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1. Introduction

The sct of inconsistencies in a tournamenl T for a given ranking are those arcs
{x.,4) € A{T") such thal z is ranked above . That is, the cases where player T *heats”
player i, but y receives a better ranking than z. A number of ranking proccedures
[or tournaments and Lheir associated sets of inconsislencies have been described and
studied in the literature. (See, for example, Slater [1961], Moon [1968].)

Following a question posed by J.P. Barthelemy, we can change our perspeclive
and ask the lollowing: For a given acyelic digraph D, is A( D) the sct of inconsislen-
cies for some tournament under the ranking procedure under consideration? If so,
determine the size of the smallest such tournament. In Barthelemy et al. [1991], this
fuestion is examnined for the ranking procedure which minimizes Lhe size of the set of
inconsistencies. In this paper we examine this quesiion for a ranking procedure which
minimizes “weighled™ inconsistencies. This procedure is shown lo be equivalent to
ranking by non-increasing outdegrees, i.e., score sequence. We call the number of ex-
Lra vertices, e, Lhose vertices besides V(D) in a smallest lournament T with A 1))
as Lhe sel of inconsislencies under a ranking based on non-inereasing ouldegreos in
T, the weighted reversing number of I and denote it by w(D). We will show that
w( D) can be calculated by examining all acyclic orderings of D. For example, if D
contains a Hamiltonian path, i.e., V{D) has a unique acyclic ordering, then there is a
polynomial procedure to compute w(D). We also determine w(D) for certain classes
of acyclic digraphs. Finally, we compute an upper bound of [%J -1 on w(D), for
any acyclic digraph D on n > 4 vertices, if w(D) is defined and D has no isolated
vertices.

A tournament T = (V(T), A(T)) is a digraph with vertex set V(T') such that for
cach pair 2,y € V(T'), exactly one of the arcs (z,y) or (y,z) is in A(T). Note that we
will use V and A for the vertex set and arc set, respectively, when there is no possibility
for ambiguity. We will also use D to refer to either the digraph D, the vertex set of
[}, and/or the arc set of D) when there is no possibility for ambiguity. We think of
V(T) as the players in a competitive lournament in which each pair of players meets
exactly once. The arc (z,y) indicates that player x “beats™ player y. A digraph is
eyelic if it contains a set of arcs of the form: (x4, 22), (22, 23), . - o (Tine 12 Ton ) (Tons T ).
Otiherwise, it is acyclic.

An ordering 7 of digraph D is a bijection of the form = : V(D) — {1,2,...,n},
where (v} is interpreted to be the spot in the order of player v and =~'(s) indicates
the player ordered ™. If (z,y) € A(D) implics x(y) > #(z) then = is an acyelic
ordering of D). Also, df(v) will denote the outdegree of vertex v in D, ie., the
number of arcs of [} of the form (v,w). Similarly, dp(v) will denote the indegree
of vertex v in D, i.e., the number of arcs of D of the form (w,v). Finally, we let
n = |V[T], unless otherwise indicated.
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A ranking procedure assigns to each tournament T = (V, A) a sct of rankings.
Each ranking o is a bijection of the form ¢ : V — {1,2,...,n}, where o(v) is
interpreted to be the rank of player v and ¢~'(i) indicates the player ranked i**.
With respect to any ranking o of a tournament T, the sel of inconsistencies, I, (T),
equals {(z,y) € A(T) : a(z) > a(y)} = {(¢7'(:),07'(j)) € A(T) : i > j}. It is easy
to see that [,(T) induces an acyclic digraph.

Assume that a certain ranking procedure R is under consideration. Given an
acyclic digraph D = (V, A), we define the R inconsistency realizing number of D to
be the number of extra vertices, i.e., |V(T)\ V(D)|, in a smallest tournament 7' for
which there is some ranking o assigned to T’ under R such that D = I,(T). We say
that such a T realizes D under T2. If there is no T realizing D under R then we define
the R inconsislency realizing number of D) Lo be infinite.

Given a tournament T and a ranking o of T, let

R, = ¥, 2 T
(e~')e M NET  (=wleT
iy a(y)<e(z)
Then R, = |I,{T)|. We call the ranking procedure which assigns to each tournament
those rankings which minimize R,, the minimum inconsistencies ranking procedure.
As noted in Barthelemy et al. [1991], it has been shown by a number of authors that
the sels of inconsistencies under this ranking procedure are equivalent Lo minimum
feedback arc sets, minimum transversals of the cycles of the tournament, and the
complement of a maximum acyclic subdigraph. The inconsistency realizing number
with respect to Lhis procedure is examined in Barthelemy et al. [1991]. They call this
the reversing number and denote it by r(D). In this paper we examine a weighted
version of the minimum inconsistencies ranking procedure.

2. Weighted Reversing Number

In a minimum inconsistencies ranking, inconsistencies in which the player ranked
n'* beats the player ranked first and the player ranked second beats the player ranked
first are considered “equally bad.” It scems reasonable to consider a ranking proce-
dure which gives some weight to the dilference of the rankings of players who are
ranked inconsistently. The simplest such weighting assigns a weight of j — 1 to the
inconsistency (r,y) € T if y is ranked i** and r is ranked j**. Note that the weights
are always positive. Given a tournament T and a ranking o of T, let

W, = B i—i= Y. o(z)-aly).
(e~ (3) e =" (i))eT {=.9)ET
i<y ely)<e(z)

We define the minimum weighted inconsisiencies ranking procedure to be the proce-
dure which assigns to each tournament all rankings which minimize W,.

Let the score ranking procedure be the procedure which assigns to each tournament
all rankings such that

Fe™(1)) 2 di(e7(2)) 2 - 2 di (@™ (n)),
equivalently,

dr(e™'(1)) € dp(e7(2)) £ -+ < d7(a7(n)).
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