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A. JORDAN CANONICAL FORM

In order to understand and be able to use Jordan Canonical Form, we must introduce a

new concept, that of a generalized eigenvector.

Definition A.1. If v # 0 is a vector such that, for some X,
(A= XD*w) =0

for some positive integer k, then v is a generalized eigenvector of A associated to the eigen-

value \. The smallest k with (A — X )*(v) = 0 is the index of the generalized eigenvector

V.

Let us note that if v is a generalized eigenvector of index 1, then

(A= X)(v)=0
(A)v = (M )v
Av = \v

and so v is an (ordinary) eigenvector.

Recall that, for an eigenvalue A of A, F, is the eigenspace of A,
Eyx={v|Av=X }={v]| (A—A)v =0}

We let Ey denote the generalized eigenspace of A,
Eyx={v|(A=X)¥w)=0 for some k}.

It is easy to check that E, is a subspace.

Since every eigenvector is a generalized eigenvector, we see that
E\ C E,.

The following result (which we shall not prove) is an important fact about generalized

eigenspaces.

Proposition A.2. Let \ be an eigenvalue of A of multiplicity m. Then Ey is a subspace

of dimension m.
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then (A —21)u =0, so u is an eigenvector of A with associated eigenvalue 2 (and hence a

Example A.3. Let A be the matrix A = [ ] Then, as you can check, if u= B} ,
generalized eigenvector of index 1 of A with associated eigenvalue 2). On the other hand,
if v = {(ﬂ , then (A —2I)*v =0 but (A —2I)v # 0, so v is a generalized eigenvector of
index 2 of A with associated eigenvalue 2.

In this case, as you can check, the vector u is a basis for the eigenspace FEo, so Ey =
{ cu | c € R} is 1-dimensional.

On the other hand, u and v are both generalized eigenvectors associated to the eigenvalue
2, and are linearly independent (the equation ciu-+cov = 0 only has the solution ¢; = ¢y = 0,
as you can readily check), so Es has dimension at least 2. Since E is a subspace of R?, it

must have dimension exactly 2, and Fy = R? (and { u,v } is indeed a basis for R?).

Let us next consider a generalized eigenvector v, of index k associated to an eigenvalue
A, and set

V-1 = (A - )\I)Uk

We claim that v,_; is a generalized eigenvector of index k — 1 associated to the eigenvalue
A. To see this, note that

(A= XDt = (A= MDD YA = XDy, = (A= X)Fu, =0
but
(A= ADF2u 1 = (A= ADF2(A = XDy, = (A — X)) o, £ 0.
Proceeding in this way, we may set
Vpo = (A — X)vp_1 = (A — X))y,
Vg3 = (A= ADvp_g = (A = X041 = (A — X )’y

vy = (A= X)vy=---= (A=),

and note that each v; is a generalized eigenvector of index i associated to the eigenvalue

A. A collection of generalized eigenvectors obtained in this way gets a special name.
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Definition A.4. If { vy,... v, } is a set of generalized eigenvectors associated to the

eigenvalue X\ of A, such that vy is a generalized eigenvector of index k and also

V-1 :(A — )\[)Uk, Vk—2 — (A — )\I)’kal, Vi—3 — (A — )\[)kag,
c Vo = (A—)\I)Ug, V1 = (A—/\I)Ug,

then { vq,...,vx } is called a chain of generalized eigenvectors of length k. The vector vy,
is called the top of the chain and the vector vi (which is an ordinary eigenvector) is called
the bottom of the chain.

Example A.5. Let us return to example 3. We saw there that v= {(1)} 1s a generalized

0 1] associated to the eigenvalue 2. Let us set

—4 4
1
UQ—U—O.

v = (A —20)v = {:i]

eigenvector of index 2 of A= {

Then

is a generalized eigenvector of index 1 (i.e., an ordinary eigenvector), and { vi,vy } is a
chain of length 2.

Remark A.6. Tt is important to note that a chain of generalized eigenvectors { vy, ..., vy }
is entirely determined by the vector vy at the top of the chain. For once we have chosen
vy, there are no other choices to be made: the vector v,_; is determined by the equation
vg—1 = (A—AI)vy; then the vector vg_s is determined by the equation vy_o = (A— A )vg_1;

etc.

With this concept in hand, let us return to Jordan Canonical Form. As we have seen, a
matrix J in Jordan Canonical Form has a number of blocks By, Bs, ..., B,,, called Jordan
blocks, along the diagonal. Let us begin our analysis with the case when J consists of a

single Jordan block. So suppose J is a k-by-k matrix
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Al 0
Al
J = )
0 A1
i Al
Then
0 1 -
01
0 1
J—=A = )
0 1
L 0]
1 0 0 0
0 1 0 0
Let 1= 0, eo= 0, e3= 1, cee,  Ep= 0],
0 0 0 1

Then direct calculation shows:
(J — )J)ek = Ck—1
(J - )\I)ek_l = €k—2

(J—=M)ex = ¢
(J—=MX)e; =0
and so we see that { ej,...,e; } is a chain of generalized eigenvectors. We also note that
{e1,...,ex } is a basis for R¥, and so
E\ =R~

We first see that the situation is very analogous when we consider any k-by-k matrix

with a single chain of generalized eigenvectors of length k.

Proposition A.7. Let { v1,...,ux } be a chain of generalized eigenvectors of length k

associated to the eigenvalue A of a matrix A. Then { vq,...,vx } is linearly independent.



Proof. Suppose we have a linear combination
ClU1 + CoUg + -+ F Cr_1Up_1 + v = 0.

We must show each ¢; = 0.
By the definition of a chain, vx_; = (A — X\ )"v; for each 7, so we may write this equation

as
Cl(A — )\I)k_lvk + CQ(A — /\])"’_%k + -+ Ck_l(A — )\I)Uk + cpvr = 0.
Now let us multiply this equation on the left by (A — AI)*~!. Then we obtain the
equation

c1 (A — )\I)%_ka + CQ(A - )\I)%_?’vk + -+ Ck_l(A — )\I)kvk + Ck(A — )\I)k_lvk =0.

Now (A — X)Ly, = vy # 0. However, (A — XI)*v;, = 0, and then also (A — A\ )F 1y, =
(A= X)(A = X)kv, = (A — XI)(0) = 0, and then similarly (A — AI)**2v, =0, ...,

(A — XI)?*~2y;, = 0, so every term except the last one is zero and this equation becomes
cpvp = 0.
Since vy # 0, this shows ¢; = 0, so our linear combination is
c1v1 + vy + - Fcrpqvp_1 = 0.

