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A continuum model of globular proteins proposed by Talanquer and Oxtoby@J. Chem. Phys.109,
223 ~1998!# is investigated numerically, with particular emphasis on the region near the metastable
fluid–fluid coexistence curve. Classical nucleation theory is shown to be invalid not only in the
vicinity of the metastable critical point but also close to the liquidus line. An approximate analytic
solution is also presented for the shape and properties of the nucleating crystal droplet. ©2004
American Institute of Physics.@DOI: 10.1063/1.1695321#

I. INTRODUCTION

In recent years there has been an enormous increase in
the number of proteins that can be isolated, due to the rapid
advances in biotechnology. However, the determination of
the function of these proteins has been slowed by the diffi-
culty of determining their crystal structure by standard x-ray
crystallography. A major problem is that it is difficult to grow
good quality protein crystals. Experiments have clearly
shown that this crystallization depends sensitively on the
physical factors of the initial solution of proteins. An impor-
tant observation was made by George and Wilson,1 who
showed that x-ray quality globular protein crystals only re-
sult when the second virial coefficient,B2 , of the osmotic
pressure of the protein in solution lies within a narrow range.
This corresponds to a rather narrow temperature window. For
large positiveB2 , crystallization does not occur on observ-
able time scales, whereas for large negativeB2 , amorphous
precipitation occurs. Rosenbaum, Zamora, and Zukoski then
showed2 the crystallization of globular proteins could be ex-
plained as arising from attractive interactions whose range is
small compared with the molecule’s diameter~corresponding
to the narrow window ofB2). In this case the gas–fluid
coexistence curve is in a metastable region below the
liquidus–solidus coexistence lines, terminating in a meta-
stable critical point. In a seminal study, ten Wolde and Fren-
kel then showed3 in a simulation of a modified Lennard-
Jones model with short range attractions that crystal
nucleation is significantly enhanced in the vicinity of the
metastable critical point, due to a reduction in the nucleation
free energy barrier. Thus the conditions for optimal crystal-
lization correspond to being near the metastable critical
point. The reduction in the nucleation barrier results from the
large density fluctuations that exist near the metastable criti-
cal point, which also affect the structure of the critical
nucleus. Namely, the initial step toward formation of the
critical droplet is the creation of a dense, liquidlike droplet
which then forms a crystal nucleus in its interior. This pro-
cess of first increasing the density and then forming a crys-
talline order is the opposite of what normally occurs in the
liquid–solid phase transition at high temperatures and close

to the liquidus line. The authors also showed that classical
nucleation theory is invalid in the vicinity of the critical
point.

The idea that protein crystal nucleation could be en-
hanced by critical density fluctuations was subsequently re-
inforced in a density functional study by Talanquer and Ox-
toby. They studied a phase field model with two order
parameters, the local densityr(r ) and a structural order pa-
rameterm(r ). The phenomenological free energy functional
was assumed to have a van der Waals fluid branch and a van
der Waals-type solid branch. Their numerical solution of the
Euler–Lagrange equations for the nucleating critical droplet
and free energy barrier confirmed that the nature of crystal
nucleation changes qualitatively in the vicinity of the meta-
stable critical point. They also found that the nucleation bar-
rier is significantly lower in this region than elsewhere in the
phase diagram and that classical theory is invalid. Subse-
quently Sear studied a continuum model in which the struc-
tural order parameter was omitted.4 He carried out a mean
field theory near the metastable critical point and showed
that the liquid ‘‘tail’’ of the density profile of the critical
droplet is described by an Ornstein–Zernike-type exponen-
tial behavior, whose range is given by the fluid correlation
length. Since this length diverges as one approaches the criti-
cal point, so does the critical size of the droplet and the
excess number of particles within it. In a subsequent paper
Sear5 extended his arguments via a scaling theory using the
critical exponents for the Ising universality class, so as to be
valid in the vicinity of the critical point. In particular, the
singular part of the free energy barrier associated with the
tail was shown to satisfy the same scaling as the order pa-
rameter associated with the metastable critical point~the den-
sity difference! and vanishes as one approachesTc . Sear did
not calculate the shape of the droplet in the core and inter-
face region and hence was unable to calculate the value of
the barrier to nucleation.

