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Abstract

Let P be a simple, stationary, clustering point process on R? in the sense that
its correlation functions factorize up to an additive error decaying exponentially
fast with the separation distance. Let P, := P N W,, be its restriction to win-
dows W, := [— ”12/d, ”;/d]d C R%. We consider the statistic Hf := > wep, §(7,Pn)
where £(x,Py,) denotes a score function representing the interaction of z with

respect to P,,. When £ depends on local data in the sense that its radius of sta-
bilization has an exponential tail, we establish expectation asymptotics, variance
asymptotics, and central limit theorems for Hj and, more generally, for statistics
of the random measures p$ := > wep, §(T,Pn)d, —1/a,, as Wy, T R?. This gives the
limit theory for non-linear geometric statistics (such as clique counts, the number
of Morse critical points, intrinsic volumes of the Boolean model, and total edge
length of the k-nearest neighbor graph) of determinantal point processes having
fast decreasing kernels, including the 8-Ginibre ensembles, extending the Gaus-
sian fluctuation results of Soshnikov [68] to non-linear statistics. It also gives
the limit theory for geometric U-statistics of a-permanental point processes (for
1/a € N), a-determinantal point processes (for —1/a € N), as well as the zero set
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of Gaussian entire functions, extending the central limit theorems of Nazarov and
Sodin [51] and Shirai and Takahashi [67], which are also confined to linear statis-
tics. The proof of the central limit theorem relies on a factorial moment expansion
originating in [11, 12] to show clustering of mixed moments of £. Clustering ex-
tends the cumulant method to the setting of purely atomic random measures,
yielding the asymptotic normality of ,u%.
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permanental point process, Gaussian entire functions, Gibbs point process, U-
statistics, stabilization, difference operators, cumulants, central limit theorem.
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1 Introduction and main results

Functionals of large geometric structures on finite point sets X C R? often consist of
sums of spatially dependent terms admitting the representation

D &z, X), (1.1)
zeX
where the R-valued score function &, defined on pairs (z,X), x € X, represents the
interaction of x with respect to X, called the input. The sums (1.1) typically describe
a global geometric feature of a structure on X in terms of local contributions &(z, X).

It is frequently the case in stochastic geometry, statistical physics, and spatial statis-
tics that one seeks the large n limit behavior of ), &(x, &), where § is an appropri-
ately chosen score function and where X, is a point process on W, := [—1in!/? ipl/d)d,
For example if A&, is either a Poisson or binomial point process and if £ is either a
local U-statistic or an exponentially stabilizing score function, then the limit theory
for 3 cx &(x, &) is established in [7, 22, 37, 40, 56, 58, 61, 62]. If X, is a rarified
Gibbs point process on W,, and & is exponentially stabilizing, then [65, 69] treat the
limit theory for > ., &(7, &,).

It is natural to ask whether the limit theory of these papers extends to more general
input A, satisfying a notion of ‘asymptotic independence’ for point processes. Recall
that if £ = 1 and if A, is an a-determinantal point process on W, with & = —1/m or an
a-permanental point process on W,, with o = 2/m for some m in the set of positive inte-
gers N (respectively X, is the restriction of the zero set of a Gaussian entire function to
W,,), then remarkable results of Soshnikov [68], Shirai and Takahashi [67] (respectively
Nazarov and Sodin [51]), show that the counting statistic X, (W,,) := > ., &(x, A,,) is
asymptotically normal. One may wonder whether asymptotic normality still holds
when ¢ is either a local U-statistic or an exponentially stabilizing score function.
We answer these questions affirmatively. Loosely speaking, our approach shows that

> wex, §(x, &) is asymptotically normal whenever &), is a clustering point process.
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Heuristically, when the score functions depend on ‘local data’ and when the input
is ‘asymptotically independent’, one expects that the statistics > _, &(z, X)) obey a
strong law and a central limit theorem. The notion of dependency on ‘local data’ for
score functions is formalized via stabilization in [7, 22, 56, 58, 61] and here, adopting
the notion of ‘clustering’ point processes as it arises in statistical physics [41, 43, 51],
we formalize the notion of asymptotic independence in the setting of ). x, §(x, A).
Whereas mixing coefficients also formalize the notion of asymptotic independence [31]-
[33], we find that the notion of clustering point processes aptly facilitates the gen-
eralization of the limit theory of the afore-mentioned papers. A point process P on
R? is clustering if for all p,¢ € N and all z1,...,2,,, € R% its correlation functions
PP (zy, .. w0, factorize into p®P)(zy, ..., 2,)p D (2pi1, ..., Tpry) Up to an additive
error decaying exponentially fast with the separation distance

s:=d{x,...,xp}, {Tpr1,. .., X = inf Ti— T; 1.2
<{ 1 p} { p+1 p+q}> ie{l,...7p},je{p+l,,..,p+q}| J’ ( )

as at (1.7) below. Roughly speaking, a clustering point process exhibits asymptotic
independence at large distances. Examples of such point processes are given in Section
2.2. The terminology ‘clustering point process’ is perhaps not optimal, since, at least
from the point of view of spatial statistics, it suggests that points of P clump or aggre-
gate together, which is not necessarily the case. We have retained this terminology to
maintain consistency with existing definitions in statistical physics [41, 43, 51].

If P, := P NW,, where P is a simple, stationary, clustering point process on R?
and if £ is either a local U-statistic or an exponentially stabilizing score function, then
our main results establish expectation and variance asymptotics, as well as central limit
theorems for the (signed) random measures

s = (2, Pa)by-1sy, (1.3)
TEP,
as well as for their total mass given by the non-linear statistics
HS = HS(P) ==Y &(x,Pn) (1.4)
mGPn

as n — 0o. Here 0, is the point mass at x. As shown in Theorems 1.11-1.14 this yields
the limit theory for general non-linear statistics of determinantal and permanental point
processes, the point process given by the zero set of a Gaussian entire function, as well
as rarified Gibbsian input.

The benefit of the general approach taken here is three-fold: (i) we establish the
asymptotic normality of the non-linear statistics u$, with P either an a-permanental
point process (with 1/a € N), an a-determinantal point process (with —1/«a € N), or
the zero set of a Gaussian entire function, thereby extending the work of Soshnikov [68],
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Shirai and Takahashi [67], and Nazarov and Sodin [51], who restrict to linear statistics,
(ii) we extend the limit theory of [7, 40, 56, 58, 61], which is confined to Poisson and
binomial input, to clustering point processes and (iii) we apply our general results to
deduce asymptotic normality and variance asymptotics for statistics of simplicial com-
plexes and germ-grain models, clique counts, Morse critical points, as well of statistics
of random graphs on clustering input on expanding windows W,,,n — oo (Section 2.3).
Given clustering input P, an interesting feature of the measures ué is that their
variances are at most of order Vol(W,,), the volume of the window W, (Theorem 1.11).
This holds also for the statistic [:Ifl = > sep, §(x,P), which involves summands having
no boundary effects. An interesting feature of this statistic is that if its variance is
o(Vol(W,,)) then it has to be O(Voly_1(0W,,)), where OW,, denotes the boundary of I,
and Vol,_1(.) stands for the (d — 1)th intrinsic volume (Theorem 1.14). In other words,
if the fluctuations of H¢ are not of volume order, then they are at most of surface order.
Our interest in these issues was stimulated by similarities in the methods of [41],
[6, 7, 65] and [51]. These papers all use clustering of mixed moments of score func-
tions (see (1.5) and (1.17)) and the classical cumulant method. The articles [7, 65]
prove central limit theorems for stabilizing functionals of Poisson and rarified Gibbsian
point processes, respectively, while [51] proves central limit theorems for linear statistics
> _zep, §() of clustering point processes. This paper unifies and extends the results of
[6, 7, 51, 65] to more general input. The earlier work of [43] is not only a precursor to
our paper, but has also stimulated our investigation of variance asymptotics. The idea
of using clustering to show asymptotic normality via cumulants goes back to [41].
Coming back to our set-up, when a functional H5(P) is expressible as a sum of local
U-statistics or, more generally, as a sum of exponentially stabilizing score functions &,
then a key step towards proving the central limit theorem is to show that the mixed

moments, defined via Palm expectations E,, (cf Section 1.1) and given by

mErbord) (o) en) = By o (E(on, Po)* (@ gy Po) ) pP D (2, )
(1.5)

approximately factorize into m(kl""’kp)(ml, N n)m(kp+1""’kp+q)(xp+1, ey Tpigi M), UP

to an additive error decaying exponentially fast with s := d({z1, ..., 2, }, {Zpt1, .- -, Tpig})-

Here x4, ..., 2y, are distinct points in W, and k4, ..., k,44 € N. This result, spelled out
in Theorem 1.10, is at the heart of our approach. We then give two proofs of the cen-
tral limit theorem (Theorem 1.12) for purely atomic random measures via the cumulant
method and as a corollary derive the asymptotic normality of HS(P) and [fdus, f a
test function, as n — o0o. The proof of expectation and variance asymptotics (Theorem
1.11) mainly relies upon the refined Campbell theorem.

In contrast to the afore-mentioned works, our approach to clustering of mixed mo-
ments depends heavily on a factorial moment expansion for expected values of func-
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tionals of a general point process P. This expansion, which originates in [11, 12], is
expressed in terms of iterated difference operators of the considered functional on the
null configuration of points and integrated against factorial moment measures of the
point process. It is valid for general point processes, in contrast to the Fock space
representation of Poisson functionals, which involves the same difference operators but
is deeply related to chaos expansions [38]. Further connections with the literature are
discussed in the remarks after Theorems 1.13 and 1.14.

Having described the goals and context of this paper, we now describe more precisely
the assumptions on allowable score and input pairs (£, P) as well as our main results.
The generality of allowable pairs (£, P) considered here necessitates several definitions
which go as follows.

1.1 Admissible clustering point processes

Throughout P C R? denotes a simple point process. By a simple point process we
mean a random element taking values in N, the space of locally finite simple point sets
in R? (or equivalently Radon counting measures p such that u({z}) € {0,1} for all
r € R?) and equipped with the canonical o-algebra B. Given a simple point process P
we interchangeably use the following representations of P :

P() = 25&(') (random measure); P := {X;};>1 (random set),

where X;,i > 1, are R%-valued random variables (given a measurable numbering of
points, which is irrelevant for the results presented in this paper). Points of R¢ are
denoted by z or y whereas points of R¥*~1) are denoted by x or y. We let 0 denote a
point at the origin of R?.

For a bounded function f on R? and a measure u, let u(f) := (f, u) denote the
integral of f with respect to u. For a bounded set B C RY we let u(B) = p(lp) =
card(pu N B), with p in the last expression interpreted as the set of its atoms.

For a simple Radon counting measure p and k € N, the kth factorial power is
(k) . {Zdistinctxl,...,xkeu 5(x1,...,xk) when H’(Rd) 2 k’

pn =
0 otherwise.

Note that x® is a Radon counting measure on (R%)*. Consistently, for a set X C R,
we denote X = {(zy,...,2;) € RY* : 2, € X, 2, # x; for i # j}. The kth
order factorial moment measure of the (simple) point process P is defined as a®)(-) :=
E(P®(-)) on (RY)* ie., a¥)(-) is the intensity measure of the point process P*)(.).
Its Radon-Nikodyn density p®(zy, ..., 2;) (provided it exists) is the k-point correlation
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function and is characterized by the relation

a®) (B x -+ x By) = E( I] P(B,-)) :/ p®) (21, o p) A . da,

IS’LSIC B1><~~~><Bk

where By, ..., B, are mutually disjoint bounded Borel sets in R?. Since P is simple, we
may put p*) to be zero on the diagonals of (R?)*, that is on the subsets of (R%)* where
two or more coordinates coincide.

Heuristically, the kth Palm measure P, ., of P is the probability distribution of
P conditioned on {z,...,2;} C P. More formally, if a¥) is locally finite, there exists
a family of probability distributions P,, ., on (N,B), unique up to an a®_null set of
(R4)% called the kth Palm measures of P, and satisfying the disintegration formula

E( Zf(xl,...,xk;P)> :/de/Nf(xl,...,xk;u) Py, .. (dp) ™ (day, .. day,)

(21, ) EPK)

(1.6)
for any (say non-negative) measurable function f on (R?)* x A. Formula (1.6) is also
known as the refined Campbell theorem.

To simplify notation, write [, f(21,. .., Zk; 1) Pey,.oap (dpt) = By o (f (21, ... 215 P)),
where E,, ., is the expectation corresponding to the Palm probability P,, . on a
canonical probability space on which P is defined. To further simplify notation, de-
note by IP’;“_.M the reduced Palm probabilities and their expectation by E!an,...,wk’ which
satisfies BL o (f(21,. .., 215 P)) = By oo (f (1, 2y P\ {zn, - 2 })) L

All Palm probabilities (expectations) are meaningfully defined only for o*) almost
all z1,...,2, € R% Consequently, all expressions involving these measures should
be understood in the o'® a.e. sense. Similarly the considered suprema should be
understood as essential suprema with respect to o).

The following definition is reminiscent of the so-called weak exponential decrease of
correlations introduced in [41] and subsequently used in [43, 51].

Definition 1.1 (Clustering of correlation functions). The correlation functions of the
point process P are said to cluster if there exists a fast decreasing clustering function
¢ :RY = Rt (ie., ¢ <1, ¢ decreasing, and lim, o, x™P(x) = 0 for all m > 1) such
that for all k € N there are strictly positive clustering constants ¢, and Cy, such that for
all p,q € N and all (zy,...,7,1,) € RUPTD we have

|/0(p+q) (T1,- - ’xp'i'Q) - p(p) (z1,. .. ,:Ep)p(q) (xp—kl» e axp+q)| < Cp+q¢(cp+q3)a (1.7)

where s = d({x1,. .., 2p} {Tps1,- .. Tpirq}) is as at (1.2). Without loss of generality,
we assume that ci is non-increasing in k, and that Cy is finite and non-decreasing in k.

! Tt can be shown that P,, ., (1,...,75 € P) =1 for a'®) ae. zy,...,2;, € R%

7
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Definition 1.2 (Admissible clustering point process). By an admissible point process P
onR% d > 2, we mean that P is simple, stationary (i.e., P+x <p for all x € R?, where
P + = denotes the translation of P by the vector x), with non-null and finite intensity
pM(0) = E(P(W1)), and has k-point correlation functions of all orders k € N. If its
correlation functions cluster as in Definition 1.1, then P is an admissible clustering
point process.

Admissible clustering point processes are ubiquitous and include certain determinan-
tal, permanental, and Gibbs point processes, as explained in Section 2.2. The k-point
correlation functions of an admissible clustering point process are bounded i.e.,

sup  p"(xy, ..., 1) < Kp < 00, (1.8)
(11,...,xk)€de
for some constants ki, which without loss of generality are non-decreasing in k. For
stationary P with intensity p™)(0) € (0, 00) we have that (1.7) implies (1.8) with

ki < pM(0) Y Ci < (k= 1)pM(0)C. (1.9)

=2

1.2 Admissible score functions

Throughout we restrict to translation-invariant score functions & : R? x N' — R, i.e.,
those which are measurable in each coordinate, {(z, X) =0if x ¢ X € N, and for all
y € RY satisfy £(- +y,- +y) = £(-, ).

We introduce classes (Al) and (A2) of admissible score and input pairs (&,P).
Specific examples of admissible input pairs of both the classes are provided in Sections
2.2 and 2.3. The first class allows for admissible input P as in Definition 1.2 whereas
the second considers admissible input P satisfying clustering (1.7), subject to ¢, = 1
and growth conditions on the clustering constants C and the clustering function ¢.

Definition 1.3 (Class (A1) of admissible score and input pairs (£, P)). Admissible input
P consists of admissible clustering point processes as in Definition 1.2. Admissible score
functions are of the form

1
f(l’, X) = E Z h(l‘,X), (11())
xcXx(k=1)
for some k € N and a symmetric, translation-invariant function h : R? x (R — R
such that h(zx,...,x) = 0 whenever either maxao<;<y |v; —x1| > r for some given r > 0
or when x; = x; for some i # j. When k =1, we set £(z, X) = h(z). Further, assume

Ihlla = sup [h(0,%)] < ox.

xcRd(k—1)
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The interaction range for h is at most r, showing that the functionals HS defined
at (1.4) generated via scores (1.10) are local U-statistics of order k as in [62]. Before
introducing a more general class of score functions, we recall [7, 40, 56, 58, 61] a few
definitions formalizing the notion of the local dependence of £ on its input. Let B,(x) :=
{y : ly — x| < r} denote the ball of radius r centered at x, and BS(x) its complement.

Definition 1.4 (Radius of stabilization). Given a score function &, input X, andx € X,
define the radius of stabilization R¢(x, X) to be the smallest r € N such that

{(z, X N B(z)) =&(z, (XN B, (x)) U (AN B (x)))
for all A C R? locally finite. If no such finite r exists, we set R*(z, X) = oo.

If € is a translation invariant score function then so is R®(x,X). Score func-
tions (1.10) of class (A1) have radius of stabilization upper-bounded by r.

Definition 1.5 (Stabilizing score function). We say that £ is stabilizing on P if for all
[ € N there are constants a; > 0, such that

sup  sup Py (RE(21,Pn) > t) < plat) (1.11)

1<n<oco aflr--vxlewn

with o(t) 4 0 as t — oo. Without loss of generality the a; are non-increasing in | and
0 < ¢ <1 In (1.11) and elsewhere, we adopt the convention that W, = R¢ and
Py :=P. The second sup in (1.11) is understood as esssup with respect to oV,

Definition 1.6 (Exponentially stabilizing score function). We say that £ is exponen-
tially stabilizing on P if € is stabilizing on P as in Definition 1.5 with ¢ satisfying

1
1iminf%f(t) <0 (1.12)

t—o00

for some ¢ € (0,00).
We define a general class of score functions exponentially stabilizing on their input.

