo). Lemma 4.6 makes these assertions precise. Let E

denote the collection of functionals &,k € {0, 1,...,d — 1}, together with &y. Let

2(°) denote the collection of scaling limits E,EOO), k € {0,1,...,d — 1}, together
: (00)

with &,

2.4 Limit theory for empirical k-face and volume measures

~

Define the following second order correlation functions for & (> e (%),
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Definition 2.5 For all w;, wy € R? and £ ¢ 2(° put

E i w) = & (wy, wa, P)
= E£C (wy, P U {w2))E® (wa, P U (w1 ) —E £ (wy, PYE £ (wy, P)
2.3)

and
o0
0,2(5(00)) ;:/ ES(OO)((O, ho),P)zehodho
= o)
+ / / / &0, ho), (vi, h))e" M dhidvidhy.  (2.4)
oo JRI-! J o

Theorem 1.3 is a special case of a general result expressing the asymptotic behavior
of the empirical k-face and volume measures in terms of scaling limit functionals ék(m)
of parabolic germ-grain models. Let C(S?~!) be the class of bounded functions on R?
whose set of continuity points includes S¢~!. Given g € C(S?7 1), let g, (x) := g(x/r)
and let (g, p,i) denote the integral of g with respect to /,Li. Let 041 be the (d — 1)-
dimensional surface measure on S¢~!. The following is proved in Sect. 5.

Theorem 2.1 Forall £ € E and g € C(S*™") we have
lim (2log2)~“@=D2E [(gg,, Mi)]
LA— 00
o0
= / E &£ ((0, ho), P)edhg / gw)dog_1(u) (2.5)
—00 §d—1

and

lim (2log )"V Varl(gg, . 13)] = 07 () / g)*dog_1(u) € (0, 00).
—00 §d—1
(2.6)

Remarks (1) Deducing Theorems 1.3 and 1.4 from Theorem 2.1. Setting & to be &,
the convergence (1.7) is implied by (2.6) with Fy 4 = 02(51500)) - dkg, with dekg =
dm?? /T (1 4 d/2) being the surface area of the unit sphere. Indeed, applying (2.6)
to g = 1, we have

(L5 = D &, Pr) = fu(K2).

x€Ps

Likewise, putting g = 1 in (2.6), setting & to be &y, and recalling that £y incorporates
an extra factor of R;, we get the convergence (1.9), with V; := 02(5‘(,00)) -dkyg.

To obtain (1.11), put g = 1 in (2.5) and set £ = &y to get (2logr)~4/?E [Vol
(Ba(0, R;)) — Vol(K;)1 = O(R; '(log »)~'/?) = O((log »)~1). We have

V2log(log ) 1
Ry, =2logh— —————+ 0
* °8 4./log A * («/logk)
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which gives (2log2)~4/2R{ = 1 — dloglog/(4logi) + O((logr)~") and thus
(1.11) holds. When £ is set to £y, we are unable to show that the right side of (2.5) is
non-zero, that is we are unable to show (2 log 1) "42E [Vol(B4(0, Ry)) — Vol(K;)] =
Q((log1)™h).

The de-Poissonized limit (1.10) follows from the coupling of binomial and Poisson
points used in Bardny and Vu [4], in particular Lemma 8.1 of [4]. The limit (1.8)
similarly follows from (1.7) and the same coupling, as described in Section 13.2
of [4].

(i) Central limit theorems. Combining (2.6) with the results of [4] shows the following
central limit theorem, as A — o00:

—(]— D
Q2log2) D2 (g, , 1) — E (gr,, 13)) —> N(0, 02, .7

where N (0, o2) denotes a mean zero normal random variable with variance
o2 :=02(§,f°°)) fS,H g(u)zdu. Alternatively, using the localization of functionals
& € E, as described in Sect. 4, together with standard stabilization methods as in
[9], we obtain another proof of (2.7).

2.5 Further extensions

(i) Brownian limits. Following the scaling methods of this paper and by appealing to
the methods of section 8 of [9] we may deduce that the process given as the integrated
version of the defect volume converges to a Brownian sheet process. This goes as
follows. For X ¢ R¢ and u € S?~! we put

r(u, X): =R, —sup{p > 0: pu € co(X)}

and for all A € [Ag, o0) let ry (1) :=r(u, P,). Recall that B;_ () is the closure of
the injectivity region of exp,_;. Define for v € By_1 () the defect volume process

Vi(v) = / r(wdog—1(u).
exp([0,v])

Here [0, v] for v € RY™! is the rectangular solid in R4~ with vertices 0 and v,
that is to say [0, v] := H?;ll [min(0, v®), max(0, v®)], with v") standing for the ith
coordinate of v. When [T™]71[0, v] = By_1(r), we have that V, (v) is the total
defect volume of K, with respect to B;(0, R;). We re-scale V, (v) by its standard
deviation, which in view of (1.9), gives

V() := 2log )"V, () —E Vi (v)), ve R
For any o2 > 0let B"z(-) be the Brownian sheet of variance coefficient o2 on the

injectivity region B,_1 (7). Extend the domain of B’ to all of RY~! by defining B’
as the mean zero continuous path Gaussian process indexed by R¢~! with
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Cov(B” (v), B () = 0> - 041 (exp([0, v] N [0, w1)).

Theorem 2.2 As . — 00, the random functions Vi RIS R converge in law to
2
the Brownian sheet B°V in C(R™1), where (7‘2, = 62(5‘(,00)).

We shall not prove this result, as it follows closely the proof of Theorem 8.1 of [9].
(ii) Binomial input. By coupling binomial and Poisson points as in [4], we deduce the
binomial analog of Theorem 2.1 for measures Z?:l E(X;, X)dx,, & € B, where we
recall that X; are i.i.d. with density ¢ and &}, := {X; };:1.

(iii) Random polytopes on general Poisson input. We expect that our main results
extend to random polytopes generated by Poisson points having an isotropic intensity
density. As shown by Carnal [11] and others, there are qualitative differences in the
behavior of E f; (K,) according to whether the input &, has an exponential tail or
an algebraic tail modulated by a slowly varying function. The choice for the critical
radius R, and the scaling transform 7™ would thus need to reflect such behavior.
For example, if X;,i > 1, are i.i.d. on R? with an isotropic intensity density decaying
exponentially with the distance to the origin and if R, = logA — loglogX, then

D . . .
TM(P;) — H1, where H is a rate one homogenous Poisson point process on R¢.

3 Scaling transformations

For all A € [Ag, 00), the scaling transform T™ defined at (1.5) maps R4 onto the
rectangular solid Wy, ¢ R?~! x R given by

Wi = (R, - By—1(7)) x (=00, R31.

Let (v, h) be the coordinates in W, that is
_ -1 X _ 2
v =Ry exp,_, m, h=R {1-——=]). 3.1

Note that S~! is geodesically complete in that exp,_; is well defined on the whole
tangent space R?~1 ~ T,,, although it is injective only on {v € T}, |v| < 7}.

The reader may wonder about the genesis of 7™ and the parabolic scaling by
R;.. Roughly speaking, the effect of 7™ is to first re-scale the Gaussian sample by
the characteristic scale factor R;l so that 3K, is close to SY~!. By considering the
distribution of max; <, | X;| we see that (1 — |x|/R;) is small when x € dKj; cf. [14].
Re-scale again according to the twin desiderata: (i) unit volume image subsets near
the hyperplane R?~! should host © (1) re-scaled points, and (ii) radial components of
points should scale as the square of angular components exp,;. ! 1 X/1x|. Desideratum

(ii) preserves the parabolic behavior of the defect support function for R;~ 'K, namely
the function 1 — & RK, (u),u e S9-1, where h k 1s the support function of K C R,
s

Extreme value theory [22] for | X;|, i > 1, suggests (i) is achieved viaradial scaling by
R)%, whence by (ii) we obtain angular scaling of R, and (1.5) follows. These heuristics
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are justified below, particularly through Lemma 3.2. In this and in the following section,
our aim is to show:

(i) T™ defines a 1 — 1 correspondence between boundaries of convex hulls of point
sets X C RY and a subset of piecewise smooth functions on W),
(i) T™(Py) converges in distribution to P defined at (1.3), and
(iii) T™ defines re-scaled k-face and volume functionals on input carried by W;;
when the input is 7™ (P then as A — oo the means and covariances converge

to the respective means and covariances of the corresponding functionals in 2>,

3.1 The re-scaled boundary of the convex hull under 7*)

Abusing notation, we let (-, -) denote inner product on R?. For xo € R¢\{0}, consider
the ball

By (% @) = [x e RN\{0} : |x| < <xo, |i—|>] U {0}.