In this paper we extend the work of Talanquer and Ox-
toby, to obtain a better understanding of homogeneous crys-
tal nucleation. We present additional numerical results for the
model as well as an approximate analytical description of the
critical droplet, including its crystal core and tail~the latter is
based on Sear’s work4!. From this we compute the free-
energy barrier to nucleation in the region between the fluid–
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solid coexistence curve and the metastable fluid–fluid coex-
istence curve. As expected, this barrier is smallest in the
vicinity of the metastable critical point. We show that classi-
cal nucleation theory is incorrect in the region between the
liquidus and solid coexistence lines, except presumably very
close to the liquidus line.

The outline of the paper is the following. In Sec. II we
provide a brief review of the model. In Sec. III we extend the
numerical analysis of Ref. 6 for the nucleation free energy
barrier along various thermodynamic paths. We also calcu-
late the profile of the critical droplet as a function of the
density and structural order parameter. This yields the excess
number of molecules,N, and the number of molecules in the
crystalline phase,Nc , of the critical droplet. In the next sec-
tion we present a brief discussion of the range of validity of
classical nucleation theory and show that it is incorrect in the
entire metastable region of the phase diagram that we ex-
plore. We also show results for the surface tension along
different paths in the phase diagram. In Sec. V we present an
approximate theory for the shape of the critical droplet and
from this we obtainN and Nc . The theory accurately de-
scribes the critical droplet except in the interface region, and
is in qualitative agreement with the numerical results for
N/Nc . Section VI contains a brief conclusion. Some details
of the numerical analysis are given in the Appendix.

II. MODEL

We use a model due to Talanquer and Oxtoby6 to de-
scribe globular protein crystallization. Their phase field
model is based on the following grand canonical free-energy
functional:

V@r,m#5E drW@ f ~r,m!2mr1 1
2Kr~¹r!2

1 1
2Kmrs

2~¹m!2#. ~1!

The free energy depends on two order parameters: the~con-
served! local density r(r ,t) and a ~nonconserved! local
structural order parameter that shows whether the system is
in a solid or fluid phasem(r ,t). Here f (r,m) is the Helm-
holtz free-energy density andm is the chemical potential.
Talanquer and Oxtoby6 use the van der Waals free energy
density for the fluid branch,

f f~r,m!5kBTr@ ln r212 ln~12rb!#2ar21kbTa1m2

~2!

and a corresponding van der Waals free energy for the solid
phase,

f s~r,m!5kBTr@ ln r212 ln~12 r̄b!#2~a1amms
2!r2

1kbT~a1m21a2!. ~3!

Here r̄ plays a role of a weighted coarse grained densityr̄
5r@12a3m(22m)# where the term in square brackets
implements a difference between the fluid and solid close-
packing limits. For the fluid close-packing limit,rb51,
while for the solid close-packing limitr̄b51. The quantity
ms(r) is the equilibrium value of the order parameter in the
solid phase and hence is a solution of the equation

(] f s /]m)ms(r)50. Thus in the solid close-packing limit
(br̄51) ms51. The parameteram in Eq. ~3! has been intro-
duced in order to change the range of the attractive interac-
tions between molecules in the solid phase from that in the
liquid phase@as described by the parametera in equation
~2!#.

The chemical potential in the solid and fluid phases is
the first derivative of the free energy with respect to density,
m5(] f /]r)T . In order to get coexisting densitiesra andrb

we must solve the equationsm(ra)5m(rb) and v(ra)
5v(rb), wherev5 f 2mr. Graphically this gives the well-
known ‘‘common tangent’’ rule for coexistence. By repeating
this for different temperatures we can obtain the entire phase
diagram.

In order to obtain a critical droplet profile we must solve
the Euler–Lagrange equations with appropriate boundary
conditions,

dV

dr
50 and

dV

dm
50,

i.e.,

2Kr¹2r1
] f

]r
2m50,

~4!

2Km¹2m1
] f

]m
50.

Using the solutions of~4! for r̄(r ) andm̄(r ) we can obtain
such properties of the inhomogeneous system as the free en-
ergy barrierDV5V$r̄(r ),m̄(r )%2V$r0,0% and the surface
tensions51/2(*0

`Kru¹ru2 dr1*0
`Kmu¹mu2 dr).

