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Volume Relaxation Far from Equilibrium 
GEORGE w. SCHERER*" 

Research and Development Division, Coming Glass Works, Coming, New York 14831 

Narayanaswamy's model of structural relaxation is applied to 
the data of Hara and Suetoshi on volume relaxation in plate 
glass. Both the Adam-Gibbs and Arrhenius equations are used 
to represent the relaxation time. Equally good fits are obtained 
with both equations, but only the Adam-Gibbs model gives 
physically meaningful fitting parameters. The exponent b de- 
scribing the shape of the relaxation time spectrum decreases at 
small values of reduced time, as it does for stress relaxation. 
Discrepancies between calculated and measured densities at 
350°C are not resolved by allowing for a nonlinear driving 
force or thermorheological complexity. 

I. Introduction 

OLLOWING a change in temperature, the properties of a viscous F liquid are observed to change with time long after the sample 
has reached thermal equilibrium. This process, called structural 
relaxation, reflects the time required for the structure to rearrange 
into its new equilibrium configuration. The kinetics of structural 
relaxation have been studied in all classes of glass-forming liquids 
(polymers, oxides, salts, simple molecules, and metallic alloys). 
In studies of optical, electrical, and thermal properties, the data 
have been successfully described using a model introduced by 
Narayana~wamy.~ There is assumed to be a distribution of relax- 
ation times exhibiting thermorheological simplicity; i.e., the shape 
of the distribution is independent of temperature. Following 
each relaxation time, 7, is assumed to depend on both the tem- 
perature, T ,  and the fictive temperature, Tj. The form of that 
dependence has recently been discussed in detaiL5 

Most of the tests of Narayanaswamy's model have been con- 
ducted at modest departures from equilibrium. To test the range 
over which thermorheological simplicity (TRS) applies, and to 
establish the proper form for 7(T,Tj) ,  it is necessary to study a 
wide range of T and Tj. Fortunately, some excellent data for 
volume relaxation in a soda-lime-silicate plate glass have been 
reported by Hara and Suetoshi.6'i In this paper, their data are 
analyzed in terms of Narayanaswamy's model. The Adam-Gibbs 
equation is shown to represent r(T, Tf) better than the Arrhenius 
equation, and some departure from TRS is indicated at very low 
temperatures. 

The experiments performed by Hara and Suetosh? are described 
in Section 11. The theory of structural relaxation and the fitting 
procedure are described in Section 111, and the results are presented 
in Section IV. Discrepancies between theory and experiment are 
discussed in Section V, and the conclusions are summarized in 
Section VI. 

11. Experiments by Hara and Suetoshi 

The material studied by Hara and Suetoshi6 was a plate glass 
whose (analyzed) composition is given in Table I. Unfortunately, 
no data were reported on the thermal expansion coefficient of the 
glass, and only one viscosity datum was provided. Samples in the 
form of plates, with dimensions 10 by 10 by 2 mm, were treated 
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in an electric furnace controlled to within 1°C of the desired tem- 
perature. When samples were inserted, the furnace temperature 
would drop slightly, then overshoot by 3" to 4"C, and return to the 
soak temperature in =3 min. The density of the samples was 
measured using a gradient column containing a mixture of bro- 
moform and pentachloroethane. The sample and a standard were 
placed in the column and the temperature was adjusted until each 
passed a fixed line on the column. Using the difference between the 
temperatures (measured to within 0.01"C) at which each passed 
the mark, together with the known thermal expansion coefficient 
of the liquid, the density of the sample was calculated to an accu- 
racy of 1 x g/cm3. 

Samples were equilibrated for long periods of time at tem- 
peratures of 516", 530", and 542°C and then removed quickly from 
the furnace. Since the viscosity of this glass is 10l2 Pa. s at 543"C, 
these samples could not have changed their structure significantly 
during cooling. Therefore, the fictive temperatures, c, of these 
samples must also be very near 516", 530", and 542"C, re- 
spectively. From the densities of these samples, the following 
relation between T' and density at room temperature, p (g/cm3), 
is obtained: 

(1) 

According to this equation, the uncertainty of -C 1 X g/cm3 
in p corresponds to 20.66"C in T'. A group of samples (designated 
"quenched") was equilibrated at 565°C for 10 min and then cooled 
in air; the result was p = 2.4938 g/cm3, which means, according 
to Eq. (l), that Tj = 559.8"C, so relatively little change in struc- 
ture occurred during cooling. Another group of samples (desig- 
nated "annealed') was annealed at 500°C for 20 h to obtain p = 
2.5021 g/cm3 (Tj = 504.6"C), while others were held for 60 h to 
obtain p = 2.5027 g/cm3 (Tj = 500.6"C). The change in density 
with time was measured for both quenched and annealed glasses at 
5 16", 530", and 542°C; the results are represented by the circles in 
Fig. 1. The error bars on the curves represent the uncertainty of 
2 1 X 

