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1 Necessary Files

The necessary files to carry out the laboratory are available in the “controls drive” (T drive). The drive
should be visible from the windows “Computer” pane

T:\ME389 AERO01 VTOL\

• You can read files in this folder but cannot edit them. Copy the folder to the local C drive.

• The folder contains LabView files for controlling the hardware and Matlab files for analyzing the
data.

• LabView files are located in \ME389 VIs

• Everytime you stop one of the VIs the relevant data is saved to the directory \VTOL WorkingData.
From here you can use various Matlab functions such as plotVTOLCurrentControlData.m
to plot the LabView data.
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Figure 1: Vertical take-off and landing (VTOL) control trainer.

2 Introduction and Goals

The term Vertical take-off and landing (VTOL) is used to designate any aircraft that can hover, take-off,
and land vertically.

The lab is broken down into three sections

1. Proportional-Integral (PI) control of the VTOL motor current

2. Modeling and system identification of the VTOL pitch dynamics

3. Proportional-Integral-Derivative (PID) Control of the VTOL pitch

To reduce the complexity of the problem we can partition the VTOL dynamics into two subsystems: the
motor dynamics, i.e. the response of the motor current Im to the input voltage Vm, and the flight dynamics,
i.e. the VTOL pitch θ in response to the motor current Im. Segregating the dynamics of the system allows
design of the two loop controller shown in Figure 2. A PI controller is used to regulate the motor current
around a reference current, Iref, and a proportional-integral-derivative PID controller is used to regulate
the VTOL pitch around the reference angle, θr.

7KH 972/ GHYLFH LV EURNHQ GRZQ LQWR WZR VXEV\VWHPV� WKH YROWDJH�FXUUHQW G\QDPLFV RI WKH PRWRU DQG WKH FXUUHQW�
SRVLWLRQ G\QDPLFV RI WKH 972/ ERG\� 7KH FDVFDGH FRQWURO LPSOHPHQWHG LQ WKH 972/ WUDLQHU LV GHSLFWHG LQ )LJXUH
���� EHORZ� $ 3, FXUUHQW FRQWUROOHU� WKH LQQHU ORRS� LV GHVLJQHG WR UHJXODWH WKH FXUUHQW LQVLGH WKH PRWRU DFFRUGLQJ WR
D GHVLUHG FXUUHQW UHIHUHQFH� 7KLV FXUUHQW UHIHUHQFH LV JHQHUDWHG IURP WKH RXWHU�ORRS FRQWUROOHU� D 3,' FRPSHQVDWRU
WKDW FRQWUROV WKH SLWFK RI WKH 972/ WUDLQHU�

)LJXUH ���� 972/ WUDLQHU FDVFDGH FRQWURO V\VWHP

,Q FDVHV ZKHUH WKH DFWXDWRU KDV UHODWLYHO\ VORZ G\QDPLFV� VXFK DV DQ HOHFWURPDJQHW ZLWK D ODUJH LQGXFWDQFH� LW LV
IDYRUDEOH WR GHVLJQ D FXUUHQW FRQWUROOHU� 7\SLFDOO\ D SURSRUWLRQDO�LQWHJUDO FRPSHQVDWRU LV XVHG WR UHJXODWH WKH FXUUHQW
IORZLQJ LQ WKH ORDG� 7KLV EDVLFDOO\ PDNHV WKH DFWXDWRU G\QDPLFV QHJOLJLEOH DQG VLPSOLILHV WKH FRQWURO GHVLJQ RI WKH
RXWHU�ORRS�

,Q WKLV FDVH� WKH YROWDJH�FXUUHQW UHODWLRQVKLS RI WKH 972/ WUDLQHU PRWRU FDQ EH GHVFULEHG� LQ WKH WLPH�GRPDLQ� E\ WKH
HTXDWLRQ

vm = Rm im + Lm
˙im

DQG E\ WKH WUDQVIHU IXQFWLRQ

Im(s) =
Vm(s)

Rm + Lms

)LJXUH ��� VKRZV WKH 972/ FXUUHQW FRQWURO V\VWHP LPSOHPHQWHG� 7KH 3, FRPSHQVDWRU FRPSXWHV WKH YROWDJH QHF�
HVVDU\ WR UHDFK WKH GHVLUHG FXUUHQW�

