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Abstract
Purpose — This article proposes an evaluation of capital investments that accounts for not only the
initial assets, but alse any potential growth options,

Design/methodology/approach — Using a piecewise linear approximation, z robust valuation
technique is demonsirated for analyzing capital investment opportunities containing expansion
options in a finite time horizon.

Findings — This process not only recognizes the option-like characteristics of the initial investment
opportunity, but also recognizes the option-creating characteristics of the investment. This analysis
shows that the value of capacity expansion options created by the initia} investment has different
dynamic characteristics from the assets in place. Although the growth options do not appear in the
early investment premiurm, its impact on the investment decision is embedded in the investment
threshold. When the time to expiration is short and the cost to delaying the assets in place is low, this
anelysis suggests that the initial investment decision might be made by ignoring the growth options.

Originality/value — This real option methodology provides a continuous solution to the optimal
investment threshold and is a viable alternative to the traditional finite difference approach.
Keywords Capital, [nvestments, Capital growth

Paper type Technical paper

Capital investing involves more than just the purchase of physica} assets. Typically,
this type of investment not only results in the establishment of an initial set of assets,
but it also creates an environment for growth. Therefore, the valuation of such
investments must include the value of the assets in place (e.g. the initial installation of
the production facility), as well as the value of any embedded growth options created
(e.g. the opportunity for later capacity expansion). According to Myers (1977), the
second component reflects the present value of the options created by the initial
investment to make future investments, and hence has to be found jointly with the
future optimal growth strategies after the initial investment is made. Regrettably, in
many situations it is impossible to factor in all of the potential options created by an
investment. However, one type of option created within many capital investments that
can readily be included is the capacity expansion option. For example, an initial
investment in a new market results in the installed or fixed capacity at the time the
initial investment is made, as well as the option to add additional capacity later. Thus,
both the value of the assets in place and the value of any capacity expansion options
should influence the initial investment decision.

Our analysis relies on a piecewise linear approximation, an improvement over
traditional finite differences. More specifically, we examine a finite-lived invéstment
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e e 00t decision when product demand varies stochastically over time and show how a
o Fy piecewise linear function can be used to approximate the optimal investment threshold.

ﬁggel?gd GroupPublishing Limited Oy results support Myers (1977), Kester (1984), and Trigeorgis and Mason (1987), who
Dot t01tenramunsiosioez  conclude that the value of growth options could be a significant part of the value of an



investment. Furthermore, our study shows that even in the simplest case of a single
firm-level investment with irreversibility and uncertainty, an investment project’s
value may involve multiple stochastic processes, which differ from many of the early
seminal papers (such as McDonald and Siegel, 1986; Majd and Pindyck, 1987; Dxit and
Pindyck, 1994), which assume that the value of an investment project foliows a single
stochastic process.

In as much as growth options are generally embedded in all investments and have
very different dynamic characteristics from assets in place, the value of the investment
generally cannot be expressed as a single stochastic process. Thus, our work continues
the progression from a single stochastic framework to the consideration of an
investment as a compound option. For instance, Kasanen (1993) examines the
interaction between current investments and future opportunities; Trigeorgis (1993)
considers the decision of sequential or staged investments; Smith and Triantis {1995)
develop a real option model to examine the optimal investment policy for multiple
projects that can be developed in parallel or in sequence; Kulatilaka and Perotti (1998}
study the impact of strategic growth options on an initial investment decision in a
single-period model; and Aguerrevere’s (2003) mode] takes in the effects of competitive
interactions on investment decisions on the dynamics of the price of a non-storable
commodity.

Unfortunately, considering investments as compound options dramatically
increases the complexity of investment valuation. And in many cases, compound
options are specific to a particular investment problem and thus have to be solved ona
case-by-case basis. In spite of this limitation, capacity expansion is the simplest class of
growth options and is embedded in many initial investments. Thus, understanding the
impact of the growth option on investment decision-making can help us to avoid
under-investment, and is particularly important in making decisions when entering a
new market, _

Our decomposition of the value of the initial investment into two components
follows Pindyck’s (1988) and Dixit and Pindyck’s (1994) investigations of firm value
incremental capacity expansion[1]. However, our paper focuses on the decision to
“enter” a market, not future capacity investments. The optimal capacity expansion
strategy is not our direct concern, but a by-product in deriving the value of the initial
investment. Thus, our contribution is to show how an initial investment decision can
be made by aligning a current investment with the future growth opportunities it
creates. While it is understood that an initial investment may create many different
types of growth opportunities, to make an investment problem solvable we may have
to ignore some of the potentialities and only take into account the dominant growth
option,

Tt should also be stressed that in developing our pilecewise linear approximation
method, this paper fits within a broader literature that has explored an approximation
to the early exercise boundary in an American option vatuation. For example, Huang
et al {1996) used a step function to approximate the early exercise boundary in finding
the value of an American put option; Ju (1998) approximated the early exercise
boundary by a piecewise exponential function; and AitSahlia and Lai (1999/2000})
proposed a piecewise linear function to approximate the optimal exercise boundary.
Although Ju (1998) provides an efficient way for computing the value of an American
option, the focus of his study and others using numerical methods was not the
computation for early exercise boundaries. Because an accurate approximation to the
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early exercise boundary may not be necessary in pricing American options, especially
near the expiration date[2], both the step function and the exponential function
approximations can provide efficient ways for computing the value of American
options. However, they cannot be used for finding the optima! investment threshold or
a continuous solution to it as well. Qur analysis builds on the work of AitSahlia and Lai
(199972000} by using a piecewise linear approximation to provide tractability and
accuracy when solving for the investment threshold.