A set of experiments was done with samples that had received 
three different quenching treatments. Those designated "sample I" 
were held at 700°C for 5 min and then dropped into molten sodium 
nitrate at 320°C; these had p = 2.4865 g/cm', Tf = 608.3"C. 
Others, designated "sample II," were held at 570°C for 10 min and 
then cooled in air, to obtain p = 2.4933 g/cm3, Tf = 563.1"C. 
Finally, those designated "sample 111" were held at 540°C for 3 h 
and then cooled in air, to obtain p = 2.4968 g/cm3, Tj = 
539.8"C. The change in density with time was measured for all 
of these glasses during annealing at 500", 450", and 350°C. The 
results are presented in Figs. 2 and 3 for samples I, II, and 111, 
respectively. 

T' ("C) = 585 - 6643(p - 2.4900) 

g/cm3 in the density measurement. 

Table I. Glass Composition* 
Oxide Amount (wt%) 

~~~ 

SiOz 71.6 
1.6 

CaO 1.9 
3.8 

13.7 NazO 
Kz0 0.5 
TiO, 0.3 
FeZ03 0.1 
so3 0.3 

MgO 

*From Ref. 6. 

374 
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Fig. 2. Change of density with time for sample I at (0) 5OO0C, 
(0) 450"C, and ( A )  350°C. Data from Ref. 6; calculations from Eqs. ( l l ) ,  
(13), and (14) with constants from fit to (solid curves) Adam-Gibbs model 
(Eq. (9)) and (dashed curve) Arrhenius model (Eq. (4)). 
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Fig. 1. Change in density with time at (A)  516"C, ( E )  530"C, and 
( C )  542°C for (0) annealed and (0) quenched samples. Data from 
Ref. 6; solid lines from Eqs. (2), (3), and (11) with constants from 
fit to Adam-Gibbs model (Eq. (9)). 

111. Theory 
(1) Step Changes in Temperature 

According to Narayana~wamy,~ if a glass is equilibrated at tem- 
perature TI and then suddenly exposed to temperature T z ,  p and Tf 
will change with time according to 

where p ,  and p2 are the equilibrium densities corresponding to 
temperatures T I  and Tzr respectively, and MY([) is the structural 

3 
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Fig. 3. Change of density with time for ( A )  sample I1 and 
( E )  sample 111 at (0) 500"C, (0) 450"C, and ( A )  350°C. Data from 
Ref. 6; solid lines from Eqs. (2), (3), and (11) with constants from fit 
to Adam-Gibbs model (Eq. (9)). 
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relaxation function for the volume. The reduced time, (, is de- 
fined by 

(3) 

where T ,  is the structural relaxation time for the volume (or den- 
sity), T,? is the equilibrium value of T ,  at the arbitrary reference 
temperature T,, and t is time. The relaxation time is related to 
temperature, T, and fictive temperature by 

where T~ is a constant, AH is the activation energy (generally 
found to be equal to that for viscous flow), R is the ideal gas 
constant, and x is a constant, 0 < x < 1, that reflects the relative 
influence of temperature and structure (i.e., 7'') on the relaxation 
time. It has been argued5 that a more appropriate expression for T ,  

is the Adam-Gibbs equation: 

T ,  = T~ exp(A/TS,) (5 )  

A = Ap In W* (6) 

The constant A is given by 

where A p  is the potential bamer hindering rearrangement and W* 
is the number of configurations available to the smallest group of 
atoms that can undergo a cooperative rearrangement (W* = 2). 
The configurational entropy, S, ,  is given by 

Tf 

S&) = J->(AC,/T) fl (7) 

where ACp is the difference in heat capacity between the equi- 
librium liquid and the frozen glass. The upper limit of the integral 
is Tf rather than T, because the entropy depends on the actual 
structure of the glass, not its equilibrium structure. If AC,, is 
approximated by 

AC, = BIT (8) 
where B is a constant, Eqs. (5 )  and (7) lead to 

(9) 

where Q = AT2/B. At equilibrium, Tf = T and Eq. (9) reduces to 
the Vogel-Fulcher-Tamman (VFT) equation 

T ,  = TO exp[Ql(T - TJ l  (10) 

We will compare the performance of the Arrhenius model, Eq. (4), 
with that of the Adam-Gibbs (AG) model, Eq. (9). Hodge' has 
made this comparison in a study of enthalpy relaxation in polymers 
and found that the AG model gave better fits to the data. 

A commonly used form for the relaxation function isz 

M v ( ~ )  = eXp[-(&/T~r)~] (11) 

where b is a constant. It should be noted that, for a given glass, 
each property may have a different relaxation time, T,, and relax- 
ation function, M,. However, for glasses similar to the one consid- 
ered here, M,, and T~ were found to be indistinguishable for volume 
and viscositys and for refractive index and enthalpy.' 

The function in Eq. (1 1) is equivalent to a continuous distribu- 
tion of relaxation times, but can be closely approximated by a set 
of discrete relaxation times, T ,  , as follows:'o 