III. NUMERICAL RESULTS

In the Appendix we describe the numerical methods that
were used to solve Eqs.~4!. Here we present some results,
extending the work of Ref. 6, for the following choice of
parameters:a51, b51, a150.25, a252, a350.3, am51.
The phase diagram for these values is shown in Fig. 1, which
shows in particular a metastable fluid–fluid coexistence

FIG. 1. Phase diagram for the particles with the short-range attraction in-
teractions. The fluid-fluid coexistence curve becomes metastable in this
case.

8319J. Chem. Phys., Vol. 120, No. 17, 1 May 2004 Crystal nucleation for a model of globular proteins

Downloaded 25 Jan 2005 to 128.180.17.174. Redistribution subject to AIP license or copyright, see http://jcp.aip.org/jcp/copyright.jsp



curve. The existence of the metastable critical point affects
the nucleation and growth processes in the vicinity of this
point.

The main quantity characterizing the nucleation process
is a nucleation rateI, given by

I 5I 0e2DV/kT, ~5!

where I 0 is a prefactor given by the product of dynamical
and statistical parts.7 In order to understand how this meta-
stable critical point affects nucleation, we calculate the free
energy barrier for different thermodynamic paths.~Some re-
sults for this barrier were presented in Ref. 6.! The barrier
dependence on temperature and density in the metastable
region between the liquidus~solubility curve! and solidus
lines is shown in Figs. 2 and 3. Figure 2 shows that as the
temperature decreases, the barrier also decreases, while Fig.
3 shows that as the density increases, the barrier decreases.
This is the normal behavior of a free energy barrier, since at
any point on the solubility curve the free energy is infinite,
decreases as one moves away from it, and vanishes at the
solid coexistence curve.

However, the existence of the metastable fluid–fluid co-
existence curve changes the pathways of the constant free
energy barrier and constant supersaturation lines~Fig. 4! as
compared with the case in which the critical point is not

present. We can also see that along paths with constant su-
persaturation the free energy barrier decreases as one ap-
proaches the critical point~Fig. 5!, which is consistent with
Ref. 6. Figure 5 shows that the free energy barrier has a
minimum near, but not at, the critical point. The location of
this minimum changes from above the critical point for low
supersaturation to below the critical point for high supersatu-
ration. The free energy barrier increases below the critical
point and becomes very sharp as one increases the supersatu-
ration. When the constant supersaturation lines start to inter-
sect the fluid–fluid coexistence curve, the free energy barrier
becomes discontinuous at the temperature of intersection
~Fig. 5 for Dm50.8 andDm50.9.) In order to understand
the behavior of the free energy barrier along the constant
supersaturation lines, we first consider their shape~Fig. 4!.
At high temperatures these lines are more vertical~constant
density lines! and the free energy barrier decreases with tem-
perature, as shown in Fig. 2. Near the critical point the
curves become almost horizontal~isothermal lines! and the
barrier starts to increase~Fig. 3!. Thus the shape of the con-
stant supersaturation curve in some sense determines the be-

FIG. 2. Dependence of the free energy barrier versus temperature at con-
stant density.

FIG. 3. Dependence of the free energy barrier versus density at constant
temperature.

FIG. 4. The solid lines on the phase diagrams show the paths of constant
supersaturation. The dashed line shows the border between the background
fluid and background solid. If the background density is to the left of the
dashed line, it corresponds to the fluid branch of the free energy. If it is to
the right, it corresponds to the solid branch.

FIG. 5. Dependence of the free energy barrier versus temperature at con-
stant supersaturation.
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havior of the free energy barrier. To understand this in more
detail, we note that the derivative of temperature with respect
to density at constant supersaturation is

S ]T

]r0
D

Dm

52

S ]Dm

]r0
D

S ]Dm

]T D 52F f rr
~ f !