Similar to solving American options, an analytical solution to most finite-lived
investment projects cannot be found. Thus, numerical methods and more specifically
finite differences are commonly used for approximating the investment thresholds.
Unfortunately, the finite difference methodology typically shows a very slow rate of
convergence, especially for long time horizons. Qur alternative, piecewise linear
approximation, offers a faster rate of convergence. This is intuitive, as well as
desirable, since a piecewise linear approximation can usually be estimated with oniy a
few time points. In this paper, we show how the piecewise linear approximation
method can be used to find a continuous approximation to the optimal investment
threshold. Thus, our method offers a fast and robust alternative to the finite differences
methodology for solving real investment problems. This application of a piecewise
linear approximation to the investment threshold need not be limited to an initial
investment problem. The idea of using a piecewise linear function to approximate an
investment threshold (not the specific procedure we use) is general enough to be
applied to many investment problems; we just provide one example of its application,

The remainder of this paper is organized as follows. The next section presents the
model and its assumptions. Then we derive a stochastic representation for the value of
the initial investment option. The following section examines the characteristics of the
optimal investment threshold. Then we solve for the optimal investment threshold by
using the piecewise linear approximation. Next we iliustrate the methodology through
an example. Finally, we summarize our conclusions and contributions.

Model and assumptions

To lay out a framework for our model, we consider a firm whose only asset is an option
to invest in a production facility with X units of capital in place by paying a fixed
investment amount, /. The option to invest is finite-lived. However, once the firm
exercises the option to invest in the production facility, the facility can produce a
homogeneous product forever for the market in which the firm has monopoly power.
Suppose the production involves an input of labor, L, which can be chosen optimally at
each instant with a cost of ¢ per unit. Given this L and a capital amount of K, the flow of
output by the firm, g, is represented by the following production function:

q=K"L*, oy

where oq > 0 and @ > 0 are constants. The production process is assumed to exhibit

decreasing returns to scale[3], that is, oy + ep < 1.

Following Dixit and Pindyck (1994), Baldursson (1998), and many others, we
assume that the firm has an isoelastic demand curve. More specifically, we assume that
the firm faces the following inverse demand curve:

Pr=Yuq™*, 2



where —1/e is the price elasticity of demand (0 < & < 1), Pis price, ¥, is the demand
shift parameter, and ¢ is guantity. The uncertainty of the market demand is due to both
its fluctuation and stochastic shifts over time. We assume that the uncertainty of the
demand is caused by the multiplicative demand shock ¥, which foliows the geometric
Brownian motion:

dY; = ¥, dt + ¥, dw(b), 6))

where u and o are constants. We assume that . << 7, where 7 is the constant risk-free
rate of interest, The randomness of the continuous demand shift parameter ¥, is
attributable to a fully observable standard Brownian motion, (#), that is defined on a
probability space (), F, {F;}, P.

For fixed K and Y}, at time £ the firm’s instantaneous profit () is given by the
maximization:

K, Y} =max { V(KL ™8 — ¢} 4)
This leads to the following profit function at time &
K, V) = Q)Y ®)

where, for convenience, QK)=K=0-/0=»  g=(1— p)(w/0)"? and
v=qay(1 — &). Equation (5) shows that the futare profit cash flow is uncertain, with
the uncertainty due to the fluctuation of market demand. As a simplification, we
assume a risk-neutral risk preference for the firm. Hence, the cash flows are discounted
at a risk-free rate[4]

Although the market demand for the firm’s product is uncertain over time, it is
expected to grow. As the market demand increases, the firm will reach the point where
it is optimal to expand its output by increasing its capital K, rather than just its
variable input L. We assume that the firm can increase its capital in place one unit at a
time by incurring a sunk cost, £ Therefore, once the firm exercises the option to invest
in the production facility, the firm can produce an output forever if there is a demand,
The firm’s value, W{(K,Y), can be found as:.

[s.+]

WK, Y) ={§??§0;E i e K, Yydt ~ kdX,). (6)

Over all non-decreasing, left-continuous and Fr-adapted processes {X,; # = 0} with
Xo=0,Ko=K, and Yo=Y, with #(.,.) defined as in equation (5). The state
dynamics are given by dY; = p¥; dt + oV, dw(t) and K, = K + X;. Assuming that
W is continuous on R4 xR, and is C12(R. x Ry) (le. continuous differentiability,
once with respect to K and twice with respect to ¥ on R, x %), the above singular
stochastic control problem can be cast as a free boundary problem(5). That is, the
firm’s value at time # = 0, W satisfies the following differential equation:

1262 Y2 Wyy + YWy — v W + Q)Y V-9 = g, (7)

subject to the familiar boundary conditions as in Dixit and Pindyck (1994),
WrK,Y*) =k WgyE,Y*)=0, and W(K,0)=0 where ¥* is the optimal
capacity expansion threshold[6]. The solution to this free boundary problem can be
found as[7}:
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WK, Y)=aY VO L pYE, 8

where f is the positive root of the fundamental quadratic equation 1/2¢*8(8 — 1)+
pB—r=0n9=7r—1/202v/(1 — »)* — pn/ (1 — ¥[8l a = &/ 1K), and b is given

as:
— BrlBl-vn—-1 BI-#)-1 poo Q'(x) Bl—1)
b - (%/) }:—*—k—] /K { 1877 :I dx. (9)

We assume the convergence of the mtegral, ie. B(1 — #) — 1 > Bay(l — ). This
requires that given each economic state, returns to capital expansion would decrease
sufficiently quickly. Therefore, our assumption guarantees that there exists some
optimal & for each economic state.

Equation (8) shows that the value of the initial investment has two components. The
first component is the present value of the expected profit flow, as indicated by
equation (5). This value is generated directly from the initial investment and therefore
is the value of assets in place[9]. The second component is the value of the future
capacity-expansion opportunity, or growth option. After the initial investment is made,
the firm has the opportunity to expand its output when the market demand increases.
For convenience, we denote the value of the assets in place as V{where V = gY /1~
and the value of the growth options as G (where G = Y ).

Equation (8) indicates that the technology used by the firm, the market demand,
and its dynamics can all affect the value of the growth options and the value of assets
in place. As expected, given the nature of the business, the more advanced the
technology (defined by higher & and ay), the greater the growth option & and the
value of the assets in place V would be. On the other hand, the higher the price
elasticity of demand, the lower G and V would be. We observe that G and V are
decreasing in the cost of the input variable ¢, and increasing in the demand shift
parameter Y as weil as in its expected growth rate {u} and volatility (o). However, the
ratio of G to V increases as ¢ decreases, and is thus an increasing function of Y, u,
and o. We would expect that for an initial investment in a market where the cost of
the variable input (say, labor) is low and the expected growth rate and the volatility
are high, the growth options could be a significant part of the value of the investment,
And as the market grows, the value of the growth options increases faster than the
value of the assets in place. .

