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Energy characteristics of carbon clusters with passivated bonds
V. V. Rotkin* ) and R. A. Suris

A. F. Ioffe Physicotechnical Institute, Russian Academy of Sciences, 194021 St. Petersburg, Russia
Fiz. Tverd. Tela~St. Petersburg! 41, 809–812~May 1999!

A modified phenomenological model is proposed for calculating the formation energy of carbon
nanoclusters which makes it possible to analyze the regions of existence of clusters of
various forms. A new parameter of the model, which corresponds to passivation of broken carbon
bonds, affects the shape of the equilibrium optimum clusters, i.e., those having a minimum
energy for a fixed number of atoms. Analytic dependences of equilibrium-configuration states
determining the existence of spheroidal closed clusters, nanopipes, and fragments of a
graphite plane, on the broken-bond energy parameter obtained in this model are presented.
© 1999 American Institute of Physics.@S1063-7834~99!01305-2#
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Theoretical studies of the synthesis of carbon nanoc
ters in electric arcs or by laser ablation of graphite, in m
lecular and atomic beams, by igniting hydrocarbons, or
other methods are difficult since the conditions for synthe
~Cluster production techniques have been reviewed by Sm
ley et al.1! are utterly different and the set of synthesiz
clusters is usually diverse and hard to classify. At presen
has been established firmly that a large number of small
bon clusters are present in the synthesis products: pres
ably linear chains~carbene type or with free bonds! or frag-
ments of a monolayer of a graphite plane~graphene
fragments!. More compact nanoclusters have also be
found: with cylindrical and spherical shapes or unclos
fragments of these with characteristic radii of a few n
Conditions have been found2 for synthesizing rather long
~severalmm! cylindrical clusters, i.e., nanopipes, with var
ous diameters. Fragments of conical surfaces, multila
clusters, etc., have been observed among the clusters.
theoretical description of the synthesis of carbon nanoc
ters is also complicated because, up to now, no final con
sion has been reached as to how much this process is d
mined by the reaction kinetics, or by an energy or entro
factor. Little is known about the reaction kinetics for form
tion of the various clusters, while the formation energies o
large number of isomers CN have been calculated by variou
methods, ranging from phenomenological to first-princip
calculations. We have proposed3 a unified approach to the
energy characteristics of the formation of carbon nanoc
ters with a curved surface like graphite. It allows us to co
pare the formation energy of fullerenes with different shap
so that it is possible to determine the most energetically
vorable clusters~i.e., the clusters having the minimum fo
mation energy for a fixed number of atoms! in a continuum
approximation. These calculations allow us to judge
probability of forming clusters of a given shape for an eq
librium synthesis process~while including the entropy facto
does not significantly change the free energy!, as well as
whether a given isomer is in equilibrium. Note that an~en-
ergetically! nonequilibrium state of the cluster CN is not nec-
essarily unstable. Examining the stability of a state require
detailed study of the kinetics of a specific transition by t
7291063-7834/99/41(5)/4/$15.00
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cluster from one state of configuration space to another.
Our method has been formulated in earlier papers4 and is

based on expanding the total formation energy of a clu
into independent~in our approximation! terms corresponding
to: ~1! the ‘‘seed’’ formation energy of graphene~this con-
stant term determines the reference level and will not
included in the following calculations!; ~2! the energy of
curvature of the cluster surface, which is analogous to
elastic deformation energy of a plane;~3! the energy associ
ated with pentagonal defects that are not characteristic
graphene; and,~4! the energy of broken bonds. This paper
devoted to accounting for the passivation of broken bon
which in terms of the model corresponds to varying t
broken-bond energy parameter. Here we show that
modification of the model leads to a change in the results
the energy equilibrium in the configuration space of clust
having different shapes. Specifically, it has been shown5 that
‘‘softening’’ the bonds changes the energy diagram for
phases relationship between flat fragments of graphene
spheres~and nanopipes! in favor of the uncoiled fragments