Repeat the same argument, this time multiplying by (A — A )*~2 instead of (A — \I)*L.
Then we obtain the equation
Cp—1U1 = 0.
and, since v; # 0, this shows that c¢;_; = 0 as well. Keep going to get

cpL=0C =+ =¢p1=¢ =0,

so { vq,...,v; } is linearly independent. O

Theorem A.8. Let A be a k-by-k matriz and suppose that R has a basis { vy, ..., v }
consisting of a single chain of generalized eigenvectors of length k associated to an eigen-

value a. Then

A=pPJjpP!



where

1s a matriz consisting of a single Jordan block and
Uk:|

18 a matriz whose columns are generalized eigenvectors forming a chain.

V2

P:|:U1

Proof. Let P be the given matrix. We will first show by direct computation that AP = PJ.

It will be convenient to write

J = {J& J2| - jk}
and we see that j;, the ¢« — th column of J, is the vector
0]
|1
Ji= |,
0

with 1 in the (i — 1) — st position, a in the i — th position, and 0 elsewhere.

We show that AP = PJ by showing that their corresponding columns are equal.

)

Av; = (A —al + al)v;
= (A —al)v; + alv;

Now

V2

AP = A |i’U1

so the ¢ — th column of AP is Av;. But

= V;—1 + av;.
On the other hand,

V2

PJ= |:U1

Uk:| J



and the ¢ — th column of PJ is Py,

(%

Pj; = [01

Uk:| Ji-
Remembering what the vector j; is, and multiplying, we see that

Pji=vi1 +av;

as well.

Thus every column of AP is equal to the corresponding column of P.J, so
AP = PJ.

But Proposition 7 shows that the columns of P are linearly independent, so P is invert-

ible. Multiplying on the right by P~!, we see that
A= PJjpP !
O

0
—4

SRR IR

Example A.9. Applying Theorem 8 to the matriz A= { ﬂ of examples 3 and 5, we

see that

Now in general the Jordan Canonical Form of a matrix A will not consist of a single block,
but will have a number of blocks, of varying sizes and associated to varying eigenvalues.

But in this situation we merely have to “assemble” the various blocks (to get the matrix)
and the various chains of generalized eigenvectors (to get a basis). Actually, the word
“merely” is a bit misleading, as the proof that we can to do is in fact a subtle one. Thus
we shall not give the proof here. Instead, we shall merely illustrate the situation. In fact,
in order to avoid complicated notation we shall merely illustrate the situation for 2-by-2

and 3-by-3 matrices.

Theorem A.10. Let A be a 2-by-2 matriz. Then one of the following situations applies:

(i) A has distinct eigenvalues a and b. Let u be an eigenvector associated to the eigen-

value a and let v be an eigenvector associated to the eigenvalue b. Then A = PJP~!



with

0 b
(Note in this case A is diagonalizable)

1=lo 4] e p=lu

(a) A has two linearly independent eigenvectors u and v.
Then A = PJP~! with

J = {a O] and P = {u
0 a

(Note in this case A is diagonalizable. In fact, in this case E, = R? and A itself is

. la 0

the matrix [O a] )

(ii) A has a single eigenvalue a of multiplicity 2.

(b) A has a single chain { vi,vs } of generalized eigenvectors. Then A= PJP~' with
J = [a clL] and P = |:U1 vg].

0
Theorem A.11. Let A be a 3-by-3 matriz. Then one of the following situations applies:

(i) A has distinct eigenvalues a, b, and c. Let u be an eigenvector associated to the
ergenvalue a, let v be an eigenvector associated to the eigenvalue b, and let w be an

eigenvector associated to the eigenvalue c. Then A = PJP~! with

a 0 O
w}.

J=10 b 0 and P:{uv
(ii) A has an eigenvalue a of multiplicity two and an eigenvalue b of multiplicity one.

0 0 ¢

(Note in this case A is diagonalizable.)

(a) A has two linearly independent eigenvectors u and v associated to the eigenvalue a.

Let w be an eigenvector associated to the eigenvalue b. Then A = PJP™! with

a 0 0
w].

J=10 a O and P:{uv
(b) A has a single chain { uy,us } of generalized eigenvectors associated to the eigen-

0 00D
(Note in this case A is diagonalizable.)

value a. Let v be an eigenvector associated to the eigenvalue b. Then A = PJP~!



with

U2

a 1 0
J=10 a O and P:{ul
0 0 b

|

(a) A has three linearly independent eigenvectors u, v, and w. Then A = PJP~1 with

(iii) A has a single eigenvalue a of multiplicity three.

a 0 0

J=10 a O and P:{uvw].
0 0 a
(Note in this case A is diagonalizable. In fact, in this case E, = R and A itself is
a 0 0
the matrix |0 a 0].)
0 0 a

(b) A has a chain { uy,us } of generalized eigenvectors and an eigenvector v with
{ uy,us,v } linearly independent. Then A= PJP~' with

(c) A has a single chain { uy,ug,uz } of generalized eigenvectors. Then A= PJP™!

with
U3:| .

a 1 0
J=10 a O and P:{ul Us
0 0 a

Uz

<
I
coe
o~
S =

and P = [ul

Now we would like to apply Theorems 10 and 11. In order to do so, we need to have an
effective method to determine which of the cases we are in, and we give that here (without

proof).

Definition A.12. Let )\ be an eigenvalue of A. Then for any positive integer i,

Ey={v|(A=A)'(v)=0}
= ker((A — \I)").
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Note that E} consists of generalized eigenvectors of index at most i (and the 0 vector),

and is a subspace. Note also that
Eyx=E'CFE}C...CE,.

In general, the Jordan canonical form of A is determined by the dimensions of all the
spaces EY, but this determination can be a bit complicated. For eigenvalues of multiplicity
at most 3, however, the situation is simpler —we need only consider the eigenspaces F).

This is a consequence of the following general result:

Proposition A.13. Let )\ be an eigenvalue of A. Then the number of blocks in the Jordan

Canonical Form of A corresponding to X is equal to dim F).

Idea of Proof. Suppose there are k such blocks. Since each block corresponds to a chain
of generalized eigenvectors, there are k such chains. Now the bottom of the chain is an
(ordinary) eigenvector, so we get k eigenvectors in this way. It can be shown that these k
eigenvectors are always linearly independent and that they always span E), i.e., that they

are a basis of E,. Thus F) has a basis consisting of k£ vectors, so dim F) = k.

O

We can now determine the Jordan Canonical Forms of 1-by-1, 2-by-2, and 3-by-3 matri-

ces, using the following consequences of this proposition.

Corollary A.14. Let X be an eigenvalue of A of multiplicity 1. Then dim E} = 1 and the
submatriz of the Jordan Canonical Form of A corresponding to the eigenvalue X is a single
1-by-1 block.

