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Crystal nucleation for a model of globular proteins
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A continuum model of globular proteins proposed by Talanquer and Oxthb@hem. Phys109,
223(1998] is investigated numerically, with particular emphasis on the region near the metastable
fluid—fluid coexistence curve. Classical nucleation theory is shown to be invalid not only in the
vicinity of the metastable critical point but also close to the liquidus line. An approximate analytic
solution is also presented for the shape and properties of the nucleating crystal dropR204©
American Institute of Physics[DOI: 10.1063/1.1695321

I. INTRODUCTION to the liquidus line. The authors also showed that classical
nucleation theory is invalid in the vicinity of the critical
In recent years there has been an enormous increase fint.
the number of proteins that can be isolated, due to the rapid The idea that protein crystal nucleation could be en-
advances in biotechnology. However, the determination ohanced by critical density fluctuations was subsequently re-
the function of these proteins has been slowed by the diffiinforced in a density functional study by Talanquer and Ox-
culty of determining their crystal structure by standard x-raytoby. They studied a phase field model with two order
crystallography. A major problem is that it is difficult to grow Parameters, the local densigyr) and a structural order pa-
good quality protein crystals. Experiments have C|ear|yrameterm(r). The phenomenological free energy functional
shown that this crystallization depends sensitively on theV@s assumed to have a van der Waals fluid branch and a van
physical factors of the initial solution of proteins. An impor- der Waals-type solid branch. Their numerical solution of the
tant observation was made by George and Wilsavho Euler—Lagrange equations fqr the nucleating critical droplet
showed that x-ray quality globular protein crystals only re—and freg energy barrier c':on.flrme_d that th‘? T‘at“re of crystal
A - . nucleation changes qualitatively in the vicinity of the meta-
sult when the second virial coefficierB,, of the osmotic

fth tein i lution i ithi stable critical point. They also found that the nucleation bar-
pressure ot the protein in Solution 1ies within a Narrow rangeyq g significantly lower in this region than elsewhere in the

This corrgs_ponds to arat_her_narrow temperature window. Foﬁhase diagram and that classical theory is invalid. Subse-
large positiveB,, crystallization does not occur on observ- quently Sear studied a continuum model in which the struc-
able time scales, whereas for large negalye amorphous  yral order parameter was omittéde carried out a mean
precipitation occurs. Rosenbaum, Zamora, and Zukoski thefie|d theory near the metastable critical point and showed
showed the crystallization of globular proteins could be ex- that the liquid “tail” of the density profile of the critical
plained as arising from attractive interactions whose range idroplet is described by an Ornstein—Zernike-type exponen-
small compared with the molecule’s diameteorresponding tial behavior, whose range is given by the fluid correlation
to the narrow window ofB,). In this case the gas—fluid length. Since this length diverges as one approaches the criti-
coexistence curve is in a metastable region below th€al point, so does the critical size of the droplet and the
liquidus—solidus coexistence lines, terminating in a metaexcess number of particles within it. In a subsequent paper
stable critical point. In a seminal study, ten Wolde and FrenSeaF extended his arguments via a scaling theory using the
kel then showedlin a simulation of a modified Lennard- critical exponents for the Ising universality class, so as to be
Jones model with short range attractions that crystaYa"d in the vicinity of the critical point. In particular, the

nucleation is significantly enhanced in the vicinity of the singular part of the free energy barrier associated with the
metastable critical point, due to a reduction in the nucleatio

r%ail was shown to satisfy the same scaling as the order pa-
. o . rameter associated with the metastable critical poih& den-
free energy barrier. Thus the conditions for optimal crystal-

o . —.__sity differen nd vanish n roach r di
lization correspond to being near the metastable crltlcaf y difference and vanishes as one approacigs Sear did