S ]Dm

]T D G
r5r0

, ~6!

where f rr
( f ) is evaluated at the background fluid density. This

derivative vanishes at the critical point, so that the constant
supersaturation lines become horizontal in the vicinity of the
critical point. On the other hand, at large temperatures the
denominator vanishes, so that the constant supersaturation
lines become vertical. Thus we see that the presence of the
critical point changes the behavior of the free energy barrier
from decreasing as we lower the temperature far from the
critical point ~the vertical part of theDm5const lines! to
increasing as we lower the temperature to its critical value
~the horizontal part of theDm5const lines!. Therefore some-
where in between there is a minimum of the free energy
barrier. Thus we can conclude that the free energy barrier is
relatively unaffected by the existence of the critical point
along paths of constant temperature or constant density,
whereas it plays a crucial role along paths of constant super-
saturation.

One quantity of interest is the excess number of mol-
ecules, defined as the number of molecules in the presence of
the droplet relative to the number of molecules in the spa-
tially homogeneous metastable state,

N5E
V
~r~r !2r0!drW. ~7!

We can calculate the number of molecules in the crystalline
state usingm(r ), since this phase field shows whether a
point is in the solid or fluid state. Thus,

Nc5E
V
m~r !~r~r !2r0!drW. ~8!

Mean field theory yields a divergence in the excess number
of particles at the metastable critical point, whereas the num-
ber of particles in the crystalline state remains finite. Figure 6

showsNc versusN for different supersaturations. We can
check our numerical results with the nucleation theorem,8,9

]DV

]Dm
52N. ~9!

Thus we can take a derivative of the free energy barrier with
respect to supersaturation and compare this with our results
for the dependence of the excess number of particles on the
supersaturation~Fig. 7!. We see that the free energy barrier
decreases rapidly near the critical point as a function of the
supersaturation. This happens because the background fluid
density as a function of the supersaturation becomes flat in
the vicinity of the critical point.

IV. BREAKDOWN OF CLASSICAL NUCLEATION
THEORY

Classical nucleation theory~CNT! assumes that the criti-
cal droplet is large and that its interface is very sharp. It
predicts that the free energy barrier is

DVcl5
16ps3

3~rs2r0!2Dm2 , ~10!

whereDm is m2mcoex. However, classical nucleation theory
becomes increasingly inaccurate as one approaches the meta-
stable critical point.3,6 This is because the critical droplet has
a diffuse interface in this region, in contradiction with the
assumption of CNT. Our goal in this section is to compare
CNT with our numerical results for the free energy barrier
and to show that CNT has at best a very limited region of
validity. It is useful to divide the contributions to the free
energy barrier into two parts, i.e., the bulk and surface con-
tributions, and compare our numerical results with the pre-
dictions of CNT for each of these separately. First, define

DVbulk54pE Dv~r !r 2 dr, ~11!

DVs54pE 1

2
@Kru¹ru21Kmu¹mu2#r 2 dr, ~12!

so the free energy barrier can be written as

FIG. 6. The number of crystalline particles versus excess number of par-
ticles for different temperatures.

FIG. 7. The excess number of particles versus supersaturation~solid line!.
The circles are obtained by taking the derivatives of the free energy barrier
with respect to the supersaturation.
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DV5DVbulk1DVs . ~13!

The classical approximation for this barrier is

DVcl5
4pR3

3
Dvcl14pR2s. ~14!

In the above,Dv(r )5@ f (r(r ),m(r ))2mr(r )#2@ f (r0,0)
2mr0# is the difference between the value of the grand ca-
nonical free energy at the pointsr and infinity, Dvcl

5@ f (rs ,ms)2mrs#2@ f (r0,0)2mr0# and s is the surface
tension. This division also allows us to determine which of
these contributions to the free energy barrier is more impor-
tant in the breakdown of CNT. We first note that if CNT is
correct at some point (r,T) of the phase diagram, then the
first terms of ~13! and ~14! should be equal; likewise, the
second terms also should be equal. Therefore, the values of
the radii that result from comparison of the first terms, i.e.,
R15(3DVbulk /uDvclu)1/3, as well as the second terms,R2

5(DVs /s)1/2, should be equal to each other and to the
classical radius of the droplet,Rcl52s/uDvclu.

