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Abstract

The mathematical model developed for single-crystalline solidification in laser surface melting (LSM) described in Part I [Acta

Mater 2004;52:4833–4847] was used to compute the dendrite growth pattern and velocity distribution in the 3D melt pool for var-

ious substrate orientations. LSM experiments with single-crystal nickel-base superalloys were conducted for different orientations to

verify the computational results. Results show that the substrate orientation has a predominant effect on crystal growth pattern, and

simultaneously influences the magnitude and distribution of dendrite growth velocity in the melt pool. The selected Æ1 0 0æ growth
variants and the number of the chosen growth variants are dependent on the substrate orientation. The maximum velocity ratio

(dendrite growth velocity over the beam velocity, V/Vb) in the melt pool is a function of melt-pool geometrical parameters and

the substrate orientation. The largest maximum velocity-ratio among the symmetric orientations is 1.414 for the (0 0 1)/[1 1 0]

and ð0 1 1Þ=½0 1 �1� orientations, while that value for asymmetric orientations is 1.732 for the ð0 1 1Þ=½1 1 �1� orientation. Good agree-

ment was obtained between the predicted and experimentally observed microstructures. The results are discussed with the suscep-

tibility to stray grain formation as a function of substrate orientations and melt-pool geometrical parameters. These findings have

some important implications for single-crystal surface processing.

� 2004 Acta Materialia Inc. Published by Elsevier Ltd. All rights reserved.
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1. Introduction

In Part I, a mathematical model was developed for

the 3D melt-pool geometry and single-crystalline solidi-

fication in a melt pool [1]. The effects of melt-pool geo-

metrical parameters on crystal growth pattern and

velocity in the melt pool were studied computationally
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using the model for laser surface melts along the
[1 0 0] direction on the (0 0 1) plane of a single-crystal

substrate. Under this condition, the maximum dendrite

growth velocity during melt-pool solidification is equal

to or less than the travel speed of the laser beam,

depending on the melt-pool geometry. In this paper

(Part II), the effect of substrate orientations on crystal

growth direction and velocity in the melt pool is studied.

Computations were conducted for laser melt-pools un-
der eight specific crystallographic orientations of the

substrate relative to laser scanning direction. Some of
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these crystallographic orientations are symmetric, and

some others are asymmetric with respect to the

melt-pool centerline. Calculation results are discussed

regarding the susceptibility to stray grain formation as

a function of melt-pool geometrical parameters and

the substrate crystallographic orientation. Implications
of the modeling results to practical applications in laser

surface processing of single crystals are also presented.

Laser surface processing of single-crystal alloys under

various substrate-orientation conditions can be encoun-

tered in practical applications, such as the laser surface

melting (LSM) or cladding of curved blades and vanes

for repair.

Rappaz et al. [2,3] studied the microstructure devel-
opment in full-penetration electron beam welds of Fe–

15Ni–15Cr stainless steel single crystals for different

weld orientations. They developed a relationship

between the dendrite growth velocity and the welding

velocity, and reconstructed the weld pool shape based

on the observed dendritic structure to explain the micro-

structure developments in the welds of different orienta-

tions. However, in the work by Rappaz et al., the
reconstructed weld pool was fixed in shape (i.e., invari-

able weld pool parameters). In this work, a new melt-

pool model with four variable geometrical parameters

is used in combination with the dendrite growth con-

cepts to predict dendrite growth directions and velocities

as a function of substrate orientation and melt-pool geo-

metrical parameters. This approach allows direct deter-

mination of dendrite growth directions and velocities,
and more importantly it enables a systematic study of

the combined effect of substrate orientation and melt-

pool geometry on the crystal growth in a laser surface

melt pool.
1 Laser traveling along the [1 1 0] direction on the (0 0 1) plane,

hereafter.
2. Experimental procedure

LSM experiments were conducted on single-crystal

nickel-base superalloys for various orientation condi-

tions, using a Nd:YAG laser in the laser engineered

net shaping (LENS) system to verify the model compu-

tation results. Two commercial nickel-base superalloy

single crystals, designated, respectively, as Rene N5 al-

loy and CMSX-4 alloy, were used in the LSM experi-

ments. The nominal composition of the N5 alloy is
Ni–8Co–7Cr–6.2Al–5W–6Ta–3Re–2Mo–0.2Hf (in wt%)

while the CMSX-4 alloy has a nominal composition of

Ni–9Co–6.5Cr–5.6Al–1Ti–6W–6.5Ta–3Re–0.6Mo–0.1Hf

(in wt%). The single crystals were obtained from Con-

corde Castings (Eastlake, OH) in plates for the N5 alloy

and in bars for the CMSX-4 alloy. Due to the difficulty

in obtaining specimens in a complicated orientation con-

dition, only several representative orientations were cho-
sen for the purpose of experimental verification.

According to the crystal shapes and orientation, the
CMSX-4 alloy was used for LSM in the symmetric

(0 0 1)/[1 1 0] 1 orientation, while the N5 alloy was used

for LSM in the asymmetric (0 0 1)/[1 2 0] and (2 1 0)/

[0 0 1] orientations (these orientations were chosen be-

cause specimens of enough size in these orientations

can be cut according to the original crystal shape and
orientation). The as-cast single crystals were carefully

cut into specimens in the above orientations for LSM

experiments. The substrate surfaces to be laser-melted

were ground with 600-grit SiC paper and cleaned in

methanol before LSM.