Definition 1.7 (Class (A2) of admissible score and input pairs (£, P)). Admissible input
P consists of admissible clustering point processes as in Definition 1.2 with clustering
constants satisfying ¢, = 1,

Cr = O(K"%), (1.13)
for some a € [0,1) and the clustering function ¢ satisfying the growth condition
1
liminf 2220 _ (1.14)
t—o0 1

for some constant b € (0,00). Admissible score functions & for this class are exponen-
tially stabilizing on the input P and satisfy a power growth condition, namely there

9
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exists ¢ € [1,00) such that for all r € (0, 00)
|£(z, X N By (z))|1[card(X N B.(z)) = n] < (¢ max(r,1))". (1.15)

The condition ¢, = 1 is equivalent to ¢, := inf¢, > 0. This follows since we
may replace the fast decreasing function ¢(.) by ¢(c, x -), with ¢, = 1 for this new
fast decreasing function. Score functions of class (A1) also satisfy the power growth
condition (1.15) since in this case the left hand side of (1.15) is at most ||h||on*~Y /k.
Thus the generalization from (A1) to (A2) consists in replacing local U-statistics by
exponentially stabilizing score functions satisfying the power growth condition. This
is done at the price of imposing stronger conditions on the input process, requiring in
particular that it has finite exponential moments, as explained in Section 2.1.

1.3 Strong clustering of mixed moments

The following p-moment condition involves the score function £ and the input P. We
shall describe in Section 2.1 ways to control the p-moments of input pairs of class (A1)
and (A2).

Definition 1.8 (Moment condition). Given p € [1,00), say that the pair (£, P) satisfies
the p-moment condition if
sup  sup sup B, ., max{|&(z1,Py)|, 1} < M, < oo (1.16)
1<n<o0 1<p/'<|p] #1,-,%p EWn g
for some constant Mp = Mg, where sup signifies esssup with respect to a® . Without
loss of generality we assume that M, is increasing in p for all p such that (1.16) holds.

Recall the generalized mixed moments m®*tk)(z, ... z,:n) as defined in (1.5).
When k; = 1forall 1 <i < p, we write m,) (1, ..., 2,; n) instead of mD (2 ).
Abbreviate m®1ke) (z) .z 00) by m®Frke) (g o x)). These generalized mixed
moments exist whenever (1.16) is satisfied for p set to k; + ... + k, and provided the
p-point correlation function p® exists.

Definition 1.9 (Strong clustering of mixed moments). Say that the mized moments
for & strongly cluster if there exists a fast decreasing function ¢ and clustering constants
Cr < 00, & < 00,k € N such that for alln € NU {0}, p,q € N and any collection of
positive integers ki, . .., kyq, we have

m(kl""’kp+q)(x17 . ,-Terq; n)_
o) (g ) mtree ke (g ’xp”;n)‘ < Culecs), (117

where K =370k and s .= d({a1,. .., 2}, {Tpt1, - - o Tpig))-

10
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Our first theorem shows that strong clustering of generalized mixed moments holds
for a wide class of score functions and input. This key result forms the starting point
of our approach. We shall remark further on this result after Theorem 1.13.

Theorem 1.10. Let (§,P) be an admissible score and input pair of class (A1) or (A2)
such that the p-moment condition (1.16) holds for all p € (1,00). Then the mized
moment functions for £ strongly cluster as at (1.17).

We prove this theorem in Section 3, where it is also shown that it subsumes more
specialized clustering results of [7, 65].

1.4 Main results

We give the limit theory for the measures pé,n > 1, and the non-linear statistics
H5(.),n > 1, defined at (1.3) and (1.4), respectively. Given a score function £ on
admissible input P we set 2

a*(€) = Eo&*(0,P)p"(0) +/ (m2)(0, ) — m(1y(0)?) . (1.18)

R4
The following result provides expectation and variance asymptotics for ué(f), with f
belonging to the space B(WW;) of bounded measurable functions on W.

Theorem 1.11. Let P be an admissible point process on R,
(i) If & satisfies exponential stabilization (1.12) and the p-moment condition (1.16) for
some p € (1,00) then for all f € B(W)

DB (f) — Eof (0, P)p™ (0) W}f(m>dx\::cxanu> (1.19)

If € only satisfies stabilization (1.11) and the p-moment condition (1.16) for some p €
(1,00), then the right hand side of (1.19) is o(1).

(i) Assume that the second correlation function p® of P ewists and is bounded as
in (1.8), that & satisfies (1.11), and that (&, P) satisfies the p-moment condition (1.16)
for some p € (2,00). If the second mized moment m™Y for & strongly clusters, i.e.

satisfies (1.17) withp =q =k = ko = 1 and all n € NU {0}, then for all f € B(W)

lim n ' Varus (f) = o%(¢) (z)?dz € [0, 00), (1.20)

n—oo Wl

whereas for all f,g € B(W7)

lim 0" Cov(i&,(f), 15 (9)) = 0*(€) [ f(w)g(x)da. (1.21)

n—o0 Wl

2For a stationary point process P, its Palm expectation Eo (and consequently m(1)(0),
m(2)(0, r)dx) is meaningfully defined e.g. via the Palm-Matthes approach.
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We remark that (1.19) and (1.20) together show convergence in probability

nUE(f) 5 Eet(0,P)p)(0) | f@)de

as n — Q.

The proof of variance asymptotics (1.20) requires strong clustering of the second
mixed moment. Strong clustering of all mixed moments yields Gaussian fluctuations
of the purely atomic random measure z under moment conditions on the atom sizes
(i.e. under moment conditions on £) and a variance lower bound. Let N(0,0?) de-
note a mean zero normal random variable with variance o2. Following Knuth’s def-
inition, in what follows we write f(n) = Q(g(n)) when g(n) = O(f(n)); i.e., when
liminf, . |f(n)/g(n)| > 0.

Theorem 1.12. Let P be an admissible point process on RY and let the pair (€,P)
satisfy the p-moment condition (1.16) for all p € [1,00). If the mized moments for £
strongly cluster as at (1.17) and if f € B(W) satisfies

Varus (f) = Q(n”) (1.22)

for some v € [0,00), then as n — oo

p5(f) — Epg (f) 2, N0, 1), (1.23)
Varys(f)

Combining Theorem 1.10 and Theorem 1.12 yields the following theorem, which is
well-suited for off-the-shelf use in applications, as seen in Section 2.3.

Theorem 1.13. Let (§,P) be an admissible pair of class (A1) or (A2) such that the
p-moment condition (1.16) holds for all p € (1,00). If f € B(W)) satisfies condition
(1.22) for some v € (0,00), then u&(f) is asymptotically normal as in (1.23), asn — oo.

Theorems 1.11 and 1.12 are proved in Section 4. We next compare our results with
those in the literature. Definitions of point processes mentioned below are in Section
2.2.

Remarks:

(i) Theorem 1.11. In the case of Poisson and binomial input P, the limits (1.19) and
(1.20) are shown in [60] and [7, 56|, respectively. In the case of Gibbsian input, the
limits (1.19) and (1.20) are established in [65]. Theorem 1.11 shows these limits hold
for general stationary input. For general stationary input, the paper [70] gives a weaker
version of Theorem 1.11 for specific £ and for f = 1[x € W;]. In full generality, the
convergence rate (1.19) is new for any point process P.

12
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(ii) Theorems 1.12 and 1.13. Under condition (1.22),Theorems 1.12 and 1.13 provide a
central limit theorem for non-linear statistics of either determinantal and permanental
input with a fast-decaying kernel as at (2.7), the zero set Pgpr of a Gaussian entire
function, or rarified Gibbsian input. When & = 1, then pé(f) reduces to the linear
statistic ) . f(x). These theorems extend the central limit theorem for linear statis-
tics of Pgrr as established in [51]. In the case that the input is determinantal with
a fast decaying kernel as at (2.7), then Theorems 1.12 and 1.13 also extend the main
result of Soshnikov [68], whose pathbreaking paper gives a central limit theorem for
linear statistics for any determinantal input, provided the variance grows as least as
fast as a power of the expectation. The generality of the score functionals considered
here necessitates assumptions on the determinantal kernel which are more restrictive
than those required by [68]. Proposition 5.7 of [67] shows central limit theorems for
linear statistics of a-determinantal point processes with a = —1/m or a-permanental
point processes with o = 2/m for some m € N. Theorems 1.12 and 1.13 extend these
results in the case |o| = 1/m.

(iii) Variance lower bounds. To prove asymptotic normality it is customary to require
variance lower bounds as at (1.22); [51] and [68] both require assumptions of this kind.
Showing condition (1.22) is a separate problem and it fails in general; recall that the
variance of the point count of some determinantal point processes, including the GUE
point process, grows at most logarithmically. This phenomena is especially pronounced
in dimensions d = 1,2. On the other hand, if £ = 1, and if the kernel K for a deter-
minantal point process satisfies [, |K(0,z)|*dz < K(0,0) = p(!)(0), then recalling the
definition of 62(¢) at (1.18), we have 0%(¢) = 0*(1) = pV(0) — [ |K(0,z)[*dz > 0. In
the case of rarified Gibbsian input, the bound (1.22) holds with v = 1, as shown in of
[69, Theorem 1.1]. Theorem 1.13 allows for surface-order variance growth, which arises
for linear statistics ) ., &(7) of determinantal point processes; see [24, (4.15)].

(iv) Poisson, binomial, and Gibbs input. When P is Poisson or binomial input and when
¢ is a functional which stabilizes exponentially fast as at (1.12), then zf is asymptotically
normal (1.23) under moment conditions on ; see the survey [72]. When P is a rarified
Gibbs point process with ‘ancestor clans’ which decay exponentially fast, and when &
is an exponentially stabilizing functional, then pé satisfies normal convergence (1.23)
as established in [65, 69].

(v) Mizing and clustering. Central limit theorems for geometric functionals of mixing
point processes (random fields) are established in [3, 15, 31, 33, 32]. The geometric
functionals considered in these papers are different than the ones considered here; fur-
thermore the relation between the mixing conditions (in these papers) and clustering
(1.7) is unclear. Though correlation functions are simpler than mixing coefficients,

13
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which depend on o-algebras generated by the point processes, our decay rates appear
more restrictive than those needed in [3, 15, 31, 33, 32].

(vi) Multivariate central limit theorem. We may prove a multivariate central limit the-
orem via Theorems 1.11 and 1.13 and the Cramér-Wold device. This goes as fol-
lows. Let (§,P) be a pair satisfying the hypotheses of Theorems 1.11 and 1.13. If
fi € Bo(W1),1 <i < k, satisfy the variance limit (1.20) with 02(¢) > 0, then as n — oo
the fidis

p5(f1) — Eps () 16, (fe) — Bges, (fie)
Tn ey NG
converge to the fidis of a mean zero Gaussian field having covariance kernel f, g >

a*(€) le f(z)g(z)dx.

(vii) Deterministic radius of stabilization. It may be shown that our main results go
through without the condition (1.14) if the radius of stabilization R¢(z, P) is bounded by
a non-random (deterministic) constant, and if (1.13) and (1.15) are satisfied. However
we are unable to find any interesting examples of point processes satisfying (1.7) but
not (1.14).

(viii) Clustering of mized moments; Theorem 1.10. Though the cumulant method is
common to [7, 65, 51] and this article, a distinguishing and novel feature of our approach
is the proof of strong clustering of mixed moment functions for a wide class of functionals
and point processes. As mentioned in the introduction, the proof of this result is via
factorial moment expansions, which differs from the approach of [7, 65, 51] (see the
discussion at the beginning of Section 3). Strong clustering (1.17) appears to be of
independent interest. It features in the proofs of moderate deviation principles and laws
of the iterated logarithms for stabilizing functionals of Poisson point process, see [5], [21].
Strong clustering (1.17) yields cumulant bounds, useful in establishing concentration
inequalities as well as moderate deviations, as explained in [27, Lemma 4.2].

(ix) Normal approximation. Difference operators (which appear in our factorial moment
expansions) are also a key tool in the Malliavin-Stein method [52, 53]. This method has
been highly successful in obtaining presumably ‘optimal’ rates of normal convergence
for various statistics (including those considered in Section 2.3) in stochastic geometric
problems [37, 40, 62]. However, these methods currently apply only to functionals de-
fined on Poisson and binomial point processes. It is an open question whether a refined
use of these methods would yield rates of convergence in our central limit theorems.

(x) Cumulant bounds. Our approach shows that the kth order cumulants for (f, )
grow at most linearly in n for k > 1. Thus, under ssumption (1.22), the cumulant C*
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for (Var(f, u&))~Y2(f, &) satisfies C* < D(k)n'=*/2) with D(k) depending only on k.
For k = 3,4, ... and v > 2/3, we have C* < D(k)/(A(n))*~2, where A(n) := nBv=2/2,
When D(k) satisfies D(k) < (k!)'™, v a constant, then we obtain the Berry-Esseen
bound (cf. [27, Lemma 4.2])

sup P ,U’%(f) - E,Uq&z(f) <t| - ]P(N(O, 1) < If) _ O(A(n)_l/(l—ﬂ’n)'
< Vargii(f)

Determining conditions on input pairs (£, P) insuring the bounds v > 2/3 and D(k) <
(k) v a constant, is beyond the scope of this paper. When P is Poisson input, this
issue is addressed by [21].

We next consider the case when the fluctuations of HS(P) are not of volume order,
that is to say 02(¢) = 0. Though this may appear to be a degenerate condition,
interesting examples involving determinantal point processes or zeros of GEF in fact
satisfy 0%(1) = 0. Such point processes are termed ‘super-homogeneous point processes’
[51, Remark 5.1]. Put

HY(P) =Y &z, P). (1.24)
2€Pn

The summands in HS(P), in contrast to those appearing in H$(P), are not sensitive
to boundary effects. We shall show that under volume order scaling the asymptotic
variance of HE(P) also equals 02(€). However, when 02(€) = 0 we derive surface order
variance asymptotics for ]:IS(P) Though a similar result should plausibly hold for
HS(P), a proof seems beyond the scope of the current paper. For y € RY and W C RY,
put

yw(y) == Vol(W N (RT\ W —y)) (1.25)

and

. Ywa ()
(y) = lim o=

For a proof of existence of the function v, see [43, Lemma 1(a)].

Theorem 1.14. Under the assumptions of Theorem 1.11(ii) suppose also that the pair
(&,P) exponentially stabilizes as in (1.12). Then
lim n~'VarHS(P) = o2(¢). (1.26)
n—oo

If moreover a%(£) = 0 in (1.20) then

. VarHS(P
tim YD 26 = [ (O - my @)@ € 0,00). (120
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Remarks:
(i) Checking positivity of 0%(£,v) > 0 is not always straightforward, though we note
if ¢ has the form (1.10), then the disintegration formula (1.6) yields

2 _ 1 T
A6 = X Lo

h(0,y,z)h(z,x,z)

(Br(0)NBy(2))I x By (0)k—i—1x By (z)k—i—1
pM(0,y,2)p" (z,x,2) — p(Zk’j)(O,y,z,x,x)] dzdydx) dz. (1.28)

—

(ii) Theorem 1.11 and Theorem 1.14 extend [43, Propositions 1 and 2], which are valid
only for £ = 1, to general functionals. If an admissible pair (£, P) of type (Al) or (A2)
is such that HS(P) does not have volume-order variance growth, then Theorems 1.11
and 1.14 show that f]fl(P) has at most surface-order variance growth.

2 Examples and applications

Before providing examples and applications of our general results, we briefly discuss
the moment assumptions involved in our main theorems.

2.1 Moments of clustering point processes

We say that P has exponential moments if for all bounded Borel B C R? and all t € R*
we have

E[t"P)] < cc. (2.1)
Similarly, say that P has all moments if for all bounded Borel B C R? and all k¥ € N,
we have

E[P(B)"] < . (2.2)

Remarks:

(i) The point process P has exponential moments whenever Y oo | rt*/k! < oo for all
t € R* with sy as in (1.8) (cf. the expansion of the probability generating function of
a random variable in terms of factorial moments [17, Proposition 5.2.111.]). By (1.9) an
admissible clustering point process has exponential moments provided

= Otk
k!

< oo, teR". (2.3)
k=1
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Note that input of type (A2) has exponential moments since by (1.13), we have Cj =
O(k™),a € [0,1), making (2.3) summable. For pairs (£, P) of type (A2) with radius of
stabilization bounded by r¢ € [1,00), by (1.15) the p-moment in (1.16) is consequently
controlled by a finite exponential moment, i.e.,

sup  sup sup By, o, max{|{(21, Pn)l, 1}
1<n<oo 1<p'<|p] @152 EWn

< By, (max{érg, 1}7PPro)), (2.4)

Finally, if P has exponential moments under its stationary probability PP, the same is

true under P, .. for o almost all 2, ..., 2. 3

(ii) For pairs (£, P) of type (A1), the p-moment (1.16) satisfies

sup  sup sup E:m,...,wp/ max{|£(:€1, 77“)], 1}p

1<n<oo 1<p/'< ij L1yt eWy,
Il i
< (=Yg, (P, 23

We next show that (2.5) may be controlled by moments of Poisson random variables.

From the definition of factorial moment measures, we have for any Borel subset B
that a®)(B) < k;Vol(B) where Vol(.) denotes the Lebesgue volume of a set. Since
moments may be expressed as a linear combination of factorial moments, for £ € N and
a bounded Borel subset B C R¢ we have

E[(P(B))¥] = i {"f } Z { }v01 = kE(Po(Vol(B))F),  (2.6)

=0 \J

where {I; } stand for the Stirling numbers of the second kind, Po(\) denotes a Poisson
random variable with mean A and where &;’s are non-decreasing in j. Thus by (1.9), an
admissible clustering point process has all moments, as in (2.2). If P has all moments
under its stationary probability P, the same is true under P,, ., for a®) almost all
x1,...,7 (by the same arguments as in Footnote 3).

2.2 Examples of clustering point processes

The notion of a stabilizing functional is well established in the stochastic geometry
literature but since the notion of clustering is less well studied, we shall first convince

T1 e h [pP(BT(Il))] = oo for z1,...,z, € B’ for some bounded B’ € R? such that
aF)(B*) > O then E,, .. [pFP B0 <E,, . zk[pp(B;)] = oo with B. = B @ B,.(0) = {¢/ + vy :
y' € B',y € B,(0)} the r-parallel set of B’. Integrating with respect to a*) in B’*, by the Campbell

formula E[(P(B.))*pP(Br)] = oo, which contradicts the existence of exponential moments under P.
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the reader that there are many interesting examples of admissible clustering point
processes. For more details on the first five examples, we refer to [9].