Consideration of the support function of co(X) shows that xo € X is a vertex
of co(X) iff By(xp/2, |xo|/2) is not a subset of Ux#xo Ba(x/2, |x]/2). With dga-1
standing for the geodesic distance in S?~!, let 6 := dsa-1(x/|x|, x0/x0|). We rewrite
Ba(x0/2, |x0l/2) as

By (%0 |);—0|) = {x eR?: |x| < |x0|0059}-

Recalling the change of variable at (3.1), let 7™ (xo) := (vo, ko), so that hg = RZ (1 —
[x0]/Ry). We may rewrite By (xo/2, |xo|/2) as

By (2 Y v emre: 21— ) s r2 (1= )
22 R; cos 6 Ry

Thus for all A € [Ag, o0), T™ transforms By (xo/2, |xo|/2) into the upward opening
grain

(1" (v, o)1 :={(v, h) € Wy, h > R}(1 — cos[e; (v, vo)]) + ho coslex (v, o)1},

(3.2)
with
e (v, vg) :=dga-1 (expd_l(R;IU), exXpy_i (R;lvo)). 3.3)
Every finite X C Wy, A € [Ag, 00), generates the germ-grain model
v® ()= U [t (w)1®. (3.4)

weX
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This germ-grain model has a twofold relevance: (i) [ITT (7™ (x))]™) is the image

by TW of By(x/2,1x]/2) and (i) x € X is a vertex of co(X) if and only if

(1M (T ™ (x))]™ is not covered by the union W™ (T™ (X'\x)), A € [Ag, 00). Similar

germ-grain models have been considered in section 4 of [24], sections 2 and 4 of [9]

and section 2 of [10]. We say that T™ (x) is extreme in T® (X) if x € X is a vertex

of co(X). Given TM (X)) = X, write Ext™) (X") for the set of extreme points in X'.
For xg € R? consider the half-space

H(xo) := [x eRY: (x, 0 > |x0|].
[x0]

Taking again 6 = dga1 (\i_l’ %), we rewrite H (xo) as

|0 ) x|
Hxo):={xeR?: R?(1 - >R2(1- =),
(x0) [x )”( Ry cos6 )] — » R;,

Taking 7™ (x9) = (vo, ho) and using (3.1), we see that T*) transforms H (xo) into
the downward grain

R? —h
TP (H (x0)) := [T (v, h)1® = { (v, h) € Wy, h<R}———2— 1. (35)
cosfe;. (v, vo)l
Noting that R¢\co(X) is the union of half-spaces not containing points in X', it follows
that 7™ transforms R?\co(X) into the subset of W; given by

M (1M (X)) := U [T (w)]P.

w e VV)L
MY W)Y NTHX) =0

Thus 7™ sends the boundary of co(X) to the continuous function on W), whose graph
coincides with the boundary of OM (TP (X)). There is thus a 1 — 1 correspondence
between convex hull boundaries and a subset of the continuous functions on R =1 x R.
This contrasts with Eddy [12], who mapped support functions of convex hulls into a
subset of the continuous functions on R?~! x R.

The germ-grain models W (P®)) and @™ (P™) link the geometry of K with
that of the limit paraboloid germ-grain models W(P) and ®(P). Theorem 1.2 and
the upcoming Proposition 5.1 show that the boundaries W™ (P®)) and 9 ™ (P*))
respectively converge in probability to d (W (P)) and to d(P(P)) as A — oo.

The next lemma is suggestive of this convergence and shows for fixed w € W, that
[T (w) ] and [TT¥ (w)]? locally approximate the paraboloids [TTT ()] := ITT (w)
and [TV (w)]©®) := IT¥ (w), respectively. We may henceforth refer to [ITT (w)]™ and
[TT¥ (w) 1™ as quasi-paraboloids or sometimes ‘paraboloids’ for short. Recalling that
Bg_1(v, r)is the (d — 1) dimensional ball centered at v € R?~! with radius r, define
the cylinder C(v,r) € R~ x R by
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C,r):=C4_1(v,r):=Bg_1(v,r) x R. 3.6)

Here and in the sequel, by c and c1, c3, ... we mean generic positive constants which
may change from line to line.

Lemma 3.1 Forall wy :=(vy, hy) € Wy, L € (0, 00), and all A € [Ag, 00), we have

BT (w)I® N Cwy, L)) — a1 (w1 N C(uy, L)oo
<cL’R; '+ e L*R;? (3.7)

and

BT (w)I™ N C vy, L)) — 3T (w1 N C(ur, L)oo
<cL3R; ' 4 ch LR 2. (3.8)

Proof We first prove (3.7). By (3.2) we have

AT wNI™) :={(v. h) € Wi,
h = R%(l — cos[e; (v, v1)]) + hy coslex (v, v1)]}. 3.9)

For v € B;_1(vy, L), notice that
_p-l -1 -1 ~1, 12
ex(v,v)) =R, 'v—R;, vi|+ O(R, 'v—R, vi|) (3.10)
and thus

IR, v — R vy ?
2

1 — cos(e (v, v1)) = +O(L*R?).
It follows that

lv— v ? ~
T+0(L3Rkl)

R2(1 — cos(e; (v, v1))) =
and

lh1(1 — cos(ex (v, v1))| = O(h L*R;?).

Thus the boundary of [ITT(w)]® N C(vy, L) is within cL3R; ' + ch L>R;* of the
graph of

lv— v ?
vi>h _—,
1+ >

@ Springer



P. Calka, J. E. Yukich

which establishes (3.7). The proof of (3.8) is similar, and goes as follows. By (3.5)
we have

R? —h
AT (w) ™) := [(v, h)y € Wy, h = R; — m] . (31D

Using (3.10), Taylor expanding cos 6 up to second order, and writing 1/(1 —r) =
L+7r+4r2+--. gives

TRNTe) lv—v|?

O([IT" (w)*™) := (v, h) € W, h =hy — 5
O(R,\llv—v1|3)+O(thA2|v—u1|2)], (3.12)
and (3.8) follows. O

3.2 The weak limit of T3 (Py)
Put
PP =TP(Py).

Unlike the set-up of [9], the weak limit of TM(Py) converges to a point process
which is non-homogenous and which is carried by all of R?~! x R. Let Vol, denote

d-dimensional volume measure on R¢ and let Voly) be the image of R; Volg under
T® ., Recall the definition of P at (1.3).

D D
Lemma 3.2 As A — 00, we have (a) P» — P and (b) Voly) — Voly. The
convergence is in the sense of total variation convergence on compact sets.

Remarks (i) It is likewise the case that the image of the binomial point process
D e x, 8x under T converges in distribution to P as n — oo.

(i) T™ carries P into a point process on R?~! x R which in the large A limit is
stationary in the spatial coordinate. This contrasts with the transformation of Eddy
[12] (and generalized in Eddy and Gale [13]) which carries er X, 8y into a point

process (Tx, Zy) on R x RY~! where Tx,k > 1, are points of a Poisson point
process on R with intensity e ""dh and Zi, k > 1, are i.i.d. standard Gaussian on
RI-1,

Proof Representing x € R by x = ur,u € SY~!,r € [0, 00), we find the image by
T® of the Poisson measure on R? with intensity

AP (X)dx = A ur)rd ™ drdog_ (u). (3.13)

Make the change of variables
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v:=R, exp;i](u) = Ryv,, h:= R% (1 — RL) ,
A

The exponential map exp,_; : TMOS‘I*1 — S9! has the following expression:

expy_1(v) = cos(|v)(0, ..., 0, 1) + sin(|v|) (lllj—', 0) , VE Rd_l\{O}. (3.14)

Therefore, since v, := exp;ll(u) we have

sin =2 (Jv, ) d v,

. d— v,
dog_1(u) = sin® 2 (|v, Nd(|vul)dog 2 (—) =
u

[V
. -1 ..
Since v, = R, "v, this gives

sin=2(R; ' |v])
I
|RA U|d 2

d—1
h
d—1 _ -1
as well as

h h?
AP (x) = )»q&(uR,\ (1 — R_/%)) = \/210g)»exp(h — ﬁ) (3.17)

Combining (3.13) and (3.15)~(3.17), we get that P*) has intensity density

dog_1(u) = R, Y dv. (3.15)

We also have

d—1
1 (. 1) V2Togx sin=2(R; ! |v]) L
v, = _
dvdh R; IR, Tv|d-2 R}
(-35)
explh— — ), (v, h) € W,. (3.18)
2R?

Given a fixed compact subset D of W, this intensity converges to the intensity of P
in L' (D), completing the proof of part (a).
Replacing the intensity A¢dx with dx in the above computations gives

) s d—2,p—1 d—1
Vol ((v,h»:w(l h) o eW,. (.19

dvdh |R; Ty|d—2 R?

This intensity density converges pointwise to 1 as A — 0o, showing part (b). O
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3.3 Re-scaled k-face and volume functionals

Fix A € [Ao,00). Let &,k € {0,1,...,d — 1}, be a generic k-face functional,
as in Definition 2.1. The inverse transformation [7™®]~! defines generic re-scaled
functionals £ defined for £ € E, w € W), and X C W), by

P (w, X) =M (w, X) =T (w), [TP171(X)). (3.20)

For all » € [XAg, 00), it follows that £(x, Py) := &M (T™ (x), PM). Note for all

A€ [r0,00),k € {0,1,....d — 1}, w; € Wy, and X C Wy, that £ (wy, X) is

the product of (k 4+ 1)~! and the number of quasi-parabolic k-dimensional faces of

(e [T (w)]®) which contain wy, w; € Ext® (X), otherwise £ (wy, X) = 0.
Similarly, define for w € Ext® (X)

1 P (X)(v)
*) _ . )
§y (w, X) = dVol ;" ((v, h))), (3.21)
d Jyecy® w) Jo

where Cyl™ (w) :=Cyl™ (w, X) denotes the projection onto R?~! of the quasi-
parabolic faces of M (x) containing w. When w ¢ ExtM(X) we define
M (w, x) =0.

Given A € [, 00), let 2™ denote the collection of re-scaled functionals 5,5)“), k e
{0,1,...,d— 1}, together with & \(,)"). Our main goal in the next section is to show that,

given a generic £ e 2™, the means and covariances of £ (-, P®) converge as
A — oo to the respective means and covariances of £ (., P), with £ ¢ (),

4 Properties of re-scaled k-face and volume functionals

To establish convergence of re-scaled functionals £ € E®) | A e [A9, 00), to their
respective counterparts £ e E(%) we first need to show that £* e 8M A €
[Lo, oo] satisfy a localization in the spatial and time coordinates v and 4, respectively.
These localization results are the analogs of Lemmas 7.2 and 7.3 of [9].

In the following the point process P*), A = oo, is taken to be P whereas W,
A = oo, is taken to be R?. Many of our proofs for the case » € (0, 00) may be
modified to yield explicit proofs of some unproved assertions in [9].

