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A. Biographical Information

I: Education

Bachelor: Department of Mathematics, Beijing Normal University.
1982 - 1986

Master: Institute of Applied Physics and Computational Mathe-
matics. 1986 - 1989

Ph.D: Department of Mathematics, The Ohio State University.
1994 - 1999

II: Positions Held

Researcher: Institute of Applied Physics and Computational Math-
ematics. 1989 - 1994

Dunham Jackson Assistant Professor: University of Minnesota.
1999 - 2002



Assistant Professor, Department of Mathematics, Lehigh Univer-
sity. 2002 - 2008

Associate Professor, Department of Mathematics, Lehigh Univer-
sity. 2008 - 2020

Professor: Department of Mathematics, Lehigh University. 2020 -
now

III: Research Interests

(1) Properties of Global Solutions of Fluid Dynamics Equations

(2) Existence and Stability of Traveling Waves of Equations in
Mathematical Neuroscience

(3) Representations of Bounded Smooth Traveling Waves of Vari-
ous Nonlinear Evolution Equations

B: List of Publications
I: Book Chapters

1 Solutions to Some Open Problems in n-Dimensional Fluid Dy-
namics. Progress in Nonlinear Analysis Research. Editor:
Erik T. Hoffmann. Nova Science Publishers Inc. New York.
[SBN: 978-1-60456-359-7. 2009. Pages 69-135.

2 Traveling Waves Arising from Synaptically Coupled Neuronal
Networks. Advances in Mathematics Research, Volume 10.
Editor: Albert R. Baswell. Nova Science Publishers Inc. New
York. ISBN: 978-1-60876-265-1. 2010. Pages 53-204.
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3 Particular solutions of nonlinear ordinary differential equations
and applications. Nonlinear systems: Design, Applications
and Analysis. Editor: Christos K. Volos. Nova Science Pub-
lishers, Inc. 2017. 37-60.

II: Journal Papers

1 Initial value problem for a nonlinear parabolic equation with sin-
gular integral-differential term. Acta Mathematicae Appli-
catae Sinica, English Series, 8(1992), 367-376.

2 On weak solution of the mixed nonlinear Schrodinger equations.
Chinese Advances in Mathematics, 21(1992), 495-497. (with
Shaobin Tan)

3 Decay of solutions of the multidimensional generalized Kuramoto-
Sivashinsky system. IMA Journal of Applied Mathematics,
50(1993), 29-42.

4 Periodic boundary problem and Cauchy problem for the fluid

dynamic equation in geophysics. Journal of Partial Differen-
tial Equations, 6(1993), 173-192. (with Yulin Zhou and Boling
Guo)

5 Decay of solutions to 2-dimensional Navier-Stokes equations. Chi-
nese Advances in Mathematics, 22(1993), 469-472.

6 A generalized third-order Benjamin-Ono equation. Acta Math-
ematica Scientia, 13(1993), 473-479. (In Chinese)

7 Decay of solutions of a higher order multidimensional nonlinear
Korteweg-de Vries-Burgers system. Proceedings of the Royal



Society of Edinburgh, Section A: Mathematics, 124(1994),
2063-271.

8 Decay of solutions of generalized Benjamin-Bona-Mahony equa-
tions. Acta Mathematica Sinica, New Series, 10(1994), 428-
438.

9 Asymptotic property for the solution to the generalized Korteweg-
de Vries equation. Acta Mathematicae Applicatae Sinica,
English Series, 10(1994), 377-386.

10 Initial value problem for a nonlinear singular integro-differential
equation. Acta Mathematica Scientia, English Edition, 14(1994),
261-271.

11 Initial value problem for a nonlinear evolution system with sin-

gular integral differential terms. Journal of Partial Differen-
tial Equations, 7(1994), 64-76.

12 Cauchy problem for a nonlinear singular integral-differential
evolution system. Applied Mathematics, A Journal of Chi-
nese Universities, Series B, 9(1994), 45-53.

13 Initial value problem for a generalized Korteweg-de Vries equa-
tion with singular integral-differential terms. Northeastern
Mathematical Journal, 10(1994), 41-46.

14 On a weak solution of the mixed nonlinear Schrodinger equa-

tions. Journal of Mathematical Analysis and Applications,
182(1994), 409-421. (with Shaobin Tan)

15 Decay estimates for the solutions of some nonlinear evolution
equations. Journal of Differential Equations, 116(1995), 31-
h8.



16 Sharp rate of decay of solutions to 2-dimensional Navier-Stokes
equations. Communications in Partial Differential FEqua-
tions, 20(1995), 119-127.

17 Decay of solution of generalized Benjamin-Bona-Mahony-Burgers
equations in n-space dimensions. Nonlinear Analysis, The-

ory, Methods and Applications, 25(1995), 1343-1369.

18 Decay of solutions to magnetohydrodynamics equations in two
space dimensions. Proceedings of the Royal Society of Lon-
don, Series A: Mathematical and Physical Sciences, 449(1995),
79-91. (with Boling Guo)

19 Decay estimates for solutions of initial value problems for the
generalized nonlinear Korteweg-de Vries equation. Chinese

Annals of Mathematics, Series A, 16(1995), 22-32. (In Chi-
nese)

20 Decay estimates for the solution of the initial value problem to
the generalized nonlinear Korteweg-de Vries equation. Chinese
Journal of Contemporary Mathematics, 16(1995), 1-14.

21 Decay estimations of the solution of a nonlinear pseudoparabolic
equation. Acta Mathematica Scientia, English Edition, 15(1995),
326-334. (with Longjun Shen)

22 Decay of solution of a parabolic equation in 2-space dimensions.
Journal of Partial Differential Equations, 8(1995), 126-134.
(with Boling Guo)

23 On the solutions of the coupled nonlinear parabolic equations.
Journal of Partial Differential Equations, 9(1996), 71-83.
(with Longjun Shen)



24 Decay of global solutions of two nonlinear evolution equations.
Acta Mathematicae Applicatae Sinica, English Series, 13(1997),
23-32. (with Boling Guo)

25 L? uniform stability of solutions to a generalized Korteweg-de

Vries equation arising from plasma physics. Chinese Advances
in Mathematics, 26(1997), 537-544.

26 Long time uniform stability of solutions of magnetohydrody-
namics equations. Taiwanese Journal of Mathematics, 1(1997),
39-46.

27 Uniform stability and asymptotic behavior of solutions of 2-

dimensional magnetohydrodynamics equations. Chinese An-
nals of Mathematics, Series B, 19(1998), 35-58.

28 L? decay rate of solution to Cauchy problem for the fluid dy-
namic equation in geophysics with dissipation. Nonlinear Par-
tial Differential Equations and Applications. (1998), 222-
230. (with Linge Yang and Haiyang Huang)

29 Long time uniform stability for solutions of n-dimensional Navier-
Stokes equations. Quarterly of Applied Mathematics, 57(1999),
283-315.

30 Uniform stability for solutions of n-dimensional Navier-Stokes

equations. Bulletin of the Institute of Mathematics, Academia
Sinica, 27(1999), 265-315.

31 Long-time uniform stability of solution to magnetohydrody-
namics equation. Applied Mathematics, A Journal of Chi-

nese Universities, Series B, 14(1999), 45-50. (with Boling
Guo and Haiyang Huang)



32 Local Lipschitz continuity of a nonlinear bounded operator in-
duced by a generalized Benjamin-Ono-Burgers equation. Non-

linear Analysis, Theory and Methods, 39(2000), 379-402.

33 Evans functions and asymptotic stability of traveling wave solu-
tions. Chinese Annals of Mathematics, Series B, 22(2001),
343-360.

34 On traveling waves of a generalized bistable equation. Acta
Mathematicae Applicatae Sinica, English Series, 17(2001),
286-288.

35 Long-time asymptotic behaviors of solutions of n-dimensional
dissipative partial differential equations. Discrete and Con-
tinuous Dynamical Systems, Series A, 8(2002), 1025-1042.

36 Stability and regularity of suitably weak solutions of n-dimensional
magnetohydrodynamics equations. Journal of Partial Differ-
ential Equations, 16(2003), 82-96.

37 On stability of traveling wave solutions in synaptically cou-

pled neuronal networks. Differential and Integral Equations,
16(2003), 513-536.

38 Existence, uniqueness and exponential stability of traveling wave
solutions of some integral differential equations arising from
neuronal networks. Journal of Differential Equations, 197(2004),
162-196.

39 Dissipation and decay estimates. Acta Mathematicae Appli-
catae Sinica, English Series, 20(2004), 59-76.

40 Exponential stability of traveling pulse solutions of a singu-
larly perturbed system of integral differential equations aris-
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ing from excitatory neuronal networks. Acta Mathematicae
Applicatae Sinica, English Series, 20(2004), 283-308.

41 LP estimates of solutions of some partial differential equations.
Nonlinear Analysis, Theory and Methods, 56(2004), 147-
155.

42 On the modified Navier-Stokes equations in n-dimensional spaces.
Bulletin of the Institute of Mathematics, Academia Sinica,
32(2004), 185-193.

43 Eigenvalue functions in excitatory-inhibitory neuronal networks.
Journal of Partial Differential FEquations, 17(2004), 329-
350.

44 Positive steady states of an elliptic system arising from biomath-
ematics. Nonlinear Analysis, Real World Applications, 6(2005),
83-110.

45 Traveling waves of a singularly perturbed system of integral-

differential equations arising from neuronal networks. Journal
of Dynamics and Differential Equations, 17(2005), 489-522.

46 Steady-state solutions in nonlocal neuronal networks. Dynam-
ics in Partial Differential Equations, 2(2005), 71-100.

47 Dynamics of neuronal waves. Mathematische Zeitschrift, 255(2007),
283-321.

48 How do synaptic coupling and spatial temporal delay influ-
ence traveling waves in nonlinear nonlocal neuronal networks?
SIAM Journal on Applied Dynamical Systems, 6(2007), 597-
644.



49 Solutions to some open problems in fluid dynamics. Chinese
Annals of Mathematics, Series B, 29(2008), 179-198.

50 New results of a general n-dimensional incompressible Navier-
Stokes equations. Journal of Differential Equations, 245(2008),
3470-3502.

51 Analysis of speeds of neuronal waves. Chinese Advances in
Mathematics, 38(2009), 19-35.

52 Speeds of traveling waves of some integral differential equa-
tions. Japan Journal of Industrial and Applied Mathemat-
ics, 27(2010), 347-373. (with Eiji Yanagida).

53 Influence of sodium currents on speeds of traveling wave fronts
in synaptically coupled neuronal networks. Physica D, 239(2010),
9-32. (with Ping-Shi Wu and Melissa Anne Stoner)

54 Influence of neurobiological mechanisms on speeds of traveling
wave fronts in mathematical neuroscience. Discrete and Con-
tinuous Dynamical Systems, Series B, 16(2011), 1003-1037.
(with Ping-Shi Wu and Melissa Anne Stoner)

55 Explicit traveling wave solutions of five kinds of nonlinear evo-
lution equations. Journal of Mathematical Analysis and Ap-

plications, 379(2011), 91-124.

56 Explicit traveling wave solutions of nonlinear evolution equa-
tions. Chinese Annals of Mathematics, 32B(2011), 929-964.

57 Evans functions and bifurcations of standing wave solutions in
delayed synaptically coupled neuronal networks. Journal of
Applied Analysis and Computation, 2(2012), 213-240.



58 Standing wave solutions in nonhomogeneous delayed synapti-
cally coupled neuronal networks. Journal of Partial Differen-
tial Equations, 25(2012), 295-329. (with Melissa Anne Stoner)

59 Existence and uniqueness of a traveling wave front of a model
equation in synaptically coupled neuronal networks. Journal
of Applied Analysis and Computation, 3(2013), 145-167.

60 Distributed nonlocal feedback delays may destabilize fronts in
neural fields, distributed transmission delays do not. Journal
of Mathematical Neuroscience, 9(2013). Article ID:3, pages
1-21. (with Axel Hutt)

61 Traveling wave solutions of nonlinear scalar integral differential
equations arising from synaptically coupled neuronal networks.
Journal of Applied Analysis and Computation, 4(2014), 1-
68. (with Axel Hutt)

62 Wave speed analysis of traveling wave fronts in delayed synap-

tically coupled neuronal networks. Discrete and Continuous
Dynamical Systems, Series A, 34(2014), 2405-2450.