Corollary A.15. Let A be an eigenvalue of A of multiplicity two. Then there are the
following possibilities:
(a) dim E = 2. In this case, the submatriz of the Jordan Canonical Form of A corre-
sponding to the eigenvalue \ consists of two 1-by-1 blocks.
(b) dim E} = 1, dim E} = 2. In this case, the submatriz of the Jordan Canonical Form
of A corresponding to the eigenvalue \ consists of a single 2-by-2 block.
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Corollary A.16. Let A be an eigenvalue of A of multiplicity three. Then there are the
following possibilities:
(a) dim E = 3. In this case, the submatriz of the Jordan Canonical Form of A corre-
sponding to the eigenvalue \ consists of three 1-by-1 blocks.
(b) dim E} = 2, dim E} = 3. In this case, the submatriz of the Jordan Canonical Form
of A corresponding to the eigenvalue \ consists of a 2-by-2 block and a 1-by-1 block.
(c) dim E} = 1, dim E = 2, dim E} = 3. In this case, the submatriz of the Jordan
Canonical Form of A corresponding to the eigenvalue A consists of a single 3-by-3
block.

Now we shall do several examples. We will only do examples where A is not diagonaliz-
able.

2 1 1
Example A.17. A= | 2 1 -2|.
-1 0 =2

A has characteristic polynomial det (A — A) = (A1)*(A—3). Thus A has an eigenvalue

—1 of multiplicity two and an eigenvalue 3 of multiplicity one. Computation shows that the

eigenspace E_1 = ker(A — (=1I)) has basis _21 , so dimE_; = 1 and we are in
1
Corollary 15 case (b). Then we further compute that E*, = ker((A — (=1I))?) has basis
_21 , 8 , s0 18 2-dimensional, as we expect. More to the point, we may choose any
1
genegalized eigenvector of index 2, i.e., any vector in E*| that is not in E' |, as the top
of a chain. We choose uy = 8 , and then we have u; = (A — (—=1))ug = —12 , and
{ uy,uy } form a chain. 1 -
We also compute that, for the eigenvalue 3, the eigenspace E3 has basis v = :653
Hence we see that :
2 1 1 1 0 5] [-1 1 0][1 0o —5]""
2 1 =2{=1]-2 0 -6 0 -1 0| -2 0 —6

-1 0 2 -1 1 1 0 0 3 (-1 1 1
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2 1 1
Example A.18. A= [-2 -1 -—-2].
1 1 2
A has characteristic polynomial det (\[ — A) = (X —1)3, so A has one eigenvalue 1 of
-1 -1
multiplicity three. Computation shows that Ey = ker (A — I)) has basis 0f,]1 ,
1 0
so dim Fy = 2 and we are in Corollary 16 case (b). Computation then shows that dim E? =
1 0 0
3 (i.e., (A—1)?>=0 and E? is all of R?) with basis { [0]| , |1], 0] p. We may choose
0 0 1
1
uy to be any vector in E? that is not in E}, and we shall choose us = |0|. Then u; =
0
1
(A—Dug = | —=2|, and { uy,us } form a chain. For the third vector v we may choose any
1
-1
vector in Ey such that { uy,v } is linearly independent. We choose v = | 0 |. Hence we
1
see that
2 1 1 1 1 -1t 10]]1 1 —-1]"
-2 -1 2{=1-2 0 0 010 (=20 0
1 1 2 1 0 1 0 01 1 0 1

5 01
Example A.19. A= |1 1 0f.
-7 10
A has characteristic polynomial det (Al — A) = (XA — 2)3, so A has one eigenvalue 2
-1
of multiplicity three. Computation shows that Ey = ker (A —2I)) has basis -1 »,
3
so dim Fy = 1 and we are in Corollary 16 case (c¢). Then computation shows that E3 =
-1 -1 -1 -1 -1
ker (A — 2I)? has basis 01,2 . (Note that |—1| =3/2 |0 | +1/2| 2 |.)
2 0 3 2 0

Computation then shows that dim E3 = 3 (i.e., (A — 2I)3 = 0 and E3 is all of R®) with
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1 0 0
basis O, [1],]0]| p. We may choose uz to be any vector in R3 that is not in E3,
0 0 1
1 3
and we shall choose ug = |0|. Thenuy = (A—2Nuz= | 1 | and u; = (A —21)uy =
0 -7
2
2 |, and then { uy,us,ug } form a chain. Hence we see that
—6
5 0 1 2 3 1) [210][2 3 11
1 1 0] =12 1 0] 1]0 2 1 2 1 0
-7 10 -6 =7 0[]0 0 2] |-6 =7 O
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A. Exercises. For each matrix A, write A= PJP~! with P an invertible matrix and J a

matrix in Jordan canonical form.

[ 75 56

1. A= 00 —g7]" det(A] — A) = (A —3)(A—5).
[—50 99|

2. A= 20 30/ det(A — A) = (A +6)(A+5).
[—18 9]

3. A= 49 21 det(A\ — A) = (A —3)2

boa=| LU et —A) = (r—5)

. _-_1697 e( _)_(_)

54— 2 M qeta—A) = (A—72

. ___25 12-7 e( - )_(_)

_[-15 9] e

6. A= 25 15 det(A — A) = A2
(1 0 0

7.A=(1 2 =3|, det(\—A)= A+1)(A=1)(A—3).
1 -1 0
(3 0 2

8. A= |1 3 1|, detM —A)= (A=1)(A—=2)(\—4).
0 11
(5 8 16

9.0 A=14 1 8 |, det(\M—A)= (A+3)>(A—1).
-4 -4 -11
(4 2 3

10. A= |-1 1 =3|, det(A\] —A)= (A—3)%(\—28).
(2 49
(5 2 1

11. A= |-1 2 —1|, det(\] —A)= (A—4)*(\—2).
-1 -2 3




12.

13.

14.

15.

16.

17.

18.

19.

20.

A:

15

8 -3 -3

40 =2|, det\\ —A)= A=22(\—T7).
-2 1 3
[—3 1 —1

~7 5 —1|, det(A\] — A) = (A+2)%(\—4).
—6 6 —2
3 0 0

9 -5 —18, det(A —A)= (A—3)2(A—4).
-4 4 12
[—6 9 0

—6 6 —2|, det(A —A)= X(\-3).
9 -9 3
[—18 42 168

1 =7 —40|, det(A] —A)= (A=3)2(A+4).
-2 6 27
[ -1 1 —1

—10 6 5|, det(A\] —A)= (A—1)3
| -6 3 —2
[0 —4 1]

2 —6 1|, det(A\l—A)= (A+2)3
4 -8 0]
[—4 1 2]

—5 1 3|, det(A\—A)= ).
-7 2 3]
[—4 —2 5

-1 =1 1|, det(A\l—A)= (A+1)3
-2 -1 2
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A. Answers to odd-numbered exercises
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B. HOMOGENEOUS SYSTEMS WITH CONSTANT COEFFICIENTS:

The Nondiagonalizable Case

We will now see how to use Jordan Canonical Form to solve systems Y’ = AY where

the coefficient matrix A is not diagonalizable.
The key to understanding systems is to investigate a system Z' = JZ where J is a

matrix consisting of a single Jordan block.