2.2.1 Class Al input

Permanental input. The point process P is permanental if its correlation functions
are defined by p® (z, ..., z) 1= per(K (v, 7;))1<ij<k, Where the permanent of an n x n
matrix M is per(M) = ¢
the first n integers and K(-,-) is the Hermitian kernel of a locally trace class integral
operator K : L*(R?) — L*(R%) [9, Assumption 4.2.3]. A kernel K is fast-decreasing if

I3 M; ), with S, denoting the permutation group of

|K('T7y)| Sw(lx_yl)v az,yeRd, (27)

for some fast decreasing w : Rt — R*. Lemma 5.5 in Section 5 shows that if a
stationary permanental point process has a fast-decreasing kernel as at (2.7), then
it is an admissible clustering point process with clustering function ¢ = w and with
clustering constants satistying

Cy i= kEK||* e = 1, (2.8)

where ||K|| := sup,, |K(z,y)| and we can choose r; = k!||K|/*. However, a trace
class permanental point process in general does not have exponential moments, i.e., the
right-hand side of (2.1) might be infinite for some bounded B and p large enough. *

A useful property of the permanental point process with kernel K is that it can
be represented as a Cox point process (see Section 2.2.3) with intensity field A(z) :=
Z1(2)? + Zo(x)? where 7y, Z, are i.i.d. Gaussian random fields with zero mean and
covariance function K/2 [67, Thm 6.13]. Thus mean zero Gaussian random fields with
a fast decaying covariance function K /2 yield a fast decaying clustering permanental
(Cox) point process with kernel K.

a-Permanental point processes. See [9, Section 4.10], [44], and [67] for more details
on this class of point processes which generalize permanental point processes. Given
a > 0 and a kernel K which is Hermitian, non-negative definite and locally trace class,
a point process P is said to be a-permanental ® if its correlation functions satisfy

k
p(k)(‘rh s 7xl€) = Z Oék_y(ﬂ—) H K(Ila xﬂ'(l)) (29)
i=1

TES

4This is because, the number of points of a (trace-class) permanental p.p. in a compact set B is
a sum of independent geometric random variables Geo(1/(1+ A)) where A runs over all eigenvalues of
the integral operator defining the process truncated to B.

°In contrast to terminology in [9, 67], here we distinguish the two cases (i) @ > 0 (a-permanental)
and (ii) o < 0 (a-determinantal)
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where Sy, stands for the usual symmetric group and v(.) denotes the number of cycles in
a permutation. The right hand side is the a-permanent of the matrix ((K(x;, x;)); <.
The special cases @« = 0 and o = 1 respectively give the Poisson point process with
intensity K(0,0)) and the permanental point process with kernel K. In what follows,
we assume o = 1/m for m € N, i.e. 1/« is a positive integer. Existence of such a-
permanental point processes is guaranteed by [67, Theorem 1.2]. The property of these
point processes most important to us is that an a-permanental point process with kernel
K is a superposition of 1/a i.i.d. copies of a permanental point process with kernel a&'
(see [9, Section 4.10]). Also from definition (2.9), we obtain

P (@1 a) Kk Y (a7,

TES

and so we can take k), = Hi:ol (ja+ 1)||K||* for an a-permanental point process. The

following result is a consequence of the upcoming Proposition 2.3 and the identity (2.8)
for clustering constants of a permanental point process with kernel a K.

Proposition 2.1. Let « = 1/m for some m € N and let P, be the stationary -
permanental point process with a kernel K which is Hermitian, non-negative definite
and locally trace class. Assume also that |K(x,y)| < w(|z—y|) for some fast decreasing
w. Then P, s an admissible clustering point process with clustering function ¢ = w
and clustering constants Cy = km' = *m=Dml(EN)™ || K |F"1, ¢ = 1.

Zero set of Gaussian entire function (GEF). A Gaussian entire function f(z) is

the sum >0 X, j\j—}, with independent standard complex Gaussian coefficients X, that
is the X are i.i.d. with the normal density on the complex plane. The zero set f~({0})
gives rise to the point process Pagr := erf—l({o}) 5, on R%. The point process Popr
is an admissible clustering point process [51, Theorem 1.4], exhibiting local repulsion
of points. Though Pger satisfies condition (1.14), it is unclear whether (1.13) holds.

Further, by [36, Theorem 1], Porr(B,(0)) has exponential moments.

Moment conditions. For p € [1,00), we show that the p-moment condition (1.16) holds
when ¢ is such that the pair (¢, Pger) is of class (Al). By [51, Theorem 1.3], given
P := PgEer, there exists constants D), such that

D [ min{lys — v 13 < o™ (s ) < Dy [ [ min{lys — y°, 13 (2.10)
i<j i<j
Recall from [67, Lemma 6.4] (see also [30, Theorem 1], [11, Proposition 2.5]), that the

existence of correlation functions of any point process implies existence of reduced Palm

correlation functions p(xli)xp (y1, - - -, Yx), which satisfy the following useful relation: For
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Lebesgue a.e. (21,...,x,) and (yi,...,yx), all distinct,

PP (zq, ... ,a:p)pgj)’__’mp(yl, k) = pP (g, T Yty ey Yk)- (2.11)

Combining (2.10) and (2.11), we get for Lebesgue a.e. (xy,...,x,) and (y1,...,yx), that

p:(v]z),...,wp (yh s 7yk) < Dp-i-kp(k) (yla s 7yk)7 (212)

where D, = Dp+kDpDk. Thus we have shown there exists constants D;’s such that
for any bounded Borel subset B, k € N and Lebesgue a.e. (z1,...,z,) € R? we have

EL, ., (PO(BY) < Dy B(PH(BY)). (2.13)

T1,..Tp

By (2.5), (2.13), and (2.6) in this order, along with stationarity of Pgrp, we have for
any p € [1,00),
sup  sup sup By, o, max{|{(z1, P)l, 1}

1<n<oo 1<p' < p] 150, EWn

: (%)pm1)pkaE[<Po<vO1<Br<o>>>+p><k—”pJ<oo, (214)

where as before Po()\) denotes a Poisson random variable with mean A. Thus the
p-moment condition (1.16) holds for pairs (£, Perr) of class (Al) for all p € [1,00).

2.2.2 Class A2 input

Determinantal input. The point process P is determinantal if its correlation func-
tions are defined by p®)(xy,..., 2;) = det(K (x4, 7;))1<ij<k, where K(-,-) is again the
Hermitian kernel of a locally trace class integral operator K : L?(R?) — L?(R%). De-
terminantal point processes exhibit local repulsivity. Also, determinantal structure is
preserved when restricting determinantal input to subsets of R? and as well as when con-
sidering their reduced Palm versions. These facts facilitate our analysis of determinantal
input; the Appendix (Section 5) provides lemmas further illustrating the tractability of
determinantal point processes. If a stationary determinantal point process has a fast-
decreasing kernel as at (2.7), then Lemma 5.3 in Section 5 shows that it is an admissible
clustering point process satisfying (1.13) with clustering function ¢ = w and clustering
constants

Cy = k"KM o = 1 (2.15)

Consequently, it satisfies the inequality (1.14) provided w itself satisfies (1.14). Also,
by Hadamard’s inequality we can take xj, = K(0,0)".

The Ginibre ensemble of eigenvalues of N x N matrices with independent standard

complex Gaussian entries is a leading example of a determinantal point process. The
limit of the Ginibre ensemble as N — oo is the Ginibre point process (or the infinite
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Ginibre ensemble), here denoted Pgyy. It is the prototype of a stationary determinantal
point process and has kernel

K(z1, z2) := exp(2z122) eXp(—(|21]2+\zQ\2)/2) = exp(iIm(zleg)—|zl—22\2/2), 21, 29 € C.

More generally, for 0 < § < 1, the $-Ginibre (determinantal) point process (see [28])
has kernel

Koz, 20) = exp(%zlzg)exp(—(|zl|2 F12)/(28)), 1, 2 € C.

When 8 = 1, we obtain Pg;n and as S — 0 we obtain the Poisson point process. Thus
the [-Ginibre point process interpolates between the Poisson and Ginibre point pro-
cesses. All -Ginibre point processes are admissible clustering point processes satisfying
(1.13) and (1.14).

Moment Conditions. Let p € [1,00) and let P be a stationary determinantal point
process with a continuous and fast-decreasing kernel. We now show that the p-moment
condition (1.16) holds for pairs (£, P) of class (Al) or (A2), provided ¢ has a deter-
ministic radius of stabilization, say 7y € [1,00). First, for all (z1,...,7,) € (R?)?, all
increasing F': N — R and all bounded Borel sets B we have [28, Theorem 2]

E.,. .o (F(P(B))) < E(F(P(B))).

T1,..,Tp
Thus using (2.4), the above inequality and stationarity of P, we get that for any bounded
stabilizing score function £ of class (A2),

sup  sup  sup B, ., max{[¢(z1, Py)], 1}F < E(max{érg, 1}PP B0 < oo,
1<n<00 1<p/<[p] T1,eens,y EWn !

(2.16)
The finiteness of the last term follows from the fact that determinantal input considered
here is of class (A2) and, by Remark (i) at the beginning of Section 2.1 such input has
finite exponential moments.

a-Determinantal point processes. Similar to permanental point processes, we gen-
eralize determinantal point processes to include the a-determinantal point processes,
by requiring that the correlation functions satisfy (2.9) for some a < 0. In what fol-
lows, we shall assume that & = —1/m, m € N. Existence of such a-determinantal point
processes again follows from [67, Theorem 1.2]. Likewise, an a-determinantal point
process with kernel K is a superposition of —1/a i.i.d. copies of a determinantal point
process with kernel —aK (see [9, Section 4.10]). By [67, Proposition 4.3|, we can take
kr = K(0,0)* for an a-determinantal point process. Analogously to Proposition 2.1,
the next result follows from Proposition 2.3 below and the identity (2.15) for clustering
constants of a determinantal point process with kernel —a k.
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Proposition 2.2. Let a« = —1/m for some m € N and P, be the stationary -
determinantal point process with a kernel K which is Hermitian, non-negative definite
and locally trace class. Assume also that | K (z,y)| < w(|x —y|) for some fast decreasing
function w. Then P, is an admissible clustering point process with clustering function
¢ = w and clustering constants Cj, = m*~*m=VmI K (0, 0)F "D E2)| K|k ¢ = 1,
Further if w satisfies (1.14), then P, is admissible clustering input of type (A2).

Rarified Gibbsian input. Consider the class ¥ of Hamiltonians consisting of pair
potentials without negative part, area interaction Hamiltonians, hard core Hamiltoni-
ans, and potentials generating a truncated Poisson point process (see [65] for further
details of such potentials). For ¥ € ¥ and 8 € (0,00), let P?Y be the Gibbs point
process having Radon-Nikodym derivative exp(—p¥(+)) with respect to a reference ho-
mogeneous Poisson point process on R? of intensity 7 € (0,00). There is a range of
inverse temperature and activity parameters (3 and 7) such that P?Y strongly clusters;
see the introduction to Section 3 and [65] for further details. These rarified Gibbsian
point processes are admissible clustering point processes satisfying the input condi-
tions (1.13) and (1.14) of class (A2). Setting &(.,.) = 1 in Lemma 3.4 of [65] shows that
(1.7) holds with C} a scalar multiple of k and ¢, a constant.

2.2.3 Additional input examples

Here we provide a non-exhaustive list of examples of admissible clustering input.

Cox point processes. A point process P is said to be a Cox point process with (ran-
dom) intensity measure A(.) if conditioned on A(.), P is a Poisson point process with in-
tensity measure A(.). We shall assume that the measure A(.) has a (random) density A(.)
with respect to the Lebesgue measure, called the intensity field i.e., A(B) = [, AN(z)dx
for all Borel sets B. In such a case, the correlation functions of the Cox point process
P are given by p®)(z1,... 2;) = ]E(]_[f:1 A(z;)) for xq, ...,z distinct. Hence, cluster-
ing properties of the random field {\(z)},cgre translate in a straightforward manner to
clustering properties of the point process P. Also, if A(.) is a stationary random field,
then P is a stationary point process. We have already seen one class of clustering Cox
point processes in the permanental point process and we shall see below another class in
thinned Poisson point processes. Another tractable class of Cox point processes, called
the shot-noise Cox point process and studied in [48], includes examples of admissible

clustering point processes.

Finite-range dependent point process. Correlation functions of these processes,
when assumed locally finite, (trivially) cluster with the clustering function ¢(s) = 0
for all s € (rg,00), for some ry € (0,00), where ry may be thought of as the range
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of dependence, and with constants ¢, = 1. Whether clustering constants Cj satisfy
condition (1.13) depends on the local properties of the correlation functions. ¢ Examples
of finite range dependent point processes include perturbed lattices [13], Matérn cluster
point processes or Matérn hard-core point processes with finite dependence radius.

Thinned Poisson point processes. Suppose P is a Poisson point process, &(.,P) €
{0,1}, and consider the thinned point process P := Y owep &(x,P)6,. If € stabilizes
exponentially fast then Lemma 5.2 of [7] shows that P is an admissible clustering point
process. P is a Cox point process with intensity field A\(z) = &(x,P). This set-up
includes finite-range dependent point processes P as well as Matérn cluster and Matérn
hard-core point process with exponentially decaying dependence radii. Tractable pro-
cedures generating thinnings of Poisson point processes are in [2].

Thinned general point processes. Suppose (£,P) is an admissible pair of class A2
and suppose further that £(.,P) € {0,1}. Then p is a thinned point process and the
correlation functions of ué coincide with the mixed moment functions mﬁ)l)(

in (1.5). In view of Theorem 1.10 these functions (strongly) cluster and hence 4§ is an

X1y .., Tg; 00)

admissible clustering point process. For similar examples and generalizations, termed
generalized shot-noise Cox point process, see [49].

Superpositions of i.i.d. point processes. Apart from thinning another natural
operation on point processes generating new point processes consists of independent
superposition. We show that this operation preserves clustering.

Let Py,...,Pm,m € N, be i.i.d. copies of an admissible clustering point process P
with correlation functions p. Let py denote the correlation functions of the point process
Py = U™, P;. Notice that for any k¥ > 1 and distinct zy,...,z, € R? the following
relation holds

o), )= Y [ eS8, (2.17)

um 8, =[k] i=1
where LI stands for disjoint union and we abbreviate p{%iD(z; : j € S;) by p(S;). Here
S; may be empty, in which case we set p(f)) = 1. It follows from (2.17) that Py is
an admissible point process with intensity mp(*(0). Further, we can take ry(Py) =
(kx)™mE. The proof of the proposition below, which shows that P, clusters, is in the
Appendix.

Proposition 2.3. Letm € N and Py, ..., P, bei.i.d. copies of an admissible clustering
point process P with clustering function ¢ and clustering constants Cy and ci. Then

6A point process consisting of sufficiently heavy-tailed random number of points distributed in-
dependently (and say uniformly) in each hard-ball of a hard-core (say Matérn) model will not sat-
isfy (1.13).
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the point process Py := U, P; is an admissible clustering point process with clustering
function ¢ and clustering constants m*m! (k)™ *C) and cx. Further, if P is admissible
clustering input of type (A2) with ky < A for some A € (0,00), then Py is also
admissible clustering input of type (A2).

We have already used this proposition in the context of clustering of a-determinantal
point processes.

2.3 Applications

Having provided examples of admissible point processes, we shall now establish the limit
theory for geometric and topological statistics of these point processes. We rely heavily
on Theorems 1.11 and 1.13. Our examples include statistics arising in (i) combinato-
rial topology, (ii) differential topology, (iii) integral geometry, and (iv) computational
geometry, respectively. When the underlying point process is a Gibbs point process
as described in Section 2.2, then these results can be deduced from [7] or [65] respec-
tively. The examples are not exhaustive and indeed include many other functionals in
stochastic geometry already discussed in e.g. [7, 61]. Indeed there are further applica-
tions to (i) random packing models on clustering input (extending [59]), (ii) statistics
of percolation models (extending e.g. [39, 58]), and (iii) statistics of extreme points
of clustering input (extending [4, 69]). Details are left to the reader. We shall need
to assume moment bounds and variance lower bounds in our applications. In view of
(2.14) and (2.16), the moment conditions are valid for determinantal point processes
and zeros of Gaussian entire functions in the applications considered in Sections 2.3.1-
2.3.3.

2.3.1 Statistics of simplicial complexes

A nonempty family A of finite subsets of a set V' is an abstract simplicial complex if
Y € A and )y C Y implies that )y € A. Elements of A are called faces/simplices and
the dimension of a face is one less than its cardinality. The 0-dimensional faces are
vertices. The collection of all faces of A with dimension less than £ is a sub-complex
called the k-skeleton of A and denoted by AS*. The 1-skeleton of a simplicial complex is
a graph whose vertices are 0-dimensional faces and whose edges are 1-dimensional faces.
The simplicial complex, or ‘complex’ for short, represents a combinatorial generalization
of a graph, as seen in some of the examples below and is a fundamental object in
combinatorial as well as computational topology [20, 50].

Given a finite point set X in R? (or generally, in a metric space) there are various
ways to define a complex that captures some of the geometry /topology of X'. One such
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complex is the Cech complex. Recall that if X = {z;}"_, C R? is a finite set of points

and r € (0,00), then the Cech complex of radius r is the abstract complex
C(X,r):={o CX: (B () # 0}
reo

By the nerve theorem [10, Theorem 10.7], the Cech complex is homotopy equivalent (in
particular, same topological invariants) to the classical germ-grain model

Cu(X,r) U B, ( (2.18)
TEX

The 1-skeleton of the Cech complex, C(X,r)=!, X random, is the well-known random
geometric graph [55], denoted by G(X,r). One can study many geometric or topological
statistics similar to those described below for the Cech complex for other geometric
complexes (for example, see [73, Section 3.2]) or geometric graphs. Indeed, motivated
by problems in topological data analysis, random geometric complexes on Poisson or
binomial point processes were studied in [35] and later were extended to stationary
point processes in [70].

We next establish the limit theory for statistics of random Cech complexes. The
central limit theorems are applicable whenever the input P s either a-determinantal
(o] = =, m € N) with kernel as at (2.7), Parr, or rarified Gibbsian input. In all that
follows we fix 7 € (0, 00).