Using this observation, we have checked the accuracy of
CNT close to the liquidus line at low temperatures, as well as
close to the critical point. The point close to the critical point
is T/Tc51.01 andrb50.33, and those close to the liquidus
line areT/Tc51.5,rb50.33 andT/Tc51.4,r50.2. For all
these points CNT is incorrect.~For reasons described at the
end of the Appendix we have been unable to explore the
region very close to the liquidus line, where CNT presum-
ably becomes correct.! Figure 8 shows the density profiles
for these cases, while Table I shows the values of the corre-
sponding quantities,DV, DVcl , R1 , R2 , Rcl and the actual
radius of the dropletRa . We define the latter as the radius of
a spherical droplet which has an infinitely sharp interface and

the same solid density and number of particles as our droplet.
As can be seen from Table I, CNT underestimates the nucle-
ation barrier by a factor of 10 as compared with the actual
value for the model. It also underestimates the critical drop-
let size by a factor of 2. As one would expect, the ratio of the
actual and classical nucleation barriers decreases as we ap-
proach the liquidus line. However, it is important to note that
even in the region which is close to the liquidus line the
difference between the actual and classical values of the bar-
rier is still large. It seems, therefore, that CNT is accurate
only very close to the liquidus line.

Since the interface of the droplet is not sufficiently
sharp, the radiusR1 , and therefore the classical radiusRcl , is
significantly different from the actual radius,Ra , of the
droplet. This is responsible for the large difference between
the classical and nonclassical values of the free energy bar-
rier. The main contribution to the interface is its ‘‘tail,’’
which is given by the correlation length and hence becomes
very large close to the critical point. At temperatures close to
the critical temperature the system should be in the very
narrow region near the fluid coexistence curve in order for
the radius of the droplet to be much larger than the interface
thickness, as given by the correlation length.10

V. THEORETICAL ANALYSIS

A. Approximations for the critical droplet

Equations~4! with appropriate boundary conditions de-
fine the saddle point of the free energy landscape in func-
tional space. The boundary conditions are~a! that the density
and structural order parameter at infinity are given by the
metastable values and~b! their spatial derivatives are zero at
the origin, i.e., r(`)5r0 , m(`)50, dr/dr(0)50, and
dm/dr(0)50. There is a trivial, spatially uniform solution,
satisfying these boundary conditions, given byr(r )5r0 ,
m(r )50. This uniform solution corresponds to the super-
cooled liquid, which is a metastable ‘‘point’’ in functional
space. The critical droplet is a spatially inhomogeneous, un-
stable solution satisfying the same boundary conditions,
which we find by first solving the Euler–Lagrange equations
around the droplet core (r 50). We assume that at the origin
the density has a value close tors and the structural order
parameter has a value close toms .11 ~In general the values of
the density and structural order parameter at the droplet cen-
ter are not equal to their equilibrium values, in contrast to the
assumption of classical nucleation theory.! First, we repre-
sent the solution in the following form:

r~r !5rs1
xr~r !

r
, ~15!

m~r !5ms1
xm~r !

r
. ~16!

We substitute~15! and ~16! into ~4!, rewrite these equations
in terms of thex’s and then linearize them to obtain

2Kr

d2xr

dr2 1 f rrxr1 f rmxm50, ~17!

FIG. 8. Density profiles for different temperatures. From left to right,T
51.01, T51.25, T51.5. The horizontal line shows the background fluid
density.

TABLE I. Values for comparison of our results with the classical nucleation
theory. The points close to the critical point and liquidus line areT/Tc

51.01 andrb50.33, andT/Tc51.5 andrb50.33, respectively.

DV DVcl R1 R2 Rcl Ra

Close to liquidus line 100.7 12.3 3.83 6.11 3.15 6.53
Close to critical point 3.49 0.28 0.74 1.28 0.65 4.09
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2Km

d2xm

dr2 1 f mrxr1 f mmxm50. ~18!