The distributions corresponding to b = 0.4 and b = 0.6 are illus- 
trated in Fig. 4. As b decreases, the distribution broadens so as to 
incorporate both faster and slower relaxation processes. It is gen- 
rally difficult to measure the early portion of a relaxation curve 
(Mv 3 0.9), so the fast relaxation processes are often not observed. 

lor 
0 b = I O  
0 b - 0 6  
n b = 0.4 

o.8 t 
w i  o.6 t 

Fig. 4. Discrete spectrum of relaxation times (Eq. (12)) equiva- 
lent to continuous distribution (Eq. (11)) with (0) b = 1 .O, (0) 0.6, 
and ( A )  0.4. 

In such cases, a distribution with a larger value of 6, which ne- 
glects the processes with short relaxation times, will adequately 
represent the experimental data. However, when careful mea- 
surements are made, it is found"-'3 that the early portion of the 
relasation curve, M,( t ) ,  requires a smaller value of b ( ~ 0 . 3  to 0.4) 
than the later portion of the curve (b = 0.5 to 0.7). That is, a 
single value of b cannot describe the entire set of measurements, 
because the actual distribution of relaxation times characteristic of 
the glass is not the same as the distribution represented by Eq. (1 1). 
While this fact has been most convincingly demonstrated for 
stress relaxation, ''-I3 similar behavior is probable for structural 
relaxation. 

(2) Continuous Cooling 
The second equality in Eq. (2 )  applies only for step changes in 

temperature that are so rapid that Tf(0) = T I .  All of the mea- 
surements by Hara and Suetoshi, except for the annealing of 
sample I, approximate that condition quite well. During the 
quenching of sample I, Tf decreases from TI = 700°C to Tf = 
608"C, and this thermal history must be taken into account. Ac- 
cording to Narayanaswamy,3 we must write 

to account for the change in Tf during cooling. Since 5 is a function 
of time, it continues to increase after the temperature stops chang- 
ing, so M ,  -+ 0 and Tf+ T. 

To apply Eq. (13) to the analysis of sample I, we must estimate 
the thermal history of the glass during quenching in the salt bath. 
If we assume that no large temperature gradient occurs in the thin 
(2 mm) glass plates, then the cooling rate of the sample after it is 
dropped into the salt bath at 320°C can be approximated by 

dT/dt = -h[T("C) - 3201 (14) 
where h is a heat-transfer coefficient. Given functions M, and 6, 
h is adjusted so that Eq. (13) gives T' = 608.3"C when the sample 
has cooled to 320°C. The estimate of the cooling rate is compli- 
cated by the fact that the sample may have cooled well below 
700°C before entering the salt bath. The most extreme assumption 
would be that the sample cooled in equilibrium to 608.3"C and then 
was instantly quenched by the bath. In that case, Eq. ( 2 )  would 
apply. The results of calculations based on these assumed thermal 
histories are compared in Section IV. The possible significance of 
tempering effects is discussed in Section V. 

(3) FiM'ng Theory to Data 
All of the measurements by Hara and Suetoshi, except for the 

annealing of sample I ,  should obey Eqs. (2) to (4) and (11). There 
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Fig. 5. Relaxation function M,. Solid curve calculated using best-fit 
parameters for Adam-Gibbs model (b = 0.64); symbols represent all 
data (Ref. 6) except those for sample I; open circles represent 
samples I1 and I11 at 350°C. 

are four fitting parameters at our disposal ( T ~ , x ,  AH,  b) which 
must be found by trial and error. A computer program was written 
to perform the indicated calculations, compare the results to the 
data, and adjust the parameters to improve the fit. The fitting was 
done using the Nelder-Mead14 algorithm. Equation (2) is non- 
linear, since Tf(t) appears in 6, so the solution must be obtained 
iteratively. For each time step, At ,  the change in reduced time, A t ,  
is estimated using the previous value of fictive temperature, T;, 
and then a new value of fictive temperature, T,?, is found from 
Eq. (2). Then a new estimate of A 6  is found using the average of 
Ty and Tf+, and another estimate of T,? is obtained from Eq. (2 ) .  
If At is small enough, no further iterations are required; for the 
present calculations, At  = 30 s was found to be satisfactory. 

A separate program was written to evaluate Eqs. (13) and (14) 
and was used as a subroutine in the Nelder-Mead program. For 
each set of parameters tested, the heat-transfer coefficient had to be 
chosen to give Tf = 608.3"C at the end of cooling. This was 
facilitated by the observation that 

dT 
dt - ~,(608.3"C) = constant (15) 

From Eq. (14), dT/dt  = -h(608.3 - 320), and the constant was 
found to be -13O"C, so 

(16) 

where T, is the equilibrium (T, = T )  relaxation time. The calcu- 