8VLQJ WKH 3, FRQWUROOHU

vm(t) = kp,c(iref (t) − im(t)) + ki,c

!
iref (t) − im(t) dt

41(7 972/ :RUNERRN � 6WXGHQW 9HUVLRQ Y ���

Figure 2: Two loop control structure for VTOL.
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Variable Description
θ VTOL pitch
θr Pitch reference
Vm Motor input voltage
Im Motor input current
Rm Motor resistance
Lm Motor inductance

3 Modeling and Control of Motor Current

The dynamics of the motor current in response to an input voltage can be described by the differential
equation

Lm
dIm
dt

+RmIm = Vm. (1)

Taking the laplace transform we obtain

Im(s) =
1

Rm + Lms
Vm(s), (2)

where Rm is the motor resistance, Lm is the motor inductance, and the transfer function describing the
relationship between the input Vm and the output Im is

Im(s)

Vm(s)
≡ Gm(s) =

1

Rm + Lms
. (3)

Lab Work 1: Measuring Motor Resistance

1. In steady state the relationship between the motor voltage and motor current

dIm
dt

= 0 and Vm = RmIm (4)

2. Apply different input voltages and observe the steady state current to determine Rm

3. Use the VI 01-QNET VTOL Current Control ME389.vi

4. In default, this VI allows you to specify the input voltage to the motor

5. Note the voltage plot is not reliable, use the “Digital Scope” to read the voltage

6. Or use Matlab to plot the data once you close the VI

7. Upon stopping the VI the data is saved in the directory \VTOL WorkingData

8. Use the Matlab function plotVTOLCurrentControlData.m to generate plots

Input Voltage (V) Measured Current (A) Resistance (Ω)
4
5
6
7

9. Take Rm as the average.
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Assuming a PI controller of the form

Kc(s) ≡ kcp +
kci
s

(5)

the closed-loop system from reference current to actual motor current (Figure 3) is given by

kcp + kci/s
1

Lms+Rm

VmIref e Im
−

Figure 3: Current control of the motor.

Im(s)

Iref (s)
≡ Gc

CL(s) =
kcps+ kci

s2Lm + (kcp +Rm)s+ kci
=

kcps+ kci

Lm

(
s2 +

kcp+Rm

Lm
s+

kci
Lm

) . (6)

Comparing the terms of the denominator with the canonical second order characteristic equation

s2 + 2ζωns+ ω2
n, (7)

we find that the proportional and integral gains can be written in terms of the damping ratio and natural
frequency as

kcp = −Rm + 2ζωnLm, kci = ω2
nLm. (8)

Lab Work 2: PI Current Control Design

Calculate the PI gains necessary to satisfy the natural frequency and damping ratio of

• ωn = 42.5 rad/s

• ζ = 0.7

Assume the inductance is Lm = 53.8 mH.

Lab Work 3: Motor Current Closed-loop Response

1. State the closed-loop poles of the system.

2. Plot the step response of the closed-loop system Gc
CL(s).

3. What is the rise time of the closed-loop system?
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8QOLNH D '& PRWRU� WKLV V\VWHP KDV WR EH FKDUDFWHUL]HG ZLWK DW OHDVW D VHFRQG�RUGHU PRGHO� 7KH HTXDWLRQ RI PRWLRQ
LV GHULYHG IURP ILUVW SULQFLSOHV DQG WKHQ XVHG WR REWDLQ WKH WUDQVIHU IXQFWLRQ UHSUHVHQWLQJ WKH FXUUHQW WR SRVLWLRQ 972/
G\QDPLFV�

9DULRXV PHWKRGV FDQ EH XVHG WR ILQG WKH PRGHOLQJ SDUDPHWHUV� ,Q WKH ODERUDWRU\� WKH SDUDPHWHUV DUH ILUVW IRXQG PDQ�
XDOO\ E\ SHUIRUPLQJ D IHZ H[SHULPHQWV DQG WDNLQJ PHDVXUHPHQWV� 7KHUHDIWHU� WKH /DE9,(:!6\VWHP ,GHQWLILFDWLRQ
7RRONLW LV XVHG WR DXWRPDWLFDOO\ ILQG WKH PRGHO� 7KLV GHPRQVWUDWHV KRZ WR XVH VRIWZDUH WRROV WR LGHQWLI\ SDUDPHWHUV
RU HYHQ HQWLUH PRGHOV �HVSHFLDOO\ LPSRUWDQW IRU KLJKHU�RUGHU V\VWHPV�� 7KH PRGHOLQJ LV WKHQ YDOLGDWHG E\ UXQQLQJ
WKH REWDLQHG PRGHO LQ SDUDOOHO ZLWK WKH DFWXDO V\VWHP�

7KH IUHH�ERG\ GLDJUDP RI D ��'2) 9HUWLFDO 7DNH�2II DQG /DQGLQJ GHYLFH WKDW SLYRWV DERXW WKH SLWFK D[LV LV VKRZQ LQ
)LJXUH ����

)LJXUH ���� )UHH�ERG\ GLDJUDP RI ��'2) 972/

$V VKRZQ LQ )LJXUH ���� WKH WRUTXHV DFWLQJ RQ WKH ULJLG ERG\ V\VWHP FDQ EH GHVFULEHG E\ WKH HTXDWLRQ

τt + m2 g l2 FRV θ(t) − m1 g l1 FRV θ(t) − 1

2
mh g Lh FRV θ(t) = 0 �����

7KH WKUXVW IRUFH� Ft� LV JHQHUDWHG E\ WKH SURSHOOHU DQG DFWV SHUSHQGLFXODU WR WKH IDQ DVVHPEO\� 7KH WKUXVW WRUTXH LV
JLYHQ E\

τt = Ft l1 �����

41(7 972/ :RUNERRN � 6WXGHQW 9HUVLRQ Y ���

Variable Description
τt = Ftl1 Thrust torque
m1 Mass of fan assembly
m2 Mass of counter weight
l1 Length of pivot to propeller center
l2 Length of pivot to counter-weight
mh Mass of VTOL body
Lh Length of VTOL body

Figure 4: Free body diagram of the VTOL.

4 Modeling and Control of VTOL Pitch

4.1 Modeling of VTOL Pitch via First-Principles

The equations of motion of the VTOL can be derived from first-principles. A free body diagram of the
1-DOF VTOL device is shown in Figure 4. When the system is in equilibrium we can sum the torques
around the pivot point to obtain

τt +m2glc cos θ −m1gl1 cos θ − 1

2
mhgLh cos θ = 0. (9)

The thrust force, Ft, is generated by the propeller and acts perpendicular to the fan assembly. The thrust
torque, given by τt = Ftl1, can also be modeled in terms of the motor current,

τt = KtIm, (10)

where Kt is the thrust current-torque constant. When the VTOL system is in equilibrium and level to the
ground (θ ≡ 0⇒ cos θ ≡ 0), the torques acting on the system are described by

KtIhor +m2gl2 −m1gl1 −
1

2
mhgLh = 0, (11)

where Inor denotes the current required to maintain the system in level equilibrium.

Lab Work 4: Measuring the Horizontal Equilibrium Current

Obtain the current required to hold the VTOL in the horizontal position, Ihor.

1. Use QNET VTOL Current Control.vi

2. Switch to “Current Control” ON

3. Set the PI gains to that obtained in the previous lab work.

4. In the current set point selection, apply a constant current set point, and gradually increase the
offset until the system is in the horizontal position.

5. The pitch should read zero degrees when the VTOL Trainer is horizontal. If it does not you can
adjust the VTOL “Offset Control” in the lower left.
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The dynamics of the VTOL pitch can be described by the equation

Jθ̈ +Bθ̇ +Kθ = τt = KtIm, (12)

where J is the moment of inertia acting about the pitch axis, B is the viscous damping, andK is a stiffness
coefficient. Taking the laplace transform, we obtain the transfer function describing the pitch dynamics in
response to the input current,

θ(s)

Im(s)
≡ P (s) =

Kt

J(s2 + B
J
s+ K

J
)
. (13)

Lab Work 5: Determining the VTOL Natural Frequency

Obtain the current required to hold the VTOL in the horizontal position, Ihor.

1. Use QNET VTOL Current Control.vi

2. Switch to “Current Control” ON

3. Set the PI gains to that obtained in the previous lab work.

4. Set the current set point as

• Amplitude = 0

• Frequency = 0.4

• Offset = Ihor.