. . ) _ not calculate the shape of the droplet in the core and inter-
point. The reduction in the nucleation barrier results from the; ., region and hence was unable to calculate the value of
large density fluctuations that exist near the metastable critiy,o yarrier to nucleation.
cal point, which also affect the structure of the critical In this paper we extend the work of Talanquer and Ox-
nucleus. Namely, the initial step toward formation of thetoby, to obtain a better understanding of homogeneous crys-
critical droplet is the creation of a dense, liquidlike dropletta| nucleation. We present additional numerical results for the
which then forms a crystal nucleus in its interior. This pro-model as well as an approximate analytical description of the
cess of first increasing the density and then forming a cryseritical droplet, including its crystal core and téhe latter is
talline order is the opposite of what normally occurs in thebased on Sear’s wotk From this we compute the free-
liquid—solid phase transition at high temperatures and closenergy barrier to nucleation in the region between the fluid—
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solid coexistence curve and the metastable fluid—fluid coex- 4
istence curve. As expected, this barrier is smallest in the a5 |
vicinity of the metastable critical point. We show that classi-
cal nucleation theory is incorrect in the region between the
liquidus and solid coexistence lines, except presumably very 25
close to the liquidus line. TiTe
The outline of the paper is the following. In Sec. Il we
provide a brief review of the model. In Sec. 11l we extend the

numerical analysis of Ref. 6 for the nucleation free energy 1
barrier along various thermodynamic paths. We also calcu- 05 /\
late the profile of the critical droplet as a function of the ‘

density and structural order parameter. This yields the excess 0
number of moleculed\, and the number of molecules in the
crystalline phasel., of the critical droplet. In the next sec-
tion we present a brief discussion of the range of validity ofFIG. 1. Phase diagram for the particles with the short-range attraction in-
classical nucleation theory and show that it is incorrect in thderactions. The fluid-fluid coexistence curve becomes metastable in this
entire metastable region of the phase diagram that we exase
plore. We also show results for the surface tension along
different paths in the phase diagram. In Sec. V we present an ] . . o
approximate theory for the shape of the critical droplet and?fs/@M)m ,)=0. Thus in the solid close-packing limit
from this we obtainN and N,. The theory accurately de- (bp=1) mg=1. The parametedi,, in Eq. (3) has been intro-
scribes the critical droplet except in the interface region, andluced in order to change the range of the attractive interac-
is in qualitative agreement with the numerical results fortions between molecules in the solid phase from that in the
N/N.. Section VI contains a brief conclusion. Some detailsliquid phase[as described by the parametrin equation
of the numerical analysis are given in the Appendix. 2]
The chemical potential in the solid and fluid phases is
the first derivative of the free energy with respect to density,
Il. MODEL wn=(df/dp)+. In order to get coexisting densitipg andp
We use a model due to Talanquer and Oxf’otly de- vi/e must solve tEe equationp(ga)zu(gﬁ) .and @(pa)
=w(pg), wherew=f— up. Graphically this gives the well-

scribe 'globular protein cry§tallization. Their phase field known “common tangent” rule for coexistence. By repeating
model is based on the following grand canonical free-energ¥his for different temperatures we can obtain the entire phase

0 0.2 0.4 0.6 08 1 1.2 14
pb

functional: diagram
B . 1 ) In order to obtain a critical droplet profile we must solve
Qlp,m]= [ df{f(p.m)—pup+3K,(Vp) the Euler—Lagrange equations with appropriate boundary
1K P2V @ conditions,
5 m)~].
28\ mPs 50 5O
The free energy depends on two order parameters(cthre 5—p =0 and m =0,

served local density p(r,t) and a (nonconserved local
structural order parameter that shows whether the system i.,
in a solid or fluid phasen(r,t). Heref(p,m) is the Helm-

holtz free-energy density and is the chemical potential. —va2p+ ﬁ_ﬂzo,
Talanquer and OxtolSyuse the van der Waals free energy ap
density for the fluid branch, of (4)
_ 2 2 —K,V?m+—=0.
fi(p,m)=kgTp[Inp—1—In(1—pb)]—ap+k,Taim am

_ Using the solutions of4) for p(r) andm(r) we can obtain
and a corresponding van der Waals free energy for the soliguch properties of the inhomogeneous system as the free en-
phase, ergy barrierAQ =Q{p(r),m(r)}—Q{py,0} and the surface

i — ® 2 0 2
f(p,m) =kgTp[In p—1—In(1—pb)]— (a+a,m2)p? tensiono=1/2(f 5K | Vp[* dr+ [ oKy Vm|*dr).