Simplex counts or clique counts. Let I" be a complex on k-vertices such that I'S!
is a connected graph. For z € R? and x := (z1,...,2%_1) € (R})*1, let

A (z,x) == 1[C({z, z1, ..., zp1},7) =T,

where = stands for simplicial isomorphism. For an admissible point process P as in
Definition 1.2, we put

Mz, P) = % Z h' (x,x),
x€(PNBy(x))k—1
that is (y¥),P) is an admissible pair of type (A1). If T' denotes the (k — 1)-simplex,
then HY" (P) is the number of (k — 1)-simplices in C(P,,r) and for k = 2, HY" (P)
is the edge count in the random geometric graph G(P,,r). Theorem 3.4 of [70] estab-
lishes expectation asymptotics for n_lH,Z<k)(73) for stationary input. The next result
establishes variance asymptotics and asymptotic normality of n_lﬂg%) (P). It is an

immediate consequence of Theorem 1.11(ii) and Theorem 1.13. Let o2(y*)) be as at
(1.18), with & put to be v,
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Theorem 2.4. Let k € N. If P is an admissible clustering point process as in Defini-
tion 1.2 and the pair (v*),P) satisfies the moment condition (1.16) for all p € (1, 00),
then

lim n_l\/ang(k) (P) = a2 ().
n—oo
Additionally, if VarHY™ (P) = Q(n”) for some v € (0,00), then as n — oo
H;"(P) —EH;™(P)

VarH" (P)

N(0,1). (2.19)

Up to now, the central limit theorem theory for clique counts has been restricted to
binomial or Poisson input, cf. [19, 22, 37, 55, 62]. Theorem 2.4 shows that asymptotic
normality holds for more general input.

Edge lengths. For z,y € R?, let
hz,y) = |z —y[1fjz —y| < 7.
The U-statistic

S X)=s Y b

yeXNB,(z)
is of generic type (1.10) and HE"(P) is the total edge length of the geometric graph

G(P,,r). The following is an immediate consequence of Theorems 1.11 and 1.13.

Theorem 2.5. For any admissible clustering point process P as in Definition 1.2 with
the pair (1, P) satisfying the moment condition (1.16) for all p € (1,00), we have

InTRHE (P) — Bogk(0, P)p™(0)] = O(n~"4),
and
lim n~!VarHS (P) = o*(¢").
Moreover, if VarHE" (P) = Q(n”) for some v € (0,00) then as n — 0o
HE'(P) ~ EHE'(P)) o,
VarHSL (P)

N(0,1). (2.20)

The central limit theory for HS" (-) for Poisson or binomial input is a consequence of
19, 22, 37, 55, 62]. Theorem 2.5 shows that HS"(-) still satisfies a central limit theorem
when Poisson and binomial input is replaced by more general clustering input.

Degree counts. Define the (down) degree of a k-simplex to be the number of k-
simplices with which the given simplex has a common (k — 1)-simplex. For z € R?
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and x := (z1,...,7541) € (R?)*1 define the indicator that (1, ..., ;) is the common
(k — 1) simplex between two k-simplices:

h(z,x) :=1[C(z,...,xy) is a k — simplex]| 1[C(z1,...,2k41) is a k — simplex].

The total (down) degree of order k of a complex is the sum of the degrees of the
constituent k-simplices. Consider the U-statistic

W (z, Xx) = ! ‘ Z h(z,x)

(k+2)! x€(XNBy(z))k+1

which is of generic type (1.10). Then Hgm (P) is the total down degree (of order k)
of the geometric complex C(P,,r). Note that (£, P) is of type (Al) whenever P is
admissible in the sense of Definition 1.2. Theorems 1.11 and 1.13 yield the following
limit theory for HE" (P).

Theorem 2.6. Let k € N. For any admissible clustering point process P as in Defini-
tion 1.2 with the pair (€®),P) satisfying the moment condition (1.16) for all p € (1, 00),
we have
[n ' EH” (P) — Eot™(0,P)p(0)] = O(n™ 1),
and
lim n~'VarHS" (P) = o2(¢W).

n—oo
Moreover if VarHS™ (P) = Q(n”) for some v € (0,00) then as n — 0o
HE" (P) — EH" (P)

VarHS" (P)

25 N(0,1). (2.21)

2.3.2 Morse critical points

Understanding the topology of a manifold via smooth functions on the manifold is a
classical topic in differential topology known as Morse theory [45]. Among the various
extensions of Morse theory to non-smooth functions, the one of interest to us is the
‘min-type’ Morse theory developed in [26]. This theory was exploited to study the
topology of random Cech complexes on Poisson and binomial point processes by [14]
and later on stationary point processes by [70].

As above X C R? denotes a locally finite point set and k € N. Given z € RU*+1) et
C(z) denote the center of the unique k£ — 1 dimensional sphere (if it exists) containing
the points of z and let R(z) be the radius of this unique ball. The set of points z of
cardinality k£ + 1 in general position generates an index k critical point iff

C(z) € co(z) and X (Bp(C(2))) = 2,
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where co(z) is the convex hull of the points comprising z and A stands for the interior
of a Euclidean set A. We are interested in critical points C'(z) distant at most r from
X i.e, R(z) € (0,7]. To this end, for (z,x) € R+ define

gr(x,x) 1= 1[C(z,x) € co(z,x)|]1[R(z,x) < 7r]; Q(z,%x) := Bpx)(C(x))1[R(z,x) < 7).

Thus Q(x,x) C Ba.(x). Now, for x € R¥* we set h(z,x) := (k+1)"'g.(x,x), and, in
keeping with (1.10), define the Morse score function

M (g, X) ::% S he01XQ )\ {rx) =0 (222)

" x€(XNBar(z))*

Then &M satisfies the power growth condition (1.15) and is of type (A2) (and nearly
of type (A1l)), with the understanding that h(z,xy,...,z;) = 0 whenever

max;<;<j |z; — x| > 2r. The statistic H¢" (P) is simply the number Ny(P,,r) of index
k Morse critical points generated by P, which are within a distance r of P,,, whereas
,uflM is the random measure generated by index k critical points. Index 0 Morse critical
points are trivially the points of X and so in this case Ny(X') = card(X). Thus we shall
be interested in asymptotics for only Morse critical points of higher indices.

The next result establishes variance asymptotics and asymptotic normality of n=' Ny, (P,, )
valid for class (A2) input P. It is an immediate consequence of Theorem 1.11(ii), The-
orem 1.13, and the fact that for input P of class (A2), (€M, P) is an input pair of class
(A2). Let 0%(éM) be as at (1.18), with & put to be M.

Theorem 2.7. For all k € {1,...,d} and class (A2) input P with the pair (M P)
satisfying the moment condition (1.16) for all p € (1,00), we have

lim n~'VarNy(P,,r) = o (£M).

n—oo

Moreover if Var N (P, r) = Q(n”) for some v € (0,00), then as n — oo

Nk(Pn,T) — ENk(Pn; 7") i> N(O, 1)' (2_23)
Var Ny, (P, 1)

Remarks:

(i) Theorem 5.2 of [70] establishes expectation asymptotics for n=! Ny(P,,r) for sta-
tionary input, though without a rate of convergence and [14] estabilishes a central limit
theorem but only for the case of Poisson or binomial point processes.

(ii) The Morse inequalities relate the Morse critical points (local functionals) to the
Betti numbers (global functionals) of the Boolean model and in particular, imply that
the changes in the homology of the Boolean model Cg(P,r) occurs at radii r = R(x)
whenever C'(x) is a Morse critical point. A trivial consequence is that the kth Betti
number of C(P,, r) is upper bounded by Ny (P, 7).
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(iii) Other examples of similar score functions satisfying a modified version of (Al)
(similar to (2.22)) include component counts of random geometric graphs [55, Chapter
3], number of simplices of degree k in the Cech complex, simplicial counts in an alpha
complex [73, Sec 3.2] or an appropriate discrete Morse complex on P, (see [23]).

2.3.3 Statistics of germ-grain models

We furnish two more applications of Theorem 1.13 when £ has a deterministic radius
of stabilization. The two applications concern the germ-grain model, a classic model in
stochastic geometry [64].

k-covered region of the germ-grain model. The following is a statistic of interest
in coverage processes [29]. For locally-finite X C R? and z € X, define the score

ﬁ(k)(x,X) ::/ 1[X(B,(y)) > k] dy
veb @) X(Br(y))
Clearly, ®) is an exponentially stabilizing score function as in Definition 1.1 with
stabilization radius 2r. Define the k-covered region of the germ-grain model Cg(P,, r) at
(2.18) by CE(Pp,7) = {y : Pu(B.(y)) > k}. Thus H?" (P) is the volume of C&(P,, 7).
When k£ = 1, Hﬁ(k) (P) is the volume of the germ-grain model having germs in P,.

function

Clearly 8*) is bounded by the volume of a radius 7 ball and so ¢ satisfies the power
growth condition (1.15). The following is an immediate consequence of Theorems 1.11
and 1.13 and the fact that if P is of class (A2) then the input pair (3%*),P) is also of
class (A2).

Theorem 2.8. For all k € N and any point process P of class (A2) with the pair
(B%) . P) satisfying the moment condition (1.16) for all p € (1,00), we have

[ EVol(CH (Pa, 7)) — EoB®(0,P)p(0)] = O(n /),

and

lim n~'VarVol(CE(P,,r)) = 02(5(k))-

n—oo

Moreover, if VarVol(Ck(P,,r)) = Q(n*) for some v € (0,00), then as n — 0o
k _ k
Vol(CE (P, 1)) — EVol(CE(Py, 1)) D, N(0,1), (2.24)
\/ VarVol(CE(P,,, 1))

The central limit theorem (2.24) is valid for input which is either a a-determinantal

point process (o = _?1, m € N) with a fast decreasing kernel or a rarified Gibbsian point
process. In the case of Poisson input and k = 1, [29] establishes a central limit theorem
for CL(P,,r). For general k, the central limit theorem can be deduced from the general
results in [58, 7] with presumably optimal bounds following from [40, Proposition 1.4].
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Intrinsic volumes of the germ-grain model. Let K denote the set of convez bodies
i.e., compact, convex subsets of R%. The intrinsic volumes Vj, ..., Vy are non-negative
functionals on K which satisty Steiner’s formula

d
Va(K @ B(0)) = Y _r70,_;Vi(K), K € K
j=0

where r > 0, @ is the Minkowski sum, V;; denotes the d-dimensional Lebesgue measure,
and 6; := /2 /T'(j/2 + 1) is the volume of the unit ball in R/, Intrinsic volumes satisfy

translation invariance and additivity i.e., for Ky,..., K,, € K,
ViU ) =) (=DM Y Vi, Ky), G e {0, d)
k=1 1<i1 <...<ip<m

This identity allows an extension of intrinsic volumes to real-valued functionals
on the family of finite unions of convex bodies (see [64, Ch. 14]). Intrinsic volumes
coincide with quer-mass integrals or Minkowski functional up to a normalization. The
V}’s define certain j-dimensional volumes of K, independently of the ambient space. V;
is the d-dimensional volume, 2V;_; is the surface measure, and Vj is the Euler-Poincaré
characteristic which may also be expressed as an alternating sum of simplex counts,
Morse critical points, or Betti numbers [20, Sections IV.2, VI.2]. Save for V; and V,_;,
the remaining V;’s may assume negative values on unions of convex bodies.

For finite X, m = card(X), and r > 0, we express V;(Cp(X,7)),j € {0,...,d} as a
sum of bounded stabilizing scores, which goes as follows. For x; € X', define the score

(1, X) = Z(_l)kH Z Vj(Br(Jh)ﬂ...ﬂBr(xk))‘

k!
k=1 {12 ..... $k}CXﬂBQT(:E1)

The score & is translation invariant with radius of stabilization R% (x1,P) < [3r].
By additivity, we have V;(Cg(Pa, 7)) = Hy (P) for j € {0,...,d}. The homogeneity
relation V;(B,(0)) = r7V;(B1(0)) = 7 (%) ;2= and the monotonicity of V; on K yield

J

i) 04
l

o DB e)) =0 <0 (T3 () <200 ()

J k=1 J7 V=

In other words, §;,0 < j < d, satisfy the power growth condition (1.15) and are
exponentially stabilizing. Theorems 1.11 and 1.13 yield the following limit theorems,
where we note that (;,P) is of class (A2) whenever P is of class (A2).

Theorem 2.9. Fiz r € (0,00) as above. For all j € {0,...,d} and any point process
P of class (A2) with the pair (&, P) satisfying the p-moment condition (1.16) for all
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p € (1,00), we have
[n~'EV;(Cp (P, ) — Eo&;(0, P)pV (0)] = O(n™19),
and
lim n~VarV; (Ca(Pa, ) = 0%(&).
Moreover, if Vaer(CB(PntLT)) = Q(n¥) for some v € (0,00) then as n — oo

Vi(Cs(Pn, 1)) = EVi(Cp(Pn,7))
N T CR) =5 N(0,1). (2.25)

Remarks:
(i) Theorem 2.9 extends the analogous central limit theorems of [34], which are con-
fined to Poisson input, to any point process of class (A2).

(ii)) We may likewise prove central limit theorems for other functionals of germ-grain
models, including mixed volumes, integrals of surface area measures [63, Chapters 4
and 5], and total measures of translative integral geometry [64, Section 6.4]. These
functionals, like intrinsic volumes, are expressed as sums of bounded stabilizing scores
and thus, under suitable assumptions, the limit theory for these functionals follows from
Theorems 1.11 and 1.13.

2.3.4 Edge-lengths in k-nearest neighbor graphs

We now use the full force of Theorems 1.11 and 1.13, applying them to sums of score
functions whose radius of stabilization has an exponentially decaying tail.

Statistics of the Voronoi tessellation as well as of graphs in computational geometry
such as the k-nearest neighbor graph and sphere of influence graph may be expressed
as sums of exponentially stabilizing score functionals [58] and hence via Theorems 1.11
and 1.13, we may deduce the limit theory for these statistics. To illustrate, we establish
a weak law of large numbers, variance asymptotics, and a central limit theorem for the
total edge-length of the k-nearest neighbor graph on a determinantal point process P
with a fast-decreasing kernel as in (2.7). As noted in Section 2.2, such a determinantal
point process is of class (A2) as in Definition 1.7.

As shown in Lemma 5.6, we may explicitly upper bound void probabilities for P,
allowing us to deduce exponential stabilization for score functions on P. This is a re-
curring phenomena, and it is often the case that to show exponential stabilization of
statistics, it suffices to control the Palm probability content of large Euclidean balls.
This opens the way towards showing that other relevant statistics of random graphs ex-
hibit exponential stabilization on P. This includes intrinsic volumes of faces of Voronoi
tessellations [64, Section 10.2], edge-lengths in a radial spanning tree [66, Lemma 3.2],
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proximity graphs including the Gabriel graph, and global Morse critical points i.e.,
critical points as defined in Section 2.3.2 but without the restriction 1[R(z,x) < r].

Given locally finite X € R? and k € N, the (undirected) k-nearest neighbor graph
NG(X) is the graph with vertex set X obtained by including an edge {z,y} if y is one
of the k nearest neighbors of x and/or x is one of the k nearest neighbors of y. In the
case of a tie we may break the tie via some pre-defined total order (say lexicographic
order) on R?. For any finite X C R? and = € X, we let £(z) be the edges e in NG(X)
which are incident to x. Defining

ol X) =3 3 el

ec&(x)

we write the total edge length of NG(X) as L(NG(X)) = >,y &n(x, X). Let 0(&;)
be as at (1.18), with £ put to be ;.

Theorem 2.10. Let P be a stationary determinantal point process on R with intensity
A = K(0,0) and a kernel satisfying K(x,y) < w(|z — y|), with w fast-decreasing as at
(2.7). We have
[n'EL(NG(Pa)) — Eo2(0, P)p!V(0)] = O(n ™19,

whereas

lim n~'VarL(NG(P,)) = o*(£1).

n—oo
If VarL(NG(P,,)) = Q(n”) for some v € (0,00) then as n — oo

L(NG(P,)) —EL(NG(P,))

NI 25 N(0,1). (2.26)

Remark. Theorem 2.10 extends Theorem 6.4 of [56] which is confined to Poisson input.
In this context, the work [40] provides a rate of normal approximation.

Proof. We want to show that (£, P) is an admissible score and input pair of type (A2)
and then apply Theorem 1.13. Note that P is an admissible clustering point process
satisfying (1.13) and (1.14). Thus we only need to show that £;, is exponentially stabi-
lizing, that &, satisfies the power growth condition (1.15), and the p-moment condition
(1.16). When d = 2, we show exponential stabilization of &, by closely following the
proof of Lemma 6.1 of [60]. This goes as follows. For each ¢ > 0, construct six disjoint
equal triangles 7}(t),1 < j < 6, such that x is a vertex of each triangle and each edge
has length ¢. Let the random variable R be the minimum ¢ such that P, (7;) > k+1
for all 1 < j < 6. Notice that R € [r,00) implies that there is a ball inscribed in some

T;(t) with center ¢; of radius «r which does not contain k£ + 1 points. By Lemma 5.6

32



Geometric statistics of clustering processes

in the appendix, the probability of this event satisfies

----------------
2k+p—2)/8 —Any%r?/8
< Ge! 8, /s,

that is to say that R has exponentially decaying tails. As in Lemma 6.1 of [60], we find
that R¢(z,P,) := 4R is a radius of stabilization for £, showing that (1.12) holds with
¢ = 2. For d > 2, we may extend these geometric arguments (cf. the proof of Theorem
6.4 of [56]) to define a random variable R serving as a radius of of stabilization. Mim-
icking the above arguments we may likewise show that R has exponentially decaying
tails.