An Optomec LENS� 750 system [1] was used for the

LSM experiments. The Nd:YAG laser in this system has

a circular beam with a Gaussian intensity distribution
and a maximum output power of 750 W. The oxygen le-

vel in the Ar-gas atmosphere glove box was below 30

ppm during the LSM processing. The LENS system is

equipped with a melt-pool sensor that provides a 2D in-

fra-red image of the molten pool on the substrate sur-

face. Experiments were conducted under different

processing conditions by changing the laser power and

travel velocity (Table 1). The melt-pool half-width (w),
depth (h) and the a angle were directly measured from

the photomicrographs of the transverse cross-sections.

The melt-pool length parameter (l) was determined from

the 2D video image of the melt pool or from direct mea-

surements of the melt-pool traces (ripple formation) on

the top surface of the melt track. Samples for micro-

structure analysis were mounted and polished using

standard metallographic techniques and etched with a
solution containing H2O (100 ml), HCl (100 ml) and

CuCl2 (5 g).
3. Results

3.1. [1 1 0] laser scanning direction on (0 0 1) plane

In this orientation, the x-, y- and z-axes are the [1 1 0],

½�1 1 0� and [0 0 1] directions. Fig. 1 shows the computa-

tional results of dendrite growth direction and velocity

on the melt-pool solidification interface for a melt pool

of the geometrical parameters l/w = 1.5, h/w = 1 and

a = 90� in this substrate orientation. From the dendrite

growth pattern (Fig. 1(a)) plotted in the y–z plane, three

regions corresponding to three growth directions can be
observed. In the bottom region of the melt pool, the

[0 0 1] growth direction is favored. The [1 0 0] and

[0 1 0] growth directions are chosen for the upper region

of the melt pool in the +y side and in the �y side, respec-

tively. At the upper part of the melt-pool centerline, the

possibility of the dendrite to grow along either the [1 0 0]



Table 1

Laser processing parameters used in experiments and the measured melt pool geometry

Track no. 1 2 3 4 5

Material CMSX-4 CMSX-4 CMSX-4 N5 N5

Orientation (0 0 1)/[1 1 0] (0 0 1)/[1 1 0] (0 0 1)/[1 1 0] (0 0 1)/[1 2 0] (2 1 0)/[0 0 1]

Power (W) 200 200 475 285 285

Velocity (mm/s) 2.5 5 30 5 5

w (mm) 0.51 0.44 0.55 0.68 0.6

h (mm) 0.22 0.2 0.22 0.275 0.23

l (mm) 0.5 0.49 1.64 0.74 0.67

a (�) 78 78 (left) 54 (right) 88 90 90
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Fig. 1. Computed results of dendrite growth direction (a) and velocity

ratio (V/Vb) (b) in a melt pool of the geometrical parameters l/w = 1.5,

h/w = 1 and a = 90� with the (0 0 1)/[1 1 0] orientation.
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or [0 1 0] direction is the same since in each case the value

of the angle W is equal. As shown in Fig. 1(b), the den-

drite growth velocity increases gradually from zero at
the bottom and the sides of the melt pool to a maximum

value (1.414Vb) at the upper part of the centerline on the

melt-pool interface, i.e. the boundary line between the
[1 0 0] and [0 1 0] growth regions. In this case, the maxi-

mum growth velocity is larger than the laser beam travel

velocity. Fig. 2(a) shows the variation of dendrite growth

velocity along the centerline on the melt-pool interface.

The relative melt-pool depth (z/w) along the centerline

is also shown in this figure for reference. The beginning

point of the maximum dendrite growth velocity

(1.414Vb) corresponds to the transition of dendrite
growth direction from [0 0 1] to [1 0 0]/[0 1 0] at the cen-

terline. At the transition point, the angle h equals to

35.26� (V/Vb = cot h = 1.414), and w0 0 1, w1 0 0 and

w0 1 0 (the angles between the normal to the interface

and [0 0 1], [1 0 0] and [0 1 0] directions, respectively)

all have the same value, which is 54.74�. Fig. 2(b) shows
the variation of dendrite growth velocity along the melt-

pool trace line on the top surface, together with the
variation of the relative melt-pool width (y/w) on this

surface. For symmetry reasons, the results in this figure

are only for the [0 1 0] growth region, i.e. at the �y side.

There is no transition of growth direction along the trace

line on either side, and the [0 1 0] to [1 0 0] growth tran-

sition occurs exactly at the melt-pool centerline. The den-

drite growth velocity increases gradually from zero at the

sides of the melt pool to 1.414Vb at the trailing point of
the melt-pool.