+ ka(a1m2+ a’z). (3)
_ . . _ I1l. NUMERICAL RESULTS
Herep plays a role of a weighted coarse grained dengity
=p[l—asm(2—m)] where the term in square brackets In the Appendix we describe the numerical methods that

implements a difference between the fluid and solid closewere used to solve Eq$4). Here we present some results,
packing limits. For the fluid close-packing limigb=1, extending the work of Ref. 6, for the following choice of
while for the solid close-packing limjpb=1. The quantity parametersa=1, b=1, @;=0.25, @,=2, @3=0.3,a,=1.
mq(p) is the equilibrium value of the order parameter in the The phase diagram for these values is shown in Fig. 1, which
solid phase and hence is a solution of the equatiorshows in particular a metastable fluid—fluid coexistence
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FIG. 2. Dependence of the free energy barrier versus temperature at coflG: 4- The solid lines on the phase diagrams show the paths of constant
stant density. supersaturation. The dashed line shows the border between the background

fluid and background solid. If the background density is to the left of the
dashed line, it corresponds to the fluid branch of the free energy. If it is to
. . . the right, it corresponds to the solid branch.

curve. The existence of the metastable critical point affects

the nucleation and growth processes in the vicinity of this

AQ/KT

point. '
The main quantity characterizing the nucleation procesgresent. We can also see that along paths with constant su-
is a nucleation raté, given by persaturation the free energy barrier decreases as one ap-
= o AQKT ®) proaches the critical poir(Fig. 5), which is consistent with
=1, ,

Ref. 6. Figure 5 shows that the free energy barrier has a
wherel, is a prefactor given by the product of dynamical minimum near, but not at, the critical point. The location of
and statistical partsIn order to understand how this meta- this minimum changes from above the critical point for low
stable critical point affects nucleation, we calculate the freesupersaturation to below the critical point for high supersatu-
energy barrier for different thermodynamic pattSome re- ration. The free energy barrier increases below the critical
sults for this barrier were presented in Ref) Bhe barrier  point and becomes very sharp as one increases the supersatu-
dependence on temperature and density in the metastabigtion. When the constant supersaturation lines start to inter-
region between the liquiduésolubility curve and solidus sect the fluid—fluid coexistence curve, the free energy barrier
lines is shown in Figs. 2 and 3. Figure 2 shows that as th&ecomes discontinuous at the temperature of intersection
temperature decreases, the barrier also decreases, while Figig. 5 for Au=0.8 andAx=0.9.) In order to understand
3 shows that as the density increases, the barrier decreas#i®e behavior of the free energy barrier along the constant
This is the normal behavior of a free energy barrier, since asupersaturation lines, we first consider their shéfg. 4).
any point on the solubility curve the free energy is infinite, At high temperatures these lines are more verticahstant
decreases as one moves away from it, and vanishes at thlensity line$ and the free energy barrier decreases with tem-
solid coexistence curve. perature, as shown in Fig. 2. Near the critical point the
However, the existence of the metastable fluid—fluid co-curves become almost horizonf@othermal lines and the
existence curve changes the pathways of the constant frdéwrrier starts to increag€ig. 3). Thus the shape of the con-
energy barrier and constant supersaturation lifég. 4 as  stant supersaturation curve in some sense determines the be-
compared with the case in which the critical point is not
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FIG. 3. Dependence of the free energy barrier versus density at constafiG. 5. Dependence of the free energy barrier versus temperature at con-
temperature. stant supersaturation.
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FIG. 6. The number of crystalline particles versus excess number of parF|G. 7. The excess number of particles versus supersaturiitid line).
ticles for different temperatures. The circles are obtained by taking the derivatives of the free energy barrier
with respect to the supersaturation.

havior of the free energy barrier. To understand this in more
to density at constant supersaturation Is check our numerical results with the nucleation theo?é&m,

(‘M_“) . A0
TV Udpe) _ | Ty © BV ©)
dpo JA JA ' o . .
Au T T Thus we can take a derivative of the free energy barrier with
J J p=pg respect to supersaturation and compare this with our results

wheref() is evaluated at the background fluid density. Thisfo" the dependence of the excess number of particles on the

derivative vanishes at the critical point, so that the Constanzupersaturatlor(1F|g. 7). We see that the free energy barrier