For all r € (0,00) and | € N we notice that
€0(z, X N B,.(2))|1[X (B,.(x)) = 1] <r-min(l,6) < (cr),

and so (1.15) holds. Since vertices in the k-nearest neighbor graph have degree bounded
by kC(d) as in Lemma 8.4 of [71], and since each edge incident to x has length at most
4R, it follows that |£.(z,P,)| < k-C(d)-4R. Since R has moments of all orders, (£, P)
satisfies the p-moment condition (1.16) for all p > 1. Thus £, satisfies all conditions of
Theorem 1.13 and we deduce Theorem 2.10 as desired. 0

3 Proof of strong clustering of mixed moments

We show strong clustering (1.17) via a factorial moment expansion for the expectation of
functionals of point processes. Notice that (1.17) holds for any exponentially stabilizing
score function ¢ satisfying the p-moment condition (1.16) for all p € [1, c0) on a Poisson
point process P. Indeed if z,y € R? and 71,7y > 0 satisfy 7, + ro < |z — y| then the
random variables &(z, P)1[R¢(z, P) < rq] and £(y, P)1[Ré(y, P) < ry] are independent.
This yields clustering (1.17) with k; = ..., k, 1, = 1 and C,, < ¢} with ¢; a constant,
as in [7, Lemma 5.2]. On the other hand, if P is rarified Gibbsian input and & is
exponentially stabilizing, then [65, Lemma 4.1] shows mixed moment clustering (1.17)
with ky = ..., kprq = 1. These methods depend on quantifying the region of spatial
dependencies of Gibbsian points via exponentially decaying diameters of their ancestor
clans. Such methods apparently neither extend to determinantal input nor to the zero
set Papr of a Gaussian entire function. On the other hand, for Pggr and for £ = 1, the
paper [51] uses the Kac-Rice-Hammersley formula and complex analysis tools to show
clustering (1.17) with ky = ..., k4, = 1. All three proofs are specific to the underlying
point process or the specific score function £. Our more general and considerably
different approach, includes these results as special cases.
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3.1 Difference operators and factorial moment expansions

We shall now introduce some notations and collect some auxilliary results required
for an application of the much-needed factorial moment expansions for general point
processes from [11, 12]. Equip R with a total order < defined using the lexicographical
ordering of the polar co-ordinates. For ;1 € A" and = € R?, define the measure Pz (.) =
u(.N{y : y < xz}). Note that since p is a locally finite measure and the ordering is
defined via polar co-ordinates p, is a finite measure for all z € R?. Let o denote the
null-measure i.e., o(B) = 0 for all Borel subsets B of R%. For a measurable function
Yv: N =R, 1€ NU{0}, and 21, ...,7; € R we define the factorial moment expansion
(FME) kernels [11, 12] as follows. For [ = 0, define D%)(u) := +(0). For [ > 1,

l

DL () =Y (DT e+ 0n) = > (D) (e > 6,,), (3.1)

1=0 JC([?) jeJ Jc(i] jeJ

where ([?) denotes the collection of all subsets of [[| = {1,...,l} with cardinality j and
Zy = min{xy, ..., z;}, with the minimum taken with respect to the order <. Note that
Dﬂf 20 (p) is a symmetric function of 1, ..., x;."

.....

We say that v is <-continuous at oo if for all 4 € N we have
tim (pi) = ().

We first recall the FME expansion proved in [11, c¢f. Theorem 3.2] for dimension one
and then extended to higher-dimensions in [12, ¢f. Theorem 3.1]. Recall that E!
denote expectations with respect to reduced Palm probabilities.

Theorem 3.1. Let P be a simple point process and 1 : N — R be <-continuous at oo
and assume that for all | > 1

/IE;J1 yzHDzln ylz/)(P)Hp(l)(yl,...,yl)dyl...dyl<oo (3.2)

7777777777

and

777777777

1
— | E, D PPy, ) dyr .. dy — 0 as | — occ. (3.3)
! Rdl

l
Then E[)(P)] has the following factorial moment expansion

E[p(P)] = v(0) + Y 1 DL (0O )y Ay (34)

.....

Consider now admissible pairs (£,P) of type (Al) or (A2) and zy,...,z, € R%

"For 2; < ;1 < ... < x1 the functional DfEl ’’’’’ 2, ¥ (1) is equal to the iterated difference operator:

o ¥(p) = DL (DY ().

.....
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The proof of (1.17) given in the next sub-section is based on the FME expansion for
E ...z [¥(Pr)], where 1(p) is the following product of the score functions

P
Y(p) = wk17~--7/€p($17 e Tp ) = Hf(mla ,U)ki (3.5)

i=1
with ki,...,k, > 1. However, under PP, . the point process P, has fixed atoms at
Z1,...,%p, which complicates the form of its factorial moment measures. It is more

handy to consider these points as parameters of the following modified functional

M(N) = ¢;cl,...,kp ($1, <oy Lp; M) = H§<$17 o+ Z?:l(smj) (36)

i=1
and to not count points z1,...,z, in P, i.e., consider P under the reduced Palm prob-
abilities IP;IVWP. Obviously E,, . ., [v(Pn)] = ]Efmw@p [)!(P,)] and the latter expec-

tation is more suitable for FME expansion with respect to the correlation functions

pg(fl),,,,,xp(yl, ..., y) of P with respect to the Palm probabilities IP’fElMIp.
The following crucial consequence of Theorem 3.1 will allow us to use the FME

expansion to prove (1.17).

Lemma 3.2. Assume that either (i) (§,P) is an admissible score and input pair of
type (A1) or (ii) (&, P) satisfies the power growth condition (1.15), with & having a
radius of stabilization satisfying sup,cp R*(z,P) < r a.s. for some r € (1,00) and
P has exponential moments. Then for distinct x,...,x, € R?, non-negative integers
ki,...,k, and n < oo the functional ¢’ at (3.6) admits the FME

]Ezl,m,ﬂcp [wkl,mykp (171, <o T Pn)] = Eivl,.‘.,:pp [wl!cl,...,kp (xlﬂ <oy Tps Pn)]

- wl!ﬂwkp(xl, ey Tp;0)
1

+D 7 /Rdl Dy Wiy (@1 200)08) o (1) dyn o dyes (3.7)
=1

When (&, P) is of type (A1), the series (3.7) has at most (k—1)>""_, k; non-zero terms.

Proof. Throughout the proof we fix non-negative integers ki, ..., k, and suppress them
when writing o' ie., ¢'(z1,...,2,;P,) = 1/1}617”'7%(951,...,xp;Pn). We put K, =
P, k;. The bounded radius of stabilization for £ implies ' is <-continuous at oo.

Consider first 1" at (3.6) with £ as in case (ii); later we consider the simpler case
(). We show the validity of the expansion (3.7) as follows. For y,...,y € R? and
yr ¢ U_ B, (z,) for some k € {1,...,1}, we have

D! (1. mpyp) = 0. (3.8)
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..,y }, with the

To prove this, set py = ply. + > ,c; 0y, for J C [I] and y, := min{y,
minimum taken with respect to < order. From (3.1) we obtain

Dy (@ s p)
Z (—1)1_”%!(331, .o 7xp; :uJ) + Z <_1)Z_U|_1w!<x1a <. >$p; ,UJU{k}) = 07

JCl)k¢J JCll)k¢J
e Typ) =

where the last equality follows by noting that for J C [I] with k ¢ J, ¢'(z1,
-, Ty Wugky) because RE(x, P) € [1,r] by assumption.

¢!($1, ..
Consider now v, ...,y € U'_ B.(x,). For J C [l], the inequality 1 < R*(z,P) <r
and (1.15) yield
Kol I pKy 30, ki Br (@) (3.9)

Y@, 2y pg) < (E)
The term pK), in the exponent of (3.9) is due to 3 °7_, d,; in the argument of £ in (3.6).

Substituting this bound in (3.1) yields
Dy (@1, s )| < (@)t bnB @)y Pyl (3.10)
JC[l

= (er)PRrtSiakin(Br@)) (1 4 (¢r)Ke)l, (3.11)

We now consider ' (1, ... . Tp; Py), with P, := P N W, and Y defined as above.
By the bound (3.10) we have

1
3B 1D i P, )iy
1 ! ! ! 0)
_ﬂ g T T YL yz[|Dy1 ,,,,, ylw (xlu » Lps Pn)Hp:):l ..... :tp(ylu s 71/1) dyl ce dyl
1 Kp\L( 2 \EKp )
_( + (er) ) )'(¢ér) ]E;c1 ..... x [(Pn(Ui:1Br($i))l(ér)zizlkipn(Br(zi))]
1 I(‘p l pr P
MOV gy o, [P By 5P
1 I('p ! p
(1+ (ér) >E$1 ..... . [(pn(UleBr(a;i))l(cr)Kan(ul-lBr(zi))] , (3.12)

77777

7777

.....

where the last inequality follows since P has exponential moments under the Palm
measure as well (see Remark (i) at the beginning of Section 2.1). Consequently, by
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the Lebesgue dominated convergence theorem, the expression (3.12) converges to 0 as
[ = oo. Thus conditions (3.2) and (3.3) hold and (3.7) follows by Theorem 3.1.

Now we consider case (i), that is to say ' is as at (3.6) with & a U-statistic of type
(A1). By Lemma 5.1, 9" is a sum of U-statistics of orders not larger than K,(k — 1).
Consequently, for [ > K,(k — 1) we have

DZlJl ----- ylwl(mlv cee ,.Z'p;,u) =0 vyla Yl € Rda (313)

as shown in [62, Lemma 3.3] for Poisson point processes (the proof for general simple
counting measures y is identical). This implies that conditions (3.2) for [ > K,(k —1)
and (3.3) are trivially satisfied for ¢' as at (3.6). Now, we need to verify the condi-
tion (3.2) for I < K,(k —1). For yy,...,y € R? set as before uy = pl,, + > jey Oy, for
J C [l] and y, := min{yy,...,y}, with the minimum taken with respect to the order
<. Since ¢ has a bounded stabilization radius, by (3.8) and (2.5), we have

ié(ﬂ(uleBr(xi)) + |J| +p)ki(k—1)

p
wl(‘rlu"'?xp;,u-]) S HHh
i=1

< RS (U By (22)) + ]+ p) Y, (3.14)
and so by (3.1), we derive that

Dy @) < RIS Y (U B () + | ]+ p) D
JC]
< (RS2 (U By(2)) + L+ p) 00 (3.15)
Consider ¢! (1, ..., x,; P,) with ' defined as above. Using the refined Campbell the-
orem (1.6), the bound (3.15) and following the calculations as in (3.12), we obtain

1 |
ﬁ/Rdl(]E.zl ..... zp);ql ,,,,, ylHD;l ..... yl¢!(x17""xp;Pn)|]p(zl1) ,,,,, zp(yh"'ayl) dyldyl

,,,,,

Since P has all moments under the Palm measure (see Remark (ii) at the beginning of
Section 2.1), the finiteness of the last term and hence the validity of the condition (3.2)
for | < K,(k — 1) follows. This justifies the FME expansion (3.7), with finitely many
non-zero terms, when ' is the product of score functions of type (A1). O

3.2 Proof of Theorem 1.10

First assume that (£,P) is of type (A2). Later we consider pairs of type (Al). For
fixed positive integers p, q, k1, . . ., kp14 consider mixed moments m/
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mFpets kp+‘1)(xp+1,  Tprgin) and mELked) (gL om). Denote K, v ki,
K, =1 p+1k and K Zp+qk We abbrev1ate Vpoy ooy (T15 -, T ) by 1/1(931,
., Xpy i) as at (3.5), and similarly for ¢(xpi1, ..., Tprqi i) and Y(T1, .oy Tprgs 1)
Given 1,..., 2,1 € W, we recall s := d({z1,...,2p},{Tps1,. .., Tpsq}). Without
loss of generality we assume s € (4,00). Recalling the definition of b at (1.14) we may
assume without loss of generality that b € (0,d). Put

S —a
ti=t(s) = (Z)b(l J/@E+D), (3.16)

where a is defined at (1.13). Since s € (4,00) and K > 2, we easily have t € (1,s/4).
Given stabilization radii R®(x;, P,),1 < i < p+ ¢, we put

(w5, Pn) = &(24, Po N Bre(a, poy (2))1[RE (24, Pr) < 1]

considered under E ,,
and P,, that is

mkrekn) (g i) =By g, [é(:vl, P, ). .f(a:p, Pn)k"]p(p) (1, ..., xp).

. We denote by m*1*») the p-mixed moments induced by &

-----

P
Y@y, Po) = [ [ §(a, P (3.17)
i=1
and write @E(a:l, o Ty Po) = (-, @y Po)1maxi<y, RE (2, Py) < 1.
Next, write E,, . o ¥ (21, ..., 2,;Py) as a sum of
Exl ..... Tp [¢(x17 s 7xp; Pn)]-[mgx RE(xia Pn) S t]]
i<p

and
Egy,.z,[0(21, ... s Pn)l[m<ax R&(zy, P,) > t]].
i<p
The bounds (1.8), (1.11), the moment condition (1.16), Holder’s inequality, and p <

P ki = K, give for Lebesgue almost all z1, ..., z,

Eop oz V(T1, .o 2p Pr) —
o

< /fp<MK _H)Kp/ Kp+1) ap )1/ Kp‘H)

< RKP<MKP+1)KP/(KP+1)SD<GKP )1/(Kp+1)

< er(Kp)p(ag, t) /oty (3.18)
Here c;(m) := My > ﬁm(Mm+1)m/(m+1), as M,, > 1 by assumption. Simi-

larly, condition (1.16) yields |[E, . (z1,...,2p; Po)lp®(z1,...,7,) < c1(K,). Us-
ing (3.18) with p replaced by p + ¢, we find m®1-ke+a) (z) . 2, n) differs from
mkLekord (o w0 n) by e (K)p(agt)/EFD ) which is fast decreasing by (1.12).
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For any reals A, B, A, B, with |B| < |B| we have |AB — AB| < |A(B — B)| +|(A —
A)B| < (JA] +|B|)(|B — B| 4+ |A — A]). Hence, it follows that

‘m(k1 ..... kp)(xl, Ty n)m(kp“ ,,,,, kq)(po’ ) Tpaai )
— e o) (... , Tp' n )i ket k‘l)(:va, e T )|

< (@l5) + a(E)) (el bplase V0 + cr (K, e, )/eH)
< oK) laget) V),

with cy(m) := 4(c1(m))? and where we note that ¢(a,,t)" ™+ is also fast decreasing
by (1.12). The difference of mixed moments is thus bounded by

m kL kp+q>(x1, R Y ) kL k”)(xl, Ce L, Xpim) k1o kpﬂ)(xpﬂ, e Tptg n))
< (a1(K) + o K))p(agt) /Y
+ [ krkora) (g Tpiqs M) — i krke) (g s Tp; n)in ko1 k”*‘l)(xpﬂ, e Tprgi )|
(3.19)

The rest of the proof consists of bounding |[fFt-ke+a) — gL kel (Kprikpra) | by o
fast decreasing function of s. In this regard we will consider the expansion (3.7) with
(21, ..., ,; Py) replaced by 7,@(:171, .., Zp; Py) as at (3.17) and similarly for z/j(xpﬂ, ce Zg Pr)
and P (z1, ..., Zprq; Pn). By Lemma 5.2 in the Appendix, &(z, P,), 1 < i < p, have radii
of stabilization bounded above by ¢ and also satisfy the power-growth condition (1.15)
since £(.,.) < &(.,.). Thus the pair (£, P) satisfies the assumptions of Lemma 3.2. The

corresponding version of v, which accounts for the fixed atoms of P, is now

p
cEsIN S || FCTNTED D M
=1

and similarly for J(:UPH, oy Zg; Py) and J(:Ul, ey Zptg; Pr)-

Applying (3.7), (2.11) and (3.8), we obtain

e kﬁq)(xla ©s Tptg)

= ]E'x1 ..... Tptq [w!(xb 5 Tptq; 'pn)]p(erq) ($17 . 7xp+Q)
=1

= Z n vy Dgl,l _____ yl¢!(0)P(l+p+q)(ﬂfl, s gy Yty -5 Y1) Ay dy
1=0 Wn

I
NE
=]

-----
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P9 almost all zy,. .., 7,1,
Rk (g ) (3.20)
0 l
1 [! / ~
= - . . D' Ny, ... 2y 0)
IEZ; l' JZ:; ]'(l — ])' (UleBt,n(xi))jX(Ug:lBt,n(prri))l_j Yise-5U1 pTq
X p(l+p+q) (xla s Tptgy Y1y - - - 7yl>d?/1 cee dyl

00 l 1
2Ny ]

X (=) VI  Tptqs ZjeJ dy;) X PP (g v,y dyn . dyg

/(Uf—lBt,n(%‘))j X(Ui_, Bt,n(xp14))t =7

(3.21)

To compare the (p + ¢)th mixed moments with the product of p,g-mixed moments,
we shall use the fact that RS(z;,P,) € (0,#] (cf. Lemma 5.2) implies the following
factorization, which holds for yy,...,y; € Ui_; Bi(z;) and yjq1,...,y € Ul Bi(Tpti),
with ¢ € (1,s/4) (making U?_, B;(x;) and UL, By(xp;) disjoint):

1;!($1, <o Tptgs Zé:l 5%) = z/?!(xl, s Tp; g:l 5yi)¢!<xp+1v <o Tptgs Zi:j—&—l 5%) :
(3.22)
Using the expansion (3.7) as above along with (3.22), we next derive an expansion for
the product of pth and ¢th mixed moments. Recalling (2.11) and that by (3.6) we have

Eml,...,xp [w(Pn)] = ]E! [w'(’])n)], we obtain

T1ye Ty
A CT ,$p)m(kp+hm7kq)(xp+1> -+ Tptq)
= ]E;l ..... zp [0 (21, .. 1 Lps Pn)]]E!zp+1r~-@p+q [@Z!(xp“’ o2 Tpts Po)]
X pP (@, wp) P (T, )
© _ ~
= > Dy, V(15 290) DZ Ly @41, Tpig; 0)

1751
W W S B @) < (UL, Bea(e )z

la+
D (s gy 21,y 2,) Ay -y dzy . da,

(3.23)

X P(l1+p)(9€1, s Tpy Yty )P
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Applying (3.1) once more for p the null measure, this gives

m(k)h...,kp)(l,l’ . ’l.p)m(kp+17---7kq)<xp+l, . ’a’;p_,’_q)

_ Z Z (_1)l1+12*|J1|*\J2|

!
Lo 12 (Uima Ben(@a)1 X Uiy Bun@p+a)'2 1 i) Joclio]

X ?ﬂ({lﬁ, oo Lps Ziejl 5yi)7vz!(mp+1a wos Tptgs Zing 521')

X p(h“’)(xl, e Ty Y, ,yll)p(l2+q)(xp+1, ey Tpigy 21y - s 21) Ay - dydzy L dg
0o l
_ 1 (= 1) l-12]
10— 5)! | . )
=0 ]:0 '] '] : (U;f:lBt”L(xi))JX(nglBt’n(xP+i))17J JlC[]]:JZCU]\[J}

X ¢!(x17 ce 7IP; Ziejl 5yi)¢!(xp+17 ce 7xp+q; Zz‘ng 5%‘)

X p(j“’)(xl, e Ty YT, - ,yj)p(l_Hq)(po, e Tty Yit1s - Y1) dyr .. dy;

' / ; . Z(_l)l_uw!(xl""7Ip+q§zz‘eJ Oy:)
: (UleBt,n(xi))]X(nglBt,n(Ieri))l_J JC[l]

X p(”p)(xl, e Ty YT, - ,yj)p(l_Hq)(:z:pH, ey Tptgy Yit1s - - y) Ay - dyg, (3.24)

where we have used (3.22) in the last equality.