lation simulated quenching to the hold temperature of 350", 450", 
or 5OO0C, followed by an isothermal hold. The time step for the 
calculation was chosen so that the change in T' was no greater than 
0.5"C in each step. The fitting program attempted to minimize the 
root-mean-square (rms) error in the calculated densities for all of 
the data simultaneously. Further mathematical details are provided 
in the appendices. 

h = 0.44/~,(608.3"C) = 0.4 to 0.6 s-' 

IV. Results 

Initially, all of the data were fitted simultaneously, but it became 
evident that samples annealed at 350°C required a distinct set of 
fitting parameters. Therefore, the data for samples I, 11, and III at 
350°C were fitted separately; they are discussed in Section IV(2). 

(1) Data at T > 350°C 
Equally good fits were obtained using the Arrhenius and AG 

forms for T(T, T,). The parameters for the fit using Eq. (4) were 
T~ = 3.9 X (s), A H / R  = 73.0 X lo3 (K), x = 0.45, and 
b = 0.62. The total r m s  error in the calculated densities was 

Fig. 6. Relaxation function M ,  (curve fit through data (Ref. 6) in 
Fig. 5 and .$values then recalculated); open circles represent samples I, 
11, and 111 at 350°C. 

1.79 X lo-" g/cm3; the experimental uncertainty was k 1  X 
lo-" g/cm3. The parameters for the fit using Eq. (9) were r0 = 
2.6 X (s), Q = 1.49 X lo4 (K), T2 = 436 (K), and b = 
0.64; the total rms error for the fit was 1.81 X lo-" g/cm3. 

The calculated relaxation function is shown in Fig. 5 along with 
all of the data except sample I .  The curve is for the AG fit, but the 
curve for the Arrhenius fit is virtually identical. The solid curves 
in Figs. 1 to 3 were calculated using Eqs. ( 2 ) ,  (3), and (11) with 
T, from the AG model, Eq. (9). Each plot includes an error bar 
corresponding to the reported experimental uncertainty in the den- 
sity measurement. The calculated curves generally agree with the 
data within the experimental error. 

(2) Measurements at 350°C 
The open circles in Fig. 5 represent the data for samples I1 and' 

111 at 350"C, which were excluded from the fit. They clearly fall 
below the calculated curve. The error seems small, but the samples 
are so far from equilibrium that a small error in M, causes a large 
error in p. The data in Fig. 5 can be fitted to a sum of exponential 
terms, as in Eq. (12), with the result shown in Fig. 6. The open 
circles now include the data for sample I at 350°C (treated as if the 
glass were initially equilibrated at 608.3"C and then annealed at 
350°C). Now all of the data define a single curve. The portion 
corresponding to < lo-* can be fitted to Eq. (11) with 
b = 0.4, while the remainder requires b = 0.63. This increase in 
b with 6 is the same behavior observed for the stress relaxation 
function. "-I3 

The solid curves for the 350°C data in Figs. 2 and 3 were 
calculated using M, from Fig. 6 (based on 10 exponential terms) 
with T ,  from the AG model. The agreement is good for samples I1 
and 111, but seriously in error for sample I. The dashed curve in 
Fig. 2 is for the Arrhenius model, which gives even poorer agree- 
ment with sample I at 350°C (hereafter called 1350). 

The dashed curves in Fig. 7 were calculated from Eqs. (13) and 
(14) using the AG model and M, from Fig. 6. Note that the fit to 
I450 is not as good as in Fig. 2 because of the use of the 
"corrected" relaxation function. The calculated relaxation is still 
much too slow. The assumed cooling rate could be at fault, so we 
need to consider what thermal history would give the most rapid 
relaxation for 1350. 

When the relaxation function is represented by Eq. (12), it is 
convenient to think of each exponential term as representing the 
relaxation of a particular "ordering parameter."15 The ordering 
parameter i is associated with a partial fictive temperature Tfi 
whose relaxation rate is controlled by relaxation time T ~ .  The 
average fictive temperature is 

n 

T' = C W, Tfi (17) 
i= 1 
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Fig. 7. Change of density with time for sample I. Data from Ref. 6; solid 
curves calculated using Adam-Gibbs model (Eq. (9)), with Eqs. (2), (3), 
and (12), assuming samples initially equilibrated at 608.3"C; calculations 
using Eqs. (12) to (14) shown by dashed curves (AG model) and dotted 
curve (Arrhenius model). 

where the wi are the same weighting factors that appear in 
Eq. (12). As a sample cools, the Tf, for the fast processes (or, 
rapidly relaxing order parameters) remain in equilibrium with T 
down to relatively low temperatures, while the Tfl for slow pro- 
cesses freeze at relatively high temperatures. Therefore, the T' for 