Option to invest: a stochastic representation

The growth options and the assets in place are a direct result of the initial
investment. Both are derivatives of the undetlying demand shift parameter and their
values change stochastically over time. Therefore, the dynamics of the growth
options and the assets in place can be {raced back to the demand shift parameter ¥,
which is a stochastic process. We can apply a dynamic programming approach to
determine the value of the initial investment option and the optimal investment
threshold Y* Let us assume that the investment opportunity expires at a finite time
T. ¥* is understood to be a function of the time to expiration. Therefore, given our
assumptions, the value of the initial investment option is A, ¥)), where J = ¢, V)
satisfies equations (10}-{15)[10]:



%+ Y;—§+— ZY’;{M =0 Y <Y*®, (10
J > max(@YVA P L pYF -0y Y <Y, (1
J=max(@¥YV " Lpy P - 1,0y, V=YV, (12)

J(T, V) = max(@¥Y Y0 4 pYE — 1.0y, (13)
UETD _ (L )yen s spre, 1)
Ji&, =0, foralit _ (15

Equation (11) states that at any time before the expiration, the value of the initial
investment option is greater than the net value of the initial investment when ¥V is
less than the optimal investment threshold. The term max(@¥ Y42 4 p¥V 8 =] 0y is
convex in Y, which can be easily checked, and might be considered as an obstacle for
J&,Y). When Y is equal to or greater than the optimal investment threshold ¥*, /i, Y)
is equal to the sum of the assets in place and the growth options minus the cost of the
investment. This is the value matching condition. The firm exchanges the option with
the value of the investment. Equation (13) states that at expiration (7), the value of
the investment option is the net present value of the investment which is greater than
or equal to 0. Equation (14) is the smeoth-pasting condition. Finally, equation (15)
shows that at any time, if demand is zero, i.e. ¥ = 0, the initial investment option
would have no value,

To find Ji£,Y), we need to solve the partial differential equation (10) subject to the
boundary conditions given in equations (11)-(15)[11] However, this problem cannot be
solved analytically due to the fact that the optimal investment threshold ¥* is
time-dependent and has to be found together with the value function. To avoid
directly solving the partial differentzal equation, we seek an alternative
characterization for the value of the option fo invest. Kim (1990), Jacka (1991) and
Carr et al (1992) showed that the value of an American opton can be expressed as a
payoff at the expiration date plus an early exercise premium. Although the
underlying value of our initial investment option consists of two components, i.e. the
assets in place and the growth options, with differing dynamics, we cbserve that
there is a one-to-one relationship between them. Therefore, instead of expressing the
nvestment threshold in terms of the demand shift parameter ¥, another approach is
to consider the initial investment option in terms of the assets in place. Hence, we
express the optimal investment threshold equivalently in terms of the value of the
assets in place . Although the initial investment policy can be determined by the
investment threshold ¥, it is not obvious how the payoff can be compared with the
cost of the investment at the time when the initial investment is made, Le., when
Y = Y*. The advantage of expressing the investment threshold in terms of the value
of the assets in place is that it could help us obtain some insights into the optimal
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mvestment rule for the initial investment. Theorem 1 provides a stochastic
representation for the initial investment option.

Theorem 1

At any time ¢ € [0, 77, if the value of the option to invest in the production facility is
not equal to max(0, V,+ G; — 1), then it must satisfy the following stochastic
representation:

J@. V1. GoEle 7TV + Gr - Iy
T (16)
[ e RV, - ey 10
t

where F, is the conditional expectation at time ¢ and VT* 15 the optimal initial
investment threshold at time 7 in terms of V. (See the Appendix for the proof of
Theorem 1.)

Theorem 1 states that the value of the initial investment option can be expressed as
the value of the option to invest at the expiration date T plus an expectation of a
stochastic integra! that may be considered as a gain from early investment. The
growth options do not directly contribute to the gain coming from any possible early
investment, as indicated in the second term of Equation (16). In addition, equation {16)
shows that if the investment is made before the expiration date, the instant gain from
the assets in place has to be greater than the instant cost 7. At first glance, it seems
that the growth options would only play a role in the investment decision-making at
the expiration date, not in determining early investment timing. However, this is not
true, since the growth options do help offset the volatility effect. That is, by including
the growth options, the value of the initial investment would be more likely to be
greater than the cost of the investment at the expiration. Therefore, the impact of the
growth options on the investment timing may not be ignored.

Optimal investment threshold
Equation (16) provides an analytical representation for the value of the initial
investment option. However, as is shown, the value of the option is represented as the
discounted expectation of the net payoff at the expiration date 7* (Vi + Gy — )",
plus the expectation of a stochastic integral. In order to examine the characteristics of
the optimal investment threshold and to facilitate implementation of the formula, it
would be desirable to have an explicit expression for the expectations. Thus we first
show how to evaluate these expectations, and then examine the characteristics of the
optimal investment threshold. Understanding the characteristics of the optimal
investment threshold is helpful for numerically solving the value of the initial
investment option and its associated optimal investment strategy in a finite time
horizon.

To determine the value of the initial investment option, decompose the right-hand
side of the equation (16) in Theorem 1 into the following three terms:



J©,Vo,Goy = Ele ™ (Vr — Iy iiron] + Ele " TGrl iy 4comn]

T
+ [ BV~ Dilay, g1 an
0

A further breakdown of equation (17), as shown in the Appendix, leads to the
decomposition formula for the investment option which we state as Corollary 1.