4.1 Localization of &™)
Recall the definition at (3.6) of the cylinder C(v, r):=Cy—1(v,r) :=Bg_1(v, 1) X

R, v € R4 r > 0. Given a generic functional ¢é® e 8™ A e [Ag, 00], and
w:= (v, h) € W,, we shall write

5w, PW) =P (w, PY N Cay (v, 1)). 4.1
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Given é()‘), X € [Ao, 00], recall from [9,24] that a random variable R := R% @ [w]
= REY [w, PM]is a spatial localization radius for £ at w with respect to P*) iff
a.s.

£ (w, PV = g[(r)\])(w, P™)  forall r > R. (4.2)

There are in general more than one R satisfying (4.2) and we shall henceforth assume
R is the infimum of all reals satisfying (4.2).

We may similarly define a localization radius in the non-rescaled picture. Indeed,
given a generic functional £ and x € R4\ {0}, we shall write

§ir1(x, Pr) :=6(x, PA N S(x, r)).

where S(x,r):={y e RA\{0} : dga-1(x/|x|, y/ly]) < r}. R¢[x,P;] is then

the infimum of all R € (0, 00) which satisfy &(x, Py) = & (x, Py) for every
r € [R, 00). In particular, by rotation-invariance of P, and the fact that [v — 0] =
dga-1(expy_1(0), expy_; (v)) forallv € B,;_1 (;r), we have the distributional equality:

RE[x, Py] 2 RE[|x|uo. P2 = R REV[(0, ho), 43)

where hg = R% (1 — |x|/Ry). In view of (4.3), it is enough to investigate the distri-

bution tail of R [(0, ho)] for any hg € R. In the next lemmas, we prove that the
functionals E® € 8™ A e [Ag, 0o], admit spatial localization radii with tails decay-
ing super-exponentially fast at (0, /¢), ho € R. We first establish a localization radius
for &. We remark this shows that Ext®) (P™) A € [, oo], is a strongly mixing
random point set.

Lemma 4.1 There is a constant ¢ > 0 such that the localization radius RE(SM [(0, ho)]
satisfies for all ). € [Ag, 0], hg € (—00, Rf], andt > (—hgy v 0)

5 2
PIRE [0, ho)] > 1] < cexp (—%) . (4.4)

Proof Abbreviate &y by &. It suffices to show that (4.4) holds for t > —hg V¢, c a
positive constant, a simplification used repeatedly in what follows. For ¢ > (—hgo Vv 0)
and A € [Ag, 00], we have

{REV1(0, ho)] > 1} C Ey U Es, (4.5)
where
Evi= {RE10.h0)1 > 1, 0, ho) ¢ Ext P (P)]
and

g()n)

Ey = {R [0, ho)] > £, (0, ho) € Ext<*>(7><“)}.
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Rewrite £ as
E1 = {(0, ho) ¢ Ext™(PM), (0, ho) € ExtM(P™ N C(0,1)}.

If E| occurs then there is a
wyi= (1, ) € 9 ([0, ho)I®) N C@, 1)

belonging to some [MTT(YIY, y € P N CO,0) but wi ¢ Uyepmrinco.n
[HT(w)]O‘). In other words, w; is covered by paraboloids with apices in PD . but
not by paraboloids with apices in P* N C (0, 7). This means that the down paraboloid
[t (w 1)]()‘) does not contain points in C(0, t) N P™ but it must contain a point in
C(0, 1) NP In other words, we have E| C F; U F», where

Fii= {3y := 1, hp) € 3T (0, ho)IP N CO,1) = hy € (—00,1),
[T w)]® N C©.0NnPD =g, [T w)I® N CO,n°NPY 6

and

Fai={Fwy = (v1, hy) € [T (0, ho)IP N C(0,1) : hy € [t, 00),
[T (w)]® N C0,1) NPH = g},

If E> happens then there is wy := (v, h1) € C(0, 1) N [TTT((0, ho))]™) which is
not covered by paraboloids with apices in PP and (0, hg) belongs to AT (wy)]W.
Notice that w; € C(0, 7w R; /2) since the ball [T™]~1([TT1((0, ho))]™) is included
inRI-1 x [0, 00). There is a constant ¢ > 0 such that 1 —cos(6) > c6% foro € [0, ]
so that in view of (3.2) and ¢, (v{, 0) = R;l |vi], we have

hy = hocos(R; ' [vil)+ R} (1—cos(R; ' [vi]) = (ho A O)+clvil* = (o A 0)+ct”.

Now hg AQ > —t al\yays holds so we obtain | > —t + ct% > ¢ for large enough .
Thus we have E> C E> where

E>:={3w; := (v1, h)ed[TTT (0, ho) 1™ : hy € [1, 00), [TTH (w )] N PP =@},
(4.6)

By (4.5) and the inclusions E - FiUF,and E, C Eg, it is enough to show that
each term P[F1], P[F>] and P[E;] is bounded by cexp(—t2/c).

Upper-bound for P[Fi]. We start with the case A = oo. Consider a fixed w; €
ATIT((0, ho)) with iy = ho + $|v1|? < 1. The probability that IT* (w1) N C(0, )¢ N
P # ¢ is bounded by the dP measure of IT¥(w;) N C(0, 1)°. The maximal height
of IT¥ (w1) N C(0, )€ is hy — %(t — 2(h| — ho))?. Consequently, the dP measure
of TT¥(w1) N C(0, r)¢ is bounded by the dP measure of IV (w;) N {(v,h) : h <
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hy — %(t —/2(hy — ho))z}. Recall that ¢ is a constant which changes from line to
line. Up to a multiplicative constant, the d’P measure of T (wy) N C(0, 1) is bounded
by

+00

hi—3 (t—y/2(h1=hg))? i
/ e "Qu) 7 du

Iy — 1) T dh = M /
$(t—/2(h1—ho))*

1 (1?
< cexp (hl 7 (§+hl —ho — t+/2(h —ho))),

—00

where we put u :=hy — h.
Consequently, discretizing ATIT((0, ho)) N(RI—1 x (ho, 1]) and usinghg < hy <t,
we get

= [ 5 1 ho  t/hi—h
PR = C‘/’Tt"/ Q2(h1 — h) T exp ((1 — S+ 2y YL O)dhl
ho c C C
_2 [t=ho a 1 SR
<ced / h)7 exp ((1 — )i+ ho + — l)dhl
0 c c
—2—3/2_p
<ce <
_2
<ce c,

concluding the case A = oo.
When A € [1g, 00), recall from (3.2) that

[T (0, ho))1? :={(v, h) € Wy, h = R;(1 — cosles (v, 0)]) + ho cosle;. (v, 0)]}.
.7
We claim that [T17((0, /0))]™ N (R4~! x (—o0, ¢]) has a spatial diameter (in the v
coordinates) bounded by c1+/7. We see this as follows. Let (v, &) € [TIT((0, ho))]?' N
(RY=! x (—o00,t]). When h < ¢ and |ho| < t, the display (4.7) yields R7(1 —
cos[ey (v, 0)]) < 2¢. Thus 1 — cos[e; (v, 0)] < 2tR;2. It follows that
ce(v,0)> < 1 —coslex (v, 0)] < 2R, 2. (4.8)

Using the equality e (v, 0) = R/\_1 [v], we deduce |v| < c14/7, as desired.
Let

wy = (v1, h1) € AT (0, ho) ] N C(0, 1).

We now estimate the maximal height of [TTV(w1)]* N C(0, r)¢. If (v, h) belongs to
the boundary of [IT*(w1)]™ then we have from (3.11) that

2
hegro o h
coslex (v, v1)]
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which gives

hi—h _hi—h hy —h
< <
R?—h =~ R:—t~ R?—27R;

cey (v, v])2 <1 —cos[e,(v,v1)] = “4.9)

where we use i < t < 2w R;. Indeed, we may without loss of generality assume
t € [0, 27 R, ], since the stabilization radius never exceeds the spatial diameter of W)
Consequently, we have

h < hi —ca(R} — 21 R;)es (v, v1)?%. (4.10)
The maximal height of [(IT¥(w)]*) N C(0, r)¢ is found by letting v belong to the

boundary of C(0, ¢). In particular, we have e; (v, 0) = R, ! [v] = R, 't. Moreover, we
deduce from (4.8) that 5 (v, 0) < (R, lﬁ. Consequently, we have

e (v, v1) > €, (v, 0) — e, (v1,0) > R ' (t — c1 V7).

Combining the last inequality above with (4.10) shows forany (v, i) € [T (w)]*N
9C(0, ) that

R?> —27R
h<h— CzAR—;TA(l‘ — VD <t —c3(t — eiVh)2
x
Now we follow the proof for the case A = co. We have
dPP (I (w)]W N €0, 1)) < dPP (¥ (w)]? N {(, h) :
h<t—ct —civD,

In view of (3.18) and (4.9), dP™ ([TT¥ (w1)]™) N C(0, 1)°) is bounded by

1—c3(i—c1 VD)2 -l SET sind=2(R-!
c/ (1 h ) el |:/ 1(e; (v, v7) < cvhi h)sm (R, |U|)dv:| dh.

—o0 R? R, |R; ' v|d—2

Using the change of variables u = exp ! | (R)\_1 v) withu| = exp;i] (R/\_1 v1) gives

dP? (I (w)1™ N C(0, 1))

t—c3(t—c1/1)? h /i —h
< c/ (a yi=leh [/ (dgior (u, uy) < C%)Rf*‘dad_l(u)] dh
gd—1

—00 a Rii Ry
t—c3(t—c1/1)? h

fc/ (1= )"t (hy — @D dh, (4.11)
s R

For ¢ large the upper limit of integration is at most —c4> where ¢4 = c3/2. There is a
positive constant c¢s such that (1 — h/R%)”l_leh/2 < ¢%" holds for all h € (—o0, 0].
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Also,
(hy =)D < @702 4 || @=D2),
Putting these estimates together yields

dPP (¥ (w) 1P N C(0, 1))

2

o
< c/ eSS @=D72 L\ 9@=DI2ygp < e exp(—t2/ce).

o

Consequently, discretizing d[T11((0, 79))]™ N C(0, ) N (R ™! x (—o0, 1]) we get
for A € [Ag, 00)

t
P[F] < 06e7’2/66/ t972dh, < 676712/”.
ho

Upper-bound for P[F,]. We again start with the case A = oco. Suppose h; € [t, 00)
with ¢ large. As noted, 1Y N C(0, 1) does not contain points in P. The dP measure
of IT¥(w) N C(0, 1) is bounded below by the dP measure of IT¥(w;) N C(0, 1) N
(R4=1'% [0, 00)), which we generously bound below by ¢”1/2. Thus the probability that
1Y N C(0, ) does not contain points in PN C(0, ) is bounded above by exp(—ehl/z).