Variations in the geometrical parameters (l/w, h/w,

and a) will change the relative areas of the [0 0 1],

[1 0 0] and [0 1 0] growth regions. A smaller l/w ratio, a

larger h/w ratio or a larger a angle will promote the

[1 0 0] and [0 1 0] dendrite growth by increasing the

slope of the melt-pool interface. On the other hand, a

larger l/w ratio, a smaller h/w ratio or a smaller a angle
will promote the [0 0 1] dendrite growth by decreasing

the slope of the melt-pool interface. The relative area

of the [0 0 1] growth region increases with an increase

in the l/w value, a decrease in the h/w value or decrease

in the a value. As the [0 0 1] growth region increases, the

triple point where the three growth regions meet at the

melt-pool centerline moves upwards. When the triple

point reaches the trailing (rearest) point of the melt
pool, the following relationship exists:

V 0 0 1

V b

� �
max

¼ tan b ¼ w
l
� tan a ¼

ffiffiffi
2

p
: ð1Þ
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Fig. 2. (a) Variation of dendrite growth velocity ratio (V/Vb) along the melt-pool boundary line in the x–z plane, together with the variation of the

relative melt-pool depth on this line. (b) Variation of the velocity ratio (V/Vb) along the melt-pool trace line in the x–y plane, together with the

variation of the relative melt-pool width on this line. Melt-pool geometrical parameters: l/w = 1.5, h/w = 1 and a = 90�; substrate orientation: (0 0 1)/
[1 1 0].
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This is the critical condition for the disappearance of

[1 0 0]/[0 1 0] dendrite growth at the melt-pool center-

line. Further increase in the [0 0 1] growth region leads
to a maximum velocity ratio less than 1.414 in the

melt-pool solidification, with a value as a function of l/

w and a. From Eq. (1), this occurs when a is smaller than

64.75� for a l/w value of 1.5 or when l/w is larger than

2.64 for a a value of 75�. It follows that under these con-
ditions the maximum dendrite growth velocity in the

melt-pool solidification can be controlled by changing

the values of melt-pool geometrical parameters l/w and
a. As shown graphically in Fig. 3, the maximum velocity

ratio under this orientation condition can be given as a

function of melt-pool geometrical parameters (l/w and a)
by the following equations:
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Fig. 3. Influence of a values on the maximum velocity ratio as a

function of the l/w ratio for the (0 0 1)/[1 1 0] substrate orientation.
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� �
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p
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 !
; ð2Þ

V
V b

� �
max

¼
ffiffiffi
2

p
for

l
w
6

ffiffiffi
2

p

2
tan a

 !
: ð3Þ

For an a angle of 90� (no matter what value of the l/w

ratio) or a l/w ratio less than 0.7tan a, the maximum

velocity ratio is invariably 1.414. The maximum value
of the V/Vb ratio decreases rapidly with decreasing a va-

lue and increasing l/w ratio.

Fig. 4 shows the dendrite growth pattern and velocity

results for a set of geometrical parameters l/w = 1.5,

h/w = 1 and a = 64�. As can be seen, the decrease of a
angle from 90� to 64� significantly increases the relative

area of the [0 0 1] growth region, and results in the dis-

appearance of [1 0 0]/[0 1 0] dendrite growth at the
melt-pool centerline. The maximum value of the V/Vb

ratio in this case is reduced to 1.36 (Fig. 4(b)). It is inter-

esting to note that in Figs. 1(a) and 4(a) the transition

lines between the [0 0 1] and [1 0 0] or [0 1 0] growth re-

gions are of a non-symmetric parabola type in the y–z

plane. With the decrease of a angle, the non-symmetric

parabola transition lines become narrower and move

upwards, which reduces the relative areas of the [1 0 0]
and [0 1 0] growth regions. When the a angle is de-

creased to 54.74�, the transitions from [1 0 0] growth

or [0 1 0] growth to [0 0 1] growth will occur at the side

points of the melt pool in the y–z plane with coordinates

of (0, w, 0) and (0, �w, 0), respectively. This is demon-

strated in Fig. 5(a) which shows the dendrite growth pat-

tern for a set of geometrical parameters l/w = 1.5, h/w

=0.5 and a = 54�. Further computational results indicate
that the [1 0 0] and [0 1 0] dendrite growths disappear

completely when the a angle is decreased to 49� for a
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l/w value of 1.5. As shown in Fig. 5(b), unidirectional

dendrite growth along the [0 0 1] direction occurs in

the melt pool. In this case, the maximum value of the

V/Vb ratio for the melt-pool solidification is reduced to

0.76.

3.2. [1 2 0] laser scanning direction on (0 0 1) plane

This is a non-symmetric orientation with respect to

the melt-pool centerline. In this orientation, the x-, y-

and z-axes are the [1 2 0], ½�2 1 0� and [0 0 1] directions.

Fig. 6 shows the dendrite growth direction and velocity

results for a melt pool of the geometrical parameters

l/w = 1.5, h/w = 1 and a = 90� in this orientation. Four
growth regions with a growth direction, respectively,

of [0 0 1], [1 0 0], ½�1 0 0� and [0 1 0] can be seen in the

dendrite growth pattern (Fig. 6(a)) plotted in the y–z

plane. Unlike those discussed previously, the growth

pattern is non-symmetric with respect to the melt-pool
centerline due to the non-symmetry of the substrate ori-

entation. As a result, the distribution of dendrite growth

velocity is also asymmetric (Fig. 6(b)). Upon scrutiny of

the velocity values, it is found that the location of the

maximum velocity is away from the trailing point of
the melt pool, at approximate coordinates of (�1.36w,

0.2w, �0.38w) in the x–y–z reference frame. This loca-

tion corresponds to a transition of dendrite growth

direction from [0 1 0] to [1 0 0], as marked ‘‘M’’ in

Fig. 6(a). The maximum velocity ratio in the melt pool

for this orientation is 1.34.