In the first part of the paper, we formulate a model a
study the effect of the magnitude of the broken bond ene
on the shape of an optimum cluster with nanopipes as
example. The energy diagram for the coexistence of n
opipes and flat graphene fragments is constructed in the
ond part. We also illustrate the change in the diagram w
the bonds are ‘‘softened.’’ The third part is devoted to c
culating the critical value of the bond ‘‘softness,’’ which
defined as the value at which the equilibrium positions of
different states in configuration space undergo a change

1. EFFECT OF THE ‘‘SOFTNESS’’ OF BROKEN BONDS ON
THE OPTIMUM CLUSTER SHAPE

We shall specify the formation energy of a clust
through its geometric dimensions and shape. The greate
curvature of the cluster surface, the higher the energy a
ciated with bond deformation. The first parameter of t
model is a phenomenological parameter that specifies
characteristic deformation energy of a single bond for u
curvature and has been chosen equal toEc.0.9 eV.6 The
© 1999 American Institute of Physics
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second model parameter takes the nonequivalence of
bonds into partial account: it is the appearance energy fo
pentagons in a hexagonal graphene lattice forming a clo
cluster3 and it wasE5.17.7 eV. ~Each closed polyhedra
cluster consisting of vertices with three edges should,
cording to the Gauss–Bonnet theorem, have 12 pentag
facets. Each pentagon in the cluster lattice is associated
a topological surface curvature of 4p/12. It is easy to under-
stand that a pentagonal disclination corresponds to the
moval of 1/6 of a hexagonal lattice.! The broken bond en
ergy, the last model parameter, was considered to
invariant and equal to the dissociation energy of a car
bond in graphite,Eb52.355 eV.

It is energetically favorable to reduce the radius of
cluster, so as to reduce the number of broken bonds on
open perimeter. This process leads to an increase in the
vature and in the energy associated with it. Thus, the ene
of formation can be optimized with respect to the geome
shape of the cluster. We shall refer to a cluster having m
mum formation energy for a constant numberN of atoms as
‘‘optimum.’’ The optimum is attained by varying the cluste
dimensions while leaving the topological surface type u
changed. For example, for a cylindrical surface the total
ergy of an optimum nanopipe increases asN1/3 ~Ref. 6!,
whereN58pRH/3A3 is the number of atoms in the nan
opipe, andH andR are its length and radius.~Note that all
the distances here and in the following are given in units
carbon bonds, which we assume to be fixed and equalb
.1.4 Å.! We can calculateH andR of an optimum nanopipe
for arbitrary fixedN:

R05R* S N

N*
D 1/3

, H052R* S N

N*
D 2/3

; ~1!

and thereby completely determine the shape of an optim
cluster. Here we use the constantR* 53Ec /Eb and theN*
516pR

*
2 /3A3.13 atoms determined by it. Obviously

‘‘softening’’ of the bonds shows up formally in the transfo
mationEb→jEb , where the new model parameterj varies
from unity to zero as the broken bonds are passivated.
bond passivation we mean both any possible real phys
chemical processes and a partial accounting for the fact
the initial and final reaction products can contain other e
ments besides carbon, for example, during burning of hyd
carbons to yield purely carbon clusters.

Formal substitution ofj in Eq. ~1! for R and H shows
that the length of the optimum nanopipe decreases, while
radius increases asH;j1/3 andR;j21/3 whenj is reduced.
For the same number of atoms the optimum cluster sh
becomes flatter, corresponding to dominance of the energ
curvature and the growth of the perimeter resulting from
reduction in the curvature of the surface.

We also write down an expression for the total energy
the optimum cluster~Recall that this is the minimum energ
that a nanopipe can have for a fixed number of atoms.!

E056pA3EcS N

N*
D 1/3

. ~2!
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This dependence for the energy is important in study
the region of equilibrium between nanopipes and flat cl
ters.