5. Run the VI. VTOL trainer should shoot up to the horizontal position and oscillate a bit before
settling down to equilibrium.

• Measure the period of oscillation to determine the natural frequency, ωn.

)LJXUH ���� 3LWFK VWHS UHVSRQVH

�� &OLFN RQ 6WRS EXWWRQ WR VWRS WKH 9,�

�� $��� $�� 8VLQJ WKH 972/ 7UDLQHU PRGHO JLYHQ LQ 6HFWLRQ ������ DQG WKH VSHFLILFDWLRQV OLVWHG LQ WKH 972/ 8VHU
0DQXDO >�@� FRPSXWH WKH PRPHQW RI LQHUWLD DFWLQJ DERXW WKH SLWFK D[LV� (QWHU WKH YDOXH LQ 7DEOH ����

$QVZHU ���

2XWFRPH 6ROXWLRQ
$�� $V GHSLFWHG LQ WKH 972/ 7UDLQHU IUHH�ERG\ GLDJUDP �)%'� VKRZQ LQ 6HF�

WLRQ ������ WKHUH DUH WKUHH SRLQW PDVVHV RQ 972/ V\VWHP� WKH SURSHOOHU
�m1�� WKH FRXQWHU�ZHLJKW �m2�� DQG WKH 972/ 7UDLQHU ERG\ �mh�� 7KH
SHUSHQGLFXODU GLVWDQFH RI HDFK RI WKHVH IRUP WKH D[LV RI URWDWLRQ LV DOVR
VKRZQ LQ WKH )%'� 0XOWLSO\LQJ WKH VTXDUH RI WKH GLVWDQFH ZLWK WKH FRUUH�
VSRQGLQJ SRLQW PDVV JLYHV

J = m1l
2
1 +

1

4
mhL2

m + m2l
2
2 �$QV�����

$�� 6XEVWLWXWLQJ WKH 972/ 7UDLQHU VSHFLILFDWLRQV JLYHQ LQ >�@ LQWR WKH DERYH
HTXDWLRQ JLYHV WKH PRPHQW RI LQHUWLD

J = 0.00347 NJ P2 �$QV�����

�� $�� %DVHG RQ WKH QDWXUDO IUHTXHQF\ IRXQG LQ 6HFWLRQ ��� DQG WKH PRPHQW RI LQHUWLD FDOFXODWHG DERYH� ILQG
WKH VWLIIQHVV RI WKH 972/ 7UDLQHU� (QWHU WKH YDOXH LQ 7DEOH ����

41(7 972/ :RUNERRN � ,QVWUXFWRU 9HUVLRQ Y ���

Comparing the terms of the denominator in (13) with the canonical second order characteristic equation

s2 + 2ζωns+ ω2
n, (14)

we find that the natural frequency of the system is given by

ωn =
K

J
. (15)

Therefore, the stiffness coefficient K can be written as

K = Jωn. (16)
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Lab Work 6: Calculating Moment of Inertia and Stiffness Coefficient

For a composite body of n point masses, the moment of inertia is given by

J =
n∑

i=1

mir
2
i . (17)

1. Using the table of masses and lengths in Appendix A, calculate the VTOL moment of inertia about
the pivot axis with equation (17).

2. The units of J should be kgm2.

3. Based on the natural frequency found in the previous lab work, use J to calculate the stiffness
coefficient K using equation (16). The units should be Nm/rad.

4. Finally, solve for the thrust torque coefficientKt using the equilibrium equation (11) and the value
of horizontal equilibrium current, Ihor.

Lab Work 7: Stating and Characterizing Transfer Function

1. Substitute in the values for J , K, B to obtain the transfer function P (s). Assume the viscous
damping is given by, B = 0.002 Nm/(rad/s), taken from VTOL user manual, see Appendix A.

2. Characterize the transfer function P (s) by:

– Stating the open-loop poles, zeros and DC gain.

– Plotting the frequency response.

Lab Work 8: Model Validation

After obtaining an expression for the transfer function P (s) we can compare predicted pitch response to
input currents with experimental data to confirm the model is reasonably valid.