the fast processes are lower than the average T,, and the T' for the 
slow processes are higher. The closer the "fast" Tfi are to Tf (they 
cannot be greater than Tf after cooling), the faster the sample can 
relax during a subsequent hold. Therefore, if we let all of the 
Tfl = T, = 608.3"C for sample I, we get the most rapid relaxation 
possible for a quenched sample. That is how the solid curves in 
Fig. 7 were obtained, and the relaxation of I350 is still under- 
estimated. Thus, the most extreme assumption about the thermal 
history cannot eliminate the disagreement. Other explanations are 
considered in Section V. 

(3) Examination of the Fitting Parameters 
The temperature dependence of the relaxation time is illustrated 

in Fig. 8. The solid curves represent the AG model and the dashed 
curves the Arrhenius model. The equilibrium (Tf = T )  and non- 
equilibrium (Tf = constant) curves for the two models are indistin- 
guishable for Tf 5 550°C. At higher temperatures the AG model 
displays decreasing slope, so that the equilibrium value of T ,  
is higher than for the Arrhenius model. However, the slope of 
the nonequilibrium curve also decreases, so upon extrapolation 
along Tf = 608" to 350"C, T ,  is lower than for the Arrhenius 
model. This is the effect that gives the slightly improved fit to 
sample I at 350°C. 

The calculated densification kinetics and the shape of the T ,  

curve are similar for the Arrhenius and AG models, but the con- 
stants in the equations for T ,  are quite different. The pre- 
exponential constant for the Arrhenius equation (3.9 X s) is 
absurdly small compared to any physical vibration frequency. Such 
values are generally found, however, in the analysis of structural 

$The concept of TRS requires that all of the T~ in Eq. (12) have the same AH, so 
the distribution is achieved by adjusting the preexponential constans. Therefore, T ~ ,  
for the shortest relaxation time is = lo6 times smaller than T,,. which is not physically 
realistic. If all of the T~ had the same T,,, the distribution could be produced by letting 
the activation energy vary. For b = 0.6, A H  would only have to differ by 
-40 kl/mol from the largest to the smallest 7 ,  (which differ by a factor of =lo3). 
Such a small variation would preserve the appearance of TRS for all practical pur- 
poses, since a change in temperature of 150 C would increase the breadth of the 
distribution by a mere factor of 5 .  

-I 1 I I I I 
II 12 13 14 15 16 

IO'IT [ K) 

Fig. 8. Volume relaxation time vs. reciprocal temperature according to 
the AG model ,  Eq.  (9) (so l id  curves), and Arrhenius model, 
Eq. (4) (dashed curves); the models are indistinguishable for TI 5 550°C. 

relaxation using this model. In contrast, the AG model gives 
T~ = 2.6 X s, which corresponds to an infrared vibration 
frequency.' It is generally observed that the structural relaxation 
time has the same temperature dependence as the shear viscosity, 
77. Indeed, the activation energy (604 kJ/mol) for the Arrhenius 
model for T ,  is close to the value ( ~ 6 3 0  kJ/mol) reported by Hara 
and Suetoshi6 for the viscosity of the glass near 540°C. The activa- 
tion energy for the AG model is 

so it is temperature dependent, ranging from 783 kJ/mol at 450°C 
to 649 kJ/mol at 500°C to 558 kJ/mol at 550°C. It is clear from 
Fig. 8 that both models would agree well with the slope of the 
viscosity curve near 540°C. The viscosity of the glass is 10" Pass 
at 543°C,6 where T ,  is ~ 2 8 0  s for either model. Therefore, the 
ratio is 

(19) 
which is in the range typically observed.* Since T ,  and 77 have the 
same temperature dependence, Eq. (19) gives the ratio of the pre- 
exponential constants qo and T ~ .  Using T~ from the AG model one 
obtains the reasonable value v0 = 9 X 

V / T ,  = 3.5 x 10' Pa 

Pa-s. 
The constant Q in Eq. (9) is 

Q = AT2/B = (ApcL)(ln W*)T2/[TgACp(Tg)I (20) 

where the second equality follows from Eqs. (6) and (8). Using 
T, = 543°C = 816 K, ACJT,) = 14.5 J/mol (a typical value), 
T2 = 436 K, and Q = 1.49 X lo4 K, Eq. (20) gives 

(21) 

so if W* = 2, then A p  = 584 kJ/mol (140 kcal/mol); if 
A p  = 418 kJ/mol (100 kcal/mol), then W* = 2.6. These are 
physically reasonable values. 

If the structure is frozen (Tf = constant), the activation energy 
for T ,  according to the Arrhenius model is x AH = 274 kJ/mol 
(see Eq. (4)). For the AG model we find from Eq. (9) that 

A p  In W* = 405 kJ/mol 

From Eqs. (18) and (22), the ratio of the nonequilibrium and equi- 
librium slopes at Tf = T is 

xAG = 1 - T*/Tf (23) 
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(3) Nonlinear Behavior 
Equation (13) is a generalization of Tool's4 equation 