Theorem B.1. Let J be a k-by-k Jordan block with eigenvalue a,

fa 1
a 1 0
a 1
J = )
0 a 1
-~ aj—
Then the system Z' = JZ has the solution
1z 22/20 2330 - 2P/ (k— 1)1
1z 2?2l - 2R 2k - 2)!
1 x - 2F3/(k—3)!
7 g | /(' Mo
x
i 1 _
&1
Co
where C'= | || 1s a vector of arbitrary constants cy,ca, ..., Cg.
Ck

Proof. We will prove this in the cases &k = 1, 2, and 3, which illustrate the pattern. As you
will see, the proof is a simple application of the standard technique for solving first-order
linear differential equations.

The case k = 1: Here we are considering the system
[21] = [a][z]
which is nothing other than the differential equation

2= az.



18
The solution to this differential equation is very familiar. It is
21 = ce*”
which we can certainly write as
[21] = e [1][ca].
The case k = 2: Here we are considering the system
- o
2 |0 al |z
which is nothing other than the pair of differential equations
21 = az + 2
2y = azy.
We recognize the second equation as having the solution
29 = 9™
and we substitute this into the first equation to get
2 = az + e,
To solve this, we rewrite this as
2y —az = ce™

—ax

and recognize that this differential equation has integrating factor e=**. Multiplying by

this factor, we find
e (2] —az) = ¢
(e7%2) = e
ey = /02 dr = c¢; + o
SO
21 = e (c1 + co).

Thus our solution is

21 = e (c1 + cox)

29 = e cq



19

which we see we can rewrite as

RIS

The case k = 3: Here we are considering the system

2] a 1 0f |z
20 =10 a 1| |2
2% 0 0 al |23

which is nothing other than the triple of differential equations

Z1 = az1 + 22
2y = azo + 23

25 = azs.

If we just concentrate on the last two equations, we see we are in the k = 2 case.

Referring to that case, we see that our solution is

29 = €™ (co + c3x)

23 = ees.

Substituting the value of z5 into the equation for z;, we obtain
2= az + (e + c3x).
To solve this, we rewrite this as
2y —az = e (ca + c3x)

and recognize that this differential equation has integrating factor e=**. Multiplying by
this factor, we find

e (2] —az) = ¢+ 31
(e2) = e+ 3w

e Wz = / (co+ c3x)dr = c1 + oz + c3(2?/2)
S0

21 = € (cy + cor + c3(2?/2)).
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Thus our solution is
21 = (¢ + cow + c3(2?/2))
29 = e (cy + c3x)
23 = e ey

which we see we can rewrite as

2 1z 22/2| |a
| =e® 10 1 «=x Ca
zZ3 0 0 1 C3

To apply Theorem 1 in general we make the following observation.

Remark B.2. Suppose that Z' = JZ where J is a matrix in Jordan canonical form, but one
consisting of several blocks, not just one block. We can see that this systems decomposes
into several systems, one corresponding to each block, and that these systems are “uncou-
pled” (i.e., have nothing to do with each other), so we may solve them each separately,
using Theorem 1, and then simply assemble these individual solutions together to obtain

a solution of the general system.

Now consider a matrix system
Y' = AY.
Our method of solution is entirely analogous to that in the diagonalizable case.

Step 1. Write A = PJP~! with J in Jordan Canonical form, so the system becomes
Y'= (PJP Y)Y
Y'= PJ(P'Y)
PYY' = J(PY)
(P7Y) = J(P'Y)
Step 2. Set Z = P~'Y so this system becomes
Z'=JZ

and use Theorem 1 and Remark 2 to solve this system for Z.
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Step 3. Since Z = P~'Y, we have that
Y =PZ

is the solution to our original system.

We now illustrate this (again confining our illustrations to the case that A is not diago-

nalizable).

Example B.3. Consider the system

b—‘l

0

Y' =AY where A:{_4

o

We saw in section A example 9 that A= PJP~! with

-2 1 2 1]
P—[_4 0} and J—{O 2_.

Then Z' = JZ has solution
7 1 x| |a| e ze*| ¢ _ c1%® + cywe®®
T 0 1 el L0 e || T coe?®
and soY = PZ, i.e.,
=2 1] w1 2] [e
Y= 4 o] ¢ {0 1] M

(=2 1] [e® ze®] [¢
400 ] e

_[—2e? —295625”%—621 {cl}

_—46% —4xe®® Co
~ [(=2¢1 + c9)e® — 2cpze™
o —4ce*®  — dcyxe®
Example B.4. Consider the system
2 1 1

Y' =AY where A=1]2 1 =2
-1 0 =2
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We saw in section A example 17 that A = PJP~! with

1 0 =5 -1 1 0
P=|-2 0 —6 and J=|0 -1 0
-1 1 1 0 0 3

Then 7' = JZ has solution

e xe® 0 c1
Z = 0 e 0 Co
0 0 e | |cs

and soY = PZ, i.e.,

1 0 =5 [e® ze® 0 c1
Y=([-2 0 -6 0 e* 0 Co
-1 1 1 0 0 e |cg

e’ re * —5e3” c1
= | —2e7 " —2xe " —6e3” Co
—e T —peT4e T s
e 4 core ™™ — bezed”
= —2c1e7% — 2coxe™" — Geged”

(—c1 + c)e™® — core™ + cze®

Example B.5. Consider the system

2 1 1
Y' =AY where A= |-2 -1 =2
1 1 2

We saw in section A example 18 that A = PJP~! with

1 11 110
P=1-2 00 and J=10 1 0
1 01 0 01

Then 7' = JZ has solution

and soY = PZ, i.e.,



1 1 1] [e* ze* 0 c1
Y=1-2 00 0 e 0 Co
|1 01 0 0 €% |c3
[ e et 4 e et [
= [—2e" —2xe* O Co
i e’ re® e’ |cs3
[ (1 + co + c3)e® + cowe”
= | —2c€” — 2cpze”
| (e +c3)e” + coxe”

Example B.6. Consider the system

5 01
Y' =AY where A=|1 1 0
-7 10
We saw in section A example 19 that A= PJP~! with
2 3 1 210
P=12 1 0 and J= 10 2 1
-6 =7 0 00 2

Then Z' = JZ has solution

62$ [B@ZB ($2/2)62$ 1
0 0 e s

and so Y = PZ, i.e.,

(2 3 1] [e* wze* (2%2/2)e*] [
Y=1[2 1 0|0 e* re?® s
-6 =7 0 0 0 e s
[ 227 2xe? 4 362 p2e2 4 3xe + 2] [
= | 2% 2xe?® + 2@ x2e?® 4 e o
| —6e*  —6xe® —Te2r =327 — Tre™ s
[ C1 + 3Co + c3)e”” + (2¢cg + 3¢z )xe™ + cax’e
(2 3 ) 2x (2 3 ) 2z 2 2z
= | (2¢] + p)e* +(2¢0 + c3)ze®® 4 czaie®®
—b0c; — Tca)e + (—0cy — Tc3)xe™ — acgxr’e
_( 6 7 ) 2x ( 6 7 ) 2x 3 2 2z

23
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We conclude this section by showing how to solve initial value problems. This is just

one more step, given what we have already done.