63 Evans functions and instability of a standing pulse solution of

a nonlinear system of reaction diffusion equations. Annals of
Applied Mathematics, 32(2016), 79-101.

64 The improved Fourier splitting method and decay estimates of
the global solutions of the Cauchy problems for nonlinear sys-
tems of fluid dynamics equations. Annals of Applied Mathe-
matics, 32(2016), 396-417.

65 Evans functions and bifurcations of standing wave fronts of a
nonlinear system of reaction diffusion equations. Journal of

Applied Analysis and Computation, 6(2016), 515-530.
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66 Evans functions for multiple standing pulse solutions of a non-
linear system of reaction diffusion equations. Journal of Shang-

hai Normal University, (2016), 265-285.

67 Decay estimates with sharp rates of global solutions of nonlinear
systems of fluid dynamics equations. Discrete and Continu-
ous Dynamical Systems, Series S, 9(2016), 2181-2200.

68 Global smooth solution of a two-dimensional nonlinear singu-
lar system of differential equations arising from geostrophics.
Journal of Differential Equations, 262(2017), 3980-4020. (with
Boling Guo, Yongqian Han, Daiwen Huang and Dongfen Bian)

69 Evans functions and bifurcations of nonlinear waves of some re-

action diffusion equations. Journal of Differential Equations,
263(2017), 3627-3686.

70 New proofs of the decay estimate with sharp rate of the global
weak solution of the n-dimensional incompressible Navier-Stokes
equations. Annals of Applied Mathematics, 34(2018), 416-
438.

71 Properties of solutions of n-dimensional incompressible Navier-
Stokes equations. Annals of Applied Mathematics, 35(2019),
392-448.

72 The exact limits and improved decay estimates for all order
derivatives of the global weak solutions to a two-dimensional
incompressible dissipative quasi-geostrophic equation. Journal

of Nonlinear Modeling and Analysis, 5(2023), 146-202.

73 The exact limits and improved decay estimates for all order
derivatives of global weak solutions of three incompressible
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fluid dynamics equations. Journal of Nonlinear Modeling
and Analysis, 5(2023), 803-903.

74 The Benjamin-Ono-Burgers equation: new ideas and new re-
sults. Journal of Nonlinear Modeling and Analysis, 6(2024),
841-872.

75 The exact limits and improved decay estimates for all order
derivatives of the global weak solutions of n-dimensional incom-
pressible Navier-Stokes equations. Acta Mathematicae Appli-
catae Sinica, English Series, 41(2025), 27-83.

76 A general Korteweg-de Vries Burgers equation: novel ideas and
novel results. Journal of Nonlinear Modeling and Analysis,
7(2025), 334-382.

77 The exact limits of all order derivatives of the global smooth
solution of a general Korteweg-de Vries-Burgers equation. Dis-
crete and Continuous Dynamics Systems, Series S, 18(2025),
3846-3895.

Remarks

(A) I will open a New Research Direction in Applied Mathematics
in the near future. I will couple together novel ideas, the nonlin-
ear diffusion, the linear diffusion, and the relationships between
the nonlinear diffusion and the linear diffusion, as well as several
classical ideas to establish the uniform energy estimates for all
order derivatives of the global solutions of a few n-dimensional
incompressible equations (including the n-dimensional incom-
pressible magnetohydrodynamics equations, the n-dimensional
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incompressible Navier-Stokes equations and other similar in-
compressible equations). This way we will be able to prove the
existence of the global smooth solutions of several important
fluid dynamics equations. They are very important, very diffi-
cult open problems in applied mathematics, national defence,
engineering and industry. These model equations have strong
physical backgrounds and play important roles in industry, en-
gineering and applied mathematics.

(B) Influences of my research to the Ph.D program in applied
mathematics: [ have developed a completely different way (much
easier to understand, to consume, to absorb and to apply for
graduate students and young researchers) to accomplish the
exact limits and improved decay estimates with sharp rates for
all order derivatives of the global solutions of a broad class of
equations involving diffusions. I have saved a few research top-
ics for my future Ph.D students. I would like to list the topics
here for my personal record.

(1) the Korteweg-de Vries-Burgers equation and the Benjamin-
Ono-Burgers equation in one-dimensional space.

(2) the two-dimensional incompressible dissipative quasi-geostrophic
equation.

(3) the incompressible magnetohydrodynamics equations; in-
compressible Navier-Stokes equations, and the Benjamin-
Bona-Mahony-Burgers equations in n-dimensional space.

(C) T have published many papers in academic journals after I came
to Lehigh in 2002. All of the papers were refereed anonymously
before accepted for publication. At least twenty papers have
been highly recognized and cited by other experts.
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(D) T was the main author of the joint papers: [18], [21], [22], [23],
24], [53], [54], [58], [61], [68]. I was responsible for the main
body (the main results, the development of the main ideas, the
mathematical analysis, the proofs, and the structure).

(E) T was a co-author of the joint papers [14], [52], [60]. T con-
tributed at least half of the mathematical analysis.

(F) T was a minor author of the joint papers [2], [4], [28], [31]. I
made some contributions to the development of the main ideas
and the mathematical analysis.
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C. Honors and Awards

Franz Summer Research Award: $4000. Lehigh University. 2003.

D. Research Funding and Training Grants

Research Grant (with Michael Burger and Ping-Shi Wu): $120,000.
Title: Influence of neurobiological mechanisms on wave speeds
of nerve impulses in synaptically coupled neuronal networks.

Howard Hughs Medical Institute (Biosystems Dynamics Sum-
mer Institute of Lehigh University). 2007 - 2008.

Faculty Research Grant: $2500. Lehigh University. 2005.
Faculty Research Grant: $2500. Lehigh University. 2007.
Faculty Research Grant: $3000. Lehigh University. 2012.
Faculty Research Grant: $6000. Lehigh University. 2014.

Faculty Grant for International Connection: $2800. Lehigh Uni-
versity. 2012.

Reidler Research Foundation: $23,000. Title: Modeling propaga-
tion of nerve impulses arising from synaptically coupled neu-
ronal networks. 2003 - 2005.

These research grants helped me to travel, to present my results in
conferences, to visit experts, to collaborate, to improve the quality
and the publications of my mathematics papers.

E. Editorial Board Membership
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1 Associate Editor of International Journal of Mathematical Physics
since July 2018.

2 Editorial Board Membership of SCIREA Journal of Mathematics
since April, 2019.

3 Guest Co-Editor of the Special Issue “Nonlinear Partial Differen-
tial Equations in Mathematics and Physics” for Abstract and
Applied Analysis in 2014.

16



F. Scholarly Presentations

I: Invited Conference Presentations

Representing Lehigh University, I have been invited to give talks
in many different countries (including Andorra, Australia, Canada,
China, Germany, Japan and US).

Workshop on Nonlocal Integral Differential Equations in Mathe-
matics and Biology. Mathematical Biosciences Institute, The
Ohio State University. March 6 - 8, 2003. Lecture: Asymp-
totic stability of traveling pulse solutions arising from neuronal
networks.

The Fifth International Congress on Industrial and Applied Math-
ematics. Sydney, Australia. July 7 - 11, 2003. Lecture: Evans
functions and stability of traveling wave solutions of nonlinear
systems of integral differential equations.

The Fourth World Congress of Nonlinear Analysts. Orlando, Florida.
June 30 - July 7, 2004. Lecture: Stability of traveling pulse so-
lutions in synaptically coupled neuronal networks.

Mini-Symposium on Nonlinear Dynamics. Department of Math-
ematics and Statistics, York University, Canada. August 3 -
4, 2005. Lecture: Traveling waves of a singularly perturbed
system of integral-differential equations arising from neuronal
networks.

International Conference on Applied Mathematics and Interdis-
ciplinary Research. Nankai Institute of Mathematics, Nankai
University, China. June 12 - 15, 2006. Lecture: Maximum
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principle of Evans functions and its applications to stability
analysis of nonlinear waves.

Conference on Mathematical Neuroscience (A Satellite Activity of
the International Congress of Mathematicians 2006 - NEURO-
MATH 2006) (an activity of the project: Shaping new direc-
tions in Mathematics for Science and Society) at Sant Julia de
Loria, Principat d’Andorra. September 1 - 4, 2006. Lecture:
How do synaptic coupling and spatial temporal delay influence
traveling waves in synaptically coupled neuronal networks?

International Conference on Nonlinear Waves - Theory and Appli-
cations. Research Center for Applied Mathematics, Tsinghua
University, China. June 9 - 12, 2008. Lectures: I Solutions
to some open problems in n-dimensional fluid dynamics. II
Dynamics of nonlinear traveling waves in synaptically coupled
neuronal networks.

The Eighth AIMS Conference on Dynamical Systems, Differential
Equations and Applications. Dresden University of Technol-
ogy, Germany. May 25 - 28, 2010. Lectures I: Neuronal Waves.
[I: How do neurobiological mechanisms influence the speeds of
traveling waves in mathematical neuroscience?

The Eighth Annual Conference on Frontiers in Applied and Com-
putational Mathematics. New Jersey Institute of Technology,
New Jersey. June 9 - 11, 2011. Lecture: Traveling wave solu-
tions of integral differential equations arising from synaptically
coupled neuronal networks.

International Conference on Partial Differential Equations and Math-
ematical Physics. Jiangsu University, Zhenjiang, Jiangsu, China.
May 25 - May 28, 2012. Lecture: Some recent research results
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on integral differential equations, ordinary differential equa-
tions and partial differential equations.

International Mini-Workshop on Dynamical Systems and Nonlin-
car Waves. June 1 - June 5, 2012. Zhejiang Normal University,
Jinhua, Zhejiang, China. Lecture I: Traveling wave solutions
of integral differential equations arising from delayed synapti-
cally coupled neuronal networks. Lecture II: Evans functions
and stability of traveling wave solutions of some nonlinear in-
tegral differential equations arising from synaptically coupled
neuronal networks.

International Mini-Workshop on Interdisciplinary Research. De-
partment of Mathematics, Yunnan Normal University. May
28, 2014. Lecture: Traveling pulse solutions of a nonlinear
singularly perturbed system arising from mathematical neuro-
science.

The Eighth International Conference on Recent Advances in Ap-
plied Dynamical Systems. June 2-4, 2014. Guilin University
of Electronic Technology, Guilin, China. Lecture: Harmonic
functions, Hopf lemma, Evans functions and stability of trav-
eling pulse solutions of nonlinear singularly perturbed systems
of differential equations.

American Mathematical Society Sectional meeting, November 14-
15, 2015. Rutgers University. New Brunswick, New Jersey.
Lecture: Existence and stability of infinitely many traveling
pulse solutions of nonlinear singularly perturbed system of in-
tegral differential equations arising from synaptically coupled
neuronal networks.
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International Conference on Nonlinear Systems of Fluid Dynam-
ics Equations and Applications. Tsinghua Sanya International
Mathematics Forum, China. December 19-22, 2015. Lecture:
The global smooth solution of a two-dimensional nonlinear sin-
gular system of differential equations arising from geostrophics.

January 11, 2016. Workshop on Nonlinear PDE at City University
of Hong Kong. Lecture: The global smooth solution of a two-
dimensional nonlinear singular system of differential equations
arising from geostrophics.

The International Conference on Nonlinear Mathematical Analy-
sis with Applications. August 12-14, 2016. Longyan Univer-
sity, Fujian, China. Lecture: Global smooth solution of a two-
dimensional nonlinear singular system of differential equations
arising from geostrophics.

PDE Model and Nonlinear Waves for Fluids and Plasma Work-
shop. December 25-29, 2017. Tsinghua Sanya International
Mathematics Forum. China. Lecture: Several properties of
the global smooth solutions of a nonlinear singular system of
differential equations arising from geostrophics.

International Conference on Integrable Systems and Differential
Equations in Mathematical Physics. Jiangsu University, Zhen-
jiang. June 14-16, 2019. Lecture: Properties of solutions of
n-dimensional incompressible Navier-Stokes equations.