3.3. [1 0 0] laser scanning direction on (0 1 1) plane

The x-, y- and z-axes are, respectively, in the [1 0 0],

½0 1 �1� and [0 1 1] directions for this substrate orienta-

tion. Fig. 7 shows the dendrite growth direction and

velocity results for a melt pool in this orientation with

a set of geometrical parameters l/w = 1.5, h/w = 1 and

a = 90�. Only the [1 0 0], [0 1 0] and [0 0 1] growth re-

gions exist in this case. In this orientation, the [0 0 1]
and [0 1 0] directions are coplanar with the y- and z-axes

and at an angle of 45� with the z-axis. The resulting

growth pattern is therefore symmetric with respect to

the melt-pool centerline. As shown in Fig. 7(a), the

[1 0 0] growth region has an approximate shape of an
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inversely placed triangle in the y–z plane. Since the laser

is travelling in the [1 0 0] direction, the dendrite growth

velocity in the whole [1 0 0] growth region is equal to the

travel velocity of the laser beam (Vb), with a maximum

velocity ratio being an unit in the melt pool in this ori-

entation (Fig. 7(b)).

The size of the [1 0 0] growth region can be also con-
trolled by changing the melt-pool geometrical parame-

ters. According to Fig. 7(a), the [1 0 0] dendrite growth

can be eliminated when the triple point moves to the

trailing point of the melt pool. Under these critical con-

ditions, the following relationships exist at the trailing

point of the melt pool:

cosW1 0 0 ¼ cosW0 0 1 ¼ cosW0 1 0; ð4Þ

cosW1 0 0 ¼ sin b; ð5Þ
cosW0 0 1 ¼ cosW0 1 0 ¼
ffiffiffi
2

p

2
cos b; ð6Þ

tan b ¼ tan a
l=w

: ð7Þ

It can be derived from the above equations that no

[1 0 0] dendrite growth exists in the melt pool when the

a angle is less than 46.7� for an l/w value of 1.5. Accord-

ingly, the maximum velocity ratio in the melt pool in this

orientation can be given as a function of melt-pool geo-

metrical parameters (l/w and a) by the following
equations:

V
V b

� �
max

¼
ffiffiffi
2

p
tan a
l=w

for
l
w
P

ffiffiffi
2

p
tan a

� �
; ð8Þ

V
V b

� �
max

¼ 1 for
l
w
6

ffiffiffi
2

p
tan a

� �
: ð9Þ
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3.4. [0 1 �1] laser scanning direction on (0 1 1) plane

In this orientation, the x-, y- and z-axes are in the

½0 1 �1�; ½�1 0 0� and [0 1 1] directions, respectively. Fig. 8

shows the results of dendrite growth direction and veloc-

ity on the melt-pool solidification interface for the same
set of geometrical parameters (l/w = 1.5, h/w = 1 and

a = 90�) in this substrate orientation. As shown in Fig.

8(a), the [1 0 0], ½�1 0 0� and [0 1 0] growth regions exist

in this case. A symmetric dendrite growth pattern is ob-

served. In this orientation, the ½�1 0 0� and [1 0 0] direc-

tions are parallel to the y and �y directions,

respectively. Thus, the ½�1 0 0� and [1 0 0] growth regions

exist in the sides of the melt pool. The [0 1 0] and [0 0 1]
directions are coplanar with the x- and z-axes and at an

angle of 45� and 135� with the x-axis, respectively. The

[0 1 0] growth direction is favored in the central part

of the melt pool throughout the melt-pool depth. The

distribution of dendrite growth velocities (Fig. 8(b)) is
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quite different from that observed in Fig. 7(b). In this

case, the growth velocity increases continuously from

the bottom and the sides to the rear part of the melt

pool, with approximately rectangular contour lines in

the regions of high growth velocities. The maximum

velocity ratio is at the trailing point of the melt pool, lo-
cated in the [0 1 0] growth region, which can be given by

the following equation:

V
V b

� �
max

¼ cosð90� � bÞ
cosðb� 45�Þ ¼

ffiffiffi
2

p

1þ cot b
: ð10Þ

Inserting Eq. (7) into Eq. (10), one can further obtain

the relationship between the maximum velocity ratio
and the melt-pool geometrical parameters

V
V b

� �
max

¼
ffiffiffi
2

p

1þ cot arctan tan a
l=w

� �h i : ð11Þ

For a = 90�, the maximum velocity ratio in the melt pool

has the highest value of 1.414.

3.5. [1 1 �1] laser scanning direction on (0 1 1) plane

In this case, the x-, y- and z-axes are in the ½1 1 �1�,
½�2 1 �1� and [0 1 1] directions, respectively. Therefore, this

is a non-symmetric orientation with respect to the melt-

pool centerline. Fig. 9 shows the results of dendrite

growth direction and velocity in the melt pool in this ori-
entation with geometrical parameters l/w = 1.5, h/w = 1

and a = 90�. An asymmetric growth pattern can be seen

in Fig. 9(a) due to the non-symmetry of this substrate

orientation. Four growth regions exist in the melt pool,

with the two major regions in the [1 0 0] and [0 1 0]

growth directions, respectively, and the two minor re-

gions in the [0 0 1] and ½�1 0 0� growth directions, respec-

tively. As shown in Fig. 9(b), the distribution of dendrite
growth velocity is also non-symmetric with respect to

the melt-pool centerline. The growth velocity increases

continuously from the bottom and the sides to the rear

part of the melt pool, with oblique triangular contour

lines in the regions of high growth velocities. In spite

of the non-symmetric velocity distribution, the maxi-

mum velocity ratio is located at the trailing point of

the melt pool (Fig. 9(b)). Its value can be given by the
following equation:

V
V b

� �
max

¼ cosð90� � bÞffiffi
3

p

3
sin bþ

ffiffi
2

p

2
cos b

¼ 1ffiffi
3

p

3
þ
ffiffi
2

p

2
cot b

: ð12Þ

By inserting Eq. (7) into Eq. (12), the relationship be-

tween the maximum velocity ratio and the melt-pool

geometrical parameters in this orientation can be ex-
pressed as

V
V b

� �
max

¼ 1ffiffi
3

p

3
þ
ffiffi
2

p

2
cot arctan tan a

l=w

� �h i : ð13Þ
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It should be pointed out that Eqs. (12) and (13) are

only valid under the condition that the maximum

velocity ratio is located at the trailing point of the
melt pool. According to Eq. (13), for a = 90�
the maximum velocity ratio in the melt pool has

the highest value of 1.732 in this orientation. This

value is also the largest that can be obtained in any

substrate orientation.

3.6. [2 �1 1] laser scanning direction on (0 1 1) plane

In this orientation, the x-, y- and z-axes are in the

½2 �1 1�, ½1 1 �1� and [0 1 1] directions, respectively. This

is also a non-symmetric orientation with respect to the

melt-pool centerline. Fig. 10 shows the dendrite growth

direction and velocity results for a melt pool in this ori-

entation with geometrical parameters l/w = 1.5, h/w = 1

and a = 90�. Three growth regions with a growth direc-
tion of [0 0 1], [1 0 0] and [0 1 0], respectively, can be

seen in the dendrite growth pattern (Fig. 10(a)) plotted

in the y–z plane. As a result of asymmetry of the sub-

strate orientation, the growth pattern is non-symmetri-

cal with respect to the melt-pool centerline. As shown

in Fig. 10(b), the growth velocity increases also continu-

ously from the bottom and both sides to the rear part of

the melt pool, but the gradient in growth velocity in the
[0 0 1] growth region is significantly higher than that in

the [1 0 0] growth region. It is interesting to note that

the maximum velocity is not located at the trailing point

of the melt pool in this orientation. For the set of geo-

metrical parameters used in this computation, the max-

imum velocity is located at approximate coordinates of

(�1.46w, 0.23w, 0) in the x–y–z reference frame. This

location also corresponds to a transition point of den-
drite growth direction from [1 0 0] to [0 0 1] on the

melt-pool surface, as marked ‘‘M’’ in Fig. 10(a). The
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maximum velocity ratio in the melt pool is computed to

be 1.63 for this orientation.

3.7. [0 1 �1] laser scanning direction on (1 1 1) plane

In this case, the x-, y- and z-axes are in the ½0 1 �1�,
½�2 1 1� and [1 1 1] directions, respectively. This is again

a non-symmetric orientation with respect to the melt-

pool centerline. Fig. 11 shows the results of dendrite

growth direction and velocity in the melt pool in this ori-

entation with geometrical parameters l/w = 1.5, h/w = 1

and a = 90�. In the dendrite growth pattern shown in

Fig. 11(a), there exist four growth regions with the

[0 1 0], [1 0 0], ½�1 0 0� and ½0 0 �1� growth directions,
respectively. The [0 1 0] and [1 0 0] growth regions are

the predominant ones in the melt pool in this orienta-

tion. The distribution of dendrite growth velocity in

the melt pool, as shown in Fig. 11(b), is extremely asym-
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melt-pool solidification interface. Melt-pool geometrical parameters:
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metrical with respect to the melt-pool centerline. The

gradient in growth velocity in the [1 0 0] growth region

is much higher than that in the [0 1 0] growth region,

as evidenced by the higher density of contour lines in

the [1 0 0] region. Despite the extreme asymmetry ob-

served in the velocity distribution, the maximum veloc-
ity ratio is located at the trailing point of the melt

pool. Its value can be given by the following equations:

V
Vb

� �
max

¼ cosð90� � bÞffiffi
2

p

2
sin bþ

ffiffi
3

p

3
cos b

¼ 1ffiffi
2

p

2
þ
ffiffi
3

p

3
cot b

; ð14Þ

V
V b

� �
max

¼ 1ffiffi
2

p

2
þ
ffiffi
3

p

3
cot arctan tan a

l=w

� �h i : ð15Þ

Again, Eqs. (14) and (15) apply only on the condition

that the maximum velocity ratio is located at the trailing

point of the melt pool. For a = 90�, according to

Eq. (15), the maximum velocity ratio in the melt pool

has the highest value of 1.414 in this orientation.

3.8. [2 �1 �1] laser scanning direction on (1 1 1) plane

The x-, y- and z-axes are in the ½2 �1 �1�; ½0 1 �1� and

[1 1 1] directions in this orientation, respectively.

According to crystallography in the cubic system, this

orientation is symmetrical with respect to the melt-pool

centerline. Fig. 12 shows the dendrite growth direction

and velocity results for a melt pool in this orientation
with geometrical parameters l/w = 1.5, h/w = 1 and

a = 90�. The symmetrical substrate orientation leads to

a symmetrical dendrite growth pattern, as indicated in

Fig. 12(a). As many as five dendrite growth regions exist

in the melt pool in this case with the [1 0 0], [0 0 1],

½0 0 �1�, [0 1 0] and ½0 �1 0� growth directions, respectively.