Here f rr , f rm , and f m are the second derivatives off at rs

and ms . Because this is an approximation near the droplet
core, we obviously cannot use the boundary conditions at
infinity. So, in addition to the zero derivatives atr 50, we
add two arbitrary boundary conditions at the origin. The
boundary conditions for thex’s therefore become the follow-
ing: xr(0)50, xm(0)50, xr8(0)5Dr, and xm8 (0)5Dm,
whereDr andDm are the~unknown! shifts in the values of
density and order parameter fromrs andms . The values of
Dr andDm cannot be equal to zero, because in this case the
solution is spatially uniform~see the Appendix!. Solving
Eqs.~17! and ~18!, we obtain

xr5AS sinh~q2r !

q2
2

sinh~q1r !

q1
D1

Dr

q2
22q1

2 S q2
2

q1
sinh~q1r !

2
q1

2

q2
sinh~q2r ! D ~19!

and

xm5BS sinh~q2r !

q2
2

sinh~q1r !

q1
D1

Dm

q2
22q1

2

3S q2
2

q1
sinh~q1r !2

q1
2

q2
sinh~q2r ! D , ~20!

where

A5
f rrDr1 f rmDm

Kr~q2
22q1

2!
, B5

f mrDr1 f mmDm

Km~q2
22q1

2!
,

q1,2
2 5

1

2 F S f rr

Kr
1

f mm

Km
D6AS f rr

Kr
2

f mm

Km
D 2

1
4 f rm

2

KrKm
G .

~21!

Thus we obtain the solution at the center of the droplet in
terms of two arbitrary parameters,Dr andDm. In principle
these parameters could be obtained from the exact solution
by matching this form to the boundary conditions at infinity.

Next we find the solution for the tail of the droplet.4 As
r→` we have metastable boundary conditions, so we
choose for the solution small deviations from the metastable
values,

r~r !5r01
dr

r
e2qrr ,

~22!

m~r !5
dm

r
e2qmr ,

where dr and dm are arbitrary parameters andqr51/jr
( f )

5(Kr / f rr
( f ))1/2 andqm51/jm

( f )5(Km / f mm
( f ) )1/2. The tail solu-

tion for m is in fact exact. We now have solutions in both the
core and tail regions, but not in the interface region. Figure 9
shows the comparison of the numerically obtained density
profile at T/Tc51.2 andr050.33 with our approximations
for the tail and the core. The tail approximation is rather
good, but the core approximation becomes incorrect as one

approaches the interface region. For comparison purposes,
we used the values ofDr, Dm, dr, anddm obtained numeri-
cally.

B. Approximation for Nc ÕN

N and Nc can each be considered as the sum of three
terms: the number in the core, the tail and the interface. We
can calculate the contributions to each of these from the core
and tail, using the solutions for these two regions from the
preceding section. Hence we can write

N~core!5E
0

RcoreS rs1
xr~r !

r
2r0D r 2 dr, ~23!

N~ tail!5E
Rtail

` dre2qrr

r
r 2 dr, ~24!

whereRcore is the maximum value ofr for which we can still
use the approximation near the center of the droplet, andRtail

is the minimum value ofr for which the tail approximation
can be considered as correct. The interface region isRcore

,r ,Rtail . In the core region,x(r )/r !rs , so we can drop
the second term in~23!. Integrating~23! and ~24! we find

N~core!5~rs2r0!V~core!, ~25!

N~ tail!5drjr
~ f !~jr

~ f !1Rtail!e
2Rtail /jr

~ f !
, ~26!

and similarly

Nc
~core!5E

0

RcoreS ms1
xm~r !

r D S rs1
xr~r !

r
2r0D r 2 dr,

~27!

Nc
~ tail!5E

Rtail

` dre2qrr

r

dme2qmr

r
r 2 dr, ~28!

which gives us

Nc
~core!5ms~rs2r0!V~core!, ~29!

Nc
~ tail!5drdm

jr
~ f !jm

~ f !

jr
~ f !1jm

~ f ! e2Rtail~1/jr
~ f !

11/jm
~ f !

!. ~30!

FIG. 9. Comparison of the numerically obtained density profile~at T/Tc

51.2 andr050.33) with the tail and core approximations~dashed lines!.
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Next, we assume we can neglect contributions from the
interface region, i.e.,

Nc
~core!1Nc

~ tail!

N~core!1N~ tail! '
Nc

N
. ~31!