Now we estimate the difference of (3.21) and (3.24). Applying the clustering bounds
(1.7) and replacing By ,(x;) with Bi(z;), we obtain

A0 ) — I g )
5 e O
S(b(_) : l4+p+q

/ | O W @ T Yy Oy dyn - dy (3.25)
(Ui—y Be(@:))7 X (Ul Be(wp14)) ' Jcli]

Recalling (3.22) and (3.9), we bound 3 ;- 1 (21, ., Ty > ey O:)| by 24(ét) Kt (=K K
where ¢t > 1 holds since ¢ > 1 in (1.15). This gives

|m(k1,4..,kp+q) (Il, . 7xp+q> _ m(kly.‘.,kp) (x17 . ’xp)m(kp+l,...,kq)(xp+17 . 7‘rp+q)|

(o) l
<o(5)Y Y

0 / _ | ol (et) Kt U=DEHK gy dy,
— = 3= DY B X (U By

(3.26)

41



Blaszczyszyn, Yogeshwaran and Yukich

Consequently,

| ) (g, ) — R (g YR (g )

l

< 0(5) Y Cripea2 (@) V(0 + )0at) Y

2 i)

<6() Z %4( ) ((p + q)bat?)

< ¢(§)Z Cll—i'-K4l< £ DK (g 1) (3.27)
=0

where 0, := 7%/2/T'(d/2 + 1) is the volume of the unit ball in R? and where the second
inequality follows from jK, + (I — j)K, < jK + (I — j)K = K and where the last
inequality uses p+¢q < K. We observe, using the bound (1.13), that there are constants
c1,co and ¢z depending only on a,d and K = S 7" k; such that

CH_K L/~ 1 CchZCS(
TRy t(""l)K K0 tdl<tK 2
ZX_; () TV (K Oa)' < lX_Oj

tK+d)l . lal
l!

Using Stirling’s formula we find that there are constants ¢y, c; and cg depending only
on a,d and K, such that

Jc6 (tK—i-d)l
£ ”K —EE 4l et) R (Kogth) < tF cul () ,
Z Z (L1 =a)])!
where |7] is the greatest integer less than the real r. We compute
C o c Cl lca(tKer)l
K l+K £)1 ( d K 4Cp,
N RTINS I
n=0 {l: |I(1—a)|=n}
ce tKer)(nJrl)/(lfa)

C4CEM
< K
- Z (1 —a)n!

< o exp(08t(K+d)/(1_a)) (3.28)

where ¢; and ¢g depend only on a,d and K.

Recalling from (3.16) that ¢ := (s/4)?1~9)/(2(E+d) we obtain

C %)
Z zl+'z<41( et) IR (KO < eqexp <C8(Z>§> :
=0

By (1.14), there is a constant cg depending only on a such that for all s we have
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é(s) < cogexp(—s’/cy). Combining this with (3.27) and (3.28) gives

—(s/2)b
|m(k1 7777 kp+f1) — m(kl 7777 kp)m(kp+1 """ k;ﬂ+(1 ’ < C7Cy €EXP (% + CS(Z)
9

(SIS

This along with (3.19) establishes (1.17) when (&, P) is an admissible pair of class (A2).

Now we turn to the case where (£, P) is of class (Al). Follow the arguments for case
(A2) word for word using that sup,.p R¢(z,P) < r. Notice that when [ > (k — 1)K,
li > (k—1)K,, and Iy > (k — 1)K, the respective summands in (3.20), (3.23), and
(3.27) all vanish. Hence, the finiteness of C trivially follows (without the need for

exponential decay of ¢ or a growth-rate bound on Cy), establishing (1.17) when (£, P)
is of class (A1). O

4 Proof of main results

We provide the proofs of Theorems 1.11, 1.14, and 1.12 in this order.

4.1 Proof of Theorem 1.11

4.1.1 Proof of expectation asymptotics (1.19).

We have by the definition of the Palm probabilities.

n By () =nt [ TV )EE (u, P)p () du.

Whn

By the stationarity of P and translation invariance of ¢ we have Eg&(0,P)du =
E.&(u, P) du. Using this we have

T ERE(F) ~ Eot(0.P)p(0) | fw)da

= [t T B P )~ Bog(0, P (0)} du

= [t [T B, Pa) — € P )

<™ [ Bl P,) = € PR, P) = du, O, o )
< 261 || flloen”™ 1;\4 / P, (RE(u, P) > d(u, OW,,))"du,

where the last inequality follows from the Hoélder inequality, the bound (1.8), the p-
moment condition (1.16) (recall p € (1,00) and M, € [1,00)), and where 1/p+1/q = 1.
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By (1.12) we have
/ (]P’U(R5(u, P) > d(u, 3Wn))1/q du = O(n(d—l)/d)’

which gives (1.19) as desired. If £ satisfies (1.11), but not (1.12), then we note that

fimsupn! [ (B, P) 2 d(u 01,))4du

n—oo

n—o0

glimsupnl/ (¢(ayd(u, OW,)))Y9du

= lim sup/ (p(arn*?d(z, 0Wr)))Y9dz = 0
n—00 Wi
where the last equality follows from (1.11) and the bounded convergence theorem. Thus

[ B () — Eo&(0,P)p ) (0) [ rw da| = o(1)

which gives expectation asymptotics under (1.11).

4.1.2 Proof of variance asymptotics (1.20).

Recall the definiton of mixed moments from (1.5).

Varps, (f EZ f(n=Y42)2e2 (2, P,)

z€Pn
FE Y f ) fn (e P P) — (BEX S e, P
z,y€Pn,c#£Yy z€Pn
= [ f(n7 V) Eu(€(u, Pn))p (1) du (4.1)
Wn

+ / F(n~Y4) f(nY) (my2)(u, v; 1) — my (w; n)mey (v; n))dudv. (4.2)
W X Wi,

Since ¢ satisfies the p-moment condition (1.16) for p > 2, we have that &2 satisfies the
p-moment condition for p > 1. Also, £ and &2 have the same radius of stabilization.
Thus, the proof of expectation asymptotics, with & replaced by &2, shows that the first

1

term in (4.1), multiplied by n~', converges to

Eoc?(0,P)p(0) | f(x)®du;

Wi
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cf. expectation asymptotics (1.19). The second term in (4.2) multiplied by n~! can be

rewritten as follows by setting z = n="/%y and z = v —u = v — n'/?z

L] e w3

X [ma)(n'/4z,n'/ Yz nymay(n**z + 2;n)] dzd.
Setting P* := PN (W, —n"/ da:), translation invariance of ¢ and stationarity of P yields

m() (nl/dx, nMig 4 zn) = m(2)(07 2 Py)
my(n*/%z;n) = ma) (0; Py)
may(nz + zin) = ma) (2 Py) -

Putting aside for the moment technical details one expects that the above moments

x4 z;n) —mey(n

converge to mz)(0, z), m(1)(0) and ma)(z) = m)(0), respectively, when n — oo.
Moreover, splitting the inner integral in (4.3) into two terms

/Wn_nl/dz(...)dz: /Wn_nl/dx1[!z| < M](...)dz+/wn_n1/d$1[\z| > M](...)dz (4.4)

for any M > 0, we see (at least when f is continuous) that the first term in the
right-hand side of (4.4) converges to the desired value

/ f m(g) 0 Z) (1)(0) ]dZ

when first n — oo and then M — co. The absolute value of the second term in (4.4), by
the strong clustering of the second mixed moment, cf (1.17), can be bounded uniformly
in n by

172G /| )z,

which goes to 0 when M — oo since ¢(-) is fast decreasing (and thus integrable).

To formally justify the above statements we need the following lemma. Denote

B (z,2) = m2)(0, z; Pr) — m1y(0; Py ) may(z; Py) .

Lemma 4.1. Assume that translation invariant score function & on the input process
P satisfies (1.11) and the p-moment condition (1.16) for p € (2,00). Then hS(z, z) is
uniformly bounded

sup sup  sup  |hS(z,2)| < Cp < 00
n<oo x€W1 zeW,,—nl/dy

for some constant C}, and

lim B (x, 2) = B, (2, 2) = mz(0, 2) — (mry(0))2.

n—oo
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Proof. Denote X,, := £(0,P*), Y, = &(2,P*), X := £(0,P), and Y := £(2,P). We
shall prove first that all expectations Eg ,(X?2), Eo.(Y;?), Eo.(X?) Eo.(Y?), Eo| X,/
E.|Y,|, Eo|X| and E,|Y| are uniformly bounded. Indeed, by the Holder inequality

Eo..(X}) < (BoslXal?)?? = (Epag - [€(n" 2, P)P)YP < M (4.5)

where in the last inequality we have used p-moment condition (1.16) for p > 2. Sim-
ilarly Eo.(V;?) and Eq.(X?), Eo.(Y?) are bounded by ]\;[,?/p. Again using p-moment
condition (1.16), we obtain

Eo| Xu| < (Eo(Xa)*)"? < (Epug|€®(n'/ 42, Po) )2 < M,/
and similarly for E,|Y,|, E¢| X | and E,|Y|. This proves the uniform bound of |k (z, 2)|.

To prove the convergence notice that
[m2)(0, 2 Py ) =m(5) (0, 2)| = [Eo (X, Yr) — Eo(XY)|p(0, 2) (4.6)
< kg (E072|XnYn - X, Y|+ Eo.| XY — XY|)
< #a(Bo,-(X2)Eo, (Yo — Y)*)'2 4 ka(Eo . (Y?)Eo (X, — X)*)1/2,
(4.7)

where k5 bounds the second correlation function as at (1.8). We have already proved
that Eo ,(X?), Eo.(Y?) are bounded. Moreover

Eo. (X, — X)? = Eo.((X, — X)*1[X,, # X])
< Fo.(X21[X, # X)) + 2o . (| X, X [1[X,, # X]) + Eo.(X*1[X,, # X]).

The Holder inequality gives for p > 2 and 2/p+1/q =1,
EO,z(le[Xn 7é X]) < (Eo,z(Xg))yp(PO,Z(Xn 7é X))l/q

Eo - (| X X|1[X, # X])
Eo.(X*1[X, # X])

(Eq..(XP)Eq .(XP))/?(Pg . (X, £ X))V

S 0,z
< (EO,Z(XP)Q/p(PO,z(Xn 7é X))l/q :

The pth moment of X,, and X under Eg . can be bounded by ]\pr using the p-moment
condition (1.16) with p > 2 as in (4.5). By stabilization (1.11) with [ = 2

Po.(X, # X) < Pg.(RS(0,P) > n'/4d(z, 0W,)) < @(agn/4d(x, OW,)) (4.8)
with the right-hand side converging to 0 for all & dW;. This proves that Eg . (X, —X)?
and (by the very same arguments) Eq (Y, —Y")? converge to 0 as n — oo for all z & OW;.

Concluding this part of the proof, we have shown that the expression in (4.7) converges
to 0 and thus m2)(0, z; PZ) converges to m2)(0, z).
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Using similar arguments with

Im)(0,PF) — m)(0)] = [Eo(X,) — Eo(X)|p™(0)
< k1 ((Bo(Xn)*)"? + (Eo(X?))?)(Po (X, # X)))'2,
by the p-moment condition (1.16) and the stabilization property (1.11) for p = 1 one
can show that m)(0,PY) converges to m1)(0) uniformly in « for all z € W, \ oW;.

Exactly the same arguments assure convergence of mg)(z,Pr) to may(z) = m(0).
This concludes the proof of Lemma 4.1. O

In order to complete the proof of variance asymptotics for general f € B(W;) (not
necessarily continuous) we use arguments borrowed from the proof of [56, Theorem 2.1].
Recall that = € W is a Lebesgue point for f if (VolBe(z))™" [p ) |f(2) — f(2)|dz — 0
as € — 0. Denote by Cy all Lebesgue points of f in W;. By the Lebesgue density
theorem almost every x € Wi is a Lebesgue point of f and thus for any M > 0 and n
large enough the double integral in (4.3) is equal to

/ 1[z € Cf|f(x) / f@+n"Y9)RS (z, 2) dzda
Wi —nl/dg

— [ Alecir@) [ ot n i o) deda
Wi

|2l<M

—i—/ 1[z € Cf]f(a:)/ 1()z] > M) f(z +n"Y942)hE (x, 2) dzd .
W1 Wy —nl/dg

As already explained, by the strong clustering property of the second mixed moment,
the second term converges to 0 as first n — oo and then M — oo. Considering the
first term, by the uniform boundedness of kS (z,2), using the dominated convergence
theorem, it is enough to prove for any Lebesgue point x of f and fixed M that

lim hE (x, 2) f(x +n Vi) dz = f(x)/ hS (x,2)dz.

=00 Jz|< M |z|<M

It this regard notice that

/| V) B () )
< [ CuxIrta i) = f@)] + i, 2) = Bl 2)| e 2
|z|<M

< Cun / @+ 2) — F@)]dz + [ flo X / W (2, 2) — B, (2, 2)] dz
|z|<n—1/dM |

z|<M
Both terms converge to 0 as n — oo: the first since = is a Lebesgue point of x,
the second by the dominated convergence of h(z,z); cf. Lemma 4.1. Note that

47



Blaszczyszyn, Yogeshwaran and Yukich

le Jao |RS(x, 2)|dzdaz < oo, which follows again from the clustering of the second
mixed moment (1.17). Thus letting M go to infinity in [, f*(z) [, hé (z,2) dzdx

|z|<M "7
one completes the proof of variance asymptotics. Il

4.2 Proof of Theorem 1.14.

The proof is inspired by the proofs of [43, Propositions 1 and 2]. By the refined Campbell
theorem and stationarity of P, we have

nVarfli(P) = [ B Plpa)do+ [ / [my(.y) — my (@)m (1)) dydz

=Eo&*(0,P)p / / —mqy(z)m)(y))dydz.
o (4.9)

Now we write c(z,y) := mo)(z,y) — ma)(x)ma)(y). The double integral in (4.9) be-
comes (z =y — 1)

1/n/n m) () —ma(z)m (1)(9))dyd$=n1/n4d0(0,z)1[x+zewn]dzdx

= nl/ / c(0,2)1[x € W,, — z]dzdz.
W, JRd

Write 1[z € W,, — z] as 1 — 1|z € (W,, — 2)] to obtain

i / . / . — mq(@)mq)(y))dydz
= /Rd c(0,2)dz —n* /Rd / ) (0, 2)1[z € R\ (W, — 2)]dzdz.

From (1.25), we have that vy, (2) := Volg(W,, N (R%\ (W,, — 2))) and thus rewrite (4.9)
as

n~'VarHS(P) = Eo&2(0, P)p™(0) +/ c(0,2)dz — nl/ c(0, 2)yw, (z)dz.  (4.10)

Now we claim that

lim n_l/ c(0, 2)yw, (2)dz = 0.
Ra

n—oo

Indeed, as noted in Lemma 1 of [43], for all z € R? we have lim,, o n~ 1y, (2) = 0. Since
n~te(0, 2)yw, (2) is dominated by the fast decreasing function ¢(0, z), the dominated
convergence theorem gives the claimed limit. Letting n — oo in (4.10) gives

lim n~'VarHS(P) = Eo£2(0,P)p™(0) + / (0, z)dz = 0%(€), (4.11)
Rd

n—oo
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where the last equality follows by the definition of 0%(¢) in (1.18) and the finiteness
follows by the fast decreasing property of ¢(0, z, P) (which follows from the assumption
of strong clustering of mixed moments).

Now if 02(£) = 0 then the right hand side of (4.11) vanishes, i.e.,

Eoc%(0,P)p™ (0) + / (0, z)dz = 0.

Rd
Applying this identity to the right hand side of (4.10), then multiplying (4.10) by n'/¢
and taking limits we obtain

n—oo n—oQ

lim n_(d_l)/dVar[?IE(P) = — lim n_(d_l)/d/ c(0, z)yw, (z)dz. (4.12)
R4

As in [43], we have n~(d-1)/d

., (2) < C|z|, and therefore again, by the fast de-
creasing property of ¢(0,z) we conclude that n~(@=1/4¢(0, )y (2) is dominated by
an integrable function of z. Also, as in [43, Lemma 1], for all z € R? we have

(d-1)/d

lim, 0o n™ Y, (2) = 7(2). The dominated convergence theorem yields (1.27) as

desired,

lim n_(d_l)/dVarfIS(P) = —/ c(0,2)y(z)dz. O
Rd

n—o0

4.3 First proof of the central limit theorem
4.3.1 The method of cumulants

We use the method of cumulants to prove Theorem 1.12. Recall that we write (f, u)
for [ fdu. The guiding principle is that as soon as the kth order cumulants C¥ for
(Var(f, u&))~Y2(f,z,) vanish as n — oo for k large, then

(Var(f, &))" Y2(f,11,) — N(0,1). (4.13)

We establish the vanishing of C* for k large by showing that the kth order cumulant
for (f,1,) is of order O(n), k > 2, and then use the assumption Var(f, ) = Q(n").

Our approach. The O(n) growth of the kth order cumulant for (f,7,) is established
by controlling the growth of cumulant measures for pu,, which are defined analogously
to moment measures. We first prove a general result (see (4.18) and (4.19) below)
showing that integrals of cumulant measures for & can be controlled by a finite sum
of integrals of so-called (S, T') semi-cluster measures, where (S, 7) is a generic partition
of {1,...,k}. This result holds for any pf of the form (1.3) and depends neither on
choice of input P nor on the localization properties of £&. Semi-cluster measures for u$
have the appealing property that they involve differences of measures on product spaces
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with product measures, and thus their Radon-Nikodym derivatives involve differences
of mixed moment functions.

In general, bounds on cumulant measures in terms of semi-cluster measures are not
terribly informative. However, when £ satisfies moment bounds and strong clustering
(1.17), then the situation changes. First, integrals of (S,7") semi-cluster measures on
properly chosen subsets W (S, T) of W¥, with (S, T) ranging over partitions of {1, ..., k},
exhibit O(n) growth. This is because the subsets W (S,T) are chosen so that the
Radon-Nikodym derivative of the (S5,7") semi-cluster measure, being a difference of
mixed moment functions, may be controlled by the strong clustering bound (1.17) for
points (vy,...,v5) € W(S,T). Second, it conveniently happens that W is precisely the
union of W (S,T), as (S,T) ranges over partitions of {1, ..., k}. Therefore, combining
these observations, we see that every cumulant measure on WF is a sum ranging over
partitions (S,7T) of {1,...,k} of linear combinations of (S,7") semi-cluster measures on
W (S, T), each of which exhibits O(n) growth.