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Fig. 9. Calculated variation of fictive temperature 
through thickness of plate in sample I after quenching; 
average density of entire sample corresponds to 
Tf = 608°C. 

which ranges from 0.506 when Tf = 608°C to 0.436 when 
T, = 500°C. This change in slope of the nonequilibrium curve is 
illustrated in Fig. 8. 

V. Discussion 

Narayanaswamy's model provides a good fit to the volume re- 
laxation data of Hara and Suetoshi, except for the data at 350°C. 
In this section, we consider some possible reasons why the theory 
might fail for those samples. 

( I )  Shape of the Volume-Temperature Curve 
Equation (1) implies that the thermal expansion coefficients of 

the liquid and glass (i.e., well above and well below T,) are 
constant. In fact, a slight temperature dependence is expected.I6 
However, allowing for a reasonable temperature dependence 
forces a readjustment of all of the fitting parameters, and the fit to 
I350 is not improved. 

(2) Tempering 
Although the samples used by Hara and Suetoshi were only 

2 mm thick, the surfaces of the plates would cool much faster than 
the interiors during quenching in the salt bath. Consequently, the 
surfaces would have lower densities" (higher fictive temperatures) 
and would relax faster during annealing. To estimate the im- 
portance of this effect requires the use of a computer program to 
evaluate numerically the heat transfer from the sample and the 
simultaneous stress and structural relaxation. Using a program 
similar to that of Narayanaswamy and Gardon," which incorpo- 
rates the structural relaxation model3 into the viscoelastic stress 
analysis developed by Lee, Rogers, and  WOO,'^ the quenching of 
sample I has been simulated." As shown in Fig. 9, there is a 
substantial variation in Tf through the thickness of the plate. How- 
ever, using the same program to simulate the annealing of 
sample I ,  we find that the average density of the sample changes 
at the rate predicted by Eq. (13) (solid lines in Fig. 2). The tem- 
pering has a surprisingly small influence on the relaxation of the 
average density, so it cannot account for the unexpectedly rapid 
relaxation of sample I .  

which means that the rate of structural relaxation is proportional to 
the departure from equilibrium, T - 7". This linear propor- 
tionality may break down at large departures from equilibrium just 
as Hookean elasticity fails when a material is subjected to very 
large strains. For example, Ritland2' suggested a relation equiva- 
lent to ' 

with N = 2; k is a constant. If k is small, the second term is 
significant only when IT - Tfl is large. If we replace T, with Tfi in 
Eq. (25) and fit it to the present data, the best fit is obtained with 
k = 1 X and N = 7. Most of the data are adequately repre- 
sented (for most, the additional term is negligible), but sample I at 
350°C is underestimated by =6 X g/cm3 at 10 to 60 min and 
overestimated by ===5 X at 600 to 900 min. The short-time 
relaxation is governed by the fast processes for which Tfi - T is 
relatively small (see Section IV(2)), and later relaxation is con- 
trolled by slower processes for which Tfi - T is large. Therefore, 
the slower processes are disproportionately affected by Eq. (25). 
Thus, we have added two fitting parameters.@ and N )  without 
improving the fit significantly. 

(4) Form of @ ,  Tf) 
Figure 9 shows that the slope of T,(T, T,) given by the AG model 

allows for an improved fit to sample I at 350°C without degrading 
the fit for Tf < 550°C. It may be that some other functional form 
would provide even greater curvature in r ,  between 550" and 
608"C, so that r ,  (T, = 608"C, T = 350°C) would be small 
enough to account for the rapid relaxation observed experi- 
mentally. it has not been possible to obtain such behavior from the 
AG equation, even by allowing for an additional constant in 

Harazz has suggested that the nonequilibrium portion of In r ,  is 
not linear in 1/T, as it is for both models considered here, but is 
concave down. That would allow T ,  to be smaller at low tem- 
peratures and could account for the rapid relaxation at 350°C. It is 
not clear whether such temperature dependence could improve the 
fit to I350 without spoiling that for samples I1 and 111 at 350°C. At 
any rate, his theoretical justification is not persuasive. Direct mea- 
surements of the nonequilibrium viscosity by Mazurin et d. 23 

showed no deviation from Arrhenian behavior; however, their data 
covered a smaller temperature range than that considered here. 

(5) Thermorheological Complexity 
Narayana~wamy's~ model is based on the assumption of thermo- 

rheological simplicity, which requires that the shape of the relax- 