In order to check this approximation, we compare its results
with the numerical results. However, to do this we must dis-
cuss how we choose to determine the droplet profile, in order
to estimate the ratio ofNc /N.12

We first note that the left-hand side of~31! depends on
two parameters,Rcore and Rtail ~for simplicity we did not
introduce different radii forr and m!. Rcore depends on the
amplitudesDr and Dm, while Rtail depends on the ampli-
tudesdr and dm . Therefore the left-hand side of~31! de-
pends on four parameters. If we knew the interface solution
analytically, we would be able to determine these four pa-
rameters by matching these solutions. As the approximation
we could match the core and the tail solutions~so Rcore

5Rtail). This is the easiest to do but the least accurate. By
settingRcore5Rtail5Rmatchwe must take into account that the
core solution is obtained for the solid branch and the tail

solution is found for the fluid branch of the free energy.
ThereforeRmatch is a point where the solid branch of the free
energy intersects the fluid branch.

Figure 10 shows the dependence of the ratio of the ex-
cess number of particles and number of crystalline particles
on the background densities for the case in which we match
the core solution directly with the tail solution. As can be
seen, this method gives the best estimate for this ratio near
the critical point, since the tail plays a more important role in
that region and the approximation for the tail ofr is more
accurate there. However, the actual values ofN and Nc are
each underestimated by a factor of 10.

As an alternative method we use the numerically deter-
minedDr andDm to determine the core solution. Then we
match the tail solution with this core solution at the point of
intersection of the fluid and solid free energies. In this
method the derivatives ofr andm with respect tor are not
equal at the fitting point~Fig. 11!. As can be seen from Figs.
12 and 13 this approximation is qualitatively good close to

FIG. 10. Approximation for the ratio of the excess number of particles and
the number of crystalline particles versus background density forT/Tc

51.01, obtained by matching core solution directly with tail solution.

FIG. 11. Comparison of the numerically obtained density profile~at T/Tc

51.2 andr050.33) with the solution obtained by matching core solution
~with parametersDm andDr obtained numerically! with tail solution, with-
out matching the derivatives.

FIG. 12. Approximation for the ratio of the excess number of particles and
the number of crystalline particles versus background density forT/Tc

51.01 obtained by matching the core solution~with parametersDm andDr
obtained numerically! with the tail solution, without matching the deriva-
tives.

FIG. 13. Approximation for the ratio of the excess number of particles and
the number of crystalline particles versus background density forT/Tc

51.05 obtained by matching the core solution~with parametersDm andDr
obtained numerically! with the tail solution, without matching the deriva-
tives.
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the critical point, but becomes worse asT/Tc becomes larger.
We still underestimateN andNc , but not by as large a factor
as in the above case.

However, close to the metastable critical pointN(tail)

~and thereforeN! diverges and becomes the leading term in
the ratio~31!, while Nc stays finite. Thus we can obtain the
asymptotic behavior of the ratio~31! close to the metastable
critical point. In this region we can rewrite~31! as

Nc

N
'

Nc

N~ tail! }
1

~jr
~ f !!2 } f rr

~ f ! . ~32!

Therefore close to the metastable critical point this ratio van-
ishes linearly witht and quadratically withDrc ,

S Nc

N D
metastable

}S t1
27

8
~Drc!

2D , ~33!

where t5(T2Tc)/Tc and Drc5r02rc . Another
asymptotic limit is the approach to the liquidus line. In this
case the radius of the solid core diverges and thereforeN(core)

and Nc
(core) become leading terms in~27! so at the liquidus

line the ratio becomes

S Nc

N D
solubility

5ms . ~34!

We can see that there are two cases where the number of
molecules in the critical droplet diverges, namely close to the
critical point and close to the liquidus line, respectively.
However, the number of molecules in the solid core of the
droplet diverges only in the latter case. Thus close to the
critical point most of the molecules are in the tail of the
droplet, due to the divergence of the fluid correlation length,
as first pointed out by Sear.4 At the liquidus line most of the
molecules are in the solid core, whose radius diverges. Thus
instead of one length scale~the radius of the droplet! we
have two: the radius of the solid core and the fluid correla-
tion length. The solid core of the globular protein crystal
droplet can be observed experimentally,13,14 where it has
been shown that close to the metastable critical point the
core consists of only a few molecules~about 4–10!. How-
ever, the existence of the long tail in the vicinity of the meta-
stable critical point has not been directly observed.