Thus cumulant measures exhibit growth proportional to the volume of the window
W,, carrying P, namely

(f¥ "y =0(n), feBW), (4.14)

’rn

The remainder of Section 4.3 provides the details justifying (4.14).

Remarks on related work. (a) The estimate (4.14) first appeared in [7, Lemma 5.3],
but the work of [21] (and to some extent [72]) was the first to rigorously control the
growth of cf on the diagonal subspaces, where two or more coordinates coincide. In fact
Section 3 of [21] shows the estimate (f*, cf) < L¥(k!)’n, where L and 3 are constants
independent of n and k. We assert that the clustering and cumulant arguments behind
(4.14) are not restricted to Poisson input, but depend only on clustering (1.17) and
moment bounds (1.16). Since these arguments are not well known we present them
in a way which is hopefully accessible, reasonably self-contained, and rigorous. Since
we do not care about the constants in (4.14), we shall suitably adopt the arguments
of [7, Lemma 5.3] and [72], taking the the opportunity to make those arguments more
rigorous. Indeed those arguments did not adequately explain clustering on diagonal
subspaces.

(b) The breakthrough paper [51] shows that the kth order cumulant for the linear
statistic (Var(f, >, 6,-17a,))"Y*(f,>", 8,-1/a,) vanishes as n — oo and k large. This
approach is extended to linear statistics of random measures pé in Section 4.4 thereby
giving a second proof of the central limit theorem.
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4.3.2 Properties of cumulant and semi-cluster measures

Moments and cumulants. For a random variable Y with all finite moments, ex-
panding the logarithm of the Laplace transform (in the negative domain) in a formal
power series gives

M t = Syt*
logE(e™) = log 1 - Z ) = % , (4.15)

k=1

where Mj, = E(Y*) is the k th moment of Y and S;, = Si(Y) denotes the k th cumulant
of Y. Both series in (4.15) can be considered as formal ones and no additional condition

(on exponential moments of Y) are required for the cumulants to exist. Explicit relations
between cumulants and moments can established by formal manipulations of these
series, see e.g. [17, Lemma 5.2.VI]. In particular

[

Si= 3 (0l -y [, (4.16)
vElI[k]

where I1[k] is the set of all unordered partitions of the set {1, ..., k}, and for a partition
v = {~v(1),...,v()} € HU[k], |7| = [ denotes the number of its elements, while |y(i)]
the number of elements of subset (7). (Although elements of II[k] are unordered
partitions, we need to adopt some convention for the labeling of their elements: let
(1), ...,7(l) correspond to the ordering of the smallest elements in the partition sets.)
In view of (4.16) the existence of the kth cumulant Sy, follows from the finiteness of the
moment M.

Moment measures. Given a random measure p on RY, the k-th moment measure
M* = M*(p) is the one (Sect 5.4 and Sect 9.5 of [17]) satisfying

(18 fr, M* (1)) = E[(f1, 1) (i )] = E[ D f( 1/d E(x,Po) Y Sl 1/d §(x, P

for all fi,..., fr € B(RY), where fi ® ... ® fr : (RY)* — R is given by fi ® ... ®
fr(xy, ooy xy) = fi(xr)... fre(zg).

As on p. 143 of [17], when p is a counting measure, M* may be expressed as a sum
of factorial moment measures M;),1 < j < k, (as defined on p. 133 of [17]):

MFE(d(xy X -+ X xp)) = Z Z M[j](ngldyi(V))(;(V),

where, to quote from [17], the inner sum is taken over all partitions V of the k coor-
dinates into j non empty disjoint subsets, the y;(V),1 < i < j, constitute an arbitrary
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selection of one coordinate from each subset, and d(V) is a § function which equals zero
unless equality holds among the coordinates in each non-empty subset of V.

When p is the atomic measure u$, we write M* for M*(u5). By the Campbell
formula, considering repetitions in the k-fold product of R and putting ¢; := y;(V)
and V := (Vy, ..., V;) we have that

(f®..® f, My) =E[(f, 5)..f 1))

-3 /( T £ By, TP (G, Pl G s 5T A (V)5(V),
j=1 Vv

In other words, recalling Lemma 9.5.IV of [17] we get

dMF(yr, .. i) ZZm WilealVil (g s m)TE_ dys (V)OS (V). (4.17)

j=1 v

Cumulant measures. The kth cumulant measure ¢* := ¢*(u,,) is defined analogously

to the kth moment measure via

(f1 @ .. ® fo, F(n)) = e({f1, prn) - frs fin)

where ¢(X7, ..., Xj) denotes the mixed cumulant of the random variables X7, ..., Xj.

The existence of the cumulant measures ¢!, | = 1,2, ... follows from the existence
of moment measures in view of the representatlon (4.16). Thus, we have the following
representation for cumulant measures :

b= S (-1 - o M,
Th,...Tp

where 71, ..., T, ranges over all unordered partitions of the set 1,...,1 (see p. 30 of [42]).
Henceforth for T; € {1,...,1}, let M denote a copy of the moment measure M'":l on
the product space W7i. Multiplication denotes the usual product of measures: For
Ty, Ty disjoint sets of integers and for measurable B; C (RY)™t, By C (R%)™2 we have
MDD MT2(By x By) = M1 (B;)M2(B,). The first cumulant measure coincides with the
expectation measure and the second cumulant measure coincides with the covariance
measure.

Cluster and semi-cluster measures. We show that every cumulant measure cf is

a linear combination of products of moment and cluster measures. We first recall the
definition of cluster and semi-cluster measures. A cluster measure U7 on W2 x WT
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for non-empty S, T C {1,2,...} is defined by
UST(B x D) = M3T(B x D) — M?(B)MF (D)
for Borel sets B and D in W5 and W7

., respectively, and where multiplication means

product measure.

Let S1, .95 be a partition of S and let 71,75 be a partition of 7. A product of a
cluster measure U171 on W21 x Wt with products of moment measures MIP! and
MIP! on W2 x W is an (S, T) semi-cluster measure.

For each non-trivial partition (S,T) of {1,...,k} the k-th cumulant ¢® measure is
represented as

= > al(S,Th), (S, Tn)) U M M (4.18)
(S1,T1),(S2,Th)

where the sum ranges over partitions of {1, ..., k} consisting of pairings (S, T}), (S2, Ts),
where S1,Sy C S and Ty,T; C T, where S; and T} are non-empty, and where
a((S1,T1), (S, T)) are integer valued pre-factors. In other words, for any non-trivial
partition (S,7T) of {1,...,k}, c¥ is a linear combination of (S,T) semi-cluster measures.
We prove this exactly as in the proof of Lemma 5.1 of [7], as that proof involves only
combinatorics and does not depend on the nature of the input. For an alternate proof,
with good growth bounds on the integer pre-factors «((S1,71), (S2, 1)), we refer to
Lemma 3.2 of [21].

Let Z(k) be the collection of partitions of {1, ..., k} into two subsets S and T'. If W
may be expressed as the union of sets W(S,T), (S,T) € Z(k), then

[T /(ST)!f(vl)---f(vk)HdCZ(vb---wk)\ (4.19)

< HfHk Z Z ((Sla Tl)? (SQvTQ))/ d(UrflyTle‘zSQertTﬂ)(Ul» S Uk’)v

(8, T)eE(k) (51,11),(52,T2) W(s.T)

where the last inequality follows by (4.18). As noted at the outset, this bound is valid
for any f € B(RY) and any measure 8, of the form (1.3).

We now specify the collection of sets W (S,T'), (S,T) € Z(k), to be used in all that
follows. Given v := (vy, ..., vx) € WF, let

Dy(v) := Dy (vr, ey vg) 2= max(for — vif[ + oo+ [lon — vi])

be the I* diameter for v. For all such partitions consider the subset W (S, T') of Wf xWrT
having the property that v € W (S, T) implies d(v®,vT) > Dy(v)/k?, where v° and vT

are the projections of v onto W? and W7

g respectlvely, and where d(v¥ vT) is the
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minimal Euclidean distance between pairs of points from v* and v7.

It is easy to see that for every v := (v1,...,v) € WP, there is a partition (S,7)
of {1,...,k} such that d(v®,vT) > Dy(v)/k?. If this were not the case then given v :=
(v1, ..., vx), the distance between any two components of v must be strictly less than
Dy(v)/k?* and we would get max;< >+, ||v; — vj]| < (k — 1)kDy /K.

This would contradict the definition of Dy(v). Thus WF is the union of sets
W(S,T), (S,T) € Z(k), as desired. We next describe the behavior of the differen-
tial d(USHT M MY on W (S, T).

Semi-cluster measures on W (S,T). Next, given S; C S and T} C T, notice that
d(v1,vT) > d(v®,vT) where v1 denotes the projection of v onto W21 and vt denotes
the projection of v” onto ng. Let II(Sy,T1) be the partitions of S; into j; sets
Vi, ..., Vj, with 1 < j; < [S1], and the partitions of T3 into js sets Vj 41, ..., Vj, +j,, With
1 < j5 < |T1]. Thus an element of T1(.Sy,7T) is a partition of S; U Tj.

If a partition V of S; U T} does not belong to II(Sy, ), then there is a partition
element of V containing points in S; and 77 and so 6(V) = 0 on the set W (S, T).
Thus we make the crucial observation that, on the subset W(S,T) of W¥ the differ-
ential d(M>"9TY) collapses into a sum over partitions in 11(Sy,Ty). Thus d(M>YT)
and d(M>*M™) both involve sums of measures on common diagonal subspaces, made
precise as follows.

Lemma 4.2. On the set W(S,T) we have

[S1] |71

AU =33 Y LSy (V)s(V) (4.20)

J1=1j2=1Vell(S1,T1)

where

o VilsesViy LIV 411505 Vi, +i ~ Y i :
[} = m(| Lol Vi Vi1l ]1+32|)(y17----:yj1yj1+17---yj1+j2’n)

m b (g g m)m Vb Vi D (g g,
The representation of M) and M follows from (4.17), that is to say

| S|

A =37 ST Ml VaD G g ) dy(V)S(V),  (421)

j3=1 Vell(Sy)

where II(S2) runs over partitions of Sy into j3 sets, 1 < j3 < |Sy|. Similarly

T3]
dM[T =57 ST Vel T Ay (V)8(V), (4.22)
Ja=1Vell(Ty)

where II(73) runs over partitions of T into jy sets, 1 < j, < |T3].
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4.3.3 Strong clustering and semi-cluster measures

The previous section established properties of semi-cluster and cumulant measures valid
for any pé of the form (1.3). When ¢ satisfies strong clustering (1.17) and moment
bounds, we now assert that each integral in (4.19) is O(n).

Lemma 4.3. Assume £ satisfies strong clustering (1.17) and moment bounds for all
p > 1. For each partition element (S,T) of Z(k) we have

/VV(ST) WS W T |d(U§1,T1MT|LSQ\M7|ITz\)‘ = O(n). (4.23)
L) CW R XWy

Proof. The differential d(U>v" MLSZ|MT|LT2|) is a sum

[S1 |Tu| [S2| [T2]

S S L

J1=1j2=1j3=1 ja=1

of products of three factors, one factor coming from each of the summands in (4.20)-
(4.22). By Theorem 1.10, on the set W (S, T) the factor arising from (4.20) is bounded
in absolute value by

Cro (& Dr(y)/ k).
By the moment bound (1.16) the two remaining factors arising from summands in

(4.21)- (4.22) are bounded by a constant depending only on k, say M’(k).

Thus we have
k

/I;V(ST)‘d(USlT1]\/[52|MT2)|<C ]\/[’ 222/ Cka )/k2>Hi:1dyz(V)5(V)H

B> / & (& Dy (y) /KT dyi (V)5 (V).

j=1 Vv

B

Here V runs over all partitions of the k coordinates into j non-empty disjoint subsets.
We assert that all summands are O(n). We show this when j = k, as the proof for the
summands j € {1,...,k — 1} is the same. We bound

[ dani i
y1€EWn Y EWnp

:/ / / G(E Dy (0, wa, ..., wi) k) dyy dws...dwy.
Yy1€EWn Jwa€Wn—y1 wr€EWn—y1
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Now Dy (0, wa, ..., wi) > 3%, |Jwi|| and so letting & := & /k? gives

l/ m/ 36 D (y)/K) gy ..y
y1EWn Yy €EWn

k
< n/ / o w;||)dws...dw
SR A (& > |lwi]])dws

<n(45&¢zu»Wkalom»

where the last inequality follows since ¢ decreasing implies

k
0@ Y llwill) < (od (@ lwil)-.
=2

We bound the other summands for j € {1,...,k — 1} in a similar manner, completing
the proof of Lemma 4.3. O

4.3.4 Proof of Theorem 1.12

By the bound (4.19) and Lemma 4.3 we obtain (4.14). Letting C* be the kth cumulant
for (Var(f, us))~V/2(f, us), we obtain C! =0,C2? = 1, and for all k = 3,4, ....

Cy = O(n(Var(f, u5))™%).

n

Since Var(f, u&) = Q(n”) by assumption, it follows that if k& € (2/v,00), then the
kth cumulant tends to zero as n — oo. By a classical result of Marcinkiewicz (see e.g.
(68, Lemma 3]), we get that all cumulants C*, k > 3, converge to zero as n — oo. This
gives (4.13) as desired and completes the proof of Theorem 1.12. 0J

4.4 Second proof of the central limit theorem

We shall now give a second proof of the central limit theorem which we believe is of
independent interest. Even though this proof is also based on the cumulant method as
outlined in Section 4.3.1, we shall bound the cumulants using different ideas as indicated
in Remark (b) in Section 4.3.1. Though much of this proof can be read independently
of the proof in Section 4.3, we repeatedly use the definition of moments and cumulants
from Section 4.3.2.

Our approach. We shall adapt the approach in [51, Sec. 4] replacing Pgrr by
pS, which is a purely atomic measure, and considering its linear statistic pé(f). Our
mixed moment functions play the same role as the k-point correlation functions of the
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point process, in the sense that they are densities of the moment measures of u& when
arguments are all distinct. Some care is required to take properly into account repeated
arguments, when these functions no longer simply ‘collapse’ to appropriate lower di-
mensional ones, but change their structure due to corresponding Palm conditioning of
the mass attached to the repeated points. This is captured by our generalized mixed
moments at (1.5).

4.4.1 Ursell functions of a purely atomic measure

Recall the definition of the generalized mixed moment functions at (1.5):

) (g agin) o= By (G, P))™ (€, Pa)) ) P (2, ).

We will drop dependence on n, i.e., mFr®)(z . xn) = mEreke) (g )
unless asymptotics in n is considered.

Inspired by the approach in [8, Section 2] we now introduce truncated mixed mo-
ment functions. Define truncated mized moment (Ursell) functions m(Tk teehp) by taking

m(Tk) (z) := m®¥ () for all k € N and inductively

1]

T, 1) = mEeke) (g Z H Rra € ) JjE€(i).

v€lp] =1
[v[>1

mSFl,..A,kp)(

(4.24)
for distinct z4,...,2, € W, and all integers ky,...,k,, p > 1, and (implicitly) n <
oo. It is straightforward to prove that these functions satisfy the following relations.
They extend the known relations for point processes, where mEv-—ko)(z, . x)) =
pP)(zy,...,z,) depend only on p, but we were unable to find them in the literature
for purely atomic random measure. Assuming 1 € v(1) in (4.24) and summing over
partitions of {1,...,p} \ 7(1), we get the following relation :

m(’ﬂ,...,kp) (xl, . ,xp) mgﬁl’ ke )($1, e ,l'p)+
Z m$j:jel)(mj jel) m(k’jijefc)(mj cj eI, (4.25)
Ig{l ,,,,, p}

where I¢:= {1,...,p} \ I. Using (4.25), by induction with respect to p, one obtains
the direct relation to the mixed moment functions

o]

r1,mp) = Y (=D |y - Hm Rid€Y @) (g5 € (). (4.26)

~v€llp]

mglzf1,...7kp)(

This extends the relation [51, (27)], valid for point processes. We say that a partition
v = {v(1),...,v(D)} € ll(p) refines partition o = {c(1),...,0(l1)} € II(p) if for all
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ie{l,...,1}, v(i) C o(y) for some j € {1,...,l;}. Otherwise, the partition 7 is said
to miz partition o. Now using (4.24), we get for any [ ?Cﬁ {1,...,p}

vl

m#9 ;2 j e Hm* Iy je 1) = Y7 [[mETT Va5 eq),
vemp] =1
~ refines {I,I¢}
(4.27)
and therefore, again in view of (4.24)
mgfcl""’kp)(:cl, e Tp) = m(kl"“’kp)(:vl, e Tp) — m(kf:jd)(:z:j cj€l) m(kfjdc)(xj :j €19

vl

n Z Hm(Tkj:jev(i))(xj L € (i) (4.28)

ye[pL|v[>1 =1
v mixes {I,I¢}

This extends the relation [51, last displayed formula in the proof of Claim 4.1] valid for
point processes.

4.4.2 Clustering and bounds for Ursell functions

We show now that clustering of the generalized mixed moments (1.17) implies some

bounds on the Ursell functions. Since m(kl’“"kp)(xl, ..., Zp;n) is invariant with respect
to any joint permutation of its arguments (ky, ..., k,) and (21, ..., z,), clustering (1.17)
may be rephrased as follows : There exist a fast decreasing function g% and constants
Cr, @, such that for any collection of positive integers ki, .. . kp, p > 2, satisfying
ki+ ...+ k, = k, for any nonempty, proper subset I G {1,...,p}, for all n < oo and
all configurations z4,...,z, € W,, of distinct points we have

‘m(kl’“"kp)(xl, e Ty M) — m(kf:jel)(a:j :j€l;n) m(k]':jelc)(xj 1j € Ic;n)’ < Cd ()

(4.29)
where s :=d({z; : j € I}, {z;:j € I°}).

Now we consider the bounds of Ursell functions of clustering measures. Following
the idea of [51, Claim 4.1] one proves that clustering (1.17) and the p-moment condition
(1.16) imply that there exists a fast decreasing function ¢ and constants C}, & , such
that for any collection of positive integers k1, ..., k,, p > 2, satisfying k1 + ...+ k, =k,

for all n < oo and all configurations x4, ...,z, € W, of distinct points we have
|m(Tk1 """ ) (2, ... cxpn)| < CF o (cp diam(zy, ..., 2,)), (4.30)
where diam(z1, ..., r,) = max; j—1._,(|z; — x;|). The proof uses the semi-cluster rep-

resentation (4.28), clustering (1.17), together with the fact that there exist constants
c; (depending on the dimension d) such that for each configuration z4,...,z, € W, ,
there exists a partition {I, ¢} of {1,...,p} such that d({z; : j € I},{z; : j € I°}) >
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¢, diam(zy, ..., xp).