Conference on Theory and Applications of Partial Differential Equa-
tions (Celebration of the 90th birthday of Professor Boling
Guo). Xiamen, China. October 25 - 26, 2025. Talk via ZOOM:
The mathematical influences of physical mechanisms on global
weak solutions of equations in incompressible fluid dynamics.
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F. Scholarly Presentations

II: Invited Colloquium and Seminar Presentations

Department of Mathematics, University of British Columbia, Canada.
May 22, 2003. Lecture: On the stability of traveling wave solu-
tions of integral-differential equations arising from synaptically
coupled neuronal networks.

Department of Mathematics, Rutgers University. February 22,
2005. Lecture: Traveling wave solutions and bifurcations in
nonlocal neuronal networks.

Department of Mathematics, Lehigh University. September 28,
2005. Colloquium Lecture: Dynamics of nonlinear waves in
synaptically coupled neuronal networks.

School of Mathematical Sciences, Beijing University. June 17,
2006. Lecture: Solutions to some open problems in fluid dy-
namics.

Mathematical Biosciences Institute, The Ohio State University.
October 17, 2006. Lecture: Dynamics of neuronal waves.

Department of Mathematical Sciences, Carnegie Mellon Univer-
sity. November 28, 2006. Lecture: Exact limits of global solu-
tions of some nonlinear dissipative partial differential equations.

Department of Mathematics, Lehigh University. September 19,
2007. Colloquium Lecture: Recent research activities in math-
ematical neuroscience and dynamical systems.
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School of Mathematical Sciences, Beijing University. June 4, 2008,
Lecture: Sharp rates of decay and exact limits of solutions of
some dissipative partial differential equations.

Research Center for Applied Mathematics, Tsinghua University,
China. June 9, 2009. Lectures: I: Traveling waves of integral
differential equations arising from synaptically coupled neu-
ronal networks. II: Exact limits of global strong solutions of
some nonlinear dissipative partial differential equations arising
from n-dimensional fluid dynamics.

Department of Mathematics, Lehigh University. January 25, 2012.
Lecture: Bounded explicit traveling wave solutions of some
nonlinear evolution equations.

Department of Mathematics, Shanghai Jiaotong University, May
29, 2012. Lecture: Some recent research results on integral dif-
ferential equations, ordinary differential equations and partial
differential equations.

Department of Mathematics, East China Normal University, May
29, 2012. Lecture: Some recent research results on integral dif-
ferential equations, ordinary differential equations and partial
differential equations.

Department of Mathematics, Shanghai Normal University, May
30, 2012. Lecture: Some recent research results on integral dif-
ferential equations, ordinary differential equations and partial
differential equations.

Department of Mathematics, Tsinghua University, June 7, 2012,
Lecture: Traveling wave solutions of integral differential equa-
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tions arising from delayed synaptically coupled neuronal net-
works.

Dynamical System Seminar, Institute for Mathematics and its Ap-
plications, The University of Minnesota. January 24, 2013.
Lecture: Recent results in mathematical neuroscience and non-
linear systems of fluid dynamical equations.

Shanghai Jiaotong University. March 18, 2013. Lecture: Travel-
ing pulse solutions of a nonlinear singularly perturbed system
arising from mathematical neuroscience.

Capital Normal University. March 26, 2013. Lecture: Traveling
pulse solutions of a nonlinear singularly perturbed system of
reaction diffusion equations with a Heaviside step function.

Beijing Normal University. April 11, 2013. Lecture: Traveling
pulse solutions of a nonlinear singularly perturbed system of
reaction diffusion equations with a Heaviside step function.

Tsinghua University. April 12, 2013. Lecture: Traveling pulse
solutions of a nonlinear singularly perturbed system arising
from mathematical neuroscience.

Department of Mathematics, Lehigh University, September 4, 2013.
Colloquium Lecture: Evans functions and stability of traveling
wave solutions of differential equations.

Department of Mathematics, Yunnan Normal University. May 27,
2014. Lecture: Evans functions and exponential stability of
traveling wave solutions of nonlinear integral differential equa-
tions arising from synaptically coupled neuronal networks.

Division of Applied Mathematics, Beijing Institute of Applied Physics
and Computational Mathematics. June 19, 2014. Lecture: The
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global smooth solutions of n-dimensional nonlinear systems of
fluid dynamics equations.

Research Center for Applied Mathematics, Tsinghua University,
China. June 20, 2014. Lecture: The existence, decay estimates
and exact limits of the global smooth solutions of n-dimensional
nonlinear systems of fluid dynamics equations.

Lehigh University. September 8, 2015. Lecture: Recent progress
in nonlinear systems of fluid dynamics equations, mathematical
neuroscience and dynamical systems.

Department of Applied Mathematics, Hong Kong Polytechnic Uni-
versity, December 28, 2015. Lecture: Evans functions and bi-
furcations of standing wave fronts of a nonlinear system of re-
action diffusion equations.

Department of Mathematics, South China Institute of Technology.
December 30, 2015. Lecture: Evans functions and bifurcations
of standing wave fronts of a nonlinear system of reaction diffu-
sion equations.

Department of Mathematics, South China Normal University, De-
cember 31, 2015. Lecture: Stability of traveling wave solutions
of nonlinear reaction diffusion equations.

Beijing Institute of Technology. August 24, 2016. Lecture: Prop-
erties of the global smooth solution of a two-dimensional non-
linear singular system of differential equations.

Colloquium talk at the Department of Mathematics, Lehigh Uni-
versity. December 7, 2016. Lecture: Global smooth solution
of a two-dimensional nonlinear singular system of differential
equations arising from geostrophics.
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Division of Applied Mathematics, Beijing Institute of Applied Physics
and Computational Mathematics. August 24, 2017. Proper-
ties of global solutions of n-dimensional incompressible fluid
dynamics equations

Department of Applied Mathematics, Hong Kong Polytechnic Uni-
versity. January 3, 2018. Lecture: Evans functions and bifur-
cations of nonlinear waves of some reaction diffusion equations

Shanghai Normal University, June 1, 2018. Talk: Existence and
stability of a traveling wave front of a reaction diffusion equa-
tion.

Fudan University. June 8, 2018. Talk: Properties of global smooth
solutions of nonlinear evolution equations with dissipation.

Department of Mathematics, Lehigh University. October 10, 2018,
Colloquium talk: Exact limits of the global weak solutions of
n-dimensional incompressible Navier-Stokes equations.

Department of Mathematics, Jiaxing University. June 21, 2019.
Talk: Several new properties of global weak solutions of n-
dimensional incompressible Navier-Stokes equations.

Department of Mathematics, Lehigh University. September 25,
2019. Colloquium talk: New properties of global weak solutions
of n-dimensional magnetohydrodynamics equations.

Department of Mathematics, Henan University. June 24, 2021.
Lecture: The exact limits and improved decay estimates with
sharp rates for all order derivatives of the global weak solutions
to nonlinear evolution equations with diffusions.
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Department of Mathematics, Lehigh University. January 25, 2023.
Colloquium lecture: The exact limits and improved decay es-
timates for all order derivatives of global weak solutions of in-
compressible fluid dynamics equations.

Department of Mathematics, Jinan University, Guangzhou, China,
December 22, 2023. Seminar Talk: Various properties of the
global weak solutions of n-dimensional incompressible magne-
tohydrodynamics equations.

Department of Mathematics, Lehigh University. April 2, 2025.
Colloquium lecture: The influence of physical mechanisms on
global solutions of nonlinear evolution equations with dissipa-
tions.
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G. Teaching and Research Advising
I: Courses Taught

(Courses for Undergraduate Students)
Mathematics 21 - 22 - 23, Mathematics 75 - 76
Mathematics 43: Survey of Linear Algebra
Mathematics 205: Linear Methods

Mathematics 295: Introduction to Dynamical Systems in Mathe-
matical Biology

Mathematics 301: Principles of Mathematical Analysis
Mathematics 320: Ordinary Differential Equations
Mathematics 341: Mathematical Models and Their Formulation
Mathematics 405 - 406: Partial Differential Equations
Mathematics 435: Introduction to Functional Analysis
Mathematics 450: Dynamical Systems and Mathematical Biology
Mathematics 450: Existence and Stability of Traveling Waves
Mathematics 450: Nonlinear Partial Differential Equations
Mathematics 450: Topics in Applied Mathematics

Mathematics 450: Topics in Evans Functions

Mathematics 450: Topics in Mathematical Neurobiology
Mathematics 450: Topics in Traveling Pulse Solutions

27



G. Teaching and Research Advising
II: Advising Students, Postdocs and Visitors

1 Melissa Anne Stoner received Ph.D in 2011. The dissertation is:
Existence and stability of standing and traveling wave solutions
arising from synaptically coupled neuronal networks. Currently
Melissa is an Associate Professor in Salisbury University:.

2 Alan Dyson received Ph.D in 2019. The dissertation is: Trav-
eling wave solutions of nonlinear integral differential equations
arising from synaptically coupled neuronal networks. Currently
Alan is a tenure track Assistant Professor in Lycoming College.

3 Mashael Alshammari received Ph.D in 2024. The dissertation is:
Properties of the global solutions of a two-dimensional incom-
pressible dissipative quasi-geostrophic equation.

4 Hang Zhao received Ph.D in 2024. The dissertation is: Some top-
ics in partial differential equations: exact limits and diffusive
limit. (Lei Wu was a co-advisor)

5 In 2014 - 2016, I supervised Nan Lu as a post doctoral. Nan Lu
received his Ph.D from Georgia Institute of Technology.

6 From September 1, 2011 to August 31, 2012, I supervised an
international visitor: Lijun Zhang, Professor of Mathematics,
Zhejiang Sci-Tech University:.

7 From November 1, 2011 to October 31, 2012, I supervised an
international visitor: Haihong Liu, Professor of Mathematics,
Yunnan Normal University.
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8 From July 7, 2018 to October 5, 2018, I supervised an interna-
tional visitor: Ruifeng Zhang, Professor of Mathematics, Henen
University.

9 In the summer of 2006, I supervised three undergraduate students
to do research in mathematical neuroscience - speed analysis
of traveling waves arising from synaptically coupled neuronal
networks.

10 In the summer of 2007, Michael Burger and I supervised a team
of students to conduct research in mathematical neuroscience.

11 In the summer of 2008, Michael Burger, Ping-Shi Wu and I
supervised a team of students to conduct research in mathe-
matical neuroscience.

12 In the summer of 2010, I supervised Neil Whitman Dexter to
conduct research in mathematical neuroscience.

13 In Spring 2020, invited several undergraduate students from my
classes (Fall 2019, Mathematics 205) to make a strong research
group to do research: Explicit Representations of Bounded
Smooth Solutions of Nonlinear Evolution Equations.
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H. Services

[ performed many services for the Department of Mathematics, the
College of Arts and Sciences, Lehigh University, and the mathe-
matical society.

1 University Educational Policy Committee (CAS representative),
2016 - 2019

2 College of Arts and Sciences Policy Committee, 2016 - 2019

3 College of Arts and Sciences Nomination Committee: 2019 -
2022. Chair of the Nominations Committee: 2021 - 2022

4 Hiring Search Committee member for many times (2002 - 2003,
2013 - 2014, 2017 - 2018, 2021 - 2022, 2025)

5 Calculus Committee member (Spring 2007 to Fall 2012)
6 Graduate Committee member (Fall 2003 to Spring 2006)

7 Advisor of undergraduate mathematics majors (Fall 2011 to Fall
2013)

8 Advisor of undergraduate non-mathematics majors, since Fall
2005

9 Advisor of undergraduate applied mathematics majors since Fall
2013

10 Advisor of undergraduate applied mathematics minors since
Fall 2013

11 Course coordinators of Mathematics 205, Mathematics 22 and
Mathematics 23 for many times
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12 Making, proctoring and grading comprehensive examinations
and qualifying examinations for many times

13 Advisor of undergraduate pure mathematics minors (Fall 2011
to Fall 2013)

14 Advisor of a team of students in Mathematics Contest in Mod-
elling (Wang Shuai, Xu Duo, Liu Yanxi) in Spring 2018

15 Library representative (Fall 2004 to Spring 2006)

16 Overall Coordinator for the Conference for Undergraduates Con-
sidering Graduate School in Mathematics. Title: Making the
Most of Mathematics Graduate School. April 22, 2006. De-
partment of Mathematics, Lehigh University

17 Organizer of Seminar in Applied Mathematics (Fall 2003 to
Spring 20006).

18 Main organizer of the international conference: Nonlinear Sys-
tems of Fluid Dynamics Equations and Applications. Decem-
ber 19 - 22, 2015

19 Organizer of the Special Session on Nonlinear Waves in Dif-
ferential Equations at the American Mathematical Society’s
Sectional Meeting at Rutgers University. November 14 - 15,
2015

20 Co-organizer of the mini-symposium on “Neuronal and Biologi-
cal Dynamical Systems” at the Fifth International Congress on
Industrial and Applied Mathematics. Sydney, Australia. July
7-11, 2003

21 Beginning January 2021, [ am responsible for transferring Cred-
its for Courses in Mathematics (except for probability and
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statistics).