Corollary 1
If X is the unique solution to the equation V -+ CV8I=» — 7 = (), then the value of the
firm’s initial investment option can be expressed as: :

JO, Vo) = Voo "IN — I 'TN (k 5 z yﬁ)

T
+CV€“—‘"N[}1+ (B—%) oT } + f nVoe TN(d)dt
0

- v

T
- ~rt __v
fe N (d = =2 )t (18)

where MN() represents the standard normal distribution function, and % and d are
respectively defined as:

, In(Vp/X) + (r— n+1 H“S“Z?)T
- T ,

1-v»

and

d=IVo/V)+(r=n+} 525)T
15,9t

We know when V is at the optimal investment thi’eshold, the value of the option to
invest is J = V* 4+ G* — I, Let 7 be the time to expiration: from equation {18), the
optimal initial investment threshold V* is implicitly defined by the following integral
equation:
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V@) + CIV 1P — T = V™ (e~ "N (h) — IeN(h = =)

A

1—w

+ IV (IFtIN [h + (,8 - )aﬁJ

+ f NV (Pe N ON(d)Hdr
0

l1-v»

- / ?Ie"’”’”N(d— d 1/7—1,‘) d, (19
4]

where

V* . 1 2
e in (_}ZL) =+ [7’ 7}‘}‘5 (lfp)z]'r

NG

and

i ln{g%é;’)’] + {?'—7;+% a‘iiy)g}('?—l)

- =0

This leads to the following three corollaries that characterize the optimal investment
threshold.

Corollary 2

Let 7be the time to expiration for the initial investment option. If the value of the initial
investment is the summation of the value of assets in place V and the value of cagacity
expansion options G = CV &1~ the optimal initial investment threshold V¥(7) is
continuous and nen-decreasing in 1, for = > 0. (See the Appendix for proof)

Corollary 3

If the value of the initial investment is the summation of the value of assets in place V
and the value of capacity expansion options G = CV A1~ then the optimal initial
investment threshold is bounded above by the quantity:

* . Bl—wv
vV (oo)-——-————ﬁ(l - 1], (20)
and is bounded below by X. X is the unique root of function f(V) = V + CVEQ-» — T,
{See the Appendix for proof)

Corollary 4 ,
If the value of the initial investment is the summation of the value of assets in place V
and the value of capacity expansion options G = CV 17", and 7 is defined as before,
then lim .o V(1) = (/). See the Appendix for proof.)

Corollary 4 shows the behavior of the optimal investment threshold near the
expiration date. It also suggests that in some cases the impact of the growth options on



the optimal investment threshold could decrease quickly as the time to expiraton
approaches zero. Because V™(7) is always greater than X, the numerator in # would
always be positive. As the time to expiration becomes smaller and smaller, N{2),
Nlh ~or/(1 — )], and N{k+ B ~ 1/(1 — )Mo/} could approach unity rather
quickly. The growth options appear on both sides of equation (19), and as N{h +
{B—1/(1 — »]o/7} approaches unity, their impact on the investment threshold
approaches zero. The investment threshold with the growth options converges to the
investment threshold without the growth options[12}

Numerical evaluation

The optimal investment threshold V™ appears in the form of a log function in Corellary
1. In order to approximate it using piecewise linear functions, we seek a time-space
transformation. Let p=r(1 — ¥)*/o? a=n/r, and s= —[o?/(1 — »]T. We
introduce the change of variables:

0.2

=——(0¢—- T} 21
u 1= V)z( ) (21)
z=mV/X)~(p—ap—1/2u, whereu € [s,0]. (22)

This leads to the following corollary.

Corollary 5
In the new coordinate system, at time s the value of a firm’s investment option is given
in terms of the optimal investment threshold as:

JIs, 2(3)] = Xe®©e-1/2spy [ \Z/(_i_)s i \/:E} PN [ \z/(—i—)s :!

a

X\ P4 O
“ B—w)lzs-(p—ap—1/2)] — —
+b( ) e N[\/__S+B(1 y)ﬁﬁs}

1 /_S apXez(chwap—l/z}s—ap:N{Z(S) - Zi(/;-i- N+ f] at
0

-s L
- fﬂ p[g“ﬂtN[z(s)_\Z/E(sﬂ}dt, (23)

where z" is the optimal investment threshold in the new coordinate system, and N()
represents the standard normal distribution function. (See the Appendix for proof))

Equation (23} defines a pair {Jfs,2(s)],z*} which needs to be solved
simultaneously. To solve for the palr another equation is needed ] [s,2(5)] 1s the
value of the investment opt‘ion and is equal to J0V5,Gy), and 2™ is the optimal
mvestment threshold which is defined on [—627, 0. Given a pair (#z") defined on
[~ 2T, 0] R, we can retrieve (, V* on [0, T X [0 +00) simply by mapping it back
as V* = Xe? Ho—ap=L/2¢ gpd £ — T+ (1 — /o
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As is shown, the optimal investment threshold is implicitly defined by eqguations
{23) and (12), which needs to be expressed in the new coordinate system as well. When
z=2z* at time s, combining those two equations, we obtain:

Bl—w)
Xo? ©Hp—ap—1/2)s +h (‘E) P2 O+l p—ap—1/2s _ |
/4

— v S p—1/2)s ‘i@) —| _ s Fi@}
Xe +NL/:.§+\/_S] Ie™N NG

Bll-w . z* (S)
+ bl:);(:l g Pll—ve (3)+B(1—1’)(p*ﬂﬂ'1/2)6N[ +B41 - V)J:Ejl

-5

N /“s apXe Sr-an-1 /2)5_@,N[z*(s) -2+ hH+ r} "
0 Vi

—5 * Lk
_/0 p]e"pr[ﬂw}{_(fj__ﬂ]df, _ (24)

The optimal investment threshold z* solves the above integral equation. But equation
(24) does not have a closed form solution. To evaluate the integrals, we start with
dividing the entire time interval [s,0] into # subintervals: s = s, < ... < 59 = 0. For
any subinterval, say [s;,5;—1], we could approximate z*(z) by a lnear function, that
ig[13]:

2F = Biw+ vy fors; <wu<s;_y. (25)
let f; =s; —s. Then:
s+ D =Bl + Bis+ 7. (26)

Substituting equation (26) into the two intégrals in equation (24), we obtain the
following equations:

=1 Ed *
Toe—PN |2 () —z (S+1,‘)J
] pe PN [————_ﬁ dt

& o . @n
= [ Ipe PN{— Bt + 27 (s) — Bis — vt T/,
ki
fﬁ'—] apXo? Pt =gty [z* -2 (s+H+ t] dt
f; ‘\/i
fi (28)