ation function be independent of temperature. This is a good 
approximation near Tg, but is not expected to be strictly true. 
For example, the relaxation time spectrum for B 2 0 ,  narrows 
dramatically at high temperatures .24 This is to be expected when 
the various relaxation times have different activation energies. 
At low temperatures (not far from 350°C in some glasses), relax- 
ation processes with small activation energies are observed, for 
example, in measurements of internal fraction .25 Therefore, con- 
sidering the wide range of T and 2'' covered by Hara and Suetoshi,6 
it is certainly plausible that there would be some variation in the 
distribution of relaxation times (i.e., in the shape of M,.(()) with 
temperature. 

Mazurin and StartsevZ6 have suggested an extension of 
Narayana~wamy's~ model for cases when TRS is violated. They 
use Eq. (ll), but let b be a linear function of 7''; there is no 
theoretical basis for choosing the dependence of b on T and 7''. 
That model has not been tested against the present data. 

It was noted earlier that the distribution of relaxation times can 
be produced by giving each T~ the same (physically reasonable) 

Eq. (8). 
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preexponential constant T ~ ,  but varying the activation energy. Then 
the faster relaxation processes (smaller 7 , )  have smaller AH,.  The 
result is that the distribution broadens as Tdecreases, because the 
large 7, increase faster than the small 7 , .  This is roughly equivalent 
to letting b decrease with T,  except that it may not be possible to 
represent M ,  by Eq. (11) at all temperatures. A model of this kind, 
discussed in Appendix C, was applied to the present data. No set 
of parameters was found that improved the fit to I350 without 
degrading the fit to the other data. 

VI. Conclusions 

Narayanaswamy 's3 model has been shown to be very successful 
in describing the volume relaxation data of Hara and Suetoshi.6 For 
fictive temperatures between 608" and 500°C and annealing tem- 
peratures between 542" and 450°C, the data are fitted nearly within 
experimental error, with the relaxation function described by 
Eq. (11) with b = 0.63. The fits are equally good when the relax- 
ation time is represented by the Arrhenius or Adam-Gibbs equa- 
tions. The AG model is preferred in that it provides physically 
reasonable fitting parameters and gives a better description of the 
equilibrium temperature dependence of 7,. 

All of the data for T 2 450°C correspond to M ,  I 0.9, and all 
of the data for T = 350°C correspond to M, 2 0.95. The latter can 
be fitted only if that region of M ,  is represented by a smaller value 
of b ( ~ 0 . 4 ) .  Such variation of b with 6 is anticipated on the basis 
of studies of stress relaxation, but has not previously been demon- 
strated in structural relaxation. Even allowing for the change in b 
(by using a sum of exponential terms for M v ) ,  the relaxation rate 
of the quenched sample (1350) is underestimated. Much, but not 
all, of the discrepancy can be eliminated by allowing for the uncer- 
tainty in the thermal history, as shown in Fig. 7. 

In an effort to bring the calculations at 350°C into complete 
agreement with the data, we have considered the influence of 
tempering effects, nonlinear driving force for relaxation, and ther- 
morheological complexity. None of those adjustments to the theory 
allowed all of the data to be fitted using a single set of parameters. 
Alternative forms for the temperature dependence of the relaxation 
time, such as that suggested by Hara,22 may be appropriate. How- 
ever, there is presently no theoretical foundation for forms other 
than those used in this study. 

In summary, the existing theory is quite good for describing 
relaxation kinetics within = 100°C of T8 in oxide glasses. However, 
the parameters determined in that temperature range may not be 
useful for predicting relaxation at very low temperatures. There is 
clearly a need for more data of this kind to ensure that the discrep- 
ancies noted here are the fault of the theory rather than erroneous 
measurements. Valuable experiments of this kind, involving low- 
temperature anneals and reheating, have been done by H ~ d g e ~ ~  and 
by Moyihan et al. ** Finally, there is an obvious need for improved 
understanding of the physics underlying the relaxation process, 
perhaps along the lines of the model suggested by bra we^,'^ to 
justify or correct the current phenomenological model. 

APPENDIX A 

Calculation of Tf 
The first step in the evaluation of Eq. (13) is to approximate 

Eq. (1 1 )  by Eq. (12); the procedure is described in Appendix B. 