S . . . ecreases rapidly near the critical point as a function of the
supersaturation lines become horizontal in the vicinity of the . . .
. . supersaturation. This happens because the background fluid
critical point. On the other hand, at large temperatures thg "™~ . . :
. . .density as a function of the supersaturation becomes flat in
denominator vanishes, so that the constant supersaturatign =~ .7 - e .
: : e vicinity of the critical point.
lines become vertical. Thus we see that the presence of the
critical point changes the behavior of the free energy barrier
from decreasing as we lower the temperature far from thév. BREAKDOWN OF CLASSICAL NUCLEATION

critical point (the vertical part of theAu=const lineg to  THEORY

increasing as we lower the_temperature to its critical value Classical nucleation theofENT) assumes that the criti-
(the horizontal part of thd u= const line$. Therefore some- . o .
cal droplet is large and that its interface is very sharp. It

where in between there is a minimum of the free energy = = I
barrier. Thus we can conclude that the free energy barrier igredmts that the free energy barrier is
relatively unaffected by the existence of the critical point 16703

along paths of constant temperature or constant density, Aﬂclzg(ps_po)ZAMZ'

whereas it plays a crucial role along paths of constant super- , i i
saturation whereAu is u— ueoex- HOwever, classical nucleation theory

One quantity of interest is the excess number of mol_becomes increasingly inaccurate as one approaches the meta-

ecules, defined as the number of molecules in the presence SPI€ critical point:® This is because the critical droplet has
a diffuse interface in this region, in contradiction with the

the droplet relative to the number of molecules in the spa“ i ¢ Lin thi o

tially homogeneous metastable state, assumptlon of CNT. Qur goal in this section is to compare
CNT with our numerical results for the free energy barrier

and to show that CNT has at best a very limited region of

validity. It is useful to divide the contributions to the free

. ._energy barrier into two parts, i.e., the bulk and surface con-

We can calculate the number of molecules in the CrySta"'”‘?ributions, and compare our numerical results with the pre-

state .us_ingm(r), _since t_his phase field shows whether dictions of CNT for each of these separately. First, define
point is in the solid or fluid state. Thus,

(10

N=J (p(r)=po)dr. (@)
\%

— 2
Ne= | mir)(p(r) - o @ Actn] semrar 0

1
Mean field theory yields a divergence in the excess number AQ(,:47-rf E[K,,|Vp|2+ K| Vm|2]r2dr, (12
of particles at the metastable critical point, whereas the num-
ber of particles in the crystalline state remains finite. Figure 6o the free energy barrier can be written as
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14 - - - . T the same solid density and number of particles as our droplet.
' As can be seen from Table I, CNT underestimates the nucle-
ation barrier by a factor of 10 as compared with the actual
value for the model. It also underestimates the critical drop-
let size by a factor of 2. As one would expect, the ratio of the

12 1

1+

0.8 - X . )
o actual and classical nucleation barriers decreases as we ap-
0.6 | proach the liquidus line. However, it is important to note that
o4 | even in the region which is close to the liquidus line the
’ difference between the actual and classical values of the bar-
02 1 rier is still large. It seems, therefore, that CNT is accurate
only very close to the liquidus line.
0 : : . : s . : . -
0 2 4 6 8 10 12 Since the interface of the droplet is not sufficiently

sharp, the radiuR,, and therefore the classical radiRg, is

significantly different from the actual radiu®,, of the

FIG. 8. Density profiles for different temperatures. From left to right, groplet. This is responsible for the large difference between

=1.01,T=1.25,T=1.5. The horizontal line shows the background fluid - .

density. t_he classical _and non_cla§5|cal value_s of the fr_ee energy bar-
rier. The main contribution to the interface is its “tail,”
which is given by the correlation length and hence becomes

AQ=AQ K +AQ,. (13 very large close to the critical point. At temperatures close to
the critical temperature the system should be in the very
narrow region near the fluid coexistence curve in order for
47R3 ) the radius of the droplet to be much larger than the interface
AQg= 3 Awgt4nR%o. (14 thickness, as given by the correlation length.

In the above,Aw(r)=[f(p(r),m(r))—pup(r)]1—[f(po,0)

— upo] is the difference between the value of the grand ca-

nonical free energy at the points and infinity, Aw, V- THEORETICAL ANALYSIS
=[f(ps.ms) = mps]—[f(p0,0)—mpo] and o is the surface A Approximations for the critical droplet

tension. This division also allows us to determine which of ) ) ) .
these contributions to the free energy barrier is more impor- Equations(4) with appropriate boundary conditions de-

tant in the breakdown of CNT. We first note that if CNT is fin€ the saddle point of the free energy landscape in func-
correct at some pointg(T) of the phase diagram, then the tional space. The boundary condltlops_éf_l)athat the_ density
first terms of (13) and (14) should be equal; likewise, the and structural order parameter at infinity are given by the

second terms also should be equal. Therefore, the values H}etastable values arftl) their spatial derivatives are zero at

the radii that result from comparison of the first terms, i.e.,N€ origin, i.e., p(«)=po, m(*)=0, dp/dr(0)=0, and
Ry=(3AQui/|Awg)¥3 as well as the second terni, dm/dr(0)=0. There is a trivial, spatially uniform solution,