— / apXez*(s)+(p+r.fp— 1/2s—apt py

t
{Q - B2 127 6) — Bis — vt VA dr,
Using the equation obtained by Ju (1998)[14], the above two integrals can be evaluated



in terms of simple sums. The entire optimal investment threshold can then be
approximated by = piecewise linear functions specified by the set of parameters
(Biy ¥i)i=i=<y. Using piecewise linear apprommatlon equation (24) can be rewritten as
the following equation:

Bll—wn
Xp¥sH(p—ap=1/2)s + b(g) @B HBI=v)(p—ap=1/2)s _ 7
= Xprr1/2spy | FS) Z(S) _ e[ 28 Z(s)
¢ + - =

X ﬁ(l v} s Y o—atom " Z(S)
+b(u5) o Bl— e+ B(l—r)p—ep 1/2}N{_\/_:S+ﬁ(1 — I»‘)\/—:——s] (29)

#
+ XeHOTEm AN LI = B 2ts) — Bis — i, tpl
=1

—IY LI~B:2(8) = Bis — %0,

=1
where

L, %2,) = e Nt} + o0t 2y — e N 4 x4

1 *1 (\/;'F‘_?;—Il)rz
+ A = +1]e
14 Y
N(\ /x“ + Zyz‘l/2 + X2t 1/2)
~N(y/E -+ + w2ty %)

L D S P - 2= P

2 \/x?+2y

N( m 1(1/2 1/2)
-N (mtl/ 2 — Xof; u 2)

Equation (29) is non-linear. It can be solved backwards recursively by using the
bisection search method[15] We know that as the time to expzratlon date goes to zero,
the optimal investment threshold V* approaches #/ 'r;[ Therefore, 2*(0) can be found as
In(//X) — In(xn/7) in the limit. In general, the optimal investment threshold can be well
approximated by a piecewise linear function.

k]
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Table I.

Vatues of the assets in
place, the growth options,
and the initial investment
option

Hlustrative example

We use an example to illustrate the impact of the growth options on the investment
decision, and present some numerical results generated from our plecewise linear
approximation. In choosing our numerical example, we follow McDonald and Siegel's
(1986) approach for valuing their option for waiting to invest. We examine the value of
initial investment option and the optimal investment threshold under varying
volatilities. We assume a risk free interest rate equal to 5 percent {ie. = 0.05) and a
price elasticity of demand equal to — 2 (ie. —1/s = —2.0). Technological parameters
are chosen as 0.3 and 0.4 for o; and as, respectively. The input cost per unit is set at 2
(ie. ¢ = 2) with a sunk cost of 2 (i.e. £ = 2). Finally we set the mitial unit of capital and
the investment amount both to 1 (ie. Ky = 1and ¥ = 1), and the cost of investment to
10 (ie. I = 10), so that the present value of the investment project without taking into’
account the growth options is not far off from the cost of investment{16].

Table I shows the values of the assets in place (V), the growth options (G), and the
initial investment option vaiues (OV and OV for not taking and for taking account of
the growth options, respectively) for a given set of market and technological
parameters. First, Table I indicates that uncertainty affects both the value of the assets
in place (V) and the vatue of the growth options ((), but an increase in the volatility has
a much larger impact on the growth options than on the assets in place. When the
volatility is fow, say 10 percent (ie. o = 0.10), the value of the growth options only
accounts for about 1.5 percent (column 6, Table I} of the value of the investroent.
However, when the volatility increases to 30 percent, the growth options constitute
more than half of the value of the initial investment. These results support previous
researchers’ findings (see, for example, Aguerrevere, 2003) that growth options could
account for a significant part of the value of investment in a volatile environment.

Secondly, Table Illustrates that at all levels of the volatility, taking account of the
growth options would result in a much higher value of the initial investment option
than if the growth options are not taken into account (column 7, Table 1). When o
equals 10 percent, the value of the initial investment option is 21 percent higher than
when the growth option is not considered. When the volatility increases to 30 percent,
the value of the initial investment option would be 350 percent higher than without
taking account of the growth options, a significant increase. Such a bi g increase in the
value of the initial investment option is due not only to the increase in the value of the
growth options, but also due to the fact that the growth options are more volatile than
the assels in place. Finally, Table I shows that as volatility (¢) increases, the value of
the investment option increases regardless of whether the growth options are taken

o 14 G ov OV GV + )% OV — 1H/OV%
0.10 9.25 014 . 036 0.4 151 2118
0.15 968 0.15 0.85 119 498 4024
020 1028 . 144 152 262 12.27 72.85
0.25 1118 4,00 244 585 26.35 139.94
0.30 12.52 1404 375 16.88 52.86 349.77

Note: Vis the value of the assets in place and G is the value of the growth eptions; OV, and OV are
initial investment option values with and without taking account of the growth options, respectively




into consideration. This result is consistent with the general finding in real options
literature.

Table II displays the investment thresholds now and at the expiration date for the
same set of pararneters. When an investment option #s finitely lived, the investment
threshold is non-decreasing with the time to expiration. When the volatility is low, say
o equals 10 percent, the investment threshold found without taking account of the
growth options would be 13.14, which is 0.69 percent higher than 13.05, the investment
threshold found with the growth options included. In this case, the difference is very
small. At the expiration date, the investment rule is to invest if the vatue of the assets in
place is not less than the cost (7 = 10 for this example) minus the value of the growth
options. Since the value of the growth options is always greater than zero, the
investment threshold produced by taking into account the growth options 1s always
lower than the one produced without taking into account the growth options. When the
value of the growth options at the expiration date is significant, ignoring the growth
options would result in under-investing.

As shown in Table II, when the growth options are ignored and ¢ equals 20 percent,
the initial investment would be made if the critical value is greater than the cost (ie.
VD* = 10.00). This is 12.61 percent (column 7, Table II) higher than the mvestment
threshold when the growth options are considered (L.¢. VGD* = 8.88). The impact of the
growth options on the investment decision-making is even more profound when
volatility is increases. For instance, when o equals 30 percent, ignoring the growth
options would result in an investment threshold which is 23.92 percent higher than the
investment threshold at present when taking account of the growth options and is
84.84 percent higher than that at the expiration date. Our numerical results suggest
that the impact of the growth options is relatively small when the uncertainty is low,
but it is much more important when the volatility is high.