Example B.7. Consider the initial value problem

/ 0 1 3
Y'=AY where A:{_zl 4}, and Y(O):{_J.

In example 3 we saw that this system has the general solution

v — (—2¢; + ¢9)e*® — 2cowe™®
T | —dee* — deqze®® |

Applying the initial condition (i.e., substituting x = 0 in this matriz), gives

5 =vo-[5a]

with solution

Substituting these values in the above matriz gives

3e%* — 14ze?*
v | e

Example B.8. Consider the initial value problem

2 1 1 8

Y'=AY where A= |2 1 =2|, and Y(0)= |32

-1 0 2 5
In example 4 we saw that this system has the general solution
cre”® + core™™ — begzed®
Y = | —2cie™® —2coxe™® — 6c3e’”

(—c1 + c2)e™® — core™ + cze”

Applying the initial condition (i.e., substituting t = 0 in this matriz), gives

8 C1 — 503
32| = Y(O) = —201 — 603
5 —C1 + Co + C3
with solution
C1 -7
Coy| = 1

C3 -3
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Substituting these values in the above matriz gives

—Te ™™ 4+ xe™® 4 15e3*
Y = |[14e™® — 26~ ® 4 183"
e % — xe % — 3e3°

Remark B.9. There is an alternate way of solving initial value problems. It is actually less
effective than the method we have given for solving a single initial value problem, but has
the advantage of expressing the solution directly in terms of the initial conditions. This
makes it more effective if the same system Y’ = AY is to be solved for a variety of initial

conditions.

Let us write our solution of Z/ = JZ as
Z(x) = M(x)C

where C' is a vector of constants. The key observation is that M(0) = I, the identity

matrix. Thus, if we wish to solve the initial value problem
Z'=Jz, Z(0)=Z,

we find that, in general,

and in particular

Now suppose we wish to solve the initial value problem
Y' =AY, Y(0)=Y,.

Then, if A= PJP™! we set Z = P~'Y, just as before, to obtain the equation Z' = JZ,
with solution Z(x) = M(z)Zy. But Z = P7'Y ie., Z(x) = P7'Y(x), and in particular
Zo=Z(0) = P7'Y(0) = P~'Y}. Substituting, we find

PY (x) = M(x)(P~'Yp)
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or

Y(x) = (PM(z)P )Y,

Let us now use this technique.

Example B.10. Consider the initial value problem

Y' =AY where A= {_04 ﬂ , and Y(0)= {al}

a2

As we have seen in example 3, A = PJP~! with P = {:121 (1]] and J = {(2) ;] Then

2z 2z
M(x) = [60 "T:Qx] and
1
1|21 e xe?®| [-2 1
PM(x)P {—4 0] {o e | [-4 0
B 6296 _ 2;56296 erw
T —dxe® e 4 2pe®

S0

e — 2xe®® xe® a
V()= [ —Axe?® e 4+ 2a762‘”] [ag
| a1e* + (—2ay + ag)xe*
T |age®® + (—4ay + 2a)ze* |

3e?® — 14xe®®

In particular, if Y (0) = {—38] , then Y(x) = [—862’” _ 98pe2e

}, recovering the result of

then Y (x) = [26% N er‘”} , and if Y(0) = {_4] ,

example 8. But also, if Y(O) = {2} 5e2® 4 ote?r

5 )
—4e?* 4 23.7762$:|
, etc

then Y(x) - |:15€2”T + 46ze%*

Remark B.11. Mathematicians have defined the matrix exponential and, with this defini-
tion, M(z) = e’® and PM(x)P~! = &2,



B. Exercises. For each exercise, see the corresponding exercise in the section on Jordan

Canonical form. In each problem:
a) Solve the system Y’ = AY.
Solve the initial value problem Y’ = AY| Y (0) = Y%.

b)
[ 75 56 1
1. A= 90 —67} and Yy = [_1}

[—50 99 7
o 4= [0 W wavi=[l]

—-18 9 41
o a= [ 8 wani= 1],

1 1 7
4. A= 16 9} and Yy = {16}'

2 1 —10
san (2 M wavee [

—15 9 50
6. A= {—25 15} and Yo = {100}'
(1 0 0 6
7.A=11 2 =3|andYy= |-10].
1 -1 0 10
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5 & 16