22 [ was the main organizer of the Seminar in Applied Mathe-
matics in 2023. I invited 9 international experts in applied
mathematics to give talks

23 1 was the Committee Chair in Qualifying Exams (Differential
Equations) for many times in 2020 - 2024

24 [ made, proctored and graded the Comprehensive exams in 2024
and 2025

[ am doing and will continue high quality, valuable services for
the Department of Mathematics, the College of Arts and Sciences,
Lehigh University and the mathematical society:.
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2023 - 2025 Professional Activity Report
Linghai Zhang - Department of Mathematics

ONE: RESEARCH
A - Papers Published:

(1) The exact limits and improved decay estimates for all
order derivatives of the global weak solutions to a two-
dimensional incompressible dissipative quasi-geostrophic equa-
tion. Journal of Nonlinear Modeling and Analysis, 5(2023),
146-202.

(2) The exact limits and improved decay estimates for all order
derivatives of global weak solutions of three incompressible

fluid dynamics equations. Journal of Nonlinear Modeling
and Analysis, 5(2023), 803-903.

(3) The Benjamin-Ono-Burgers equation: new ideas and new
results. Journal of Nonlinear Modeling and Analysis,
6(2024), 841-872.

(4) The exact limits and improved decay estimates for all or-
der derivatives of the global weak solutions of n-dimensional
incompressible Navier-Stokes equations. Acta Mathemat-
icae Applicatae Sinica, English Series, 41(2025), 27-83.

(5) A general Korteweg-de Vries Burgers equation: novel ideas
and novel results. Journal of Nonlinear Modeling and
Analysis, 7(2025), 334-382.

(6) The exact limits of all order derivatives of the global smooth
solution of a general Korteweg-de Vries-Burgers equation.

Discrete and Continuous Dynamaics Systems, Series S,
18(2025), 3846-3895.
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B - Talks Given:

(1) Department of Mathematics, Lehigh University. January
25, 2023. Colloquium lecture: The exact limits and im-
proved decay estimates for all order derivatives of global
weak solutions of incompressible fluid dynamics equations.

(2) Department of Mathematics, Jinan University, Guangzhou,
China, December 22, 2023. Seminar Talk: Various prop-
erties of the global weak solutions of n-dimensional incom-
pressible magnetohydrodynamics equations.

(3) Department of Mathematics, Lehigh University. April 2,
2025. Colloquium lecture: The influence of physical mech-
anisms on global solutions of nonlinear evolution equations
with dissipations.

C - Conference Attended:

Conference on Theory and Applications of Partial Differential
Equations (Celebration of the 90th birthday of Professor
Boling Guo). Xiamen, China. October 25 - 26, 2025. Talk
via ZOOM: The mathematical influences of physical mech-
anisms on global weak solutions of equations in incompress-
ible fluid dynamics.

D - Papers Reviewed: Each year, I review a few papers in my
area for academic journals.

TWO: TEACHING

A - Classes Taught: I taught two classes in every semester in
each of the last three years.

2023 Spring: 23 *. Summer: 22, 205. Fall: 43, 405 (* means
two sections)
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2024 Spring: 205 *. Summer: 23, 205. Fall: 205 *.
2025 Spring: 205, 320. Summer: 22, 23. Fall: 205 *.

Over many years, I wrote many valuable supplemental ma-
terials to teach classes, including Mathematics 21 - 22 -
23, Mathematics 205 (Linear Methods), Mathematics 320
(Ordinary Differential Equations), Mathematics 405 (Par-
tial Differential Equations), Mathematics 435 (Introduction
to Functional Analysis). These PDF documents are more
valuable than many textbooks because I found that major-
ity students in my classes use them (rather than the text-
books) to study, to review, to solve homework assignments,
and to prepare for exams.

THREE: SERVICES
A - Ph.D Students:

(1) Mashael Alshammari received a Ph.D in mathematics in
2024. The title of the thesis: Properties of global solu-
tions of a two-dimensional incompressible dissipative quasi-
geostrophic equation.

(2) Hang Zhao received a Ph.D in mathematics in 2024. The
title of the thesis: Some aspects in partial differential equa-
tions: exact limits and diffusive limits. (Professor Lei Wu
was a co-advisor)

B - Transferring Credits for Many Mathematics Classes
[ have been transferring credits for many mathematics courses
(except Probability and Statistics). This is absolutely a heavy
duty job - on average I receive about 10 - 20 messages every-
day in March, April, May, June, each year. I have to review, to
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visit certain websites whenever necessary, to comment on, to
answer, to approve various requests. Everyday, I have to read
large amounts of information online to finish the job.

C - Seminar in Applied Mathematics I was the main or-
ganizer of the seminar in 2023.

D - Coordinators of Mathematics 23 and Mathematics
205:

(1) Coordinator of Math 23 in Spring 2023.
(2) Coordinator of Math 205 in Spring 2024.
(3) Coordinator of Math 205 in Autumn 2025.

E - Writing, Proctoring and Grading Qualifying Exam
in Differential Equations

(1) Committee Chair (writing, proctoring and grading) of the
Qualifying Exam in Differential Equations in January 2024.

(2) Qualifying Exam in Differential Equations in 2025 - 2026.
F - Committee Chair of Hiring:

Committee Chair for interviewing a special candidate (Zhi-
meng Ouyang) in January 2025.

G - Miscellaneous Things Done During 2025 Topology
Hiring:

(1) Picked up a candidate from Bethlehem Hotel.
(2) Brought a candidate to lunch.

(3) Did many other miscellaneous things related to this hiring.
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H - Advisor of Minors in Applied Mathematics I have
been the advisor for many years before Megan Cream took it
over.
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Summary of research done after tenure promotion in 2008:

* By coupling together existing ideas and methods (including the
Fourier transformation, the Parseval’s identity, Lebesgue’s dom-
inated convergence theorem and Gagliardo-Nirenberg’s inter-
polation inequality) and results (the existence of the global
weak solutions) and new ideas (appropriate decomposition of
spatial and temporal spaces), I have invented a new method
to accomplish the exact limits of the global weak solutions of
some nonlinear systems of fluid dynamics equations, including
the n-dimensional incompressible Navier-Stokes equations and
the n-dimensional magnetohydrodynamics equations.

* T discovered a few special structures in a two-dimensional non-
linear singular system of differential equations arising from
geostrophics. I made complete use of the special structures to
accomplish the existence and uniqueness of the global smooth
solution. The existence and uniqueness of the global smooth
solution have been open for at least half a century:.

* To establish the stability of multiple traveling pulse solutions of
nonlinear singularly perturbed systems of integral differential
equations arising from synaptically coupled neuronal networks,
to accomplish the stability of multiple traveling pulse solutions
of nonlinear singularly perturbed systems of reaction diffusion
equations arising from mathematical neuroscience, I have con-
structed Evans functions for the pulse solutions and have built
valuable relationships between the Evans function of a travel-
ing wave front, the Evans function of a traveling wave back and
the Evans function of the multiple pulse solution. Moreover,
I have established new properties of the Evans functions by
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coupling together a global strong maximum principle for har-
monic functions defined in unbounded open simply connected
domains, Hopf lemma and many other important ideas and I
have given applications of the new property.

* By coupling together the Fourier transformation, the Plancherel’s
identity, some elementary uniform energy estimate and a very
general Gronwall’s inequality, I have generated a very different
method to improve the Fourier splitting method to simplify the
proof of the decay estimates with sharp rates of the global weak
solutions of the n-dimensional incompressible Navier-Stokes
equations and the n-dimensional magnetohydrodynamics equa-
tions.
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The Research Statement
Past Research Results

Since I came to Lehigh University as a tenure track assistant pro-
fessor in August 2002, I have been doing research in three directions
in applied mathematics.

1 Properties of the Global Weak Solutions of the Cauchy
Problems for the n-Dimensional Incompressible Navier-

Stokes Equations, the n-Dimensional Magnetohy-
drodynamics Equations and a Two-Dimensional Non-
linear Singular System of Differential Equations

The first research direction is about the properties of the global
weak solutions of the Cauchy problems for the n-dimensional in-
compressible Navier-Stokes equations and for the n-dimensional
magnetohydrodynamics equations. In particular, I study decay es-
timates with sharp rates, stability estimates and exact limits of
the global weak solutions. Moreover, I also study the properties of
the global solutions of other nonlinear systems of fluid dynamics
equations (such as a two-dimensional nonlinear singular system of
differential equations arising from geostrophics).
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1.1 Project 1: The Exact Limits of the Global Weak Solutions of
the Cauchy Problems for the n-Dimensional Incompressible
Navier-Stokes Equations and the n-Dimensional Magneto-
hydrodynamics Equations

Consider the Cauchy problem for the n-dimensional incompressible
Navier-Stokes equations

gu—ozAqu(u Viu+Vp=~£f(x,t), V-u=0,V-f=0,

ot
u(x,0) =uy(x), V-ug=0.

Let the initial function uy € L'(R") N L*(R") and the external
force f € LYR" x R") N LY(R*, L*(R")), £ € L'(R"), for each
fixed ¢ > 0. Suppose that there exist real scalar functions ¢y €
CHR™) N LYR") and ¢ € CYR" x RT) N LYR™ x RT), such
that

(Z ——u(x Z ¢2z ey %%Z(X)) )
0 "0
(ZalwllXt Z;a— :"'7;8—xlwnl(x7t)>'

These assumptions are not unusual. They are motivated by the
following structures of the nonlinear functions (u - V)u and Vp.
Note that

(u-Viu= (Z %(uwﬂ) ,
I=1

and

Vp(x,t) = -1 Z Z 833k396z [ug (X, t)u(x, t)].
I=1

k=1
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They are also motivated by the facts that the integrals of the initial
function and the integral of the external force are equal to zero,
that is

/ ug(x)dx = 0, / f(x, t)dx =0,

for all ¢ > 0. Note that the initial function and the external force
are divergence free. Upon performing the Fourier transformation
to the equations V -uy =0 and V - £ =0, we get

£-0y(6) =0, £-f(&1) =0,

for all £ € R™. Let & = euy(0), where 0 < ¢ < 1 is a sufficiently
small positive constant. Now it is easy to see why the integrals are
equal to zero.

Suppose that there exist the following integrals

/ (14022 [ [f(x, ) Pdxdt < oo,
0 R™

/ (14 )22 [ | Amf(x, t)2dxdt < oo.
0 R"

Theorem 1. Let u = u(x, t) be the global weak solution of the n-

dimensional incompressible Navier-Stokes equations corresponding
to ug = ug(x) and f = f(x,t). Then there hold the following exact
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t—00

lim {(1 + )2 [ ju(x, t)|2dx}

Rn

T (27‘(‘)" Rn\nPGXP( 205‘77’2)(177

n

00 2
G (x)dx + / Yr(x,t) — up(x, t)u(x, t)dxdt] } ,
k=1 z 1 L/R? 0 JR®

1 {(1 4+ t>2+n/2

RTL

Vu(x, t) de}

D—\83

= i Jo, 111 exp(=2alnF)ds

{zn: /@z dx+/ Rn¢kg(x,t)—uk(x,t)ul(x,t)dxdtr},

k=1
Jim {(1 4 f)2mttan/2 . ]Amu(x,t)\de}
(;T)n [ exp(—2a|n|*)dr
{zn: / bri(x dx+/ -~ Yr(x,t) — ugp(x, t)u(x, t)dxdtr},
k=1
lim { (1 ¢)2mt2in/2 / ) ]VAmu(x,t)\de}
= o Ll exp(=2alaPdy
{ZZ [ Pri(x dX"‘/ U (X, 1) — up(x, t)u(x, )dxdt] }
k=1 =1 /R R"

Theorem 2. Let u = u(x,t) be the global weak solution of the n-
dimensional incompressible Navier-Stokes equations corresponding
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to the initial function uy = u(x) and the external force f = f(x, t).
Let v . = v(x,t) be the global solution of the Cauchy problem
for the heat equation corresponding to the same initial function
uy = up(x) and external force f = f(x, 1)

2V—CkAsz(X,?ﬁ), V-v=0,V-f=0,

ot
v(x,0) =uy(x), V-uy=0.