Figure 1 reinforces the impact of the growth options. As is shown, for a given
volatility, taking account of the growth options would result in a lower initial
investrment threshold (solid line in Figure 1). Therefore, the inclusion of growth options
encourages investment. As time to expiration approaches zero, the two thresholds
approach the same limit. As reinforced in Table I, the investment threshold is lower at
the expiration date if we consider the value of the growth options as part of the value of
the initial investment. On the other hand, as time to expiration approaches infinity, the
growth options would have no role in our initial investment decision-making (i.e. the

o vy VG Ve VGE (V= VGAYVG% (Ve = VGH/ VG

0.10 1314 13.05 10.00 9.83 0.69 173
0.15 1525 1420 10.00 951 235 515
0.20 1784 1652 10.00 888 5.44 : 12.61
0.25 21 1895 16.00 7.70 1140 29.87
0.30 2544 2053 10.00 541 2392 8484

Note: VG,* and V., are the critica! values for the initia! investment with and without taking account
of the growth options, respectively, when the time to expiration is 7. VGO* and VO* are the critical
values at expiration date for initial investment with and without taking account of the growth options,
respectively
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Figure 1.
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Note; Figure | plots the investment threshold versus time to expiration for the case o = 20%

initial investment threshold would be the same no matter whether the growth options
are taken into account).

To compare our piecewise linear approach with the commonly used finite difference
methods[17}, we can apply the finite difference methods to the firm's investment
problem with the growth options. We use the same set of parameters as above o
generate the investment thresholds. As shown in Figure 2, the curve with long dotted
lines is the investment threshold generated by using about 300 time steps under the
finite difference approach; the curve with short dotted lines is the investment threshold
generated by using about 1,300 time steps under the finite difference approach; and the
curve with the solid line is our piecewise linear approach. Figure 2 shows that for a
fixed time to maturity, as the number of time sfeps increases to about 1,300, the
investment threshold generated from the finite difference method is almost lying on the
investment threshold generated from our piecewise linear approach. We do not report
the value of investment project generated from two different methods here due to the
focus of this research being on the investment threshold, and the fact that the accuracy
of pricing in general can be achieved without the need of very good approximation for
the investment threshold.

Although we present only one set of market and technological parameters, the
results can be generalized to other scenarios. Our simulation using different sets of
parameters suggests that the impact of the growth options on the initial investment
decision varies but, in all cases, the initial investment threshold increases as the
volatility increases, holding the other factors constant. Therefore, as long as the
opportunity cost of delaying the initial investment cannot be ignored, the impact of the
growth options on the initial investment would be significant in risky environments.
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Our analysis could also be expanded outside the manufacturing sector where most of
this type of research has been undertaken. Other potentia! applications include
exploration, research and development, financial services, and new product
development. For instance, within oil exploration, an initial field with uncertain
reserves may not present a positive investment decision without also taking into
consideration the prospect of additional fields, also with uncertain reserves and/or of a
lesser quantity or quality than this initial field. Another complication within the
exploration decision is that additional inferior fields typically would only be explored if
vrices for the underlying natural Tesources increase or if the cost of exploration
decreases due to the expertise acquired from exploration of the initial field. This type of
expansion option could have a major impact on the initial decision.

An R&D example can be found within the pharmaceutical industry. A major
expense for most drug companies 1s research and development, because if a firm is
unsuccessful in producing a steady stream of profitable new drugs, it will soon be out
of business. Development of a new drug relies on stages of mvestments. At each stage
of development, the decision to progress further is dependent upon the probability of
success and/or other potential outcomes (i.e. related drugs, alternative treatments, or
clinical trails which can also be considered as expansion options). Of course, our
single-phased capacity expansion analysis would have to undergo significant
modifications to incorporate the multi-phased options found within pharmacology (i.e.
Phase L, IL, 1T, NDA approval, etc.). Each phase would need its own set of parameters
and be linked to the success of the proceeding phase.

The financial services sector also relies on expansion options. Commercial banks
typically must explore entry into new markets to grow. For instance, suppose a bank
decides it wishes to explore the possibility of expanding into a new market (i.e. a new
territory). It has been successful in its current market, but feels the need to expand. The
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expansion plans call for a phased entry into the new market, i.e. the bank plans to test
the new market with a single branch. If the demand exists, the bank plans additional
branches (i.e. an expansion option). This is a common strategy for banks as well as
franchise operations. Other examples where an investment would not have been
undertaken if expansion options were not also considered include personal computers,
high-speed internet connections, local phone services through cable, high-definition
TVs, DV} recorders, and picture phones.

Conclusion

Many investments create growth opportunities. Therefore, the value of an investment
should consist of the value of both the assets in place and any embedded growth
options. In this paper, we examine an initial investment in a finite-time horizon and
develop a process that takes into account the growth options it creates, Our process not
only recognizes the option-like characteristics of the initial investment opportunity, but
also recognizes the option-creating characteristics of the investment, Our analysis
shows that the value of capacity expansion options created by the initial investment
has different dynamic characteristics from the assets in place. Although the growth
options do not appear in the early investment premium, its impact on the investment
decision is embedded in the investment threshold. When the time to expiration is short
and the cost to delaying the assets in place is low, our analysis suggests that the initial
investment decision might be made by ignoring the growth options.

Our decornposition of the payoff from an initial investment yields insights into how
the value of the initial investment can be generated from different sources, and
indicates that growth options could he a significant part of the value of the investment.
Since growth options may not yield any future cash flows, applying a simple NPV rule
can result in under-investment. To capture the value of growth options, one must
evaluate the current investment by aligning it with the future investment opportunities
it creates. This paper shows how to evaluate an initial investment by aligning it with
one kind of growth option — the future capacity expansion option in an uncertain
market,

Although we developed a piecewise linear approximation for solving the value of
the initial investment opportunity, as well as the investment threshold in a finite-time
horizon, this method is applicable to many other investment problems as well. One of
our key contributions is that by expressing the initial investment threshold in
transformed coordinates, we are able to approximate the investment threshold by a
linear spline with relatively few time points, The optimal initial investment threshold is
accurately computed by using a bisection search algorithm. The value of the initial
investment option can hence be efficiently computed. Our piecewise linear
approximation provides a continuous solution to the investment threshold.