Then Tf is given by Eq. (17), and each Tfi obeys Tool's equation 

(A-1) 

or, in integral form 
@", 

Tfi = T - exp{-A,[5(T) - 5 ( T ' ) l / ~ ~ ~ }  dT' 

E T - I ,  ('4-2) 
where A, = T,, /T, ,  . If the cooling rate is q = d T/  d t ,  then fol- 

(A-5) 

Eq. (A-4) may be written as 

I?) = [T'"' - T,"-"] exp[-A, At(" ) /~v ' ]  (A-7) 

and Eq. (A-2) as 

~ 2 )  = ~ ( 4  - [TW - TF-"] exp[-A, At'" '/~t '] (A-8) 

Equation (A-8) permits calculation of T$' directly from TF-". In 
contrast, if Eq. (11) is used, all previous values of Tf must be used, 
and the calculation requires 1 to 2 orders of magnitude more com- 
puter time. When At'"' is small enough so that the exponential 
function can be approximated by 

(A-9) 

then Eq. (A-8) reduces to the equation suggested by Markovsky 
and S o u l e ~ . ~ ~  

exp[-A, At(")/~v'] = 1 - A, At'"'/T?' 

APPENDIX B 

Approximation to Eq. (11) 

As explained in Appendix A, it is more efficient to use Eq. (12) 
than Eq. (11) in computation, so we seek the constants wi and hi 
in the approximation 

2 w, e x p ( - t / ~ ~ )  = exp[-(t/~,)~l 
i= I 

For the present calculations n was equal to 20. The w, are found 
by specifying n values of t .  Let t = T ~ ;  then 

(3-2) -'TI/T"'b = c wLe-' 1 h 3  

, = I  

By letting t = T ~ ,  73, . . . , T,,  we form n linear equations that fix 
the w, . The relaxation times must cover a broad range that varies 
with b. By trial and errorn it was found that for 0.25 5 b 5 0.9, 
the error in M ,  is 50.003 when the relaxation times are spaced at 
equal logarithmic intervals 

(B-3) 

and the smallest and largest relaxation times are 

T ~ / T ,  = [0.025 exp(-8.047)b)11" (B-4) 
and 

T ~ ~ / T ,  = (12.47 - 12.33b)'" 

"After this work was done, these constants were optimized using the Nelder-Mead 
routine to give the best fit for 0.2 5 b 5 0.9. The results, given below, should be 
used in place of Eqs. (B-4) and (B-5): 

T , / T "  = [0.0157 e~p(-7.936)]"~ 

T ~ ~ / T ~  = (10.34 - 10.14b)"b 
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Equation (B-2) was solved using subroutine LEQT2F from the 
IMSL Fortran 1ibra1-y;~’ the 40 constants were obtained in ~ 0 . 3  s 
for a given value of b .  Any wi < (including negative values) 
were set equal to zero and the constants were renormalized to sum 
to unity. 

for sample I at 450” and 500”C, but underestimated I350 by 
= I 3  X s ,  Q = 1.50 X lo4 K,  
T2 = 440 K,  b(T*) = 0.80, T*  = 1124 K.  These parameters 
give b = 0.6 at 530°C and b = 0.4 at 350”C, but the shape of M ,  
is not well described by Eq. (11) .  The fit is about as good as that 
obtained from the standard model with M, from Fig. 6, but T~ is 
rather small. 

g/cm3: T~ = 9.7 X 

APPENDIX C 

Thermorheological Complexity 

Narayanaswamy ’s3 assumption of thermorheological simplicity 
requires that all of the relaxation times have the same activation 
energy. Therefore, when we make the approximation in 
Eq. (B-I), if T ,  is given by Eq. (4), then 

where T~~ is a constant. Thus, the T~ differ from one another (and 
from 7,) only in the preexponential constant. When the distribution 
is broad, this requires some of the T~~ to be too small to represent 
realistic vibrational frequencies. If we abandon TRS, we can let all 
of the T~ have the same preexponential factor, T ~ ,  and achieve the 
distribution by varying the activation energy. Since the Arrhenius 
equation requires a value of T~ that is physically meaningless, we 
will examine only the AG model, Eq. (9). 

Let us assume that M, is given correctly by Eq. (11) at tem- 
perature T *. Then the method of Appendix B can be used to find 
the distribution of T~ at T * .  The results are represented by the ratios 

If the r ,  are given by 

(C-3) 

then at equilibrium at T* (i.e., T = Tf = T*) 

T,(T*) = T~ exp[Q,/(T* - Tz) 1 

T,(T*)  = T~ exp[Q/(T* - T2)I 

(C-4) 

If we define 

(C-5) 

then 

T,(T*) = T”(T*) /A~ = T~ exp [ ___ - In hi] ((2-6) T* - Tz 

Comparing Eqs. (C-4) and (C-6) we find 

Ql = Q -- (T* - T2) In hi (C-7) 

The fitting routine was modified to seek the parameters T ~ ,  Q, 
T * ,  T z ,  and b. The calculation of T’(t) was performed as described 
in Appendix A, except that Eq. (A-8) was modified to 

where 

Thus, a different reduced time 

(C- 10) 
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applies for each ordering parameter. Excellent fits could be ob- 
mined for sample I done or for the other data alone, but not for all 
together. Parameters that gave good fits for the step changes in 
temperature would underestimate the relaxation rate of 1350. The 
following parameters gave reasonably good fits for the step-change 
data (rms error in p of 1.93 X g/cm3), and very good fits d 