=(AQ, /o)™ should be equal to each other and to thesatisfying these boundary conditions, given pgr)=po,
classical radius of the dropleRy=20/|Awy| m(r)=0. This uniform solution corresponds to the super-
C cll

Using this observation, we have checked the accuracy dfooled liquid, which is a metastable “point” in functional

CNT close to the liquidus line at low temperatures, as well a$Pace- The critical droplet is a spatially inhomogeneous, un-
close to the critical point. The point close to the critical point StaPle solution satisfying the same boundary conditions,

is T/T,=1.01 andpb=0.33, and those close to the liquidus which we find by first solving the Euler—Lagrange equations
line areT/T.=1.5, pb=0.33 andT/T,=1.4, p=0.2. For all around the droplet core €0). We assume that at the origin
(o4 N . C Ty L.

these points CNT is incorrectFor reasons described at the the density has a value close R and the structural order
end of the Appendix we have been unable to explore thé)aramet(.ar has a value closentg.™ (In general the values of
region very close to the liquidus line, where CNT presum_the density and structural order parameter at the droplet cen-
ably becomes corregtFigure 8 showé the density profiles ter are not equal to their equilibrium values, in contrast to the

for these cases, while Table | shows the values of the Corré’:}ssumption of clgssical nuclgation th?b@irst we repre-
sponding quantitiesAQ, AQ, Ry, R,, Ry and the actual sent the solution in the following form:

T

The classical approximation for this barrier is

radius of the dropleR,. We define the latter as the radius of ¥, (1)

a spherical droplet which has an infinitely sharp interface and  p(r)=pgs+ pr , (15

TABLE I. Values for comparison of our results with the classical nucleation m(r)=mg+ Xm(T) (16)
S .

theory. The points close to the critical point and liquidus line &ré&,
=1.01 andpb=0.33, andT/T.=1.5 andpb=0.33, respectively. ) ) . )
We substitutg15) and(16) into (4), rewrite these equations

A A0y R Ry Ry Ry in terms of they’'s and then linearize them to obtain
Close to liquidus line 100.7 12.3 383 6.11 315 6.53 d2X
. . p _
Close to critical point 3.49 028 074 128 0.65 4.09 — KpF + fprp+ fmem_ 0, a7
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d%x
~Kigrz * fmpXp Framkm=0. (18)

Heref,,, f,m, andf,, are the second derivatives bat p;

and mg. Because this is an approximation near the droplet
core, we obviously cannot use the boundary conditions at «
infinity. So, in addition to the zero derivatives it 0, we

add two arbitrary boundary conditions at the origin. The
boundary conditions for thg’s therefore become the follow-

ing: x,(0)=0, xm(0)=0, x,(0)=Ap, and x,(0)=Am,
whereAp and Am are the(unknown shifts in the values of

density and order parameter frgmg andmg. The values of 0 0 1 2 3 4 5 6 7 8 9 10
Ap andAm cannot be equal to zero, because in this case the r

solution is spatially uniform(see the Appendjx Solving _ _ _ _ )
Eqs.(l?) and (18), we obtain FIG. 9. Comparison of the numerically obtained density praf@deT/T,

=1.2 andpy=0.33) with the tail and core approximatiofgashed lines

_[sinh(aar) sinr(qlr))+ Ap (q—gsinl"(q Y
Ao a2 a B-gila
) approaches the interface region. For comparison purposes,
_ %sinr(qzr)) (19 we used the values dfp, Am, &p, andSém obtained numeri-
4z cally.
and
y _B(Si”r(qu) sinl‘(qlr)) n Am B. Approximation for  N./N
m— 2_ 2
d2 s 92701 N and N, can each be considered as the sum of three
q% qf terms: the number in the core, the tail and the interface. We
X | =—sinh(qr)— —sinr(qzr)), (20 can calculate the contributions to each of these from the core
s 92 and tail, using the solutions for these two regions from the
where preceding section. Hence we can write
oAt fmdm At A - chore<pS+ xp(r)_p())rzdr, 23
Ko(a2—0a1) Km(d2—0d1) 0 r
1[(f,, f o fom| 2 AT win_ [* 98 ¥
= ﬂ+ﬂ+\/ﬂ_ﬂ” AL N('=f ——redr, (24)
Y2721\K, Ky ™ K, Kn K, K] Rail