1. Use QNET VTOL Modelling.vi for model validation.

2. Enter the values for P (s) in the transfer function box at the top

3. Make sure to update the current control parameters with your values for ki and kp.

4. For the current set point, set the amplitude to zero and adjust the offset until the system VTOL is
level.

5. Now increase the amplitude of the set point so as to perturb the system.

6. Record a plot comparing predicted-by-the-model and experimental responses.
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4.2 Model Estimation via Least Squares

Since we know the structure of the plant, namely it is a stable transfer function with two poles and no
zeros, we can use system identification software to obtain an approximate model by fitting the parameters
of the model to the data. The software uses a least squares approach to fit the model to a collected data
set. Consider a transfer function of the form

G(z) =
b0 + b1z + b2z

2

a0 + a1z + a2z2 + z3
, (18)

which can be written in the equivalent form

G(z) =
b0z

−3 + b1z
−2 + b2z

−1

a0z−3 + a1z−2 + a2z−1 + 1
. (19)

Since multiplication by z−1 equates to a time delay of 1 time unit, the transfer function can be written as
the difference equation

y(k) = −a2y(k − 1)− a1y(k − 2)− a0y(k − 3) + b2u(k − 1) + b1u(k − 2) + b0u(k − 3), (20)

where y(k) is a measurement of the output at time k.

Assume we record N measurements of the system, then using the difference equation we have,

y(k) = −a2y(k − 1)− a1y(k − 2)− a0y(k − 3) + b2u(k − 1) + b1u(k − 2) + b0u(k − 3),

y(k + 1) = −a2y(k)− a1y(k − 1)− a0y(k − 2) + b2u(k) + b1u(k − 1) + b0u(k − 2),

...
y(N) = −a2y(N − 1)− a1y(N − 2)− a0y(N − 3) + b2u(N − 1) + b1u(N − 2) + b0u(N − 3).

This set of equations can be written in the compact form

Y = Zα (21)

where

Y =




y(k)
y(k + 1)

...
y(N)


 α =




a2
...
a0
b2
...
b0




(22)

Z =




−y(k − 1) −y(k − 2) −y(k − 3) u(k − 1) u(k − 2) u(k − 3)
−y(k) −y(k − 1) −y(k − 2) u(k) u(k − 1) u(k − 2)

...
...

...
...

...
...

−y(N − 1) −y(N − 2) −y(N − 3) u(N − 1) u(N − 2) u(N − 3)


 . (23)

This is clearly an overdetermined system, i.e. more equations than unknowns. In order to obtain a solution,
the problem can be formulated as a norm minimization,

min
α
‖Zα− Y ‖22, (24)
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where the solution to (24) is equivalent to the solution of (21). Since (24) can be written as a sum of
squares, this is referred to as “Least Squares Minimization”. The solution can be given in closed form as

α̂ = (ZTZ)−1ZTY. (25)

Lab Work 9: Model Estimation via Least Squares

1. The least squares method is already implemented in QNET VTOL Modelling.vi.

2. Use the VI to obtain an estimate of the system model

• Since we know the structure of the model, i.e. one zero and two poles, set the order of the
estimate model to “num order” = 0 and “den order” = 2.

3. Run the QNET-VTOL Modeling VI for about 20 s, then stop it. An estimate of the transfer
function P ∗(s) should appear in the box “Estimated Transfer Function”, which is based on the
least squares approach described above.

4. How different is P ∗(s) from P (s)? Compare:

– Open-loop poles, zeros and DC gains.

– Frequency responses.

5. Can you infer identified values for Kt, B and K from P ∗(s)? How do they compare with the
values estimated from first principles?

5 Pitch Control Design

C(s) P (s)
Imθr e θ

−

Figure 5: VTOL pitch control feedback loop.

Consider control of the plant pitch angle, where the input to the system is the motor current as shown
in Figure 5. By comparing Figure 5 with Figure 2 it is possible to realize that the actuator dynamics is
neglected, i.e. Im(s)

Iref (s)
≡ Gc

CL(s) is assumed unitary. With the use of a PID controller

C(s) = kp + kds+
ki
s

(26)

in combination with the plant, P (s), the closed-loop transfer function of the system in Figure 5 can be
written as

θ(s)

θr(s)
≡ GCL(s) =

Kt(kds
2 + kps+ ki)

Js3 + (B +Ktkd)s2 + (K +Ktkp)s+Ktki
. (27)
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Lab Work 10: Steady State Error

1. Determine the transfer function describing the error dynamics of the closed-loop system, i.e. E(s)
θr(s)

,
where E(s) = θr(s)− θ(s).