VI. CONCLUSION

In this paper we have extended the numerical results6 to
obtain a better understanding of nucleation for their model.
In particular, we have calculated the density and structure
order parameter profiles of the critical nucleating droplet for
different temperatures. This solution of the saddle point
equations then yields the free energy barrier to nucleation,
which we have shown for a variety of different paths in the
phase diagram. We also show in detail how classical nucle-
ation theory is invalid everywhere in the region we studied,
except presumably very close to the liquidus line. An ap-
proximate theory for the shape and properties of the critical
droplet is developed that is in reasonable agreement with the
numerical results, although there is clearly a need for a better
description of the interface region that separates the core and
tail of the droplet. Finally, we note that experiments show the

existence of a gel state for globular proteins, in part of the
metastable region of the phase diagram.15 As a consequence,
our discussion of the free energy barrier to nucleation for
globular proteins would only apply to the region of the phase
diagram in which there is no gelation, which is~roughly
speaking! for densitiesr<rc . The model studied here does
not exhibit gelation.
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APPENDIX: NUMERICAL SOLUTION OF SADDLE
POINT EQUATIONS

Solving the equations~4! is a nonlinear two-boundary
problem. One of the standard methods of solving this type of
equation is the shooting method. Because it is very difficult
to use the conditions at both boundaries simultaneously, we
implement the boundary conditions on one side, and choose
the number of free parameters equal to the number of bound-
ary conditions on the other side. Then we can solve the re-
sulting initial value problem. Depending on the final values
~on the second boundary!, we can decide how to change
these free parameters. In our case we have two boundary
conditions for r 50, which we can use directly, and two
boundary conditions atr 5`, which we cannot use directly.
However, we can useDr andDm as free parameters.

We still have several difficulties. First of all, the second
boundary is at infinity, so we cannot explicitly get the values
on this boundary. We could use some large finite value in-
stead of infinity and avoid this problem, as long as the solu-
tion does not diverge at infinity for an incorrect choice of the
parametersDr andDm. Unfortunately it does diverge, so the
linear shooting method does not work in this simple way.
The reasons for the divergence are the error involved with
the numerical method and the absence of solutions for most
choices ofDr andDm. The error involved with the numeri-
cal method increases as we approach a cusp in free energy
landscape; this is one of the reasons for the divergence. By
varying the parametersDr andDm we can push the begin-
ning of this divergence to larger distances, so we can obtain
part of the solution~including part of the tail! before the
divergence occurs. However, this gives large errors in esti-
mating such quantities as the free energy barrier, surface ten-
sion, etc. We could decrease the numerical error of the shoot-
ing method in the interface region by using Runge–Kutta
methods with adaptive step size, but if we desire reasonably
small values of the errors, the step size becomes too small for
simulations.16

To avoid these difficulties we use a more advanced
shooting technique—shooting with a fitting point. The fitting
point was chosen atr 5Rcore where the solid and fluid
branches of the free energy intersect. The value ofRcore de-
pends on the parametersDr and Dm. Next, we know the
exact solution for the fluid part ofm(r ) ~22!, wheredr is a
parameter. By matching the fluid and solid parts ofm(r ) and
their derivatives atr 5Rcore we determineDm for fixed val-
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ues ofDr anddr . The next step is to obtainDr anddr by
matching the values and derivatives of the fluid and solid
parts of r(r ). Note that the value ofDm depends on the
value ofDr, so when we shoot with a particular value ofDr
we obtain a value forDm each time. This shooting with a
fitting point minimizes the numerical error as compared with
standard shooting method.

There still is one remaining problem, even if we use
shooting with a fitting point. Namely, as we approach the
fluid coexistence curve, the values ofDr and Dm become
very small, so for shooting and fitting we need to vary them
very slightly. Thus it becomes beyond the numerical limit of
precision of the calculations to obtain a matching at the fit-
ting point as we change these parameters. This so far pre-
vented us from exploring the free energy barrier as one ap-
proaches the coexistence curve and hence we have not been
able to determine where the classical theory becomes valid.
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