2. EQUILIBRIUM BETWEEN NANOPIPES AND FLAT
FRAGMENTS OF GRAPHENE

In our model the specific energy of a carbon atom
graphene is exactly zero~by definition!, so that an infinite
flat sheet of graphite would be the most energetically fav
able ~equilibrium! configuration. But for a finite, flat cluste
we necessarily obtain a number of broken bonds. The t
energy of the broken bonds is not small and often sets
direction of cluster conformation processes toward the f
mation of maximally closed clusters. In any case, reduc
the open perimeter of an unclosed cluster is energetic
favorable. Therefore, of the flat fragments, the clusters wit
circular shape have the minimum energy.a! The formation
energy of this type of cluster, which is proportional to i
perimeter, depends on the number of atoms asAN.

Let us now find the domain of existence of nanopip
with energies lower than that of a flat graphene fragme
including the possible passivation of the broken bon
Among arbitrary nanopipes, the optimum clusters have
minimum energy, so we shall calculate first the energy d
ference between an optimum nanopipe and a flat, circ
cluster. Obviously, this difference should change sign, si
the energy of a nanopipe increases more slowly with
number of atoms and, for a small cluster size this sh
should be energetically unfavorable.5 In fact, this occurs for

N<Nt5729N* /64.148 atoms. ~3!

Beginning with this number of atoms, the formation of
nanopipe is more energetically favorable than that of a
cluster. Figure 1 is a configurational-equilibrium energy d
gram for nanopipes and flat clusters. WhenN5Nt ,
nanopipes of a fixed shape defined by Eqs.~1! can develop.

We have obtained an analytic~in the limit R@R* ! rela-
tion for the cluster dimensions which determine the bou
aries of the nanopipe region,

N1.N* S R

R*
D 2

2OS R

R*
D ~4!

for the right-hand boundary, at which the clusters have
same length and diameter. A flattened shape of this sort
responds to a negligible energy of curvature, while the en
gies of the broken bonds in the two types of clusters alm
compensate one another. Obviously, the position of
boundary should not be sensitive to ‘‘softening’’ of the bin
ing energy. In fact, neitherN1, nor R1 or H1 contain the
parameterjEb . On the other hand, the left boundary,

N2.4N* S R

R*
D 4

24N* S R

R*
D 3

1OS R2

R
*
2 D ~5!

is shifted significantly:N2;j2 for constantR. This is under-
standable since, in this case, a nanopipe is extremely e
gated, while the energy of its broken bonds is extremely l
compared to the energy of curvature, which also comp
sates the energy of a flat graphene fragment. The latter
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creases when the broken bonds are ‘‘softened’’ and
nanopipe that was energetically favorable before, now h
higher energy than a flat cluster. The domain of existenc
the nanopipes, therefore, becomes narrower when the b
are ‘‘softened.’’

The minimum size of a nanopipe, which is energetica
favorable compared to a flat fragment and is specified by
~3!, also increases, with

Nt~j!5N* S 11
1

2j D 6

. ~6!

When j is reduced by a factor of two, the minimum siz
increases by a factor of 5.6.

3. ENERGY CHARACTERISTICS OF CLUSTERS WITH
PASSIVATED BONDS

In terms of our model, it was found that a spheric
cluster with minimum surface curvature and no brok
bonds has~for a fixed number of atoms! the lowest energy of
formation. Thus, a cluster with a different shape is out
equilibrium compared to a spheroidal shape for any num
of atoms.~This is not true for spherical clusters with a sm
number of atoms, since their formation energy is undere
mated by this model because of the very large curvature
because pentagonal defects inevitably adjoin one anothe
cluster sizesN,60. The energy of a cluster of this typ
cannot be described in a continuum approximation. Althou