2. Determine the steady state error ess of the closed-loop system for a PD controller with kp = 2,
kd = 1 (ki ≡ 0).

3. Determine the steady state error ess for a PID controller.

4. What about using just a PI controller? What is the steady state error ess in this case? Can a PI
controller stabilize the system? Try it out on the real system.

Note that the closed-loop transfer function is third order. Consider the transfer function

(s2 + 2ζωns+ ω2
n)(s+ p0) = s3 + (2ζωn + p0)s

2 + (ω2
n + 2ζωnp0)s+ ω2

np0 (28)

where s = −p0 is a single real pole. This system will behave approximately like an ideal second order
canonical system if the single real pole is fast enough. In other words, the complex conjugate poles will be
dominant if the absolute value of their real part is much smaller than the absolute value of the real single
pole. Matching the coefficients of this 3rd order characteristic equation, and solving for the gains we have

kp =
−K + 2p0ζωnJ + ω2

nJ

Kt

ki =
p0ω

2
nJ

Kt

kd =
−B + p0J + 2ζωnJ

Kt

(29)

Lab Work 11: Pitch Control via PID

1. Find the natural frequency, ωn, and damping ratio, ζ , required to meet a peak time of 1.0 seconds
and a percent overshoot of 20%.

2. What is the real part of the poles determined by the desired ωn and ζ?

3. Choose p0 to ensure that the complex conjugate poles are dominant.

4. Calculate the PID gains kp, kd, and ki needed to meet the design requirements.

Lab Work 12: Analysis of θ Closed-loop System

1. State the closed-loop poles of the system.

2. Plot the step response of the closed-loop system GCL(s).

3. What is the rise time of the closed-loop system?

4. Is the decision of neglecting the actuator dynamics acceptable? Why?

5. Report experimental results.
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A VTOL Specifications
7KH 972/ VSHFLILFDWLRQV OLVWHG LQ 7DEOH � LQFOXGH WKH YDULRXV PDVVHV DQG OHQJWKV RI WKH V\VWHP DV ZHOO DV WKH YLVFRXV
GDPSLQJ� 1RWH WKDW WKH YLVFRXV GDPSLQJ LV HVWLPDWHG DQG ZLOO YDU\ EHWZHHQ GLIIHUHQW 972/ XQLWV�

6\PERO 'HVFULSWLRQ 9DOXH 8QLW
m1 3URSHOOHU PDVV ����� NJ
m2 &RXQWHU�ZHLJKW PDVV ���� NJ
mh 972/ ERG\ PDVV ����� NJ
l1 /HQJWK IURP SLYRW WR SURSHOOHU FHQWHU ���� FP
l2 /HQJWK IURP SLYRW WR FHQWHU RI FRXQWHU�ZHLJKW ��� FP
Lh 7RWDO OHQJWK RI KHOLFRSWHU ERG\ ���� FP
% (VWLPDWHG YLVFRXV GDPSLQJ RI 972/ ����� 1·P��UDG�V�

7DEOH �� 972/ VSHFLILFDWLRQV

7KH VSHFLILFDWLRQV RQ WKH 972/ V\VWHP VHQVRUV DUH JLYHQ LQ 7DEOH ��

'HVFULSWLRQ 9DOXH 8QLW

&XUUHQW 6HQVH�
&XUUHQW &DOLEUDWLRQ ��� $�9
&XUUHQW VHQVH UHVLVWRU ��� Ω

9ROWDJH 6HQVH�
9ROWDJH &DOLEUDWLRQ ���� 9�9

$UP (QFRGHU�
(QFRGHU OLQH FRXQW ���� OLQHV�UHY
(QFRGHU UHVROXWLRQ �LQ TXDGUDWXUH PRGH� ������ GHJ�FRXQW
(QFRGHU W\SH 77/
(QFRGHU VLJQDOV $�%

7DEOH �� 972/ VHQVRU SDUDPHWHU VSHFLILFDWLRQV

41(7 972/� 8VHU 0DQXDO Y ���

Figure 6: VTOL parameter values from Quanser VTOL user manual.
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