9.90A=14 1 8 | andY,=
—4 —4 -11
(4 2 3

100 A= |—-1 1 =3| and Yy =
(2 4 9
(5 2 1]

11. A= |-1 2 —1|andY,=
-1 -2 3|
[8 -3 —3]

122A=14 0 —2|andY,=
-2 1 3]
-3 1 -1

13. A= |—=7 5 —1| and Yy =
—6 6 —2
(3 0 0

4. A=19 -5 —18| and Yy =
-4 4 12
[—6 9 0

15. A= |—-6 6 —2| andY,=
9 -9 3
[—18 42 168

16. A= 1 =7 —40| and Y, =
-2 6 27

2
—1].
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3
101.
18

andYo[

2

1 -1
-5

1
—10 6
-6 3

17. A

—4 1

0
2
4

—6 1

-8 0

—4 1 2

=5 1 3| and Yj

-7 2 3

S0 o0

-4 -2 5
and Yy

—1
—2

-1 1

-1 2

18. A

19. A

20. A
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B. Answers to odd-numbered exercises.

[T’ + dege®® [ =Te 4 8ed”
la. ¥ = I 9c1€3* — Hege™® b Y = 9e3* — 10e>”
_[(=21¢; + ¢2)e¥ — 21cpze® _[41e3 + 21ze”
da. ¥ = | —49c1€™ — 49c¢yxe3® b ¥ = 98e3* 4 49z
~ [(=5er + c2)e™ — begwe™ [ —10e™ — 25te™
ba. ¥ = | —25c1e™ — 25¢oxe™ b Y = —T75e™ — 125te™
[ 2c9e” 6e”
Ta. Y = |cie™® + c9e® — 3cze™ b. Y = [2e7® 4 3e® — 15e%
| cre™® 4 cpe” 4 c3e™ 27" + 3e® + 5e’”
[(—c1 — 2¢2)e™3% — 2c3e” ] [0
9a. Y = cre 3% — c3e” b. Y = |23
I 6267393 +C36$ __6739:
[(—c; — 2cp)e™ — c3e2 ] [ 2¢4 — 5e2e
1la. Y = coe®® 4 c3e?® b. Y = | —3e®* + 5e2*
I cre + cze® | 4et 5
[ —cie 2% — cope 2" —e72 _ Qpe~%®
13a. Y = | —c1e72 — cywe ™2 + cze® b. Y = |—e 2 — 2ze 2" 4 4e**
_026—2x + 0364$ 26—2x + 464$
[(—3c1 — ¢3) — 3cow — 2c36%7 ] [—9 — 92 + 10e®
15a. Y = |(—2¢; — ¢3) — 209w — 2c3€3® b. Y = | =7—6x+ 10>
| (Bc1 4 ¢2) + Beaw + 3eze™ | 19 +91 — 15¢*
[(—2¢1 + ¢34 c3)e” — 2come” ] [ 3¢ — 14ze®
17a. Y = | (=10c¢; 4 2¢3)e” — 10coxe” b. Y = |10e* — 70xe*
i —6c1e” — 6cgxe” | _18695 — 42xe”
[(c1 + 2¢4) + (e + 2¢3)x + (c3/2) 22 6 + Sz + 22
19a. Y = | (2¢1 + 3¢2) + (2¢ + 3c3)x + c32? b. Y = |11 + 8x + 222
| (c1 4 3¢+ ¢3) + (c2 + 3es)t + (c3/2)2 9+ Tx + 2
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C. THE MATRIX EXPONENTIAL

In this section we will discuss the matrix exponential and its use in solving systems
Y' = AY.

Our first task is to ask what it means to take a matrix exponential. To answer this, we are
guided by ordinary exponentials. Recall that, for any complex number z, the exponential
e” is given by

e* =1+z+22/20+22/3 + 24 /4 + . ..

With this in mind, we define the matrix exponential as follows.
Definition C.1. Let T be a square matriz. Then e is defined by

1 1 1
T 2 3 4
e —]+T+—2!T +—3!T +—4!T + ...

(For this definition to make sense we need to know that this series always converges, and
it does.)

Recall that the differential equation ¢y’ = ay has the solution y = ce®. The situation
for Y/ = AY is very analogous. (Note that we use I' rather than C' to denote a vector of
constants for reasons that will become clear a little later. Note that I" is on the right in

theorem 2 below, a consequence of the fact that matrix multiplication is not commutative.)

Theorem C.2.
(1) Let A be a square matriz. Then the general solution of
Y' =AY
s given by
Y =eMT
where I 1s a vector of arbitrary constants.
(2) The initial value problem
Y' =AY, Y(0) =Y,

has solution
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Outline of proof. We first compute e*. In order to do so, note that (Az)? = (Ax)(Az) =
(AA)(zx) = A%2? as matrix multiplication commutes with scalar multiplication, and
(Az)? = (Az)?(Az) = (A%2?)(Az) = (A?A)(2%z) = A%2?, and similarly (Az)* = Aka*
for any k. Then, substituting in definition 1, we have that
1
3!
To find Y’, we may differentiate this series term-by-term. (This claim requires proof, but

1 1
Y =eMT = (I + Az + 5/123:2 + =A%+ IA49&4 + .. )T

we shall not give it here.) Remembering that A and I" are constant matrices, we see that
1 1 1
Y' = (A+ 5142(295) + §A3(3x2) + EA4(4$3) +..)r
1
3!
Lo o 1,33
:A(I+Aa:+§A x +§A z+..)0
= A(e™T) = AY

1
= (A+ A%z + 5/133:2 + AP 4. )T

as claimed.
(2) By part 1 we know that Y’ = AY has solution Y = e4*T". We use the initial condition

to solve for I'. Setting = = 0, we have
Yy =Y (0) = AT = T=IT=T

(where €’ means the exponential of the zero matrix, and the value of this is the identity
matrix), so I' = Yy and Y = 4T = e47Yj, d

In the remainder of this section we shall see how to translate the theoretical solution of
Y’ = AY given by theorem 2 into a practical one. To keep our notation simple, we will
stick to 2-by-2 or 3-by-3 cases, but the principle is the same regardless of the size of the
matrix.

One case is relatively easy.

Lemma C.3. If D is a diagonal matriz,

dy
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then eP® is the diagonal matriz

Proof. Suppose, for simplicity, that D is 2-by-2,
_|di 0
p-[t 9]
Then you can easily compute that D = 0 a2l D’ = 0 43l and similarly
2 2

0

k
DF = {dl Ok] for any k.
dy
Then, as in the proof of theorem 2,

1 1 1
eP* =T+ Dx+=D*2*+ =D+ =D** + ...

2! 3! 4!

1o di 0 Lfd? 0] 5 1[d® 07 4
—_0 1}—1—{0 de—l—ﬁ[o d22 X —|—§ 0 d23 x4 ...
_ [+ diz + g(di2)? + §(dax)® + .. 0

I 0 14 dox + 5 (doz)? + 5;(do) + . ..
which we recognize as

[eiz 0
- | 0 ed”]'

Example C.4. We wish to find the general solution of Y' = DY where

p=; 4]

To do so we directly apply theorem 2 and lemma 3. The solution is given by

{yl] — Y =P = {GM 935] [%] = {%ei] .
Y2 0 e Yo Vo€

Now suppose we want to find the general solution of Y’ = AY where A = [_12 _23}
We may still apply theorem 2 to conclude that the solution is Y = e4*I". We again try to
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calculate e4%. Now we find

R . [7 -9 s [25 -39
A—[—2 2]7 A_{—6 10}’ A‘{—% 38}’

a4z |10 1 -3 17—92125—393
e —[0 1}%—[_2 2}x+2! 6 10 x—i—S! _96 38 o+ ...

which looks like a hopeless mess. But in fact, the situation is not so hard!

SO

Lemma C.5. Let S and T be two matrices and suppose
S =PTP!
for some invertible matriz P. Then
Sk = pr*pt for every k,
and
e¥ = pPet P!
Proof. We simply compute
S? =SS = (PTP Y)Y PTP ) =PT(P'P)TP ' =PTITP™!
= PTTP' = PT?P 1,
S? =SS = (PT*P Y)Y (PTP') = PT*(P'P)TP ' = PT?ITP!
= PT*TP~ ! = pP13pt,
St =838 = (PT*P Y)Y (PTP) = PT*(P'P)TP' = PI*ITP!
= PT°TP~' = PT*P",
ete.
Then
s Lo 1 1y
e :I—i—S—i—iS +§S —1—55 +...