The [1 0 0] growth region that is located in the central

part of the melt pool is the largest one in the five regions.
Among the six Æ1 0 0æ variants, five growth directions

have been chosen in the melt-pool solidification in this

orientation, which is the most that can be achieved in

any substrate orientation. As shown in Fig. 12(b), the

distribution of dendrite growth velocity in the melt pool

is symmetrical with respect to the melt-pool centerline.

The dendrite growth velocity increases much more rap-

idly from both sides than from the bottom to the rear
part of the melt pool. The maximum velocity ratio is

at the trailing point of the melt pool, located in the

[1 0 0] growth region, which is given by the following

equations:

V
V b

� �
max

¼ cosð90� � bÞffiffi
3

p

3
cos bþ

ffiffi
2
3

q
sin b

¼ 1ffiffi
2
3

q
þ
ffiffi
3

p

3
cot b

; ð16Þ

V
V b

� �
max

¼ 1ffiffi
2
3

q
þ
ffiffi
3

p

3
cot arctan tan a

l=w

� �h i : ð17Þ
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Since the maximum dendrite growth velocity is invari-

ably located at the trailing point of the melt pool,

Eq. (17) represents the relationship between the maxi-
mum velocity ratio and the melt-pool geometrical

parameters in this orientation. For a = 90�, according
to Eq. (17), the maximum velocity ratio in the melt pool

has the largest value of 1.225 in this orientation.

3.9. Experimental verification

Fig. 13 shows the transverse-section microstructures
of melt-tracks processed at different parameters in the

(0 0 1)/[1 1 0] orientation and their comparisons with

the computed microstructure patterns. In Fig. 13(a),

the microstructure was obtained at a laser power of

200 W and a beam velocity of 2.5 mm/s, and the ob-

served melt pool had a circular shape in the top surface.

As can be seen, the cell-like dendrites grew in the [0 0 1]

direction at the bottom of the melt pool, while the den-
drites at the upper regions grew in the [0 1 0] and [1 0 0]

directions, respectively for the left and right sides, at an

angle of 45� towards the outside of paper. The [0 1 0]

and [1 0 0] dendrites impinged each other at the center-

line of the melt pool. The observed microstructure

agrees well with the computed microstructure pattern.
As discussed in the companion paper (Part I) [1], the

inaccuracy of substrate orientation brought by specimen

preparation, some irregularities in the melt-pool bound-

ary and slight discrepancy of the actual melt-pool shape

from the exact mathematical formulation account for

the small disagreement between the experimental obser-

vations and model predictions.

The observed microstructure shown in Fig. 13(b) is
somehow significantly non-symmetrical, as is indicated

by the big difference in the measured values of the a-an-
gle at both sides (78� at the left side, and 54� at the right
side). The non-symmetry of the melt-pool geometry can

be caused by different heat and fluid flow conditions in

the melt pool at the two sides, resulting from such fac-

tors as different surface tensions [4]. It is interesting that

at the corner of the melt pool at the right side, as shown
in Fig. 13(b), an essentially unidirectional dendrite

growth in the [0 0 1] direction was observed due to a

much smaller a-angle. This experimental observation

provides an effective verification for the model predic-

tion that unidirectional dendrite growth along the

[0 0 1] crystallographic direction can be achieved in the

single-crystalline melt-pool solidification at an a-angle
below the critical value in a specific orientation. Using
the same melt-pool width (w), length (l) and thickness

(h) and different a-angle values for the two sides, the

computed non-symmetric microstructure pattern agreed

reasonably well with the observed microstructure. The

size of unidirectional-growth zone from the model pre-

diction is smaller than the observed one. This discrep-

ancy could result from the use of the same values for

other geometrical parameters and the local disagreement
in the melt-pool shape at the corner for the asymmetri-

cal situation.

In Fig. 13(c), the microstructure was made at a high

beam velocity of 30 mm/s. In this case, the melt pool

was significantly elongated in the beam traveling direc-

tion. Due to this change in melt-pool geometry, the

[0 0 1] dendrites can grow almost up to the top at the

melt-pool centerline. As shown in Fig. 13(c), the ob-
served microstructure matched very well with the model

prediction. Solidification cracking was observed in the

melt track made at a high processing velocity, as is dis-

cussed in Part I [1].

Fig. 14(a) and (b) shows the transverse-section micro-

structures of melt-tracks processed, respectively, in the

non-symmetrical (0 0 1)/[1 2 0] and (2 1 0)/[0 0 1] orien-

tations and their comparisons with the computed micro-
structure patterns. In the melt track made in the (0 0 1)/