Discretizing 3 (IT((0, 29))) N (R~ x [z, 00)) N C(0, ) into unit cubes, we see
that the probability that there is wy := (vy, h1) € 8 (I1T((0, ho))) N C(0, 1) such that
[T (w) does not contain points in 2 N C(0, ¢) is bounded by

oo _et/2
c/ 142 exp(—eh‘/z)dhl < ct?7? exp ( ) .
t C

Thus there is a constant ¢ such that P[F>] < cexp(—tz/c) fort > (—=ho V c).

When A € [1g, 00), we proceed as follows. Let w be the point defined in event
F>. Let S be the unit volume cube centered at (v — /d — 1v;/Q2|v1]), (h1 + 1)/2).
We claim that for ¢ large enough, S is included in [TV (w)]*) N C(0, 1 A 37 R;,/4).
Indeed, S is clearly included in [ITY(w1)]® N C(0,1) N (R4~ x [k /4, o0)) and
since v] € By_1(0, 7R, /2), S is included in C(0, 37 R, /4). By (3.18) there exists a
constant ¢ > 0 such that for all (v, h) € S

d—1 )
dPP ((v, h)) hy h h3
_— 2 C l _ — exp _— .

dvdh 4R7 4 32R}

Now using h1 € (—o0, R)%], we obtain dP™ (S) > ¢ exp(7h1/32). Consequently, the
probability that [IT¥ (w)]* NC(0, 1) NP™ = @ is bounded above by exp(—cehl/c).
Discretizing d[T1T((0, 10))]1%) N (R~ x [1, 00)) NC (0, 1), we see that the probability

@ Springer



P. Calka, J. E. Yukich

that there is wy := (v1, 1) € A[TTT((0, 19))]™ N C(0, ¢) such that [TV (w)]™ does
not contain points in P* N C(0, 1) is bounded by

o0
c/ 1772 exp(—ce™/)dh; < cexp(—ce'/€).
t

Upper-bound for P[Ez]. The arguments closely follow those for P[F;] and we sketch
the proof only for finite A as the case A = oo is similar. As above, considera-
tion of the cube S shows that P[[IT¥(w()]* N P? = @] is bounded above by
exp(—cehl/ ). Only the discretization differs from the case of P[F>]. Indeed, we
need now to discretize d[T1T((0, 10))]1™ N (RY~! x [z, 00)). We use the fact that
lvi] < cRuv/h1 — ho/\/ R? — h as soon as (vi, hy) € A[TIT((0, ho)]™ (by (3.2)
and the arguments as in (4.8)). We obtain

d=2

N R} R
PlE)) <c / ———h—ho|  exp(—ce"/)dhy.
t

Vho ‘/R% — hy

When hg € (—o0, R?/2], we bound the ratio R;, // R? — ho by +/2 to obtain P[E>] <
cexp(—ce'/®). When hg € (R?/2, R?], we bound (h1 — ho)/(R? — ho) by 1 and we
bound exp(—cehl/c) by exp(—cehl/C/Z — ceR§/(2”)/2) and we also obtain P[E>] <

cexp(—ce'/), as desired. )
Combining the above bounds for P[Fi], P[F>], and P[E>] thus yields

c

2
P[E\]1+ P[E;] < P[Fi]+ P[F2] + P[E3] < cexp (—t—) ,

showing Lemma 4.1 as desired. O

Whereas Lemma 4.1 localizes k-face and volume functionals in the spatial domain,
we now localize in the height/time domain. We show that the boundaries of the
paraboloid germ-grain processes W (P™) and ®* (PM), 1 € [Ag, oo], are not
far from R9~!. Recall that P, 1 = oo, is taken to be P and we also write W (P)
for W) (P> If w e Ext® (PW) we put H(w):=H(w, P?) to be the maxi-
mal height coordinate (with respect to RY~!) of an apex of a down paraboloid which
contains a parabolic face in ®*) (P™*)) containing w, otherwise we put H(w) = 0.

Lemma 4.2 (a) There is a constant ¢ such that for all ). € [ g, o], hg € (—o0, R%],
andt € [ho Vv 0, 00) we have

t
PLH((0, ho), PP) > 1] < cexp (—e—) . (4.12)
.
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(b) There is a constant ¢ such that for all L € (0, 00), t € (0, 00), and » € [ g, o]
we have

PLIOYP (PPN C(0, L)||og > 1] < cL2@ D¢, (4.13)

The bound (4.13) also holds for the dual process OM (P,

Proof Let us first prove (4.12). We do this for A € [Ag, 0o) and we claim that a similar
proof holds for A = oco. Rewrite the event {H ((0, ), P*) > 1} as

{H((0, ho), PP) > 1} = 3wy := (v1, hy) € AT, ho)]P : Ry € [t, 00),
[TT¥ (w)]? N PP = g},

Let us consider wy := (vy, h1) € A[TTT((0, ho))]?® and put [T P10, hg) := puo,
p € [0, 00). Since [TT1((0, hg))]™) is the image by T™ of the ball B;(puo/2, p/2),
it is a subset of the image of the upper-half space, i.e. a subset of C (0, 7 R, /2). Con-
sequently, the unit-volume cube centered at (vy, i1 — 1) is included in [t (wl)](’\) N
C(0, 37 R /4). The proof now follows along the same lines as for the bound for P [Ez]
in the proof of Lemma 4.1. The P™-measure of that cube exceeds ¢ exp(h1/c). The
probability that [TV (w1)]* N P® = @ is bounded above by c exp(—ce1/¢). Dis-
cretizing (Rd_l X [t, 00)) into unit cubes, we obtain (4.12).

We now prove (4.13). We bound the probability of the two events

E3:={0W0P PN {w, h):|v| <L,h>t}+%
and
Ey:={0UP Py (@, h):|v| <L, h <—t} +0).

When in Ej3, there is a point wy := (v, A1) with hy € [z, 00), |v1| < L, and such
that [ITV(wy)]») N PW = @. Following the proof of (4.12), we construct a unit-
volume cube in C(0, L) which is a domain where the density of the dP*) measure
exceeds ce’1/¢. Discretization of {(v,h) : |v| < L,h € [t,00)} into unit volume
sub-cubes gives

t
PLEs] < cL9 ' exp (—e—) .
C

On the event E4, there exists a point (vi, k1) with |vi| < L and hy € (—o0, —t]
which is on the boundary of an upward paraboloid with apex in P*). The apex of
this upward paraboloid is contained in the union of all down paraboloids with apex on
By—1(0, L) x {h}. The dP™ measure of this union is bounded by cLd-! exp(hi/c).
Consequently, the probability that the union contains points from P® is less than
1 — exp(—cLa~1eM/¢)y < cL?Vexp(hi/c). It remains to discretize and integrate
over h| € (—oo, —t). This goes as follows.
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Discretizing C (0, L) x (—oo, —t] into unit volume subcubes and using (3.18), we
find that the probability there exists (vi, h) € R=! x (=00, —t] on the boundary of
an up paraboloid is thus bounded by

d—1
—t
cLz(d_l)/ ehl/c(l - %) e"dh,
oo 2

This establishes (4.13). The same argument applies to the dual process ®®)
(P, O

We now extend Lemma 4.1 to all £ € E.

Lemma 4.3 There is a constant ¢ > 0 such that for all ¢ € E, A € [Ag, 00], and
hy € (—o0, R%], the localization radius REY [(0, ho)] satisfies for all t € [|ho|, 00)

2
PIREV[(0, ho)] > 1] < cexp (—l—) . (4.14)

c

Proof We show (4.14) for A € [Ag, 00), as the proof is analogous for A = co. When
H((0, ho), PP) < t, then EM((0, hg)) only depends on points of P™*) in

U= U [T w1

wi €[ ((0,/20) |V NRI=! > (—o00,1]

Let w = (v, h) € U and wy = (v1, h1), h1 < t, be such that B[H¢(w1)](’\) contains
both (0, #p) and w. Thanks to (4.8) and (4.9), which are valid for t > —h(, we have

e, (v1,0) < c/t/Ry and ey (v, v1) < c/h1 — h/R) < ¢/t — h/R;. Consequently,
there exists a constant ¢ > 0O such that

Ruex(v,0) < c(V2t + 1 —h). (4.15)
There is a constant ¢ > 0 such thatif & € [—ctz, o), then |v| = Rye; (v,0) <t.

Consequently, when P N/ N (R4~ x (—o0, —ct?)) = {4, then the localization
radius of &™) is less than 7. This means that

PLRE™[(0, ho)] > 1] < PLH((0, ho), PP) > 1]
+ P[P nun R x (—o0, —ct?)) # 0.

Given (4.15), we may use the same method as in (4.11) to obtain

dPP PP NN R x (=00, —ct?)))
o0
< c/ "MW+ Vi )V < cem e,
C

2
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4.2 Moment bounds for é®), A € [Ag, 0]

For a random variable X and p € (0, 00), we let || X]|, := (E |X |/,

Lemma 4.4 Forall p € [1,00) and & € &, there is a constant ¢ > 0 such that for all
(v, h) € Wy, A € [Lg, o0], we have

eth
E (g™ ((v, h), P)IP] < clh| exp (— ) : (4.16)
c
Proof We first prove (4.16) for a k-face functional €*) := ékm, kef{0,1,...,d—1)}.
We start by showing for all A € [Ag, 00] and 2 € R

sup E[|E™ ((v, h), PM)|P] < c|hl”. (4.17)

veRd-1

Since &(x, Py) 2 &(y, Py) whenever |x| = |y, it follows that for all (v, h) € Wy,
EX(0, 1), PP) 2D ((w, ), PP).