(21) whereR . is the maximum value aof for which we can still

Thus we obtain the solution at the center of the droplet inUse the approximation near the center of the dropletRypd
terms of two arbitrary parameterdp andAm. In principle is the minimum value of for which the tail approximation
these parameters could be obtained from the exact solutidbgn be considered as correct. The interface regioR,js
by matching this form to the boundary conditions at infinity. <F <Rui - In the core regiony(r)/r<ps, so we can drop
Next we find the solution for the tail of the dropfeas ~ the second term i23). Integrating(23) and (24) we find

r—o we have metastable boundary conditions, so we N(eor® = (p — po)\(cor® (25)
choose for the solution small deviations from the metastable O
values, N = 5, 600(&) 4+ Ry e Reisy (26)
o, _ and similarly
p(r)=pot+ e ¥,
Reore Xm(T) Xo(1)
5 e N [ e B et
= —m —Amf
m(r)=-—e ", (27)
) ) ) o Se b §5.e dm
where 6, and o, are arbitrary parameters arg,=1/¢, N = J P m r2dr, (28)
= (K, /f)) Y2 and = 1/£1)= (K, /f{ ) Y2 The tail solu- Rai ' r
tion for mis in fact exact. We now have solutions in both the which gives us
core and tail regions, but not in the interface region. Figure 9 (card (core
shows the comparison of the numerically obtained density Nc¢ = Ms(ps—po) V=7, (29
profile at T/T,=1.2 andpy=0.33 with our approximations )
for the tail and the core. The tail approximation is rather — N(al— 5 5 22 S —Ryy(2e) )+ ve) ) 30
T ; ¢ = Opdmzty a0 (30
good, but the core approximation becomes incorrect as one & tém
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FIG. 10. Approximation for the ratio of the excess number of particles andFIG. 12. Approximation for the ratio of the excess number of particles and

the number of crystalline particles versus background densityTfdr, the number of crystalline particles versus background densityTfdr,

=1.01, obtained by matching core solution directly with tail solution. =1.01 obtained by matching the core solutigvith parameteram andAp

obtained numericallywith the tail solution, without matching the deriva-
tives.

Next, we assume we can neglect contributions from the
interface region, i.e.,
tail
Ngcore)_i_ Ngal) N Nc
N(core |\ (ta = W

solution is found for the fluid branch of the free energy.

ThereforeRaichiS @ point where the solid branch of the free
(3D energy intersects the fluid branch.
) o ] Figure 10 shows the dependence of the ratio of the ex-
In order to check this approximation, we compare its resultg.ess number of particles and number of crystalline particles
with the numerical results. However, to do this we must dis-y the hackground densities for the case in which we match
cuss how we choose to detelrgnme the droplet profile, in ordef,e core solution directly with the tail solution. As can be
to estimate the ratio d¢/N. _ seen, this method gives the best estimate for this ratio near

We first note that the left-hand side (81) depends on e critical point, since the tail plays a more important role in

two parametersReoe and Ry (for simplicity we did not ¢ region and the approximation for the tail @fis more
introduce different radii fop andm). Reoe depends on the  ,ccyrate there. However, the actual valuedNaind N, are
amplitudesAp and Am, while R, depends on the ampli- o5ch underestimated by a factor of 10.
tudes 5, and &y, Therefore the left-hand side ¢81) de- As an alternative method we use the numerically deter-
pends on four parameters. If we knew the interface solutionineq Ap andAm to determine the core solution. Then we
analytically, we would be able to determine these four pasnich the tail solution with this core solution at the point of
rameters by matching these solutions. As the approximatiofyiersection of the fluid and solid free energies. In this
we could match the core and the tail solutiofs® Rcoe  method the derivatives qf and m with respect tar are not
=Ry)- This is the easiest to do but the least accurate. B3équa| at the fitting pointFig. 11. As can be seen from Figs.