Notes
1. In fact, the value of an initial investment is the value of the “new” firm in the market,

2. We have conducted extensive empirical testing for American option pricing. We found that
when the carly exercise boundary for an American option is steep near the expiration, the
accuracy of the approximation near the expiration has very little impact on computing the
option price, This partially explains why Ju's (1998) piecewise exponential approximations
with # = 3 can result in very accurate prices for Amerjcan options in most cases without
being able to approximate the optimal exercise boundary well,



3.

4,

10.

11.

12,
13

14.
15.

16.

This assumption is not really necessary given the assumption of the convergence of the
mtegral in equation (9.

A common practice in early real options research was to assume that there exists a tradable
perfect hedge portfolio. This assumption would allow us to use the risk-neutral valuation
method for caleulating option values. But, as many researchers point out, stch a portfolio, in
general, does not exist. Without assuming that there exists a perfect spanning asset for the
project value, we do not have risk-neutral probability and a risk-adjusted interest rate is
neeced. In this paper, we follow some researchers, for example, Grenadier (2002), to directly
assume a risk-neutral preference for the firm. In reality, firms often use their own
risk-adjusted interest rates to discount expected cash flows. Risk-neutral results are often
used to serve as a benchmark. However, our valuation approach would still be valid if we
used a risk-adjusted interest rate instead of a risk-free rate. For the discussion of valuation
without a perfect spanning asset and a risk-neutral preference, we refer readers to Henderson
(2002, 2004) and Musiela and Zariphopoulou {20044, b).

. See Fleming and Lions (1988), Fleming and Soner (1993), and Karatzas (1983) for the

discussion of stochastic control problems.

. Note that Wi (K, Y*) = kand Wiy (K, ¥*) = 0 are the smooth posting and super contact

conditions derived in Dumas (1991).

. The capacity expansion threshold can be found as YK} = (c/v)'(kBn/

Bl —»— 1K™, Since the focus of this paper is the optimal policy for the
initial investment, not the future capacity expansion, we do not discuss it. See Dixit and
Pindyck (1994) for a discussion of incremental capacity expansion strategy. Grenadier (2002)
examines incremental expansion in a strategic setting.

. Note that 8 > 1, which follows from g < #, and x represents the opportunity cost of

delaying the initial investment.
See Myers (1977 and Pindyck (1988) for the discussion of such decomposition.

When T = co, an analytic solution can be found. Therefore, we will not address the case
when T = oo in this paper.

The above free boundary problem has not been analyzed for 2 mathematical proof of the
existence of solutions. A rigorous mathematical proof s beyond the scope of this paper. Our
focus here, however, is on the numerical appreach and its application.

If the firm ignores the growth options, X in & would be replaced by 7.

Note that although Ju's {(1998) approach can be used to solve the value of the option very
efficiently, the piecewise exponentials are not suitable to be used for approximating the
optimal investment threshold, which is relatively flat in the most part. In addition, in most
situations, volatility in real investments is relatively low. Therefore, near the expiration, the
gradually dropping optimal investment threshold could be reasonably well approxzimated by
a piecewise linear function, Qur later numerical example shows an approximation to an
optimal thresholé when volatility is 20 percent.

Equation {(5) in Ju (1998).

A simple bisection search method can be used for determining the parameters
Byl =l=n

Note that the payoff representing the growth options is more convex than the payolf
representing the assets in place: it should be the case that the impact of volatility of the
demand on the growth options is greater than the assets in place.

. The implicit finite difference method is very robust and always converges, but is more

complicated. Explicit finite difference methods are computationally more efficient, but we
need to take some special precautions to ensure convergence (see, for example, Hull and
White, 1990).
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Appendix

Proof of Theorem 1

For simplicity, we assume at the present time that ¢ = 0. Notice that ¥V = a¥ Y0 and
G = bY #, and both are continnous and monotonic increasing functions on {0, +-c0), Therefore,
there is a one-to-one relationship between V and ¥, and a one-to-one relationship between G and
Y. Jit,V,G:) can be expressed as J{¢, Y2 on [0, T1 X [0, +00). Lete ~"J(t,¥}} be the discounted value
of the investment option, defined in the region D= {(/,¥):t €{0,7],Y € [0, +)}. An
application of Ito’s lemma to the process e~ @, V) yields: :

T T
YYD -JOY0 - [ A Y=o | emvaia o, @b
0 i
where A is a differential operator, defined as:
=9 B 1 ays @
A—at-i-,u.YaY+20' Y Neh

Since e~ Y J (¢, Y;) satisfies a polynomial growth condition on the region D, the right-hand
side of equation (Al) is a martingale. By taking expectations we obtain:

T
JO, ¥o)= Ele "I, ¥ )] — E{ A AL, Y] dt} . A2

To find the value for second term of the above right-hand-side equation, we separate the value of
the investment option into two regions, J(t, ¥;) = J (¢, Y;)lm P L] {Y,zy*}- We then
apply the operator A o the process e "J(#, ¥;) to obtain: ! '
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Ale ™, Y1 = Ale (¢, Y)liyi<y, ] + Ale 7T Y vzy, 0] (A3)
From equation (10), we know that when ¥, < ¥, A[e™7/(£, ¥;)] = 0,and when ¥, = 7", from
equation (12) we have:

Ale ™, ¥l = 97”{ E BB - 1+ pf — erYﬂ + EUZ A S, rJaY””_“’ + 71}

l1-2° 1l-»

— g""[g'f _ nay]/(l—m]’
(Ad)

where the last term uges the definition of % and the fact that 8 is the positive root of the
fundamental quadratic equation. Finally, the proof is completed by recognizing that V =
aY1/0=% and V¥ = g(¥*)¥/1=" in conjunction with condition (13).