1 1 1
= PIP™ 4 PTP™ + S PTPP™ + o PTOP 4 o PTIP ™
_ oy L,y 1., '
_P(I+T+5T +§T +@T +..)P
= pe' P!

as claimed.
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With this in hand let us return to our problem.

Example C.6. We wish to find the general solution of Y' = AY where

=155

The matriz A has eigenvalues 4 and —1. The eigenspace E4 has basis { [_11} } and the

eigenspace E_1 has basis { {2

3] }, so we see that
A=PDP!

1 2 0
multiplication commutes with matriz multiplication) so by lemma 5 and example 4

where P = {_1 3] and D = {4 _01} Then Ax = (PDP~ Yz = P(Dx)P~' (as scalar

eAx — PerPfl

and

= | G el s T ]
(=37 + 2v2)e®™ + (B + 2ya)e™

Example C.7. We wish to find the general solution of Y' = AY where
2 -3 -3

A=12 =2 =2
-2 1 1
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The matriz A has eigenvalues —1, 0, 2 with E_1 having basis 0

0 —1
1 and FEy having basis —1| p, so we see that
—1 1
A=prDpP
1 0 -1 -1 0 0
where P=10 1 —1{ and D= |0 0 0f. Then
1 -1 1 0 0 2

eA;B — PeDatP—l

(1 0 —1][e* 0 0] [1
=10 1 -1 0O 1 0 0
_1 -1 1 0 0 e* 1
B 62:1: 6—$_62$ e T
= |—1+4¢e* 2 — e 1-—
_1_€2$ 6$—2—|—€2$
and
4!
Y =T = e |
3

(2 +73)e % + (71 — v2 — 73)€*®

1
, Ey having basis
1

0 -1
1 -1
-1 1
_ 62$
62$

= | (= + 27 +73) + (11— y2 — 73)e*
(Y2 +73)e + (11— 272 —73) + (=71 + 72 + 73)e*

1
Now suppose we want to solve the initial value problem Y’ = AY, Y(0) = |0|. Then
0

Y = e Y(0)
B 62$ e~ T _ 62x e~ T _ 62x 1
— 11 + 62x 2 62x 1 2x 0
| 1—¢e™ e =2+ et —14e*] |0
B 62$
= |—1+¢*
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Remark C.8. Let us compare the results of our method here with that of our previous

method. In the case of example 6, our previous method gives the solution

4x
Y:PF O]C

0 e*
= PePEC
4 0
where D = [O _1],
while our method here gives
Y = PeP"P7IT.

But note that these answers are really the same! For P! is a constant matrix, so if I" is

a vector of arbitrary constants, then so is P~!T", and we simply set C' = P~'T".

Similarly, in the case of example 7, our previous method gives the solution

e 0 0
Y=P| 0 1 0]|C
0 0 e*
= pePrC
-1 0 0
where D= | 0 0 0},
0 0 2
while our method here gives
Y = PeP"PTIT,

and again, setting C' = P~'T", we see that these answers are the same.
So the point here is not that the matrix exponential enables us to solve new problems,

but rather that it gives a new viewpoint about the solutions we have already obtained.

While these two methods are in principle the same, we may ask which is preferable
in practice. In this regard we see that our earlier method is better, as the use of the
matrix exponential requires us to find P~!, which may be a considerable amount of work.
However, this advantage is (partially) negated if we wish to solve initial value problems, as
the matrix exponential method immediately gives the unknown constants I', as I' = Y'(0),

while in the former method we must solve a linear system to obtain the unknown constants

C.
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Now let us consider the nondiagonalizable case. Suppose Y’ = JY where J is a matrix

consisting of a single Jordan block. Then by theorem 2 this has the solution Y = e’*T.

On the other hand, we already saw what the solution to this system was, in theorem 1 of

section B. If we call the matrix there M, the solution is Y = M(C'. In this case we simply

have C' = T, so we must have e’/ = M. Let us see that this is true by computing e’®

directly.

Theorem C.9. Let J be a k-by-k Jordan block with eigenvalue a,

[a 1
a 1 0
a 1
J = )
0 a 1
- a/_
Then
1z 2%/2! 23/3! ok (k — 1)1
01 =z a2/2 2572/ (k — 2)!
P 1 T k=3 /(k — 3)!
e =e .
x
i 1 |
Proof. First suppose that .J is a 2-by-2 Jordan block,
a 1
J= {0 }
P 3 2 4 3
5 |a® 2a| .5  |a® 3a 4 |a* 4a
Then J* = 0 &2],J —{0 &3:|,J —{0 &4},...
SO )
1 0] a 1 1 |a® 2a 1 [a® 3a® 1 [a* 4a®
Jr _ S 2, L 3., & 4
e —{0 1_+[0 a]x+2!{0 ag]x+3![0 ag}x+4!{0 A T+ ...
[T+ az + 5 (ax)® + 5 (ax)® + g(az)* + ... T+ ar® + 50’2 + gadat + .
B 0 1+ azx + 5(ax)® + 5 (ax)® + 4 (ax)* + ...
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We recognize the two diagonal entries as the power series for e**. As for the entry in the
upper right-hand corner,

1 1 1
z+ar® + §a2x3 + §a3x4 +...=z(l4+ax+ E(owc)2 + —(ax)®* +...)

and so we conclude that

a 1 0
J=10 a 1
0 0 1
a? 2a 1 a® 3a®> 3a a* 4a® 6a? a® 5a* 10a®
Then J?= |0 a® 2a|,J2= |0 @ 3a®|,J4=|0 a* 4a®|,J°=|0 da® 5a*
0 0 a? 0 0 a 0 0 a* 0 0 a
SO
1 00 a 1 0O 1 a’ 2a 1 a® 3a®> 3a
6J$:010+0a1x+50a22ax2+§0a33a2x3
0 0 1 0 0 a 10 0 a? 0 0 a
1 a* 4a® 6a? 1 a® 5a* 10a®
—1—5 0 a* 4a® x4—|——' 0 a® 5Ba*|2®+
1o 0 gt Mo 0 @
mi1 Maz 1Ma3
= 0 Mog Moz | ,
0 0 33
and we see that
_ _ -1 1 o 1 3, 1 g, 1 5
M1] = Moy = M3z = +ax+ﬁ(aac) —l—g(aa:) —l—g(aa:) —l—a(aa:) +...

azxr
= € s

and

1 1 1
_ _ 2, Y923 L 34, L 45
M1y = Moz = T + ax +2!ax +3!ax —1—4!(195 + ...

= ze™*
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as we saw in the 2-by-2 case. Finally,

1 1 11 1 1
Mys = 5:)62 + iang + i(ia%‘l) + a(ga%s) +...