[1 2 0] orientation, the cell-like dendrites grew in the



Fig. 13. Transverse-section microstructures of melt-tracks processed in the (0 0 1)/[1 1 0] orientation and their comparisons with the computed

microstructure patterns. (a) P = 200 W, Vb = 2.5 mm/s; (b) P = 200 W, Vb = 5 mm/s; (c) P = 475 W, Vb = 30 mm/s.
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[0 0 1] direction at the bottom of the melt pool, while the
dendrites at the upper regions grew in the [0 1 0], [1 0 0]

and ½�1 0 0� directions, respectively. As can be seen, both

the observed crystal growth regions and their relative

sizes agreed well with the computed microstructure pat-

tern in this orientation. In the microstructure obtained

in the (2 1 0)/[0 0 1] orientation (Fig. 14(b)), the den-

drites grew in the [1 0 0] direction (at an angle of about
63� with the y-axis in the section plane) at the bottom of
the melt pool, while the dendrites at the upper regions

grew in the ½0 �1 0�, [0 0 1] and [0 1 0] directions, respec-

tively, from the left to the right side. The computed

microstructure patterns agreed reasonably well

with the experimentally observed microstructure,

although, some discrepancies were found between the

computed and observed sizes of growth regions in this



Fig. 14. Transverse-section microstructures of melt-tracks processed in (a) (0 0 1)/[1 2 0] and (b) (2 1 0)/[0 0 1] orientations and their comparisons

with the computed microstructure patterns (P = 285 W, Vb = 5 mm/s). (Note: plotting symbols do not necessarily represent actual directions.)
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microstructure. These discrepancies could result from

the inaccuracy of substrate orientation and the local dis-

agreement between an actual 3D melt-pool shape and

the mathematical model.
4. Discussion

The computational results of dendrite growth direc-

tion and velocity in the melt pool under the above eight

orientation conditions have shown that the substrate

crystallographic orientation has considerable effect on

crystal growth direction and also influences the dendrite

growth velocity in the single-crystalline melt-pool solid-

ification. The selected Æ1 0 0æ growth variants, the num-

ber of the chosen growth variants, and growth velocities
during the melt-pool solidification are all dependent on

the substrate crystallographic orientation. The resulting

microstructure (dendrite growth pattern) is obviously

different from one substrate orientation to another.

The magnitude and distribution of the dendrite growth

velocity in the melt pool also vary from one case to an-

other. These findings not only help to better understand

the single-crystalline solidification behavior in a melt
pool and predict the microstructure development (den-
drite growth pattern) computationally, but also can pro-

vide some implications to practical applications in

single-crystal and polycrystalline materials processing.

One major problem encountered in welding and laser

surface processing of single-crystal alloys is the loss of

the single-crystal nature after processing, which is

caused by the formation of equiaxed grains due to nucle-

ation and growth of grains in the liquid ahead of the epi-
taxial columnar-dendritic solidification front. These

equiaxed grains are also referred to as stray grains in

the literature [5,6]. Recent research has shown that the

formation of stray grains is related to the extent of con-

stitutional supercooling ahead of the solidification inter-

face [6,7]. In order to retain the single-crystal nature of

the processed material for the purpose of desired prop-

erties, the nucleation of randomly oriented stray grains
must be prevented. According to solidification theories

[8,9], the constitutional supercooling (CS) criterion de-

fines the conditions at which a planar solid–liquid inter-

face breaks down and produces substructure (i.e., cells).

The CS criterion can be expressed as

G=V < DT 0=D; ð18Þ

where G is the temperature gradient in the liquid at the

solidification interface, V is the growth velocity at the



30 40 50 60 70 80 90
0.2

0.4

0.6

0.8

1.0

1.2

1.4

1.6

 (111)/[2-1-1]
 (011)/[01-1]
 (001)/[110]
 (011)/[100]
 (001)/[100]M

ax
i

u
m

m
ve

ticol
y

tar 
i

( o
V

V/
b)

Angle β, deg.

(a)

30 40 50 60 70 80 90
0.0

0.2

0.4

0.6

0.8

1.0

1.2

 (111)/[2-1-1]
 (011)/[01-1]
 (001)/[110]
 (011)/[100]
 (001)/[100]

G/
G

n
ta 

t h
t e
r

gnilia
p 

o
tni

Angle β, deg.

(b)

30 40 50 60 70 80 90
0.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

1.6

1.8

2.0

 (111)/[2-1-1]
 (011)/[01-1]
 (001)/[110]
 (011)/[100]
 (001)/[100]

*
G(

V
b

/)
G(

n
)

V*
a 

tt
he

t r
a

gni li
p 

o
t ni

Angle β, deg.

(c)

Fig. 15. Comparisons of (a) the velocity ratio (V/Vb), (b) the

temperature gradient ratio (G/Gn) and (c) the value (G Æ Vb)/(Gn Æ V)
at the trailing point in the melt pool as a function of the angle b for five

different symmetrical substrate orientations.
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solidification interface, DT0 is the equilibrium solidifica-

tion temperature range of the alloy, and D is the liquid

diffusivity of the alloy. Although, this criterion does not

explicitly define the extent of undercooling required to

form equiaxed stray grains, recent work [6] has shown

that the extent of CS can be used as an indication of
the propensity for stray grain formation. For a particu-

lar material (DT0 and D are fixed), Eq. (18) states that

the G/V ratio is less than a constant. At a given temper-

ature gradient, a larger dendrite growth velocity leads to

a smaller G/V ratio, which increases the extent of CS and

tends to enhance the propensity for stray grain forma-

tion. Conversely, a smaller dendrite growth velocity

may give rise to a G/V ratio larger than the critical value
to avoid the formation of equiaxed stray grains. The

computational results of dendrite growth velocity in

the melt pool indicate that the maximum velocity is lo-

cated at (or close to for some cases of asymmetric sub-

strate orientations) the trailing point of the melt pool,

which explains the observed experimental phenomena

that stray grains are usually present at the top region

near the centerline in the laser-melted tracks. Similar
experimental observations were made previously by Da-

vid et al. [5] and Vitek et al. [6] in welds of single-crystal

superalloys.