44



Then there hold the following exact limits

lim {(1 4 1)tn/2

t—00

lu(x,t) — v(x, t)]zdx}

Rn

o (27]_)” ’77’2@(?( 20"77’2>d77

S [ it |

1 m {(1 + )22 [ | Vu(x, t) — v(x, t)]\2dx}

H-

Rn

(%)n !77!4e><p( 2ae|n]?)dn

AES ([ st tutona] }.

lim {(1 4 p)ZmAtn2 [ A (k) — v(x, t)]|2dx}

t—00 Rn

|4m+2

—2aln|?)d
(27T)” !77 exp(—2an|”)dn

A wostuioa] ]

tlm { 1+t)2m+2+”/2/ VA" u(x,t) — v(x, t)”QdX}
1
- o L Il es(=2alnf)n

T

Theorem 3. Let u; = ug(x,t) be the global weak solution of the
n-dimensional incompressible Navier-Stokes equations correspond-
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ing to the initial function ugr = wugr(x) and the external force

fi. = fi(x,t), where k = 1,2. Then there hold the following exact
limits

lim {(1+t>1+n/2

t—00

lus(x,t) — uy(x, t)\2dx}

RN
= 2aln]*)d
(277)” Inl” exp(=2an|")dy

{Z / ¢2kl ¢1kl<X)dX + /0 - wgkg(x, t) — wlkl(x, t)dXd

k=1

{(1 + )72

lim Vlus(x, £) — w(x t>1|2dx}
— 0 Rn
1

— A \77\4exp( 2a\n]2)d77

d X - dxd
{; / Do (X) — P111(X) X+/0 . Yo (X, 1) — hr(x, t)dx

1m {(1 _|_t)2m+1+n/2

H—

Rn

(A" uy(x,t) — uy(x,1)] lzdx}

‘4m—|—2

= (%n |l exp(—2aln|)dy

{ / Pari(x ¢1kz(X)dX+/ Yok (x, 1) — 1p(x, t)dxd
k=1 =1 0 Jrn

Jim {(1 1 t)2m+2+”/2/ VA us(x, t) — uy(x, t)HQdX}
— 00 n

1 m
= Gy fo, 1 exp(=2aln)dn

{Z Z [ Por(X) — Pri(x)dx + /o g Vopt (%, 1) — Py (x, )dxd

k=1 I=1
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Consider the Cauchy problems for the n-dimensional magneto-
hydrodynamics equations

d 1
gu—ﬁﬁu+(u Viu— (A-V)A+ VP =f(x,t),
oA = R—MAA +(u-V)A —(A-V)u=g(x,t),

V-u=0, V-f=0, V-A=0, V-.g=0,
u(x,0) = up(x), A(x,0) = Ap(x),V-uy=0,V-Ay=0.

There hold very similar exact limits for the global weak solutions
of the magnetohydrodynamics equations.

1.2 Project 2: The Existence and Uniqueness of the Global
Smooth Solution of the Cauchy Problems for a Two-Dimensional
Nonlinear Singular Systems of Differential Equations Aris-
ing from Geostrophics

Consider the Cauchy problems for the two-dimensional nonlinear
singular system of differential equations arising from geostrophics

0
9t — ) — ] (=)0 + BL 4 T, A — ) — A
; Do

ot 2 70(Y2 — 1) = Atho] + a(=L)"y + Chr =+ J (2, ¥0 (2 — 1) —
¢1<xay7 ) — ¢01(xay)7 ¢2(xay7 ) wOQ( Y )

In this system, a > 0, v > 0, 6 > 0 and p > 0 are posi-
tive constants, 8 # 0 is a real nonzero constant, representing the
Reynolds number. Moreover, ¥ and )y represent stream func-
tions of top layer and bottom layer in convective fluids. The con-
stants Dy and Dy represent the depths of the top layer and the
bottom layer, respectively. Furthermore, the Jacobian determi-
nant is defined by J(p, q) = @%pa% — a%pa%q, for all continuously
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differentiable functions p,q € C*(R?). Recently, my collabora-
tors and [ established the existence and uniqueness of the global
smooth solution - a very difficult problem in geostrophics and ap-
plied mathematics - in the paper: Boling Guo, Yonggian Han,
Daiwen Huang, Dongfen Bian and Linghai Zhang, Global smooth
solution of a two-dimensional nonlinear singular system of differen-
tial equations arising from geostrophics. Journal of Differential
FEquations, 262(2017), 3980-4020. The singularity generated by
the linear parts, the strong couplings of the nonlinear functions
and the fractional order of the derivatives make the existence and
uniqueness very difficult, that is why it has been open for at least
half a century. There are five authors in the paper and I am the
corresponding author. It is the first author (Professor Boling Guo)
who gave me this problem to collaborate. He is one of my advisors
for my Master’s degree at Beijing Institute of Applied Physics and
Computational Mathematics in Beijing many years ago. My main
role is to rigorously develop the mathematical analysis, write the
main body of the paper, as well as the Introduction and the Con-
cluding Remarks. By hard working and very careful observations,
[ found that there exists three special structures in the nonlin-
ear singular system of equations. Here are the special structures
of the nonlinear system: the system is symmetric and the terms
V(1 — b)) — Athy and v(he — 1) — Apy appear both in the
linear part and the nonlinear part. The advantage of the special
structure: When making energy estimates, namely, when multiply-
ing the first equation by (11 — 1) — Aty and the second equation
by 70 (19 — 1) — Athy, integrating the results with respect to (z, y)
over R? and then coupling the results together, the integrals with
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the Jacobian determinant vanish:

/R? [7(¢1 - 7702) - Awl]J(wla ’7(¢1 — ¢2> — Awl)dﬂfdy = 07
/RQ[’M(% — 77D1) - A¢Q]J(¢2, ’}/5(7#2 — ¢1) — A¢2)d$dy = ().

By making complete use of the special structures, by making use
of an unusual energy estimate method, by coupling together tra-
ditional ideas, methods and techniques, I established the uniform
energy estimates for all order derivatives of the global weak solution
to accomplish the existence and uniqueness of the global smooth so-
lution. The middle three authors (academic siblings) played minor
roles, they basically established the elementary energy estimates.
They checked all the details in the mathematical analysis of my
part and corrected a non-substantial mistake. There are some influ-
ence of the theoretical results in astrophysics, atmospheric science,
physical oceanography and in applied mathematics. Currently, my
collaborators and I are solving other open problems of this system.

1.3 Project 3: The L* — L* Regularity of the Global Weak So-
lutions of the n-Dimensional Incompressible Navier-Stokes
Equations and the n-Dimensional Magnetohydrodynamics
Equations

Consider the Cauchy problem for the following n-dimensional in-
compressible Navier-Stokes equations

2u—Au—F(u-V)quVp:O, V-u=0,

ot
u(x,0) =uy(x), V-ug=0.
It is well known that if the initial function uy € L'(R™) N L*(R"™),

then there exists a global weak solution to the Cauchy problem:
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u e LR, L*(R"))N L*(R", H'(R™)). By making complete use
of the decay estimates with sharp rates, I have accomplished the
following results for the global weak solution of the Cauchy problem
for the n-dimensional incompressible Navier-Stokes equations.

Theorem . Let the initial function uy € LY(R") N H*(R™).
Suppose that there holds the following condition for the global weak
solution

u e LMRY; LARY)),

for some positive constants A > n > 3 and pu > 2, %—F% = 1, then

N [ N =R L®Y)

2<s<00

ue [ ﬂ L2r/(r—n)(R+7Lr(Rn))

A<r<oo

This implies that u = u(x,t) is a global smooth solution. There
holds the following solution representation

u(x ) = —— /R exp [— x yP] uy(y)dy

(4 act)n/? 4ot

! 1 i ‘X—y‘Q_
' /0 [dmal(t — 7)) / P T =y | B T)dydr
o 1 oo | =Y ] ot P dvde
/0 Ara(t — )"/ /Rn b ] 404(,5_7)_( Viu(y, 7)dyd

t 1 [ x—y[*]
a - Hdydr.
/0 [47Ta(t — 7')]71/2 /nexp ] 40é(t - 7_)_ vp(Y) ) yar

Consider the n-dimensional magnetohydrodynamics equations

%, 1
%u— msAut (u-Viu—(A-V)A +VP = f(x,1),

1
V.ou=0 V-f=0, V-A=0, V-g=0

u(x,0) = up(x), A(x,0) = Ap(x),V-uy=0,V-Ay=0.
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There holds very similar result for the global weak solution.

1.4 Project 4: The Decay Estimates with Sharp Rates of the
Global Weak Solutions of the Cauchy Problems for the n-
Dimensional Incompressible Navier-Stokes Equations and the
n-Dimensional Magnetohydrodynamics Equations

Consider the Cauchy problem for the n-dimensional incompressible
Navier-Stokes equations

2u—ozAu%—(u-V)u%—Vp:f(x,t), V-u=0,V-f=0,

ot
u(x,0) =uy(x), V-uyg=0.

Suppose that the initial function uy € L*(R") and the external
force f € LY(R™*, L?(R™)). Then there exists a global weak solution
to the Cauchy problem: u € L®(R*, L*(R")), such that Vu €
L*(R*, L*(R™)). This is well known.

Theorem . Suppose that there exist real scalar functions ¢y €
CHR™) N LY(R") and ¢y € CHR" x RY) N LY(R" x R*), such
that

<Z ——du(x Z ¢2l Z 5 l%z )
(Zal%th Zﬁz%”{t Zaxl%th)-

Suppose that there exists the following integral
/00(1 4 1)2 /2 ) If(x, 1)|*dxdt < oo.
Then there hi)lds the followini decay estimate with sharp rate
(14 t)Hn/2 : lu(x,t)dx < C,
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for all ¢ > 0, where the positive constant C' > 0 is independent of
u and (x,1).

The decay estimate with sharp rate of the global weak solu-
tion has been proved before. My main contribution is to simplify
the main ideas and steps in the mathematical analysis. By cou-
pling together the Fourier transformation, the Parseval’s identity
and a general Gronwall’s inequality, I simplified and improved the
Fourier splitting method in a recent paper: Decay estimates with
sharp rates of global solutions of nonlinear systems of fluid dynamics
equations. Discrete and Continuous Dynamaical Systems, Series
S, 9(2016), 2181-2200. The new method is widely applicable and is
easier to use to establish the decay estimates with sharp rates for the
global weak solutions to a large class of nonlinear evolution equa-
tions with dissipation in higher-dimensional spaces. This method
was developed in the middle 1980’s to study the long time asymp-
totic behaviours of the global weak solutions of nonlinear evolution
equations with dissipation, such as the n-dimensional incompress-
ible Navier-Stokes equations and the n-dimensional magnetohydro-
dynamics equations. A major influence of the new method is that
the exact limits of the global weak solutions may be accomplished.

Consider the magnetohydrodynamics equations

0 1
1
5 A~ T AA+ (- V)A - (A Viu=g(x1),

V-u=0, V-f=0 V-A=0, V.g=0,
u(x,0) = up(x), A(x,0) = Ap(x),V-uy=0,V-Ay=0.

There holds very similar decay estimate with sharp rate for the
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global weak solution.
Summary

Consider the n-dimensional incompressible Navier-Stokes equations

gu—ozAu+(u-V)u+Vp=f(x,t), V-u=0,V-f=0,

ot
u(x,0) =uy(x), V-uyg=0,

and n-dimensional magnetohydrodynamics equations

0 1
1
S A=A+ (U V)A = (A V)u = g(x, 1),

V-u=0, V-f=0, V-A=0, V-g=0,
LI(X, O) = U_O(X), A(X, O) = AQ(X), V- Uy = O, V- Ao = 0.