Consequently, without loss of generality we may put (v, k) to be (0, hg).

Let N®) 1= N®((0, hg)) := card {(Ext® (PPN C(0, R)} with R := RE[(0, ho)]
the radius of spatial localization for € at (0, hg). Clearly

1 (N(’\) (0, ho)))

M ((0, ho), PP < y

T k41

To show (4.17), given p € [1, 00), it suffices to show there is a constant ¢ :=c(p, k, d)
such that for all A € [Aq, o0]

E NP (0, ho))?* < clhol°. (4.18)
By (3.18), forall r € [0, 7 R;] and £ € (—o0, R)%] we have
dPP(C(0,r) N (=00, £)) < cré (=t v 1),

Consequently, with H := H((0, hg), P*») as in Lemma 4.2 and Po(«) denoting a
Poisson random variable with mean «, we have for A € [Ag, 00]

EN® (0, ho)?* < E[card(P® N [C(0, R) N (—o0, H)])P¥]

o0 o0
= z Z E [Po(dP™(C0, R) N (—o0, H)PX1(i <R <i+1,j <H < j+1)]
i=0 j=hg
o0 o0
< E[Po(c(i + D' (=G + D) v DV TP IR > i, H = j)].
i=0 j=ho
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We shall repeatedly use the moment bounds for Poisson random variables, namely
E[Po(a)"] < c(r)a”, r € [1, 00). Using Holder’s inequality, we get

o0 [o¢]
EN®(©, ho))?* < e > > G+D =+ D) PRV DPEPIR > i)' PLH > j1'°.
i=0 j=hg

Splitting the sum on the i indices into i € [0, |hg|] and i € (|hg|, 00) yields with the
help of Lemmas 4.1 and 4.2(a)

oo
EN® (0, ho)™ < clhol® D eVHDPheme /¢
Jj=0

0o 00 s )
c —i%?/c (i Y N
N E 2 iCe™! /ce(]Jrl)pke el /c < C|h()|c.
i=[hol j=0

This yields the required bound (4.18).
To deduce (4.16), we argue as follows. First consider the case hg € [0, 00). By the
Cauchy-Schwarz inequality and (4.17)

E 1™ ((0, ko), P™)|P]
< B EP (0, ho), PP P72 P[IEP (0, ko), PP)| > 011/
< (c@p, k, d)? o |1 PRD pLIED (0, hg), PP #£ 0112,

The event {|E®((0, ho), v)| # 0} is a subset of the event that (0, i) is extreme
in P* and we may now apply (4.12) for t = hg, which is possible since we have
assumed A is positive. This gives (4.16) for hg € [0, 00). When kg € (—o00,0) we
bound P[|EM((0, hg), PP)| > 0]'/2 by cexp(—e®/c), ¢ large, which shows (4.16)
for hg € (—o0, 0). This concludes the proof of (4.16) when £ is a k-face functional.

We now prove (4.16) for &y. For all L € (0,00) and A € [Ag, 00), we put
DM(L) :=1]d®P (PM)N C(0, L)||so. Put R:= Rfé”[(o, ho)]. The identity (3.19)
shows that |£((0, ), P®)] is bounded by the product of ¢(1 + D™ (R)/R2)4~!
and the Lebesgue measure of B(0, R) x [—D™ (R), D®(R)]. We have

E [£57((0, ho), PU)IP < cE (R DP (R < c||RPU=D 5] DD (R)P |,

by the Cauchy-Schwarz inequality. By the tail behavior for R we have ER" =
r oS PIR > 11" "'dt < c(r)|ho|" forallr € [1, 00). Also, forall r € [1, 00) we have

EDXR) =D EMDHPR)Y LG <R <i+1) <D |IDPG+1)[2PIR > i]'%.
i=0 i=0

By Lemma 4.2 we have ||[D™ (@G 4+ 1)'|a < c¢(r)(i + D@D 5 e [hrg, 00).
We also have that P[R > i], i > |ho|, decays exponentially fast, showing that
E (DM (R)) < c(r)|ho|*@—V It follows that
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E 1100, ko), PP) P < [IRPC=D 51 DP (R)P |12 < ¢(p, d)ho|?P4@=D |ho| @~ 172,

which gives
E £ ((0, ho), PP < clhol. (4.19)

The bound (4.16) for 5‘(,)‘) follows from (4.19) in the same way that (4.17) implies
(4.16) for ). O

4.3 Scaling limits

The next two lemmas justify the assertion that functionals in 2 are indeed scaling
limits of their counterparts in 2*).

Lemma 4.5 Forall hg € R, r € (0, 00), and & € E we have
lim E& (0. ho). PY) = E&T (0. ho). P). (4.20)

Proof Put wg := (0, ho) and put S(r, 1) := Bg—1(0,r) x [—1, 1], with [ a fixed deter-
ministic height. By Lemma 4.2 and the Cauchy-Schwarz inequality, it is enough to
show

lim E& wo, PY 0180, 1) = E&T (wo. PN S(r. 1)),

It is understood that the left-hand side is determined by the geometry of the quasi-
paraboloids {[TIT(w)]™}, w € P® N S(r, 1), and similarly for the right-hand side.
Equip the collection X (r,[) of locally finite point sets in S(r, /) with the discrete
topology. Thus if X;,i > 1, is a sequence in X (r, /) and if

lim X; = X, then X; = X for i > ij. 4.21)

i— 00

Recall that [Hi(w)](oo) coincides with Hi(w). For all A € [Ag, 00], w; € Wy, and
X e X(r,1) we define gr @ Wy x X(r,]) — R by taking g r(wi, X) to be
the product of (k 4+ 1)~! and the number of quasi parabolic k-dimensional faces of
UweX[HHw)]()‘) which contain wy, if w; is a vertex in X', otherwise gi » (wy, X') =
0. Thus gy (wy, X) =& (w1, X N S(r, ).

Let X be in regular position, that is to say the intersection of k quasi-paraboloids
contains at most (d — k + 1) points of X for all 1 < k < d. Thus P is in regular
position with probability one. To apply the continuous mapping theorem (Theorem 5.5
in [7]), by (4.21), it is enough to show that g ; (wo, X) coincides with g o (wo, X)
for X large enough. Let ¢ > 0 be the minimal distance between any down paraboloid
containing d points of X" and the rest of the point set. Perturbations of the paraboloids
within an ¢ parallel set do not change the number of k-dimensional faces. In particular,
for X large enough, the set d (Uwe x[ITY (w)](”) is included in that parallel set so that
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the number of k-dimensional faces does not change. Thus g (wo, X) coincides with
8k,00(wo, X) for large A.

Since P* 2) P, we may apply the continuous mapping theorem to get
D
£ (wo. PY) = £\ (wo. P)

as . — oo. The convergence in distribution extends to convergence of expecta-
tions by the uniform integrability of E[()‘)

i which follows from moment bounds for

E[(rk])(wo, P™)Y analogous to those for S,E)‘)(wo, P™) as given in Lemma 4.4. This
proves (4.20) when £ is a generic k-face functional.
Next we show for & := &y, r € (0, 00) that

lim E£ wo, PX 0 S, 1) = E (£ (wo, P 0 S D).
—00

This will yield (4.20). Recall that Vol is the image of Ry Voly under T'™). Recall
from (3.21) the definition of Cyl™ (w). For A € [Ag, 00], we define this time g ; :
R4 x R x S(r, H) — R by

g, X) = &) (w, X NS, 1)

= Vol ({(v, ) € S(r, 1) : 0 < h < 3DP (X)(v), v € CylP (w), dP (X)(v) > 0})

— Vol ({(v, h) € S, 1) : @M (X)(v) < h < 0,v € Cyl™ (w), DD (X)(v) < O}).
(4.22)

Recalling (4.21), it is enough to show for a fixed point set X" in regular position that
hm |§k,)\(wa X) - gk,oo(w’ X)l = O
L—00

We show that the first term in (4.22) comprising g » (w, X)) converges to the first term
comprising gk.oo(w, X). In other words, setting for all A € [Ag, 00)

FP(X):={(,h) € S(r,1): 0<h < 3dM(X)(v), v € CylP (w), M (X)(v) >0}
and writing F (X)) for F(®)(X), we show

im_ Vol (F*) (X)) — Volg(F(X))] = 0.
—00

The proof that the second term comprising gx » (w, X’) converges to the second term
comprising gk, oo(w, X) is identical. We have

VoL (F®) (X)) — Vol (F ()] < [Vol ! (F® (X)) — Vol (F ()
+ Vol (F (X)) — Vol (F (X)) (4.23)
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Since &™) (X) converges uniformly to d® (X) on compacts (recall Lemma 3.1; see
also the proof of Proposition 5.1 below) and since d H (Cyl()‘) (w), Cyl(w)) decreases to
zero as A — oo (indeed B(Cyl()‘)(w)) — dCyl(w) uniformly), we get for A € [Xg, 00)
that F® (X)AF(X) is a subset of a set A(X) C R? of arbitrarily small volume.
So Vol (F® (X)) — Vol (F(X))| < VoI’ (A(X)). By Lemma 3.2, we have

Volfil) N Volg and thus the first term in (4.23) goes to zero as A — oo. Appealing

again to Volg‘) £> Voly, the second term in (4.23) likewise tends to zero, showing
(4.20) as desired. m]

Lemma 4.6 Forall hy € R and & € E we have

Jlim E EM((0, ho), PPy = E£((0, ho), P).