Decomposttion of equation (17) into Corollary 1

For convenience, denote C = /a1, Let us consider function (V)= V -+ CVAI [ on
[0,+00). We have f(O)=-1<0, fl+o)=-+0e>0 and FA(V)=1+81-1)
CVE1=#~1 = (. Thus, function AV) is continuous and monotonically increasing in ¥, so that
equation V) = O has a unique positive solution. Let X be that tnique solution, ie. f(X) = 0; then
the events V'r + Gr = 7 and Vip = X are equivalent, Thus, the first two terms of equation (17)
can he expressed as;

Ele7T(Vr = DYy 4g=nd+ Ele T Grlivsg2n)
=Ele™ (V= Dlgyexy] + Ele 7 Grliv,axl. (A5)

Applying the Black-Scholes formula to the first term on the right-hand side of equation {A5), we
obtain:

E[€ —’.T( V‘j" - I)]-{VTEX]] = V()e ’TITN(h) —le vrTN(h - “]%)‘\/T) ) (Aﬁ)
where

. In(Vo/X) + (1’ - n+1 5{7)7“
- = ,

I—»
For the second term in the right-hand side of (A5), we know at time £, G, = Gye—F¢"/A+Bow,
So, by defining an equivalent probability measure, Py (see Duffie, 1998) and using the Girsanov
theorem {Karatzas and Shreve, 1991), we can express the second term in the right-hand side of
equation {A5) as:

Ele —:—TGTI{ VTEX}] =EJe *r'TGoe(f'*,Blg-Z/Z)TﬂamT:{{VTEX}] = EQIGDJ-{VTEX)]
= CVEIIN [k + (,3 - f%‘,,) m/?] ; (AT)

where the Iast line is obfained by using Go = C Vgﬂ_”), and taking the expectation with respect
for

3

th — (?‘ _ 77"!‘1!30‘

- r

) Vit +——— Vydu? (A8)
1-»



Finally, by applying the Black-Scholes formuia fo the integrand of the third term in equation (17),
we have:

/0 Te‘”E[(nV, - 71)1(1,,2;3*)} dt = /0 (Vo N ) = rle ”N(d - ) }
(A9)

where:

= In(Vo/ V) + [r— n+} a"ﬂvf]f
=V

Therefors, we obtain a decomposition formula for the investment option as stated i Corollary 1.

Proof of Corollary 2

See Van Morebeke (1976) for the proof of continuity. Intuitively, continuity of ’:he sample paths
and fhe definition of the optimal investment threshold imply continuity of V(). If V() were
discontinuous, it wouid be possible for the value of ¥} to be strictly above V() without crossing
it. This contradicts the definition of the optimal investment threshold. Now consider the second
part of the proposition. Suppose there are two investment options J(7;, V) and (12, V), and the
only difference hetween them is the time to expiration, 7, and 7. Let 7 > 7y, and we have
Jers, V) = Jiry, V). Suppose that it is optimal to exercise J(rz, V), but not j(n, V); then,
J(r, VY=V +CVEI~ — [ and J(r, V) > V+CVETY — 1 Thus J{m, V) > J(m, V),
which coniradicts our proposed relationship. Therefors, the investment option f{m, V) cannot
be kept alive when Jfirs,V) is optimally exercised. In other words, we must have
V*(19) = V*(1). This implies that the optimal investment threshold is ron-decreasing in =

Proof of Corollary 3

Since the optimal mvestment threshold is non-decreasing in 7 {the time to expiration), the
maximum value is V*(e0), which can be found from equation (19) by letting 7= . However,
noticing that ¥*(ce) is a fime-invariant constant, we can find it by directly evaluating the initial
investment option in an infinite-horizon setting. It is straightforward to show that when the
option to invest has no time constraint, the optima? investment threshold is given by equation
{203, Therefore V{co) represents the upper bound for the optimal investment threshold. It is
obvious that the optimal initial investment threshold should not be less than X, since X is the
value of assets in place at which the value of the investment equals the cost of the investment.

Proof of Corollary 4
In order to investigate the behavior of V™ near the expiration, we rearrange equation (19) into:

R

X (C[V*(r)]ﬁd—”‘l {1 -N [h + (3 - '1%_;») aﬁ] } +1-e "N - f qu"’“““!\l(d)df)
0

(A16)

V(7
I

= {1 e N (k-

-1

Let X be the unique solution to equation f(V) = V + CVA1~# — [ =0, We have ] > X. Using
"Hopital mle we can evaluate the limit of the right-hand side of equation (20) as
lim o[ V¥ (9)/I} = #/7. Since 1 < 7, Corollary 4 shows that at the limit 7*(0) is greater than I
This creates the discontinuity for the investment threshold at the expiration date. At the
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expiration date, the investment would be made if ¥V(0) = X, ie. the value of the assets in place
plus the growth options is no less than the investment cost [

Proof of Corollary 5 ..
Let Vo= Xe?Hw-ap=if25 ang V¥ = Xet @rHe—ap—l/22 By cquation {21), in the new

coordinate system the first three terms in Corollary 1 can be expressed as;

Voe TN () = Xe®Ho-1/2sp [ﬂ% + J—_s] , (A1D)
N (1 - —TVT) =N [%J , (A12)

GolV | h+ (B -1 oNT| =b X 6u—me’m“”)[z‘“““('f""‘P'” iy ﬁ(f)——% B — )5
1—w a s )
(A13)
And the first integral in Corollary 1 is:

T - 2 0 —_ ¥ —
e f e”?’N(d)dt=_n(lag W x f efwﬂ"“af'—l/z”*aﬂ“*”z\f[Z(S) 25w S] i
0 s

Ji—s
— [_S apXez(s)+(pfczp-1/21s—ap1N [Z(S) - Z*(S + t) + t:l df
b Vi
(Ald)
Finally, the last integral from Corollary 1 is:
T 2 0 *
“ip(g - T _rd-» / sy py |28) 2 (8)
ﬂ/ﬂe N - o va="E0 0 oy BOE B
—5 s

= AN M:I ar. Al5
ol [ e [FE (A15)

Combining equations (A11), (A12), {A13), (Al4) and (A15) yields equation: {23) in Corollary 5.
This completes the proof.