FIG. 1. The domain of existence of nanopipes including the possible p
vation of broken bonds in theR, N plane ~the radius and the number o
atoms in relative units!. The smooth curves represent the boundaries of
region of nanopipes whose formation energy is less than for a circular f
ment of graphene with the same number of atoms. The dashed curve s
the change in the boundary of the region where nanopipes exist with p
vation of the broken carbon bonds. The shape of the clusters differs a
boundaries of the region; this is determined by the ratio of the energie
curvature and of the broken bonds at the perimeter of the nanopipe.
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Nlim gives a formal limit to the domain of applicability of Eq
~7!, it is clear physically that, as soon as the number of ato
in the cluster becomes equal to or less than 53 the number
of defects, the assumption that their interactions are sm
ceases to be correct, as does the entire interpolation form
~7!, which is based on the assumption that most of the ato
belong to a graphite-type hexagonal lattice.! For large clus-
ters the formation energy can be written in the form5

Esph5NsEcS 1

Nlim
2

1

ND , ~7!

where we have used the constantsNs52360316p/3A3
.1161 andNlim5Ns /(E5 /Ec116p/A3).24, which is de-
fined in terms ofE5.17.7 eV~the second parameter of ou
model!, the energy of the 12 noninteracting pentagonal
fects in a closed spheroidal cluster.

In Ref. 5 we showed that the equilibrium among sphe
cal and flat clusters, as well as among spheres and nanop
shifts when the bonds are softened. Let us consider the
ference in the formation energies of several clusters
spheres. This quantity is positive for any number of clus
atoms, since the energy of a sphere is minimal. Let us
sume that the energy of a given cluster is a universal po
law functionE5W(N/N* )dEc of the number of atoms in the
cluster relative toN* ~as was found for an optimum
nanopipe or for a flat circular fragment of graphene w
exponentsd51/3 and 1/2, respectively!. Then, for some
critical softeningjc the difference in the formation energie
first goes to zero for a certain numberNc of atoms. This
cluster is in equilibrium with a sphere. Its size and critic
softening are given by

Nc5NlimS 11
1

dD ,

jc5A 1

Ad Wd
S d

11dD (11d)/d N*
Nlim

S N*
Nlim

D 1/d

, ~8!

whereW is a dimensionless coefficient for a universal fun
tion of energy of these clusters, which equals 4pA3 for a flat
circular cluster and 6pA3 for an optimum nanopipe. The
values of the critical softening for these cases are 0.63
0.44.

In this paper, we have shown, therefore, that a pheno
enological continuum model proposed for calculating t
formation energies of carbon nanoclusters with curved s
faces can be modified to account for the passivation of b
ken carbon bonds at the cluster boundary~or to account for
the participation of pure carbon, as well as of clusters, in
reactions of carbon compounds!. The broken-bond energy i
used as a new parameter in the model. With an optim
nanopipe as an example, it is shown that, in the general c
this parameter affects the shape of an optimum cluster a
therefore, can change the region where clusters of diffe
shapes coexist. The above analysis indicates that the do
where energetically favorable~compared to a flat graphen
fragment! cylindrical clusters exist becomes narrower wi
bond ‘‘softening.’’ Analytical dependences of the numbe
of atoms for equilibrium configurations of states on t
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broken-bond energy parameter have been obtained in th
gion where spheroidal closed clusters, nanopipes, and f
ments of a graphene plane coexist. Since an infinite grap
crystal ~without broken bonds! is the most energetically fa
vorable configuration for carbon atoms, while the equil
rium energy characteristics of relatively small clusters
determined mainly by the size of the open perimeter o
cluster, even weak bond passivation causes a significant
in the equilibrium toward flat fragments. One might expe
energetically favorable~equilibrium! unclosed~nonspheri-
cal! clusters containing about a hundred atoms to app
when the broken bond energy is ‘‘softened’’ by a minimu
of a factor of two.
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a!Although an ideal circular fragment cannot be separated from the hex
nal lattice of graphene, we can achieve a minimum in the perimetral en
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of the broken bonds for a fixed area by choosing a path that is close
circle along the directrices of the hexagonal lattice. The density of bro
bonds per unit length of the perimeter will be minimal when the directric
are chosen to have the same direction as in the case of a ‘‘zigz
nanopipe.~See V. V. Rotkin, Candidates Dissertation in Phys.-Math. S
ences, St. Petersburg~1997!.!
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