Proof Let wy:= (0, hp). By Lemma 4.5, given € > 0, we have for all A € [Xy(€), 00)

[E£) wo, PP) — EELY (wo. P))| < e. (4.24)
We now show that replacing é[(rk]) and é[(f]o) by €™ and £, respectively, introduces
negligible error in (4.24). Write
[E &g} (wo, PH) —E£P (wo, PP
= [E (%) (wo. PP) — @ (wo, PP)1(RE [wo] < r)|
+ [E &5 wo, PD) — P (wo, PPNLRE [wol > r)].

The first term vanishes by definition of R% @ [wg]. By the Cauchy-Schwarz inequality
and Lemma 4.3, the second term is bounded by

1162 (wo, PP — £ (wo, PM)]

PIR[wo] > 112 < P[RS [wo] > r]'/? < ¢ (4.25)

if r € [|hol, 00) is large enough. For r € [ro(e€, ho), 00) and A € [Ag(€), 00) it follows
that

EEP (o, PD) — EEY (wo, PP)| < e. (4.26)

Similarly for r € [ry (€, hg), 00) we have

IE&C (o, P) — BET (wo. P)| <e. (4.27)

Combining (4.24)—(4.27) and using the triangle inequality we get for r > (ro(€) Vv
ri(€)) and A € [Aq(€), 00)

IEEM (wo, PM) — EE (wo, P)| < 3e.

Lemma 4.6 follows since € is arbitrary. O
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4.4 Two point correlation function for &*)

Forall h € R, (v1, h1) € W,, and £ € E we extend definition (2.3) by putting for all
A € [Ao, 00]

o)
(0, o), (v1, 1)
=E[E(0, ho), PX U {1, k) § (w1, ), PP U0, ho)D)]
—E£M (0, ho), PPHEED ((v1, h1), PP).
The next lemma shows convergence of the re-scaled two-point correlation func-
tions on re-scaled input P™ to their counterpart correlation functions on the limit

input P.

Lemma 4.7 Forall hg € R, (v, h1) € R~ x R, and &€ € E we have
lim ¢ ((0, ho), (v1, k1)) = &~ (0, ho), (v, h1)).
A—> 00

Proof We deduce from Lemma 4.6 that
lim E£™ (0, ho), PPHEED ((v1, h1), PP)
A—00
=B (0, ho), PYEE ((v1, 1), P).
By the Cauchy-Schwarz inequality, we get

IE[EM (0, ho), PP U {(v1, h)}) EP((v1, h1), PP U{(0, ho)D)]
—E[£°(0, ho), P U {(v1, h1)}) £ ((v1, k1), P U0, D]
<Ti(») + Tr(n),

where

T10) = E[ED 0, ho), PX U {(v1, h1)}) — (0, ho), P U {(vi, b)) P1?
x B[IEW (w1, h1), PP U0, ho)H[*1'/?

and

Tr(h) = ENEX (w1, k). PP U {0, ho)}) — £ (01, h1), P U{(0, ho)D)I*1/?

x E[1E°((0, ho), PP U {(v1, kD212

Throughout we let P*), A > 1, and P be defined on the same probability space, with
P® independent of P for all A > 1. We couple P* and P so that
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EM (w1, h1), PP U0, ho)}), £ ((v1, h1), P U{(0, ho)})
2 €D (0, ho), PP U {(=v1, ho)}), (0, ho), P U {(—v1, ho)}).  (4.28)
We show first limy . 77(A) = 0. We have seen in the proof of Lemma 4.5
that £ ((0, ho), P% U {(v1, h1)}) converges in distribution to &'0”((0, ho), P U

{(v1, h1)}) for every r > 0. Lemma 4.4 implies that this family is uniformly inte-
grable so the convergence occurs in L2, that is to say

Jim (17 (0. ho). P* U {1, kD = §7 (. ho), P U (w1, ippID) /2 = 0.

Using the same method as in the proof of Lemma 4.6, we obtain

Jim B[ (0, ho), PY U{(wi, i) = €90, ho), P U {(v1, k)] = 0.

(4.29)
By Lemma 4.4, the variables € ((v1, k1), P® U{(0, hg)}) are uniformly bounded in
L? so we deduce from (4.29) that limj _, oo 71 (A) = 0. To see that lim; _, oo To(X) = 0,
we use (4.28) and we follow the proof that limy_, o 77 (A) = 0. O

The next lemma shows that the re-scaled and limit two point correlation function
decays exponentially fast with the distance between spatial coordinates of the input
and super-exponentially fast with respect to positive height coordinates.

Lemma 4.8 For all £ € E there is a constant ¢ :==c(§,d) € (0, 00) such that for all
(v1, h1) € Wy, satisfying |vi| > 2max(|hgl, |h1]) and ) € [Lg, 00] we have

A —1
157 ((0, ho), (v1, b)) < clhol |7y | exp (7<|v1|2 +ehov0 4 e’”VO)) . (4.30)

Proof Let x, :=[T™171((0, ho)) and y; := [T~ ((v1, h1)). Put

X5 i= EM(0, ho), PP U (1, h)) = E(xa, Po U y3),
Vi o= EM (v, b)), PP U0, b)) = £, P U xp),
X5 = £, ho), PP) = E(x, P,

and ¥, = P ((v1, h1), P™M) = £y, Pa).

We have
o) - -
157 ((0, ko), (v1, h))| = [EX; Y3 —EXGEY;|

which gives for all r € (0, co)

157 (0, ho), (1. )| < |E X, Y, 1(RE (x5, Po) < . RE (3. Po) < 7)
—EX; 1R (x;, P) < r)EY, (RS (ya, P) < 1)l
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+ [E X3 Yo [1[(R® (x5, P) = r) + 1(RS (s, Ps) = )]
+EXGE Y (RS (x5, P3) = 1)
+|EXGE Y, 1(RS (yi, Pi) = 1)l

Put r :=|v1|/2R,. This choice of r ensures that the difference of the first two terms
is zero by independence of X;1(R¢(xy,P;) < r) and Y3 1(RE(yy, Pi) < 7).
Recall that R% (x;, P;) and R%(y,, P;) have the same distribution. When |v;| >
2max(|hol, |h1]), Holder’s inequality implies that the third term is bounded by

X 11311Ya 3LPIRS (xx, Py) = r1'/3 + PIRS (yi, Py) = r1'/3]

-1
< clhol*| | exp (—(ehov‘) + e’“vo)) P[RS (x;, Py) = r]'? (4.31)
¢
. —1
< clho||h1|° exp (—(|v1|2 +M0V0 e’“v‘))) :
¢
The fourth and fifth terms are bounded similarly, giving (4.30). O

5 Proofs of main results
5.1 Proof of Theorems 1.1 and 1.2

The next result contains Theorem 1.2 and it yields Theorem 1.1, since it implies
that the set Ext™ (P®)) of extreme points of 2 converges in law to Ext(P) as
A — oo (indeed, the set Ext™ (P™) is also the set of local minima of the function
3@()»)(7)()»))).

Proposition 5.1 Fix L € (0, 00). The boundary of W™ (P™) converges in probabil-
ity as . — o0 to the boundary of V(P) in the space C(By—1(0, L))) equipped with
the supremum norm. Similarly, the boundary of ®*) (P™) converges in probability
as . — 00 to the Burgers’ festoon o(®P (P)).

Proof We only prove the first convergence statement as the second is handled similarly.
We show for fixed L € (0, oo) that the boundary of W™ (P™*) converges in law to
(W (P)) in the space C(B4—1(0, L)). With L fixed, forall/ € [0, co) and A € [0, 00),
let E(L, I, 1) be the event that the heights of 3(¥™ (P™))) and 3(¥(P)) belong to
[—1, I] over the spatial region By_1(0, L). By Lemma 4.2, we have that P[E (L, [, A)¢]
decays exponentially fast in /, uniformly in A, and so it is enough to show, conditional
on E(L, 1, %), that 3(¥® (PM)) is close to (W (P)) in the space C(By_1(0, L)), A
large.

Recalling the definition of W™ (P®) at (3.4), we need to show, conditional on
E(L,1, 1), that the boundary of

U arti®nce. 1y

weP®NC(0,L)
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is close to the boundary of

U Mt (w) N C(, L)). (5.1

wePNC(0,L)
By Lemma 3.1, given w; := (v1, h1) € PP NC(0, L), it follows thaton E (L, I, 1)
the boundary of [T17 (w1)]*'NC(0, L) is within O (R;"") of the boundary of 1" (w;)N

C(0, L). The boundary of ¥® (P™) N C(0, L) is a.s. the finite union of graphs of
the above form and is thus a.s. within O (R, 1) of the boundary of

U a'wnco, L.

wePMNC(0,L)
It therefore suffices to show that the boundary of UwEP(A)ﬂc(O’L)(HT (w)NC(,L))
is close to the boundary of the set given at (5.1). However, we may couple P*) and

P on B;_1(0, L) x [—1, ] so that they coincide except on a set with probability less
than €, showing the desired closeness with probability at least 1 — €. O

5.2 Proof of expectation asymptotics (2.5)

For g € C(S? 1) and & € E we have

E[{gr,. Mi)] =/ 8 (i) E[E(x, Pl A¢ (x)dx. (5.2)
Rd R,

Since &(x, Py) 2 &(y,Py) as soon as |x| = |y|, we have
E&(x, P = E£(Jxlug, P) = B[P (0, ho), PV)]
where hg is defined by |x| = R, (1 — ho/R)%). Writing 4 = x/|x|, we have by

(3.16) dx = [R,(1 — ho/R%)]d_lR;ldhodod_l(u). Consequently, we see that
R;(d_l)E [{gr,, Mi)] transforms to

_ @ ) WY &
/ueSd‘l /h()E(oo,Ri] gud R% NE [g ((0’ ho). P )] b3 (u, o)

h _
(1— R—Z)" Ydhodog 1 (),
A

where ¢ : S¢~! x R — R is given by

5 (. o) = R(1_ 0 53
o (u, 0)-—E¢(u- 2 ( _R_f))' (5.3)
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By (3.17) we have for all u € S?~! that

s J2Tog A h?
o (u, ho) = —gexp(ho — —0)'

R;, 2R?