(as 6/4] = 1/4 = (1/21)(1/2!) and 10/5! = 1/12 = (1/21)(1/31))

L (1 + ax + l(cmt)2 + l(aay)g +...)

ot 2! 3!
1 2 _ax
—Ex e,
SO
e et %xQe‘”’ 1z 22/2!
eT=10 e ze® | =e® |0 1 x |,
0 0 ew 00 1

and similarly for larger Jordan blocks.

Let us see how to apply this theorem in a couple of examples.

Example C.10. (Compare examples 3 and 7 section B). Consider the system

;o 10 1
Y' =AY where A_{_zl 4].

Also, consider the initial value problem Y' = AY, Y (0) = {—38} )

We saw in section A example 9 that A= PJP~! with

-2 1 2 1
P:{_4 0] and J:{O 2}.

Then
eA:B — PeJ:BP—l
-2 1) [ ze>][-2 177
-4 0 0 e*||—-4 0

(1= 2z)e* re*
T —dze® (14 2x)e*® |
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and so

Y = T

— eAx |:71:|

Y2
| e+ (=27 + yo)ze*®
e+ (=4 + 2y9)we® |

The initial value problem has solution

Y = eAJJ}/O

8e?* — 28xe?”

_ {3625” — 14$62x:|

Example C.11. (Compare examples 4 and 8 of section B). Consider the system

2 1 1
Y'= AY where A=12 1 =2
-1 0 2
8
Also, consider the initial value problem Y' = AY, Y (0) = |32].
5
We saw in section A example 17 that A = PJP~! with
1 0 =5 -1 1 0
P=1-2 0 6 and J=1]10 —=1 0
-1 1 1 0 0 3

Then

eAx — PeJ:cpfl

%e*x + %xe* + Sed —%%e*x — ia:e*x + 1—566396 xre T
= |—2e " —ze "+ 33 SeT 4 %xe_l’ + Ze3® —2xe™®
1 —=x 1. -z 1 _3x 1 _—x I r __ 1 3z —r —x
G L€ 8 6€ + jze 6€ e xe



V3
s —e)e  +H(gm — 2 Hs)rem 4 (3 + pr)e
(3 5g ) +(1 1 4 ) +(8 +56 )3
= 1 (—%Yl + 5’72)6_93 + (—’711 + %’}/12 — 2’73)I€_$ + (Z% + gvg)e
(M + 572 +y3)e ™+ (=37 + 372 — v3)ze ™™ + (=371 — 1572)e>”
The wnitial value problem has solution
Y = €Ax)/0
8
=47 |32
5
—T7e™® + xe % + 15e3
= |14e7® — 2xe % + 18e*
8e % — pe % — 3¢
Remark C.12. Our procedure in this section is essentially that of remark 9 of section B.

(Compare example 11 with example 10 of section B.)



43

C. Exercises
1-20. For each exercise, see the corresponding exercise in section B.

(a) Find e* and the solution Y = e4*T" of Y’/ = AY.
(b) Use part (a) to solve the initial value problem Y’ = AY, Y (0) = Y. (Of course, the

answer to part (b) is the same as that in section B.)
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C. Answers to exercises
_ 3x bx
L eAw — { 353" + 36e

45e3% — 45>

(45’}/1 + 36’}/2 ) 63

v {(—35% — 2879)€?

36e3” —

35e>”

—28¢37 4 28e5w]

+ (3671 + 2873)e™®
+ (—4571 — 3579)€”

3z 3z 3z
Ax €7 — 21ze 9ze
S { —49xe3® e3r +21xe3x_
_ [ e 4 (=211 + 9yp)ze™
Y23 + (=497, + 217)ze3®
Tx Tx Tx
Ax _ |€F — dxe xe
da. €T = { —25ze™ e —|—5xe7x}
_ 11" + (=571 + Yo )zE™
V2™ + (=251 + Byg)we™
er 0 0
7a. eAx S + lex 16*90 + §€3$ §€7CE o §e3x
_ie—x_i_iew ile—w_ie?)az §6—$+ie3w
2 2 1 1 1 1
71635
Y= (=im+ 472 + 3v3)e” +1%7169” + (%172 — 2173)63
(=571 + 172+ 2y3)e™™ + 571e” + (=372 + 73)e
eI 4 2% —2e73T 4 20" —4e 37 4 4e”
Oa. e 3 —|— e” et —2e73T 4 2¢”
e3 — e? 337 — Qe
—71 — 2799 — 4y3)e 3% + (2791 + 272 + 43)€”
Y = ( Y1 — 293)e 7 4 (71 + v2 + 2793)€”
(71 + 72 + 293)e % 4 (=71 — 72 — 273)e”
%64 —%6 6433_6233 %64$_%e233
11a. 6A:B — _% 4x _}_% 2x 6290 —%6496 + %6290
4x x 4x T 1 _4x 1 2z
—3€'" e et e el 4 gl

3x



Gyi + 72+ 23)e’™ + (=391 — 72 — L)
Y =|(—3m— %%)64:” + (%71 + 72 + %73)6296
(=371 — Y2+ 378)e™ + (7 + 72 + §73)e™

6721 o x672x x672x _x672x
13a. e = |e 2 —ge 2 — ¥ e p o _gpe
67290 _ 6490 _6721 + 6490 6721

Y€ + (=1 + Yo — Y3)TEH

Y = [me 2+ (=vy1 + 7 — 3)ze 2 + (=71 + y2)el”
(11 =12 +73)e % + (—71 + Y2)e*”

3 — 23 9z 2 + 6x — 2%
15a. e =|2—-2e* 146z 244x—2e*
—3+3e* —9xr —2—6x+ 3%

(371 + 273) + (972 + 673) + (=271 — 273)e™
Y = | 21472+ 273) + (672 + 4y3)z + (=271 — 273)e™
(=371 — 273) + (=972 — 673)x + (371 + 373)e™”

et — 2xe* xe® —ze”
17a. e = | —10ze® e* + bre® —bHze”
—bxe” 3ze” er — 3xe*

1€” + (=271 + 2 — 73)xe”
Y = |vee” 4+ (=107 + 5y9 — 5y3)ze”
v3€® + (=671 + 372 — 3y3)xe”

1—dx— 322 2+ 3a? 2z + 1a°
19a. e = | —5x—322 1+ x4+ 22 3z + 22
—Tr — %xZ 2 + %xZ 143z + %xQ

Y1+ (=4 + 72 + 293)T + (—%71 + %72 + %73)952
Y = |7+ (=57 + 7+ 373)z + (=371 + 72 + 73) 2
Y3 + (—7’}/1 + 2")/2 + 3’}/3)1' + (—%'}/1 + %’)/2 + %73).%2