SettingRcore= Riail = RmaicnWe must take into account that the 1 ang 13 this approximation is qualitatively good close to
core solution is obtained for the solid branch and the tail

18 : - ;
1.4 T T T approximaton AAAAAAAAAAAAAA
Numerical solution 16 ., numerical result
12 Approximation - i 14l :

0.8

06 r

04 r

0.2

FIG. 11. Comparison of the numerically obtained density prdfleT/T,

(with parameterdam andAp obtained numericallywith tail solution, with-
out matching the derivatives.

r
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04 0.5
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FIG. 13. Approximation for the ratio of the excess number of particles and
the number of crystalline particles versus background densityTfar,
=1.2 andpy=0.33) with the solution obtained by matching core solution =1.05 obtained by matching the core solutigvith parameteram andAp
obtained numericallywith the tail solution, without matching the deriva-

tives.
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the critical point, but becomes worse Bl . becomes larger. existence of a gel state for globular proteins, in part of the
We still underestimat®l andN,, but not by as large a factor metastable region of the phase diagr&ms a consequence,
as in the above case. our discussion of the free energy barrier to nucleation for
However, close to the metastable critical poa" globular proteins would only apply to the region of the phase
(and thereforeN) diverges and becomes the leading term indiagram in which there is no gelation, which (sughly
the ratio(31), while N, stays finite. Thus we can obtain the speaking for densitiesp<p.. The model studied here does
asymptotic behavior of the rati@1) close to the metastable not exhibit gelation.
critical point. In this region we can rewrit@1) as
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N 27 .
_c x| 7+ —(Ape)?|, (33) APPENDIX: NUMERICAL SOLUTION OF SADDLE
N POINT EQUATIONS
metastable
where 7=(T-T.)/T. and Ap.=po—p.. Another Solving the equation$4) is a nonlinear two-boundary

asymptotic limit is the approach to the liquidus line. In this problem. One of the standard methods of solving this type of
case the radius of the solid core diverges and there“ffée) equation is the ShOOting method. Because it is very difficult
and N{®® become leading terms if27) so at the liquidus to use the conditions at both boundaries simultaneously, we

line the ratio becomes implement the boundary conditions on one side, and choose

the number of free parameters equal to the number of bound-

(&) =m,. (34 avy conditions on the other side. Then we can solve the re-
solubility sulting initial value problem. Depending on the final values

We can see that there are two cases where the number%ﬁn the second boundgrywe can decide how to change

. " . ese free parameters. In our case we have two boundary
molecules in the critical droplet diverges, namely close to the ” o . .
. . o . . conditions forr=0, which we can use directly, and two
critical point and close to the liquidus line, respectively.

; . boundary conditions at=o0, which we cannot use directly.
However, the number of molecules in the solid core of the
However, we can usAp andAm as free parameters.

droplet diverges only in the latter case. Thus close to the We still have several difficulties. First of all, the second

critical point most of the molecules are in the tail of the boundary is at infinity, so we cannot explicitly get the values
droplet, due to the divergence of the fluid correlation length, Y Y, picity 9

as first pointed out by Seét the liquidus line most of the on this boundary. We could use some large finite value in-

molecules are in the solid core, whose radius diverges. Th sstead of infinity and avoid this problem, as long as the solu-

instead of one length scaléhe radius of the droplptwe Yon does not diverge at infinity for an incorrect choice of the

have two: the radius of the solid core and the fluid correla-parameter&p andAm. Unfortunately it does diverge, so the

tion length. The solid core of the globular protein crystallmear shooting method does not work in this simple way.

. . The r ns for the divergen re the error involved with
droplet can be observed experimentafly* where it has e reasons for the divergence are the error involved wit

been shown that close to the metastable critical point thézhe numerical method and the absence of solutions for most

. choices ofAp andAm. The error involved with the numeri-
core consists of only a few moleculéabout 4-19. How- cal method increases as we approach a cusp in free ener
ever, the existence of the long tail in the vicinity of the meta- PP P 9y

o . . landscape; this is one of the reasons for the divergence. By
stable critical point has not been directly observed. . .
varying the parameter&p and Am we can push the begin-

ning of this divergence to larger distances, so we can obtain
part of the solution(including part of the tajl before the