Thus there is ¢ € (0, co) such that for all 2y € R we have

sup sup ¢y (u, ho) < ce (5.4)
ueSd—1 1>3
and for all u € S9!
lim ;. (u, ho) = ™. (5.5)
A—00

By the continuity of g, Lemma 4.6 and the limit (5.5), we have for iy € (—o0, R%)
that the integrand inside the double integral converges to g (u)E [E (%) ((0, ho), P)] eho
as A — 00. Moreover, by (5.4) and the moment bounds of Lemma 4.4, the inte-
grand is dominated by the product of a polynomial in Ay and an exponentially
decaying function of hg. The dominated convergence theorem gives the claimed
result (2.5). O

5.3 Proof of variance asymptotics (2.6)

For g € C(S471), using the Mecke-Slivnyak formula (Corollary 3.2.3 in [23]), we
have

Var[(gr, . #5)1:= (W) + L), (5.6)
where
X 2
noyi= [ dg(a) E [0, P A (0dx
and

L) = / / ¢ (i) ¢ (i) [E&(x. P, U yEG, PrUx)
Rd JRd R, R;,
~E&(x, POEE(y, POIA G (3¢ (x)dydx.

We examine lim)_ o R;(dfl)ll (A) and lim; _, R;(dfl)lz()\) separately. As in
the proof of expectation asymptotics (2.5), we have

o0
lim R, ‘"o = / E £ ((0, ho), P)>e"0dhy / gw)idu. (5.7)
A—00 00 S§d—1
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Next consider lim; o0 R, (dfl)lz()n). For x € RY we write

h
x= uRA(l - R—g) (u, ho) € S x R, (5.8)

A

We now re-scale the integrand in I(A) as follows. Given u:=u, € S9! in the
definition of x, define T™ as in (1.5), but with uq there replaced by u. Write TM()")
to denote the dependency on u. Denoting by (0, i¢) and (v, h1) the images under
Tu()‘) (x) of x and y respectively, we notice that R, @D I, (M) is transformed as follows.

(1) The ‘covariance’ term [E&(x, Py U y)E(y, Py U x) — E&(x, PO)EE(y, Py)]
transforms to ¢£ (0, hp), (v1, h1)). By Lemma 4.7 we have uniformly in v| €
7™ (S and hg, by € R that

lim. EV((0, ho), (01, k1)) = E7 (0, ho), (v, ). (5.9)

(ii) The product g (Ri/\) g (RLA) becomes

h
fi.a(u, ho, v1, hy) :=g(u(1 — R—%))g(R;I[T;”]‘«vl, h))).

A

Using (1.5) and (5.8), we notice that [T ”]"!((v1, h1)) = R (1 - ﬂ)

expy_1 Ry "1 and consequently

lim R TP (w1, ) =
A—00

By continuity of g, we then have uniformly in v; € T,,(A) (Sd_l) and hg, h; € R
that

lim f1,(u, ho, vi, h1) = g(u)*. (5.10)
A— 00

(iii) The double integral over (x, y) € R? x R? transforms into a quadruple integral
over (u, hg, vy, hp) € S4-1 % (—o0, R)%] X T,,()‘)(Sd_l) X (—00, R/%].
(iv) By (3.18), the differential A¢ (y)dy transforms to

d—1
in?2(R " |u1|) v2Togk [ h h?
Sin” “(R, i) v2logh (1) A} hl_ﬁ dvidh;

1. d— 2 2
IR; "vi|d=2 Ry, R; )
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whereas R;(d”))nq& (x)dx transforms to

d—1
~ h
O ho)(l - R—Z) dhodog_i ().

A
Thus the product R;(d_l)ﬂ(ﬁ(y)gb(x)dydx transforms to
J2(, ho, vi, h)dog—1(w)dhodvidh,

where

faa(u, ho, vy, hy) =

d—1
sin?"2(R ! |u1]) 2Togx (1 hy )

R Twld2 R

2 d—1
2\ . ho
exp(h1 - W)Qb(u, ho) (1 - F) .
y A

As in the proof of Lemma 3.2 and by (5.5) we have uniformly inu € S*~!, v; €
7™ (S9! and ho, hy € R that

lim f5; (u, ho, v1, hy) = "0, (5.11)
A—>00

. —(d—1
We re-write R, ( )Iz(k) as

-] Lo | Fiu, ho, vr, h)dhydvidhodog 1 (),
ueSi—1 Jhoe(—o0,R2] J TV (§4-1) Jhye(—o0, R2]

where

®
Fi(u, ho, v1, h1) = f1;.(u, ho, vi, h)es (0, ho), (1, k1)) fo,1(u, ho, vi, ).

Combining the limits (5.9)—(5.11), it follows for all u € S?=1 hy,hi € R and
vy € T®(S?~1), that we have the pointwise convergence

. (c0)
Jim F G ho. 1, hy) = )¢5 (0, ho), (v1, hy))eoth,
By Lemma 4.8, (4.31) and (5.4), we get that
—1
| Fo.(u, ho, vi, h1)] < clhol|h1|¢ exp (7<eh°V° + M1v0) +ho+h1)

—1
: (eXP(T|Ul|2) + 1(Jv1] = 2max(lhol, Ihll))) :
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Using that there exists ¢/ > 0 such that %ehvo —h > %ehvo holds for all & € R, we
obtain that Fj (u, ho, v1, h1) is dominated by an exponentially decaying function of
all arguments and is therefore integrable. The dominated convergence theorem gives

lim R;(d‘”lz(,\):/ / / /
A—00 Sa-1 JRA-1 Jhge(—o00,00) J hie(—00,00)

g)2cE ™ (0, ho). (1, h)e™ M dhodhydvidog_y(w).  (5.12)

Combining (5.7) and (5.12) gives the claimed variance asymptotics (2.6). The
positivity of Fy 4 is established in [4], concluding the proof of (2.6). O

5.4 Proof of Corollary 1.1

Define £ (x, P) to be one if x € Ext(P), otherwise put &(x, P) = 0. Put

o= D EG PN Q6

x€Ext(P)NQ,

Note that E [card (Ext(PN Q)] = E [(1, u)]. Put Q; :=[FAl/@=D 1yl/(d=Dd—1
so that 0y = Q; x R. Writing generic points in RY~! x R as (v, k) we have

ATTE (L, )] =,\—1/~ /oo E&((v, h), PN Q;)e"dhdv.
Q;. J—o00

Put P, to be a Poisson point process on R~! x R with intensity Aedhdv. For any

X C R xR, letaX := {(av, h) : (v, h) € X). Thus PN Q; 2 A1/E@=DP, N 0]
and

’D _ ~
PN Q. — {0} =27 D AP N 1] — (v, 0))),
where v = A1/@=1y’ We thus obtain by translation invariance of &

AEL(L )] = /Q / E£((0, ho), V@D (B, 0 01] — {(vh, O} e dhodv),
1 J—00

. ~ ~ D
Notice that for all v(/) e 01 we have AV4=D(P, N 0] — {(v6, 0)}) — P as
A — 00. Also, the functional £ satisfies the spatial localization and moment conditions
of those functionals in 2 and consequently we have for all vy € 01

Jim B, ho), V(P50 Q1] = (w5, 01) = EIE(O, ho), P)].

Asin Lemma 4.4, we may show that E [£((0, ko), 21/“=D (PN Q11— {(v), 0)}))]eM0
is dominated by an exponentially decaying function of /¢, uniformly in A. Thus by
the dominated convergence theorem we get
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Anm ,\—11@[(1,m]=/ E [£((0, ho), P))]e™dhy. (5.13)

To prove variance asymptotics, we argue as follows. For all 4g € R, and (vy, h1) €
R?~! x R, we abuse notation and put

f((0, ho), (vi, h1), P N Q) :=E[£((0, ho), (PN Q) U {(v1, k1))
x&((v1, hy), (PN Q) UL(0, ho)})]
—E[(E(0, ho), PN OVIE[E((v1, h1), P 0 Qy)].

Then we have

A7 Var[(1, p)] / / [£((v. h), PN Q)] e"dhodvy
+ 27! // // & ((vo, ho), (1, k1), PN Q)" M dhodh dvidvg
05 J— 0y J—00

= [ [ s 0 011 (. 0] o
1

/Q / / S 1/d—1) / ¢ ((0, ho), (vi, k), 2=D (PN Q1] = (v, OD)
1 L U

M dhodhydvidv). (5.14)

The first integral in (5.14) converges to the limit (5.13). We show that the second
term in (5.14) converges. For all g, i1, v] and v(/) we have

lim ¢ ((0, ho), (vi, ), A 9D AP N 04— ((vh, 0)}))e

= c5((0, ho), (v1, h1), P)eoth,
where ¢f is defined as in (2.3). As in the proof of Lemma 4.8, we have that
(0, ko), (vi, h), AV (PL 0 Q1] — {(wp, ) h)el o

is dominated by an exponentially decaying function of hg, /1, and vy, uniformly in
A € [Ap, 00). Consequently, by the dominated convergence theorem, we obtain

Jim 2 Varl(1, )] = / E[£((0, ho), P)e"dho

o0 o0
+ / / / ¢ ((0, ho), (v1, hy), P)e" ™M dhodvidh .
—00 Rd*l —00

This concludes the proof of Corollary 1.1. O
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5.5 Proof of Theorem 1.5