We have studied several important properties of the global weak
solutions of these equations, including the exact limits of the deriva-
tives of any order, regularity of the global weak solutions and the
decay estimates with sharp rates. We made complete use of the
elementary uniform energy estimates and we made good use of
a general Gronwall’s inequality to improve the Fourier splitting
method to simplify the proof of the decay estimates with sharp
rates. For the two-dimensional nonlinear singular system of differ-
ential equations arising from geostrophics, we solved a long time
open problem - we accomplished the existence and uniqueness of
the global smooth solution of the Cauchy problem for the system
of equations.
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2 Traveling Wave Solutions of Nonlinear Integral Dif-
ferential Equations and Nonlinear Reaction Diffu-
sion Equations

The second research direction is the existence and stability of trav-
eling wave fronts of nonlinear scalar integral differential equations,
the existence and stability of traveling pulse solutions of nonlin-
ear singularly perturbed systems of integral differential equations
arising from synaptically coupled neuronal networks, mathematical
analysis of wave speeds of the traveling wave fronts, bifurcations of
nonlinear waves of nonlinear singularly perturbed systems of reac-
tion diffusion equations arising from mathematical neuroscience.

2.1 Project 5: Existence and Stability of Traveling Wave Fronts
of Nonlinear Scalar Integral Differential Equations - Part A

First of all, consider the following nonlinear scalar integral differ-
ential equation

——i—u—oz/Ka:— (u(y,t) — 0)dy,

and the nonlinear scalar integral differential equation with spatial
temporal delay due to finite speed of action potential along axons

1
——i—u-oz/Kx— (u(y,t——p:—y\)—e)dy,
c

where a« > 0, 8 > 0 and 6 > 0 are positive constants, such
that 0 < 20 < «a. Moreover, K represents synaptic couplings
between neurons, H represents the Heaviside step function. I have
accomplished the existence, uniqueness and stability of a traveling
wave front for each equation. In particular, I studied how the wave
shape, wave speed and wave stability vary as the synaptic coupling
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and the model parameters change. The synaptic coupling may be
of pure excitation, lateral inhibition or lateral excitation. I have
introduced two very important concepts: the speed index function
and the stability index function. These functions are very useful in
the study of the existence and stability of the traveling wave fronts
as well as mathematical analysis of the wave speeds. One very
interesting point is that I can define the stability index function
through the speed index function. By using this relationship, the
stability of the traveling wave front can be accomplished.

For the nonlinear scalar integral differential equation with lat-
eral inhibition or lateral excitation, the mathematical analysis of
the existence and stability of the traveling wave front is very dif-
ficult and technical. The rigorous mathematical analysis had not
been established before. Solid applications of these results to ap-
plied mathematics and computational neuroscience are based on
the mathematical analysis.

Theorem . There exists a unique solution (a unique wave speed
vy > 0) to the speed equation

a/o exp (f) K(a:)da::%—ﬁ,

%
—o0

and there exists a unique solution (a unique wave speed gy > 0) to

the speed equation

! c— o
K(x)dr == —0.
oz/ooexp(cu) (x)dx 5

Moreover, there holds the following important relationship
1 1 1

Ho Vo C
There exists a unique traveling wave front U = U(z) to the first

nonlinear scalar integral differential equation, where z = x + 1t,
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and there exists a unique traveling wave front U = U(z) to the
second nonlinear scalar integral differential equation, where z =
x + pot. Both fronts satisty

U < 6on(—00,0),U(0) =80, U'(0) > 0,U > 6 on (0,00),
and the boundary conditions

lim U(z) =0, lim U(z) = a, lim U'(z) = 0.

Z——00 Z—00 Z—+00

The traveling wave fronts are spectrally stable.

2.2 Project 5: Existence and Stability of Traveling Wave Fronts
of Nonlinear Scalar Integral Differential Equations - Part B

Consider the following nonlinear scalar integral differential equa-
tions arising from synaptically coupled neuronal networks

%m _ a/OOOg(c) [/RK(Q:—y)H (u (y,t—%]az—yo —e) dy] dc
w6 [T | [ W -t - ) - ey ar

where a« > 0, 8 > 0, # > 0 and © > 0 are positive constants,
K and W represent synaptic couplings between neurons, & and n
represent probability density functions, H represents the Heaviside
step function. We define the sign function s = s(x) by: s(z) = —1
for all z < 0, s(0) =0 and s(x) =1 for all x > 0.

Theorem . There exist exactly three traveling wave fronts to
the nonlinear scalar integral differential equation.
(I) Let 0 < € < ©. There exists a unique solution (u1, Z;) to the
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following system of speed equations
N : B2 K(z)dz | d
/ (c) [/ exp( ” ZC) (x) x] c
da| d
i 6/ [/MT A ) x] !
—uT—24
+ Bexp (M) /0 n(t)e’ [/O: exp (%) W(a:)dx] dr = 2 ;L b_ 0,

and
o OOf(C) exp < ) et szt 2 (c f(;a:_Z;)M) d:z:] de
00 CZ/ c+s(Z)p)
—a [ £e) /O K(z )dx] de

+5/ Umw dx]dT
+B/ U exp(%)W(x)dx]dT—a;rﬁ—@,

Let 8 = ©. There exists a unique solution p; > 0 to the following

speed equation
) K (x)dx] de

/Of [ eXP(
Booon U exp(z)W(x)dx]dT:O“;ﬂ_e,

“;I%E

3

o f o[ o]
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The first traveling wave front U = Ugone—1(2) is given by

00 [ pez/(cts(z)m)
Ulz) = a/o &(c) /_ K(z)dx

o0

de

- /°° 3% /_oo o gxu_l Z) ¢+ Sc(ﬂf)mK (c + EZJ)M) dx] «

.y / [ / o 1W(:1:)d:1:] or

_ Bewp (M) /O n(r)e” [ /_ ;Mﬂl exp <"3;1 Z) W(m)dx] ar,
Uie) = % Oo"g(c) Uoo P <w;1 Z> ¢+ SC(CL‘)MK <c + Eiﬁ)ul) dx] ‘

ﬁ . é 00 7- Z—u1T—241 . <$—2> ]
+ Mle p <M1>/o n(T)e [/OO exp ” W(x)dz| dr,

lim U(z) =0, lim U(z) = a+ B, lim U'(z) = 0.

Z——00 Z—00 Z—+00

(IT) There exists a unique solution ps > 0 to the following speed
equation

Q/OOO £(c) Uio exp (Cc_ﬂ%) K(:c)dx] de = % )

The second traveling wave front U = Upops_2(2) is given by

[ pez/(cts(2)p2)
/ K(z)dx

0,9)

de

o [ e
- a[)mj(c) _/Z;Xp (xu_zz) ¢+ SC( )2 h (c+ EZ«”)M) dx] «
o= 2 [ ol () et ()]

lim U(z) =0, lim U(z) = «, lim U'(z) = 0.

Z——00 Z—00 Z—1+00
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(ITT) There exists a unique solution ps > 0 to the following speed
equation

s / ) n(T) [ : W(az)dx] dr
+ 5/ U Texp(%)W(x)dx]dT:a+§—@.

The third traveling wave front U = Ugeye—3(2) is given by

U(x) = o+ / [ / - WW(x)dx] ar
- 6/ U e (x;j) W(x)dx] dr,

23T _
Ulz) = ) 77(7')€T [/ exp (xu3z> W(aj)dx] dr,
lim U(z) = a, lim U(z) = a+ 8, lim U'(z) = 0.

Z——00 2—00 Z—+00

2.3 Project 6: Stability of a Traveling Pulse Solution of a Non-
linear Singularly Perturbed System of Integral Differential
Equations - Part A

First of all, consider the following nonlinear singularly perturbed
system of integral differential equations

ou

E+u+w— /KCE— (u(y,t) — 0)dy,
8_w_ — ),
ot slu—yw

where a > 0, v > 0, ¢ > 0 and § > 0 are positive constants,
such that 0 < 20 < o, 0 < ay < (1 +79)f and 0 < ¢ < 1.
The function w = u(z,t) represents the membrane potential of a
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neuron at position x and time ¢, the function w = w(x, t) represents
the leaking current. The positive constant o > 0 represents the
synaptic rate, the positive constant 6 > 0 represents the threshold
for excitation, the positive constant v > 0 represents the decay rate,
the positive constant € > 0 represents the ratio of the activation of
Na™ ion channels over the activation of K™ ion channels and 0 <
e < 1. The kernel function K represents the synaptic coupling,
H = H(u — 0) represents the Heaviside step function, which is
defined by H(u—0) = 0forallu < 6, H(0) = 3 and H(u—0) =1
for all uw > 6. Moreover, v [, K (x —y)H (u(y,t) — §)dy represents
nonlocal interactions between neurons.

Ermentrout and Pinto established the existence and uniqueness
of a fast traveling pulse solution and a slow traveling pulse solution,
respectively. Note that unlike traditional traveling wave problems,
there exists neither conservation law nor maximum principle in this
system of integral differential equations. By linearizing the nonlin-
ear system about the fast traveling pulse solution and by using the
method of separation of variables, I obtained an eigenvalue prob-
lem associated with a linear differential operator L(g). It is well
known that the slow traveling pulse solution is unstable due to the
existence of a positive eigenvalue. In my paper [37], by using the
linearized stability criterion (the equivalence of the nonlinear sta-
bility, the linear stability and the spectral stability of the traveling
pulse solution), I accomplished the nonlinear stability of the fast
traveling pulse solution. By coupling together several important
ideas in differential equations, real analysis, complex analysis, func-
tional analysis and linear algebra, I constructed a complex analytic
function, called the Evans function, and I established important
properties of the Evans function. One very important point is that
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a complex number Ay is an eigenvalue of the associated linear dif-
ferential operator L(e), if and only if )¢ is a zero of the Evans
function. Then I used the Evans function to study the eigenvalues
of the operator L(¢). The rigorous mathematical analysis demon-
strates that there exists no nonzero eigenvalue in the right half
plane {\ € C : ReA > 0} and the neutral eigenvalue A = 0 is
algebraically simple. That is a sufficient condition to establish the
nonlinear stability of the fast traveling pulse solution. This is the
first result on stability of traveling pulse solutions of nonlinear sin-
gularly perturbed system of integral differential equations arising
from synaptically coupled neuronal networks. This paper has been
cited at least forty times by other mathematicians.
Theorem . The fast traveling pulse solution (U, W) = (Usast (€, 2), Whast (€,
is stable and the slow traveling pulse solution (U, W) = (Ugow (€, 2), Waow (€, 2)
is unstable. Both pulses satisty the system of differential equations

v(EeU'+U+W = /Kz— (U(y) — 0)dy,
v(e)W' = (U —~+W),
and the boundary conditions
lim (Ul(e, 2), W(e, z)) = (0, O),Zli)rinoo(Uz(e, 2),W.(e,z)) = (0,0).

z—Fo0

Later, many mathematicians applied almost the same ideas and
methods in that paper to study the stability of fast traveling pulse
solutions of nonlinear singularly perturbed systems of integral dif-
ferential equations. For examples, they studied the following non-
linear systems of integral differential equations

a—+u+w: /Kaf— (u<y,t—l]a:—y|)—9>dy,
ot ¢

dw
ot

= e(u—yw);
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e[ el or)

8_10 = e(u — yw)
ot 7
ou
-§+u+w==6/WVx— (u(y,t —7) — ©)dy,
@ﬂ_ — yw):
ot flu = 7w
ou
5 Tutw = / [/WZU— (u(y,t —7) — O©)dy| dr,
ow
ot elu = yw).