The temperature field and the corresponding temper-

ature gradient (Gn) in the normal direction of the melt-

pool interface, which are determined by the processing

conditions, are generally independent on the crystallo-

graphic orientation of the substrate material since the
thermal properties of an alloy are usually isotropic.

The temperature gradient (G) along the dendrite grow-

ing direction [h k l] is given by

G ¼ Gn � cosW; ð19Þ

where W is the angle between the normal ð~nÞ to the melt-

pool interface and the [h k l] direction. The dendrite
growth velocity in the melt pool, as shown in the previ-

ous sections, depends not only on the processing condi-

tions, but on the crystallographic orientation of the

substrate material as well. It follows that different sub-

strate orientations give rise to different G/V values in

the same location in the melt pool under the same pro-

cessing conditions. Considering the trailing point in the

melt pool, where the normal temperature gradient is
generally lower and the growth velocity is the largest

for symmetric orientations, the velocity ratio (V/Vb)

and the temperature gradient ratio (G/Gn) are a function

of the b angle. Fig. 15(a) and (b), respectively, show

comparisons of the velocity ratio (V/Vb) and the temper-

ature gradient ratio (G/Gn) at this trailing point in the

melt pool as a function of the angle b for five different

symmetrical substrate orientations. From Fig. 15(a)
and (b), the value (G Æ Vb)/(Gn Æ V) that is proportional

to G/V can be obtained also as a function of the b angle,

as shown in Fig. 15(c), for different orientations. As
mentioned before, the angle b is determined by the

melt-pool geometrical parameters l/w and a through

Eq. (7). Based on Eq. (18), the smaller the value
(G Æ Vb)/(Gn Æ V) in the melt pool for a specific substrate

orientation (where Vb and Gn are values independent on

orientation), the higher the propensity for stray grain

formation. Among the five orientations, according to

Fig. 15, the (0 0 1)/[1 0 0] and (0 1 1)/[1 0 0] orientations
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are the most favorable ones for preventing the formation

of stray grains when the angle b is larger than approxi-

mately 72�, while the ð1 1 1Þ=½2 �1 �1� and ð0 1 1Þ=½0 1 �1�
orientations become themost favorable at a lower b angle
(less than 72�). As indicated by the computational results,

the ð0 1 1Þ=½1 1 �1� and ð0 1 1Þ=½2 �1 1� orientations have
the largest maximum velocity ratios with a value of

1.73 and 1.63, respectively. Therefore, the susceptibility

to stray grain formation is probably the highest

in the melt-pool solidification for these asymmetric

orientations.

Recently, Gaumann et al. [10] developed a more

accurate microstructure criterion to avoid the colum-

nar-to-equiaxed transition (CET) and thus the stray
grain formation in single-crystal nickel-based superal-

loys through theoretical modeling. Current 3D melt-

pool heat and fluid flow modeling techniques [11,12]

can be used to obtain the melt-pool geometrical param-

eters defined in the present 3D melt-pool geometrical

model and also to determine the temperature gradient

as a function of position on the melt-pool solidification

interface for a set of processing conditions. Applying the
microstructure criterion established by Gaumann et al.

to the 3D melt-pool geometry developed in this work

by combining the distributions of temperature gradients

and dendrite growth velocities in the melt pool, it is pos-

sible to predict the microstructure developments (colum-

nar-dendritic and/to equiaxed-dendritic growth) and

possibility of stray grain formation in the 3D melt-pool

solidification of single-crystal alloys. Future work is to
be conducted along this direction.
5. Conclusions

The mathematical model of the single-crystalline

melt-pool solidification in LSM was used to compute

the dendrite growth pattern and velocity distribution
in the 3D melt pool under eight substrate orientation

conditions. Results indicate that the substrate orienta-

tion has a predominant effect on crystal growth pattern

and also influences the magnitude and distribution of

the dendrite growth velocity in the single-crystalline

melt-pool solidification. The selected Æ1 0 0æ growth vari-

ants and the number of chosen growth variants are

dependent on the substrate orientation. Symmetric sub-
strate orientations lead to symmetric microstructure

patterns and symmetric velocity distributions, while

non-symmetric orientations result in asymmetric micro-

structure patterns and asymmetric velocity distributions.

The maximum ratio of dendrite growth velocity to the

beam velocity in the melt pool is a function of melt-pool

geometrical parameters and the substrate orientation.
The largest maximum velocity ratio for the symmetric

orientations is 1.414 for the (0 0 1)/[1 1 0] and ð0 1 1Þ=
½0 1 �1� orientations. The largest maximum velocity ratio

for the asymmetric orientations is 1.732 for the

ð0 1 1Þ=½1 1 �1� orientation. The analysis results show that

the substrate orientation and melt-pool geometry have
significant effects on the G/V ratio (temperature gradient

over the growth velocity along the crystal growth direc-

tion) at the trailing point in the melt-pool solidification

and thus influence the tendency to form stray grains in

the melt pool. Experimental microstructure observa-

tions agreed well with the model predictions. These find-

ings provide some important implications to practical

applications in single-crystal surface processing.
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