Letus fix k € {1,...,d — 1}. We follow the same method and notation as on pages
54-55 in [9]. The key idea is to use Kubota’s formula (see (6.11) in [23]) which says
roughly that the kth intrinsic volume of K is, up to a multiplicative constant, equal
to the mean over the set G(d, k) of all k-dimensional linear subspaces of R4 of the
k-dimensional Lebesgue measure of the projection of K, onto L, denoted by K, |L.
In other words, we have

dlky
VilK;) = ——————— Vol (K |L)dvi (L), 5.15
k(K3) Keed — )leu /G(d’k) olk (Kx|L)dvr(L) (5.15)

where vy, is the normalized Haar measure on the kth Grassmannian G(d, k) of R4,

For every x € Rd\{O}, We consider now the function ¥ (x, K3) = 1(x € K, |L)
and the so-called projection avoidance functional

9 (x, Ky) = / 91 (x, K )dv™ (L)
G (lin[x],k)

where lin[x] is the one-dimensional linear space spanned by x, G (lin[x], k) is the set

of k-dimensional linear subspaces of R¢ containing lin[x] and v}(inlx] is the normalized

Haar measure on G(lin[x], k) (see (2.7) in [9]). Using (5.15) and Fubini’s theorem,
we rewrite the defect intrinsic volume of K as

d—l)

( - dx

Vi(Ba(0, Ry)) — Vi(Ky) = k—l/ [Pk (x, Kp) — Pic(x, B4 (0, Ry)) ] ———.
Kd—k JRd x|

In particular, we have the decomposition

Ve(Ba(0, Ry) = Ve(K3) = Ry 170 3" gy px, Py)

x€Py
where
d—1 d+1—k
v dy
Evi(x, Py)i=d 1 (i) / [k (v, K3) — 0 (v, Ba(0, Ry)] ™
Kd—k Jcone(x,P;) [yl
(5.16)

if x is extreme and &y  (x, P;) = 0 otherwise. The corresponding empirical measure
is
u = > ey, Pay.

xeP;,

In the same spirit as in the definition of the defect volume functional (see Definition
2.2), the scaling factor Rf+1_k is artificially inserted inside the integral in (5.16) in
order to use later the convergence (5.17). In view of the equality
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a, HSVk> Rerl*k[Vk(Bd(O, Ry)) — Vi(K)1,

we observe that it is enough to show that (2.5) and (2.6) are satisfied when & = &y ;.
We notice that the equalities (5.2) and (5.6) hold when £ is put to be &y ;. Let us
define

E1 w, PP = &y (TP ), Po). w e RY

Observe from the proof of Theorem 2.1 that it is enough to show the convergence up
to a multiplicative rescaling of each of the terms E Sm (w, P")H],E &y (A) (w, P*)2]

and CEV”‘ (w, w') where w, w’ € R4 , as well as bounds similar to those in Lemmas 4.4
and 4.8.
Let us show for instance the convergence of E&y () 2 (w, 77(")) w € W;. The local-

ization radius associated with é is the same as that for é . Moreover, a moment
bound similar to (4.16) can be obtalned when £ is replaced by E()‘) We need to

introduce now the scaling limit év k) (w, P) of é(}‘ (w, P™), i.e. the exact analogue
of (5.16) when Euclidean convex geometry is replaced by parabolic convex geometry
(see e.g. section 3 in [9]). For every w = (v, h) € R-! x R, we denote by w?
the set {v} x R and by u%ﬂ the normalized Haar measure on the set A(w?, k) of all
k-dimensional affine spaces in R¢ containing w®. For every affine space L containing
w?, we define the corresponding orthogonal paraboloid volume IT+[w; L] as the set

(w=@,")eRI1TxR:w—-w) L LK <h- M}. In other words,
[T [w; L] is the set of points of (w @ L) which are under the paraboloid surface
ATT (w) with apex at w. We put 9\° (w) = 1 when [+ [w; LINT® (K;) = @ and 0
otherwise. In particular, when L = w?, we have ﬁ;of)(w) =1(IT[w; L1 N & = 7).
Now for every w € RY, we define

oPw = [ o’ w.
Aw? k)

We finally define the limit score

(00) -
(w,P):=d
vk P

/ [0 (w') — 1(fw’ € R x R_})]dw’
Cyl(w)xR

if w € Ext(P) and f{;ﬁ)(w, P) = 0 otherwise. Denote by m; the measure |x|¥~?dx.
In the same spirit as Lemma 3.2, have as A — oo

TO R dmyy 25 Voly. (5.17)

As in the proof of Lemma 4.5, we may show via the continuous mapping theorem

that for every w € R?, we have the convergence in distribution E()‘) (w, PM) 3
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E‘(,(i)(w, P). We deduce from the moment bound the analog of Lemma 4.5 for

5‘(,)‘,)( In the spirit of Lemma 4.6, we finally show that lim;_, EE‘(,)”,)( (w, P(A)) =

E&7 (w, P).

Acknowledgments We thank an anonymous referee for remarks leading to an improved exposition. P.
Calka also thanks the Department of Mathematics at Lehigh University for its kind hospitality and support.

References

1. Affentranger, F.: The convex hull of random points with spherically symmetric distributions. Rend.
Sem. Mat. Univ. Politec. Torino 49, 359-383 (1991)
2. Affentranger, F., Schneider, R.: Random projections of regular simplices. Discrete Comp. Geom. 7,
219-226 (1992)
3. Albeverio, S., Molchanov, S., Surgailis, D.: Stratified structure of the Universe and Burgers’ equation—
a probabilistic approach. Probab. Theory Relat. Fields 100, 457-484 (1994)
4. Barany, 1., Vu, V.: Central limit theorems for Gaussian polytopes. Ann. Probab. 35, 1593-1621 (2007)
5. Baryshnikov, Y.: Supporting-points processes and some of their applications. Probab. Theory Relat.
Fields 117, 163-182 (2000)
6. Baryshnikov, Y., Vitale, R.: Regular simplices and Gaussian samples. Discrete Comp. Geom. 11,
141-147 (1994)
7. Billingsley, P.: Convergence of Probability Measures. Wiley, New York (1968)
8. Burgers, J.: The Nonlinear Diffusion Equation. Reidel, Dordrecht, Amsterdam (1974)
9. Calka, P., Schreiber, T., Yukich, J.E.: Brownian limits, local limits, and variance asymptotics for convex
hulls in the ball. Ann. Probab. 41, 50-108 (2013)
10. Calka, P., Yukich, J.E.: Variance asymptotics for random polytopes in smooth convex bodies. Prob.
Theory Relat. Fields 158, 435-463 (2014)
11. Carnal, H.: Die konvexe Hiille von n rotationssymmetrisch verteilten Punkten. Z. Wahrscheinlichkeit.
und verw. Gebiete 15, 168-176 (1970)
12. Eddy, W.E.: The distribution of the convex hull of a Gaussian sample. J. Appl. Probab. 17, 686—695
(1980)
13. Eddy, W.E,, Gale, J.D.: The convex hull of a spherically symmetric sample. Adv. Appl. Prob. 13,
751-763 (1981)
14. Geffroy, J.: Localisation asymptotique du polyedre d’appui d’un échantillon Laplacien a k dimensions.
Publ. Inst. Statist. Univ. Paris 10, 213-228 (1961)
15. Hueter, L.: Limit theorems for the convex hull of random points in higher dimensions. Trans. Am.
Math. Soc. 351, 4337-4363 (1994)
16. Hug, D., Reitzner, M.: Gaussian polytopes: variances and limit theorems. Adv. Appl. Probab. 37,
297-320 (2005)
17. Molchanov, S.A., Surgailis, D., Woyczynski, W.A.: Hyperbolic asymptotics in Burger’s turbulence
and extremal processes. Comm. Math. Phys. 168, 209-226 (1995)
18. Raynaud, H.: Sur I’enveloppe convexe des nuages de points aléatoires dans R\ T. Appl. Probab. 7,
35-48 (1970)
19. Reitzner, M.: Random Polytopes, New Perspectives in Stochastic Geometry. Oxford University Press,
Oxford (2010)
20. Rényi, A., Sulanke, R.: Uber die konvexe Hiille von n zuféllig gewihlten Punkten. Z. Wahrschein-
lichkeit. und verw. Gebiete 2, 75-84 (1963)
21. Rényi, A., Sulanke, R.: Uber die konvexe Hiille von n zufillig gewihlten Punkten. Z. Wahrschein-
lichkeit. und verw. Gebiete 3, 138—-147 (1964)
22. Resnick, S.: Extreme values, regular variation, and point processes. Springer, New York (1987)
23. Schneider, R., Weil, W.: Stochastic and Integral Geometry. Springer, Berlin (2008)
24. Schreiber, T., Yukich, J.E.: Variance asymptotics and central limit theorems for generalized growth
processes with applications to convex hulls and maximal points. Ann. Probab. 36, 363-396 (2008)
25. Weil, W., Wieacker, J.A.: Stochastic geometry. In: Gruber, P.M., Wills, J.M. (eds.) Handbook of Convex
Geometry, vol. B, pp. 1391-1438. North-Holland/Elsevier, Amsterdam (1993)

@ Springer



	Variance asymptotics and scaling limits for Gaussian polytopes
	Abstract
	1 Main results
	2 Parabolic germ-grain models and a general result
	2.1 Parabolic germ-grain models
	2.2 Empirical k-face and volume measures
	2.3 Scaling limit k-face and volume functionals
	2.4 Limit theory for empirical k-face and volume measures
	2.5 Further extensions

	3 Scaling transformations
	3.1 The re-scaled boundary of the convex hull under T(λ)
	3.2 The weak limit of T(λ)(¶λ)
	3.3 Re-scaled k-face and volume functionals

	4 Properties of re-scaled k-face and volume functionals
	4.1 Localization of ξ(λ) 
	4.2 Moment bounds for ξ(λ) , λin[λ0, infty]
	4.3 Scaling limits
	4.4 Two point correlation function for ξ(λ) 

	5 Proofs of main results
	5.1 Proof of Theorems 1.1 and 1.2
	5.2 Proof of expectation asymptotics (2.5)
	5.3 Proof of variance asymptotics (2.6)
	5.4 Proof of Corollary 1.1
	5.5 Proof of Theorem 1.5

	Acknowledgments
	References