2.4 Project 6: Stability of a Traveling Pulse Solution of a Non-
linear Singularly Perturbed System of Integral Differential
Equations - Part B

Consider the nonlinear singularly perturbed system of integral dif-
ferential equations arising from synaptically coupled neuronal net-
works

O o = a/m—y)Hm(y,t)—e)dy

%@/Ww— (uly,t) — ©)dy,
ow
ot

Theorem . There exist two traveling pulse solutions: the fast
traveling pulse solution (U, W) = (Ugst(€, 2), Whast(€, 2)), where
Vst (€) Tepresents the fast wave speed and z = x + v ()t rep-
resents the fast moving coordinate, and the slow traveling pulse

= &(u—yw).
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solution (U, W) = (Ugow(€, 2), Waow(€, 2)), Where vgow(€) repre-
sents the slow wave speed and z = & + vy (€)t represents the slow
moving coordinate. The fast traveling pulse solution (U, W) =

(Utast (€, 2), Whast (€, 2)) is stable and the slow traveling pulse so-
lution (U, W) = (Ugoew(€, 2), Walow(€, 2)) is unstable. Both pulse
satisfy the system of differential equations

vEe)U'+ U+ W = a/K(z—y)H(U(y)—Q)dy,

+ 5 [ W= HU) - o)y
v(e)W' = (U —~W),
and the boundary conditions

lim (Ul(e, z),W(e, z)) =(0,0), lim (Ule, z), W(e, z)) = (0,0).

z—F00 z—rF00
2.5 Project 7: Mathematical Analysis of Wave Speeds of Trav-

eling Wave Fronts of Nonlinear Scalar Integral Differential
Equations - Part A

Consider the following nonlinear scalar integral differential equa-
tions arising from synaptically coupled neuronal networks

——i—u-a/Ka:— (u(y,t) — 0)dy,

—+u—oz/Kx— (u(y,t—%\x—y\) —8>dy,
%m:a/jg(c) [/RK(:c—y)H (u (y,t—é\x—y[) —9> dy] de.

——I—U—B/Wx— (u(y,t — 1) — ©)dy,
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— (a—au / (o) AK(x—y)H(u(y,t—%\x—yO —9>dy] de
+ (5=bu) [ i) | [ W — g —@)dy] dr.

There exists a unique traveling wave front to each of these inte-

gral differential equations. We have applied rigorous mathematical
analysis and speed index functions to study how the wave speeds of
the traveling wave fronts of these equations are influenced by neu-
robiological mechanisms: (K, W), (£,1), («,0), (8,0) and (cg, 70).

Theorem . (The influence of the synaptic couplings
on the wave speeds) Suppose that 0 < 3 < 29 < -+ <
Tom-1 < ocand 0 < yp < g < -+ < Yop1 < 00O are positive
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constants, where m > 1 and n > 1 are positive integers, such that

(_372k7 _332k—1)7

=
S
VA
a
2
o
)
et

Kl(x) > K2(5’3), on (—513%—1, —xzk—2),

|
(s

i
—_

Wi(x) < Wh(x), on (—va1, —y21-1),

|
C =

o~
I
—_

|
C =

Wl(CU) > WQ(QZ’), on (_y2l—17 _y2l—2>7

o~
I
—_

where x( = 0 and 9, = 00; g = 0 and 19, = 00, and that

/I%Q[KQ(QIZ) — Ky(x)]dz >0, /yzzz[W2($> — Wi(x)]dz >0,

L2k Yai

for all positive integers £ = 1,2,--- ,mand [ = 1,2,--- ,n. If
6 = O, then

p( Ky, Wh) < p(Ks, Wa).

Theorem . (The influence of the probability density
functions on the wave speeds) Suppose that 0 < ¢; < ¢ <
o< g1 <ooand 0 <1 < Ty < --- < Ty < 00 are positive
constants, where p > 1 and ¢ > 1 are positive integers. Suppose
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that &1, &, n1, mo are four probability density functions, such that
p

i(c) = &lo), on | J(car—a, car1),

k=1

p
&i(e) < &lo), on | J(car—1, e,
k=1

m(t) < ma(7), Tol—2, T2l—1),

m(r) > (1), ToI—1,Ta1),

q
on U(
=1
q
on U(
=1
where ¢y = 0 and ¢, = 00; 79 = 0 and 7, = oo, and that

[Tl -g@iezo [ i) - mrir >0

C2k—2 21—2
for all positive integers £k = 1,2,--- ,pand [ = 1,2,--- ,q. If
6 = ©, then there holds the following estimate

pu(&,m) < pl(€a,m2).

Theorem . (The influence of the synaptic rate con-
stants and the thresholds on the wave speeds) Let p
represent the wave speed of the traveling wave front.

The wave speed is an increasing function of a.
The wave speed is an increasing function of 3.

The wave speed is an increasing function of ¢y, if f (¢) = d(c— o).

The wave speed is an increasing function of A = 1 — -2,
2 a+f

The wave speed is an decreasing function of 6.

The wave speed is an decreasing function of 7y, if n(7) = d(7 — 7).
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2.6 Project 7: Mathematical Analysis of Wave Speeds of Trav-
eling Wave Fronts of Nonlinear Scalar Integral Differential
Equations - Part B

Theorem . (The upper bounds and lower bounds of
the wave speeds) Suppose that the synaptic couplings K and
W satisfy the condition

[K(z)| < Crexp(=plz]),  [W(z)] < Crexp(=plz])  onR,

for two positive constants C; > 0 and p > 0. There hold the
following estimates

1
us < = [ lellak () + AW ()]s
(a+ ) +5620
(a—|—6—29) Co

> for = ©

Hs = (a0 + 8 — 20)2 + 2¢pA3’ o ’
— 20)?

[y > G ye for 8 < ©, where

(0 — 20)% + 2co\?’

A= a{/l|K(x)12dx}1/2+5{/iow(x)y?dx}w,
Ay = a{/i@\K(az)]zdx}m
+ B{/_ZO]W(:E)de} {1+\// T 2( }

Theorem . (The comparison of the wave speeds)
Suppose that ¢y > 0 and 79 > 0 are positive constants. Let &, =
d(c — ¢g) and 1, = 6(7 — 1) be two simple Dirac delta impulse
functions on (0,00), and let £, = d(c — 00) and 19 = §(7) be
another two Dirac delta impulse functions. Suppose that & > 0 and
n > 0 are nonnegative finite probability density functions defined
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on (0, 00), such that € = 0 on [0, ¢g] and € > 0 on (¢p, 00); 7 > 0
on [0, 7p] and n = 0 on (715, 00).

(I) Let p1(€), pa(&ey) and pu1(€x) represent the wave speeds of the
traveling wave fronts of the following three nonlinear scalar integral
differential equations

Sru=a [ a0 [ K- (u(ve-te ) -0) ) ac

@+u = Q/K(g;_y)H(u<y,t—i]a:—y|> —9>dy,
ot R Co

ou

E—I—u = oz/RK(«%—?J)H(U(yat)_H)dyv

respectively. Then

(&) < p1(§) < p1(éoo)-

(IT) Let pa(n), po(ns,) and pe(no) represent the wave speeds of the
traveling wave fronts of the following three nonlinear scalar integral
differential equations

Stu =0 [ 0 | [ W - HGl.e -0 - )] ar
%—i—u — ﬁ/RW(x—y)H(u(y,t—To)—@)d%
%—l—u — 5/RW(:v—y)H(u(y,t)—@)dya

respectively. Then

f12(Nry) < pa(n) < pa(no)-

(ITT) Let pq (), puo(B) and ps(cv, 5) represent the wave speeds of the
traveling wave fronts of the following three nonlinear scalar integral
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differential equations

N = afooog(c) [ [ K@=y (u (y,t—%!w—yo —9> dy] de,

Sru= s [ [ [ W pHt.t - - o) i

- a/OOOf(c) [ [ K-yt u(y,t—%!x—y!) —9) dy] de
y /O ) [ [ Wi —pH .t -7 —@)dy] ar,

respectively. Then
max{p (), 12(8)} < psla, ).

2.7 Project 8: Evans Functions and Bifurcations of Nonlinear
Waves of Nonlinear Singularly Perturbed Systems of Equa-
tions - Part A

Consider the following nonlinear singularly perturbed system of re-
action diffusion equations arising from mathematical neurosciences

ou 0*u

E = @wLoz[ﬁH(u—H)—u]—w,
2 = )

ot u—w),

where « > 0, 8 > 0,7 > 0,0 < e < 1and 6 > 0 are pos-
itive constants. By hard working to overcome many difficulties,
[ constructed Evans functions and applied them to establish the
existence, stability or instability of nonlinear waves in the recent
paper: Evans functions and bifurcations of nonlinear waves of some
reaction diffusion equations. Journal of Differential Equations,
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263(2017), 3627-3686. The existence of the nonlinear waves fol-
lows from the special structures of the model equations and stan-
dard ideas, methods and techniques in differential equations. The
difficulty is that we have to solve some overdetermined systems of
equations to prove the existence of the standing pulse solutions. I
constructed Evans functions to find the eigenvalues and eigenfunc-
tions of several eigenvalue problems associated with several linear
differential operators £, which are obtained from the linearization
of the nonlinear equations about the waves. It turns out that a
complex number A\g is an eigenvalue of the linear differential op-
erator £, if and only if A\ is a zero of the Evans function. The
stability /instability of the nonlinear waves is accomplished by cou-
pling together the zeros of the Evans functions. The most difficult
point is that the eigenvalue problems obtained by using linearization
technique involve the Dirac delta impulse functions. This makes it
very difficult to solve the eigenvalue problems for the eigenvalues
and eigenfunctions. The main strategy to overcome the difficulty
is to use the special structures of the reaction diffusion equations
to reduce the eigenvalue problems to simplified differential equa-
tions. Then I applied standard theory for second order nonhomo-
geneous linear differential equations, in particular, the method of
variation of parameters to construct bounded particular solutions
of the eigenvalue problems.

The constructions and applications of the Evans functions to the
stability, instability and bifurcations of the nonlinear waves of the
nonlinear system of reaction diffusion equations and the nonlinear
scalar reaction diffusion equations have been open for a long time,
even though the existence and instability of a single standing pulse
solution have been established before by using other method. This
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paper aims to provide positive solutions to these open problems.
Theorem . There exists an unstable standing pulse solution
if 0 < 2(1 4 ay)f < afy; there exist two standing wave fronts if
2(1 + ay)f = aBy and % > 1; there exist two standing wave
fronts if 2(1+a7)0 = afy and 0 < % < 1. Overall, 2(1;—;;7)9 =1
is a bifurcation point.
Currently, my collaborators and I are proving the existence of

multiple traveling pulse solutions of the system

ou %
E:@JFOMH(U_H)_U]_M
ow (u — yw)

5 = clu—w).

2.8 Project 8: Evans Functions and Bifurcations of Nonlinear
Waves of Nonlinear Singularly Perturbed System of Equa-
tions - Part B

Consider the following nonlinear singularly perturbed system of in-
tegral differential equations arising from synaptically coupled neu-
ronal networks

%ﬂww _ (a—au)/ooog(c) :/RK(x—y)H (u (y,t—%]w—yo -

+ @b [t | [ Wl -Gl 1) - )] ar,
0 !
ow
ot
Theorem . There exist two standing wave solutions (U;, W;) =

(U;(x), Wi(z)) to the nonlinear system, where ¢ = 1,2. There
is a positive constant € = g3 > 0, such that the standing wave

= e(u —yw).

solutions are stable for all € > ¢y and the standing wave solutions
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are unstable for all 0 < ¢ < gy. The value € = ¢ is a bifurcation
point.

We constructed Evans functions to establish the bifurcations of
the standing wave solutions of the nonlinear system.

Summary

Consider the following nonlinear scalar integral differential equa-
tions

—+u—oz/Kx— (u(y.t) — O)dy,

1
—+u-oz/K:c— (u(y,t—jx—y\)—@)dy,

and

S ol fran (o) s
+5/OOO [/W:U— wly,t—7) — @)dy]dr

Consider the following nonlinear singularly perturbed systems of in-
tegral differential equations arising from synaptically coupled neu-
ronal networks

%+u+w: /Ka:— (u(y,t) — 0)dy,
(‘9w
= e(u—w),

ou 1
— tut+w = /Kaf— (u<y,t——]a:—y|>—9>dy,
ot ¢

ow

- = &lu—uw),

ot
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and

%Jru—kw _ oz/oof(c) [/K(x—y)H (u (—éy:ﬁ—m))dy] de
. / UW:L«— (y,t—T)—@)]dT,

ow
= e(u — yw).

ot
Consider the following nonlinear singularly perturbed system of
reaction diffusion equations

ou O*u
E:@JFOZ[BHW—H)_U]_UJ’
ow (u — yw)

5 = clu—w).