Next, inequality (4.30) allows one to bound integrals

sup sup  sup / |m-+
'FLSOO $1€Wn k1+...+k:p:k (Wn)pfl
k; >0

K3

Ty ..., Tp;n)|dey - - - dr, < oo. (4.31)

Indeed, for a fix point x; € W,,, we split (W, )P~! into disjoint sets:

Go = {(z,...,1,) € (W,)P"' : diam(y, ..., z,) < 1}
Gy i={(2a,...,2p) € (W,)P~': 27 < diam(ay,...,2,) <2}, 1>1

and use estimate (4.30) to bound the integral on the left-hand side of ( 4.31) by

cl+cl Z 2D g (&F 1) < o0

=1

since ¢ is fast decreasing; cf. [51, Claim 4.2).

4.4.3 Proof of Theorem 1.12

The cumulant of order one is equal to the expectation and hence disappears for the
considered (centered) random variable 725 (f). The cumulant of order 2 is equal to the
variance and hence equal to 1 in our case. For k > 2, note the following relation between
the normalized and the unnormalized cumulants :

Sk((Var 15, (£)) 725, (f)) = (Var a5, ()72 % Sk(415,(f)). (4.32)

We establish the vanishing of (4.32) for k large by showing that the kth order cumulant
Sk(pé (f) is of order O(n), k > 2, and then use assumption (1.22), i.e., Var(f, us) =
Q(n”). We have

k

ME = E((f ) =E( Y fuled(@ Pa)

z;€Pn

where f,(-) = f(-/n'/?). Considering appropriately the repetitions of points z; in the
k th product of the sum and using the Campbell’s formula one obtains

|o|

ME= 37 () £ AL, (433)

oelllk] i=1

where ) denotes the tensor product of functions
p
(@ filar, - zp) = T [ (F) ¥ (2))
i=1 '
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M\ (zy, ..., xpp;n) = mUeWlloloaDD g m g on)

and A, denotes the Lebesgue measure on (W,)!. Using the above representation

and (4.16) the kth cumulant Si(ué(f)) can be expressed as follows

vl 1v(@)/ol
SEU) = 3 0P 3 TTCQY S g
~€ell[k] oelk] =1
o refines
vl Iv(@)/al
Z Z \'Y\ 1 (|| - |H ® f(W(l /o) ('Y(i)/o)’)\lg(i)/gl%
o€lllk] ~ellk 1=1 =
areﬁnes’y
(4.34)
where (i) /o is the partltlon of (i) induced by o. Note that for any partition o € TI[k],
with |o(j)| = kj, j =1,...,|o| = p, the inner sum in (4.34) can be rewritten as follows:
il
> (0" = I ® 0 501) = (@) plm) 38) | (1.35)
vell[p] =1 jery(i g=1

where the equality is due to (4.26). Consequently

lo|

Sks () = YA fleDlpplfel--lolebl Nty (4.36)

ocll[k] j=1

which extends the relation [51, Claim 4.3] valid for point processes. This formula,
which expresses the kth cumulant in terms of truncated mixed moment functions, is
the counterpart to the standard formula (4.33) expressing kth moments in terms of
correlation functions. Now, using (4.31) and denoting the supremum therein by C, we
have that

®f’“ﬂmT ----- ARy | < / |®fjjj||m<k1 ----- )2y, xy)|dey .. dx,
< ik dxl/ ) (o o) da. . da,

< |1 FI5CrVol(Wy,).

So, the above bound along with (4.34) and(4.35) gives us that Sy,(u$(f)) = O(n) for all
k > 2. Thus, using the variance lower bound condition (1.22) and the relation (4.32),
we get for large enough k, that Si((Varus(f))""2ué(f)) — 0 as n — oo. Now, as
discussed in (4.13), this suffices to guarantee normal convergence. 0J
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5 Appendix

5.1 Facts needed in the proof of clustering of mixed moments

The following facts regarding U-statistics are used in the proof of Lemma 3.2.

Lemma 5.1. Let f, g be two real valued, symmetric functions defined on (R?)* and (R?)!
respectively. Let F = 53 v f(X) and G := £ 3w (X)) be the corresponding
U-statistics of order k and | respectively, on the input X C R?. Then we have:

(i) The product F'G is a sum of U-statistics of order not greater than k + .

(ii) Let A be a fized, finite subset of R%. The statistic F 4 := 1/k! > xe(xuam f(x) is a
sum of U-statistics of X of order not greater than k.

Proof. The first statement follows from the representation

k+1

FG= ) % > h(z)

m=max(k,l) ) ze X (m)
where
1
hm(zb BRI Zm) = m Z f(zﬂ'(l)7 Zr(2)y - e Zﬂ'(k))g(zw(m—H-l)v Zr(m—I+42) « + - Zﬂ(m)) )
ﬂ'ESm

with S, denoting the permutation group of the first m integers. For the second state-
ment observe that

min(|.A|,k)
§ § § hk ma )
=0 acAm ' zex (k=m)
where
hkfm,a('zl?"'azkfm) = N E f a‘17'"7am727r(1)7"'7z7r(k—m))- UJ

' TESk—m

The following fact regarding the radius of stabilization is used in the proof of (1.17)
in Section 3.2.

Lemma 5.2. Let & be a score function on a locally finite input X and RS its radius of
stabilization. For a givent > 0 consider score function &(x, X) = &(x, X)1[R (z, X) <

t]. Then the radius of stabilization RE of € is bounded by t: Rf(x X) <t for any locally
finite input X and x € X.
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Proof. Let X, A be locally finite subsets of R? with € X. We have
E(x, (X N By(x)) U (AN Bf(x)))
= &(w, (X N By(2)) U (AN Bf(2))) 1[R*(z, (X N Bi(x)) U (AN Bf(x))) < ]
=&(x, XN By(x)) 1 [Rg(x, (X N By(x)) U(AN B (x))) < t] ,

where the last equality follows from the definition of R*. Notice
1[RS(z, (X N By(z)) U (AN Bi(x))) <t] = 1[R*(x, X N By(x)) < t]
and so &(x, (X N By(z)) U (AN B¢(x))) = &(z, X N By(x)), which was to be shown. [

5.2 Determinantal and permanental point process lemmas

We collect various facts about determinantal and permanental point processes needed
in our approach. These facts, of independent interest, illustrate the tractability of these
point processes. First,we show that if determinantal and permanental point processes
have a kernel K decreasing fast enough, then they generate admissible clustering point
processes satisfying clustering conditions (1.13) and (1.7) respectively. We are indebted
to Manjunath Krishnapur, who sketched to us the proof of the next result.

Lemma 5.3. Let P be a stationary determinantal point process on R with a kernel
satisfying K(z,y) < w(|x — y|), where w is at (2.7). Then

0" (@1, prg) = PP (@1 )P (s Tprg)] S TERRG)IET, (5.)

where ||K|| := sup, ,ega |[K(2,9)|, 5 is at (1.2), andn = p+q.

Proof. Define the matrices K¢ = ((K (2, 25))1<ij<n, K1 = ((K(xi, x}))1<ij<p, and
Ky = ((K(z,%))p+1<ij<n- Let L be the block diagonal matrix with blocks K7, K.
We define || Ko|| := sup,<; j<,, |Ko(i, z;)| and similarly for the other matrices. Then

0" (@1, pag) — PP (1, ) p D (Tprs s pag)| = | det(Ko) — det(K7) det (k)|
| det(Ky) — det(L)]

n' "3 || Ko — L|[| Ko™ (5.2)

n'Ew(s) | K",

IA A

where the inequality follows by [1, (3.4.5)]. This gives (5.1). O

As a first step to prove the analogue of Lemma 5.3 for permanental point processes,
we prove an analogue of (5.2). We follow verbatim the proof of (5.2) as given in [1,
(3.4.5)]. Instead of using Hadamard’s inequality for determinants as in [1], we use the
following version of Hadamard’s inequality for permanents ([16, Theorem 1.1]): For any
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column vectors vy, ..., v, of length n with complex entries, it holds that

n

[per([v1, ..., v,))| < —H 0; T, S”'HH%H

where ||v;|| is the [,-norm of v; viewed as an n-dimensional complex vector.

Lemma 5.4. Let n € N. For any two kernels K and L, we have
[per(K) — per(L)| < nnll| K — L max{|| K|, [|L[[}"~".

Now, in the proof of Lemma 5.3, using the above estimate instead of (5.2), we
establish weak clustering (1.7) of permanental point processes with fast decreasing
kernels K.

Lemma 5.5. Let P be a stationary permanental point process on RY with a fast-
decreasing kernel satisfying K(x,y) < w(|x — y|) where w is at (2.7). Then

|p(n)<x17 ce 7xp+¢1) - p(p)(xh s 7$p)p(q)<xp+17 s 7$p+é]>| < nn!w(S)HKHnila

where s is at (1.2) and n =p +q.

Recall that clustering of a-determinantal point processes, |a| = 1/m,m € N, relies
heavily on Proposition 2.3, whose proof we now give.

Proof of Proposition 2.3. We shall prove the proposition in the case m = 2; the general
case follows in the same fashion albeit with considerably more notation. Let 1, ..., 4,4
be distinct points in R? with s at (1.2) as usual. For a subset S C [p+q], we abbreviate
Pl (z; 1 j € S) by p(S). Using (2.17) we have that

Pp+a)= D p(S)p(S2) =20(p +4q)) + 2p([p])p([q])
S1US2=[p+q]

+ > p(S1)p(S2) + > p(S1)p(S2)

S1US2=[p+q],S2N[p]=0,S;#0 S1US2=[p+q],51N[p]=0,5;#0

+ > p(S1)p(S2) + > p(51)p(S2)

S1US2=[p+q],S2N[q]=0,5;#0 S1US2=[p+q],S1N[q]=0,5:#0

+ Z p(S1)p(S2)

S1USa=[p+q],S;N[p]#0,S:N[q]#D

P
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= 2p([p+q]) + 2p([p))p([q]) + > (p(Sa1 U [p))p(Sa2) + p(S22 U [p])p(San))
S21US22=[q],S;;#0

+ Z (p(S11 U [a])p(S12) + p(S12 U [a])p(S11))
S11US12=[p],S;; #0

+ Z p(S11 U Sa1)p(S12 U Saa).
S21US22=[q],S11US12=[p],S:; #0

On the other hand the product of correlation functions is

po(P)po(la) = (D p(Si)p(S))( Y. p(Sa)p(S2))

S11US12=[p] S21US22=[q|

= () +  D_  p(Sn)p(Sw)

S11US12=([p],S;; 70

x(2p([q]) + Z p(S21)p(Sa2))

S21US22=[q],S:; #0
= 4p([p))r(la])
+2 Y p(Sap(l)e(S) +2 > p(Su)e(a))p(Sie)
S21US22=[q],S;;#0 S11US12=[p],S:; #0
+ Z p(511)p(S21)p(S12) p(S22).

S21US22=[q],S11US12=[p],S:; #0

Now, we shall match the two summations term-wise and bound the differences using
correlation bound (1.8) and clustering condition (1.7):

lpo([p + al) = po([p)po([a])] < 2[p([p + a]) — p([p))p([a)]
+ > |p(S21 U [p])p(S22) — p(S21)p([p]) p(S22)]

S21U8S22=[q],S;; #0

+ Z |p(S22 U [p])p(S21) — p(S21)p([p]) p(S22)]
S21US22=[q],S;; #0

+ Z [p(S11 U [g])p(S12) — p(S1)p([g]) p(Si2)]|
S11US12=[p],S;;#0

+ D p(SiUlg)p(Si) — p(Sin)p(g))p(Shz)]
S11US12=[p],S;; #0

+ Z |p(S11 U S21)p(S12 U Saz) — p(S11)p(S21)p(S12)p(S22)]

S21US20=[q],S11US12=[p],Si;#0

2Cp+qP(Cp+q5) Fipiqll + Z 1+ Z L+ Z

IN

S21US22=[q],S;;#0 S11US12=[p],Si;#0 S21US22=[q],S11US12=[p],S:; #0

IN

26p1qCptq?(CptqS) Z 1 = 26p14Cprqd(cpres)2™. O
S1US2=[p+q]
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To bound the radius of stabilization of geometric functionals on a determinantal point
process, we shall need the following estimate of exponential decay of Palm void prob-
ability. Though the proof is inspired by the proof of a similar estimate in [47, Lemma
2], we derive a more general and explicit estimate.

Lemma 5.6. Let P be a stationary determinantal point process on RY. Then for p,k €
N, >0, x € R®”, andy € R?, we have

P;(P(Br(y)) < k) < 6(2k+p)/86—K(0,0)Vol(Br)/8. (53)
Proof. Note that we may assume y = 0 without loss of generality. Let x = {z1,...,2,}.
For any determinantal point process P (even non-stationary), let P, be the reduced
Palm point process with respect to € R%. From (2.11) (see also [67, Theorem 6.5]),
we can explicitly describe the correlation functions of P,. Thus, we have that P, is also
a determinantal point process and its kernel L is given by
K(yh x)K(x, y2>
K(z,z) '

The simple inequality [;, |K(z,y)?dy < K(x,) shows that for any bounded Borel
subset B

L(y1,y2) = K(y1,92) — (5.4)

EL(P(B)) = /B Liy,y)dy

1
= K,d——/Kx, 2d
[ Kty = g [ 1K) Pay
> E(P(B)) — 1.
Now re-iterating the above inequality, we get that for all x € (R%)® and any bounded
Borel subset B

E.(P(B)) > E(P(B)) - p. (5.5)

Since determinantal point processes are a sum of independent Bernoulli random vari-
ables [9, Theorem 4.5.3], the Chernoff-Hoeffding bound [46, Theorem 4.5] yields

P, (P(B) < EL(P(B))/2) < e SPE)/E, (5.6)

X

Now we return to our stationary determinantal point process P and note that E(P(B)) =
K(0,0)Vol(B). Choose rq (depending only on p, k) large enough such that K(0,0)Vol(B,,) =
2k + p. Thus combining (5.5) and (5.6), we have that for r € (rg, 00)

P(P(B,) < k) S PL(P(B,) < E,(P(B))/2) < e~ (HOOVIEI72IE,

X

For r € (0, 1], the definition of 4 shows that the right-hand side of (5.3) is larger than
1 and hence it is a trivial bound. O]
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Inequality (5.5) can also be deduced from the stronger coupling result of [54, Prop.
5.10(iv)] for determinantal point processes with a continuous kernel but we have given
an elementary proof. Given Ginibre input, we can improve the exponent in the void
probability bound (5.3). We believe this result to be of independent interest.

This we achieve by generalizing [70, Lemma 6.1] (which treats the case k = 0).
The proof uses again Cauchy’s interlacing theorem to bound the Palm probability of
{P(B,) < k} by a scalar multiple of its stationary probability and then we use repre-
sentation results for the Ginibre process to bound the probability more explicitly.

Lemma 5.7. Let B, := B,(0) C R? and let P be the Ginibre point process. Then for
p,k €N and x € R?,

]P’L(P(Br) < k) < exp{p(k+1)r*}P(P(B,) < k) < kr* exp{(p(k+1)+k)r2—ir”‘(l—i—o(l))}.
(5.7)

We remark that stationarity shows the above bound holds for any radius r ball.

Proof. Again, we shall prove the result for p = 1 and use induction to deduce the
general case. So, let x = 2 € R?.

Let Kp, be the restriction to B, of the integral operator I (generated by kernel K)
corresponding to Ginibre point process and Lp, be the restriction to B, of the integral
operator L (generated by kernel L) corresponding to the reduced Palm point process
(also a determinantal point process). Let A\;;i = 1,2,... and p;,7i = 1,2,... be the
eigenvalues of Kp and Lp, in decreasing order respectively.

Then from (5.4) we have that the rank of the integral operator Kp, — Lp, is one.
Secondly, note that

Zui =E.(P(B,)) = / L(y,y)dy < | K(y,y)dy = E(P(B,)) = Z Ai-

B, By

Hence, by a generalisation of Cauchy’s interlacement theorem [18, Theorem 4] combined
with the above inequality, we get that the respective eigenvalues satisfy the interlacing
inequality \; > p; > A\jyq for i =1,2,.

Again by [9, Theorem 4.5.3], we have that P(B,) = Z Bernoulli();) and under
Palm measure, P(B,) < >, Bernoulli(;) where both the sums involve independent
Bernoulli random variables. Independence of the Bernoulli random variables gives

Po(P(B;) < k) = Z HNJ H 1 —p;)

JCN,|J|<k je]  j¢J

< > HvITa-x

JCN,|J|<kje]  j¢J
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< ¥ IvIdo-w I a-x7
JCN,|J|<kje]  j¢J j—1eJu{0},j¢J
< (1=M)H! Z H Aj H(l — ) = (1= ) *'P[P(B,) < kl.

JCN|JI<kj€J  jgJ

The proof of the first inequality in (5.7) for the case p = 1 is complete by noting that
A =P(EXP(1) <r?) (see 9, Theorems 4.7.1 and 4.7.3]), where FX P(1) stands for an
exponential random variable with mean 1. As said before, iteratively the first inequality
in (5.7) can be proven for an arbitrary p. To complete the proof of the second inequality,
we bound P(P(B,) < k) in a manner similar to the proof of [9, Proposition 7.2.1].

Let P* := {R? R2,...,} = {|X|? : X € P} be the point process of squared mod-
ulii of the Ginibre point process. Then, from [9, Theorem 4.7.3], it is known that
R? < I'(¢,1) (I'(¢,1) denotes a gamma random variable with parameters i,1) and are
independently distributed. We shall need the bound that for all ¢ > 1,

P(R; > %) < e PR () < e P (1- )7,

for some constant 3 € (0,1). For i < r?, the bound is optimal for 8 = 1 — T% For r,
set 1, := "127, the ceiling of r2. Then,

B(P(B,) <k) = PG{i: R <r’} <k <PB@{i<r.: R <r’} <k

< > J[Pp@E <) ]PR: > )

JClra),|J|<k i€ igJ
< > qeea-p [[ema-n"
JClra),|J|<k i€ i¢J

Tx
< kr?kekr2 H e—ar2(1 . B)_Z
i=1
_ kT,Zkeere—%r‘l(l—i-o(l))

Y

where equality follows by substituting the optimal /5 for each i, as in [9, Section 7.2]. O
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