In this paper we have extended the numerical retdts divergence occurs. However, this gives large errors in esti-
obtain a better understanding of nucleation for their modelmating such quantities as the free energy barrier, surface ten-
In particular, we have calculated the density and structuraion, etc. We could decrease the numerical error of the shoot-
order parameter profiles of the critical nucleating droplet foring method in the interface region by using Runge—Kutta
different temperatures. This solution of the saddle pointmethods with adaptive step size, but if we desire reasonably
equations then yields the free energy barrier to nucleatiorsmall values of the errors, the step size becomes too small for
which we have shown for a variety of different paths in thesimulations:®
phase diagram. We also show in detail how classical nucle- To avoid these difficulties we use a more advanced
ation theory is invalid everywhere in the region we studied,shooting technique—shooting with a fitting point. The fitting
except presumably very close to the liquidus line. An ap-point was chosen at=R.,e Where the solid and fluid
proximate theory for the shape and properties of the criticabranches of the free energy intersect. The valuR gf. de-
droplet is developed that is in reasonable agreement with theends on the parametefsp and Am. Next, we know the
numerical results, although there is clearly a need for a bettegxact solution for the fluid part ah(r) (22), whered, is a
description of the interface region that separates the core arghrameter. By matching the fluid and solid partsmgf) and
tail of the droplet. Finally, we note that experiments show thetheir derivatives at = R, we determineAm for fixed val-

VI. CONCLUSION

Downloaded 25 Jan 2005 to 128.180.17.174. Redistribution subject to AIP license or copyright, see http://jcp.aip.org/jcp/copyright.jsp



8326 J. Chem. Phys., Vol. 120, No. 17, 1 May 2004 A. Shiryayev and J. D. Gunton

ues ofAp and 5,. The next step is to obtaip and 5, by 3P, R. ten Wolde and D. Frenkel, Scier2g7, 1975(1997).
matching the values and derivatives of the fluid and soIid;‘R P. Sear, J. Chem. Phykl4, 3170(2001.

R. P. Sear, J. Chem. PhyEl6 2922(2002).
parts of p(r). Note that the value oAm depends on the Talaﬁc?;er ande; w ();iltiby, T (Chenzq' Phes, 223 (188,

value of_Ap, so when we shoot with a pa_rticular \_/aluez_nﬁ 73.S. Langer, Ann. Phy¢N.Y.) 54, 258 (1969.
we obtain a value foAm each time. This shooting with a ®D. Kashchiev, J. Chem. Phy#6, 5098 (1982.

fitting point minimizes the numerical error as compared with °Y- Viisanen, R. Strey, and H. Reiss, J. Chem. P1§;.4680(1993. ,
standard shooting method 10In our model the second derivative is not continuous, so we have a cusp in

A - . the maximum.

There ?t'” IS one remaining problem, even if we uUSeiirhjs is true unless the critical droplet becomes very small, which is the
shooting with a fitting point. Namely, as we approach the case for high supersaturations. We do not consider this case here.
fluid coexistence curve, the values Ab and Am become 2t is obvious that the accuracy of the approximati@d) depends on the

. s accuracy of the core and tail solutions, as well as the relative contribution
very small, so for shooting and fitting we need to vary them from the interface region. The maximum accuracy can be obtained by

very slightly. Thus it becomes beyond the numerical limit of pajancing between these two criteria. For example,f.is small, so the
precision of the calculations to obtain a matching at the fit- core solution is very accurate ang; is large, so the tail solution is also
ting point as we Change these parameters. This so far pre-very accurate, then the gap betwegy.andr; becomes large and there-
vented us from exploring the free energy barrier as one ap- fore the interface region plays an important role and vice versg,,ifis
proaches the coexistence curve and hence we have not beeHose tor,; the interface region is not that important, but the accuracy of

able to determine where the classical theory becomes valid. the core and tail solutions can decrease dramatically.
y 30. Galkin and P. G. Vekilov, J. Phys. Cheft03 10965(1999.

140. Galkin and P. G. Vekilov, J. Am. Chem. Sd22, 156 (2000.
1A. George and W. W. Wilson, Acta Crystallogr., Sect. D: Biol. Crystallogr. **P. G. Vekilov and A. A. ChernovThe Physics of Protein Crystallization

D50, 361(1994. (Academic, New York, 2002
2D. Rosenbaum, P. C. Zamora, and C. F. Zukoski, Phys. Rev. 161150 18This means that the step sia@ becomes so small that for the computer
(1996. 1+ Ar becomes equal to 1. In our simulatid is about 1015,

Downloaded 25 Jan 2005 to 128.180.17.174. Redistribution subject to AIP license or copyright, see http://jcp.aip.org/jcp/copyright.jsp