Overall, I have accomplished the existence and stability of traveling
wave fronts of the nonlinear scalar integral differential equations,
the existence and stability of traveling pulse solutions of the systems
of integral differential equations, conducted mathematical analysis
of wave speeds and obtained the bifurcations of nonlinear waves
of the reaction diffusion equations. In these problems, traditional
ideas and methods cannot be applied due to certain technical re-
strictions and difficulties. The ideas, methods, and techniques de-
veloped in these projects may be applied to establish the existence
and stability of the traveling wave solutions of more realistic model
equations. The papers [37], [38], [48] in this area have been highly
recognized and cited by many other mathematicians.
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3 Representations of Bounded Explicit Traveling Wave
Solutions of Nonlinear Evolution Equations

The third research direction is the representations of bounded ex-
plicit traveling wave solutions of nonlinear evolution equations with
strong physical backgrounds (including nonlinear dispersive wave
equations, nonlinear dissipative dispersive wave equations, nonlin-
ear reaction diffusion equations, nonlinear hyperbolic equations and
other kinds of nonlinear evolution equations). We have coupled
together the method of reduction of order, the method of unde-
termined coefficients, some nonlinear transformations, particular
solutions of Burnoulli equations and other ideas in differential equa-
tions to establish the bounded explicit particular solutions of several
second order nonlinear ordinary differential equations. These par-
ticular solutions of the second order nonlinear ordinary differential
equations may be applied to solve nonlinear evolution equations
for representations of bounded explicit traveling wave solutions, as
indicated below.

3.1 Project 9: Traveling Wave Problems of Some Nonlinear Dis-
persive Wave Equations

The next theorem is developed and motivated by the traveling wave
problems of several nonlinear dispersive wave equations, such as the
nonlinear Korteweg-de Vries equation

ou u 0
Py =0
(9t+(9x3+(9x(u) ’
the nonlinear Benjamin-Bona-Mahony equation
ou  Pu 0
_ P) = ()
ot~ owor g ) =0
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the nonlinear Schrodinger equation

ou 0%*u

2p, _
o Too s + Blu|Pu =0,
the cubic nonlinear system of Schrodinger equations
ou  *u 0, . )
. _ 0
i+ o + o l(jul” + )] = 0,
Ov 0v 0 ) i
=0
i g [l o] = 0,

the general nonlinear system of Schrodinger equations

ou Pu 9.,

: P 2p —

i+ gy + e+ bl = 0

Ov  0v 0 2 %

= 0
i o {([ul + o)) = 0,
the three-dimensional Kadomtsev-Petviashvili equation

o [Ou 0Ou O u  0%u  O%u

+ + u?)| + + + — 07
Ov | 0t  Ox3 8:6( ) ox?  OJy? 022
and some other nonlinear dispersive wave equations, where a > 0,
£ > 0 and p > 0 are positive constants.

Theorem . (I) Consider the following second order nonlinear
differential equation

¢"(2) = ¢(2){a® — Bo(2)]*"},

where a > 0, 8 > 0 and m > 0 are positive constants. There
exists a bounded explicit solution

ole) = { [sech(amz)]Q}l/W .

)



In particular, the differential equation ¢”(2) = ¢(2){a*—3%[¢(2)]*}
has the following bounded explicit solution

20&2 1/2

ol2) = { S lseeh(az

(IT) Consider the second order nonlinear differential equation

¢"(2) = d(2)[0” — B2(2)] - a’w + A,

where o > 0 and 3 > 0 are positive constants, w is a real constant,
such that a? — 28%w > 0. There exists a bounded explicit solution

2
o(z) = 3o ;ﬁzﬁ%) [sech (%\/042 — 252wz>] + w.

The next theorem is developed and motivated by the traveling

wave problem of the Korteweg-de Vries equation with nonlinear
dispersion

ou & ., 9,
E%—%(u)%—a—x(u)—o

Theorem . Consider the second order nonlinear differential
equation

o{[d(2)]}" + Blo(2)) +19(2) =0,

where a # 0, 8 # 0 and v # 0 are real nonzero constants, such
that af > 0. There exist two bounded explicit periodic solutions

o(z) = —g—g + g—gsm (\/%Z) :
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3.2 Project 10: Traveling Wave Problems of Some Nonlinear
Dissipative Dispersive Wave Equations

The next theorem is developed and motivated by the traveling wave
problems of several nonlinear dissipative dispersive wave equations,
such as the nonlinear Korteweg-de Vries-Burgers equation

8u+83u 82u+ (9( % _ g
— u’) =
ot 03 ox?  Ox ’
the general nonlinear Korteweg-de Vries-Burgers equation
ou  Fu 82u 0
— + — —(Au+ B 0,
ot T Cgar g At B =

the nonlinear Benjamin-Bona-Mahony-Burgers equation

(3’u_ Ou — @—Fg(u—ku) 0,
ot  0x20t 8:1:2 0x

the general Benjamin-Bona-Mahony-Burgers equation

ou o3u 0*u o0
5~ oo “am T g Aut Bu) =0,

the general n-dimensional Benjamin-Bona-Mahony-Burgers equa-

tion
ou 0

K I nu—alu+ - V(Au+ Bu?) =
5~ grluT @ u+ 0 V(Au + Bu®) = 0,

and some other nonlinear dissipative dispersive wave equations,
where o« > 0 is a positive constant, A # 0 and B # 0 are real
nonzero constants, 8 = (51, B2, -+ , 8,) is a real nonzero constant
vector.

Theorem . (I) Consider the following second order nonlinear
differential equation

¢"(2) + Ad(2) + Blo(2)]" = ad'(2),
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where o« > 0 is a positive constant, A # 0 and B # 0 are real

nonzero constants, such that A = %oﬂ There exists a bounded
explicit solution
302 Qa 2
=3 2]V
oz =515 { Hlani |97

(IT) Consider the second order nonlinear differential equation

¢"(2) + Ad(2) + Blo(2)]" + C = ag/(2),

where a > 0 is a positive constant, A, B and C' are real constants,
such that

0
A+23w:%a2, Aw + Bw?* + C =0,

for some real constant w. There exists a bounded explicit solution

o(z) = sOOéB {1 + tanh [%z] }2 + w.

3.3 Project 11: Traveling Wave Problems of Several Nonlinear
Reaction Diffusion Equations

The next theorem is developed and motivated by the traveling wave
problems of several nonlinear reaction diffusion equations, such as
the Fisher’s equation

ou 0*u

_ 2 2
E—OéaxQ Bu(y” — 07u),
the general Fisher’s equation
ou d*u 5 @ m
E—a@—ﬂu(v —o"u™),
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the nonlinear system of reaction diffusion equations (that is, the
2 x 2 Belousov-Zhabotinskii equations)

ou  0%u
E—@ = Cl{U(l—U)+6UU,
ov 0%
E_@ = ’Y’U(l-”l))‘l‘(S’U/U,

the nonlinear system of reaction diffusion equations (that is, the
3 x 3 Belousov-Zhabotinskii equations)

0 0?

a—? — D@; = 20uw — Buw,

ov 0

E — D@ = —BU/U -+ 2/}/’Uw,

0 0?

8—1: — Da—;;) = fuv — auw — yow,

and some other nonlinear reaction diffusion equations, where av > 0,
>0 v>0,0>0and m > 0 are positive constants.

Theorem . Consider the following second order nonlinear dif-
ferential equation

vg'(2) — ad'(z) = Bo(2){7" — 0*[o(2)]"},
where « > 0, 8 > 0, v > 0, 6 > 0 and m > 0 are positive
constants, v is a real parameter. Let

of

v==2(m+4)y Sm )

There exist two bounded explicit solutions to the differential equa-

2/m
1 B
1 #+ tanh (5\/2a(m+2)m72>] } :
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3.4 Project 12: Traveling Wave Problems of Some Nonlinear
Hyperbolic Equations

The next theorem is developed and motivated by the traveling wave
problem of the well known nonlinear Sine-Gordon equation

O*u 0*
) ozZa—u + 2679*sin(2Bu) = 0,
where @ > 0, 8 > 0 and v > 0 are positive constants.
Theorem. (I) Consider the second order nonlinear differential

equation

¢"(2) = 287" sin(28¢(2)),

where 8 > 0 and v > 0 are positive constants. There exists a
bounded explicit solution

o(z) = %cos_l(tanh(Zﬁfyz)).

(IT) Consider the second order nonlinear differential equation

¢"(2) = =287 sin(2¢(2)),

where 8 > 0 and v > 0 are positive constants. There exist two
bounded explicit solutions

o(z) = :I:% sin” ! (tanh(2372)).

The next theorem is developed and motivated by the Sine-Gordon
equation with dissipation

0* 0?
87;6 aza_u + 5— + 7y sin(Au) + 0 sin(2 u) = 0,
where a« > 0, 8 # 0, v # 0, 0 # 0 and A # 0 are real nonzero

constants.
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Theorem . Consider the second order nonlinear differential
equation

ag’(z) + B (2) + vsin(Ap(2)) + 6 sin(2A¢(2)) = 0,

where o # 0, B # 0, v # 0, 0 # 0 and A # 0 are real nonzero
constants. If the constants satisfy the condition ey’ + 2325 = 0,
then there exists a bounded explicit solution

o(2) = %cos_l (tanh (%z)) .

3.5 Project 13: Traveling Wave Problems of Some Nonlinear
Evolution Equations Involving Cubic Polynomials

The next theorem is developed and motivated by the traveling wave
problems of nonlinear evolution equations involving cubic polyno-
mial functions, such as the nonlinear scalar bistable equation

Ou _ T 1 - ulu— o)

ot Ox2

the nonlinear scalar reaction diffusion equation

2
@—@:uz(l—u);

ot  0x?

2
R —_

ot or

the Gray-Scott reaction diffusion equations

ou O ou
% 92 B— 4 a(l — u) — uv?,

2
Qv _0v _ 5@+u02—av;

ot  0x?



the reaction diffusion equations

ou O*u  Ou 5

— = —— + f— + 2R — v’ — v
T 82xz+68x+ o ( u” — v)u,
ov 0°v ov
[ — e ) R a2 2N
ot Ox? Bax + 207 Wy
the Selkov equations
ou 0%u  Bot ot
— = — —au+ pfv+uv
ot Ox? P
ov 0*v 2 4
— = — — Y —uv+0;
ot~ ox2 | |
the nonlinear Korteweg-de Vries-Burgers equation
ou Fu 0u

0
a5 ﬁ—a@Jra—x(AquBu +Cu’) =

the nonlinear Benjamin-Bona-Mahony-Burgers equation

ou J3u Pu 0
«

ot 0x20t 022 ag;(

the nonlinear Klein-Gordon equation

Au+ Bu* 4 Cu?) =

and some other nonlinear evolution equations, where o, 3, v, o, p,
A, B, C and a are real constants.

Theorem . Consider the following second order nonlinear dif-
ferential equation

¢"(2) +6¢'(2) = ag(2)[d(z) — Bllo(2) — 7],
where a@ > 0 and 8 > 0 are positive constants, v and 0 are real
constants. If the constants a, 3, v, ¢ satisfy

0= (2y— 5)\/§,

82



then there exists a bounded explicit solution to the differential equa-
tion, given by

é(2) = g [1 +tanh (g %ZH .

If the constants «, 5, v, ¢ satisfy

s=-@r-5)/3

then there exists a bounded explicit solution

o(2) = § [1 ~ tanh <§ %ZN .

3.6 Project 14: Traveling Wave Problems of Nonlinear Eevolu-
tion Equations Involving Special Functions

The next theorem is developed and motivated by the traveling wave
problems of nonlinear systems of differential equations involving
(R? —u? —v?)u and (R* — u? — v*)v, such as the nonlinear system
of hyperbolic equations

d*u d*u
52 = g T E w0,
0%v 0%v
oe = o TR — =

and some other nonlinear systems of differential equations, where
a, B and R are real constants.

Theorem . Consider the following second order nonlinear sys-
tem of differential equations

ad(2) + B{R* = [6(2)]" — [¥( =
o (z) + B{R’ — [9(2)]" — ()" (2) =0,
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where o # 0, 6 # 0 and R # 0 are real nonzero constants. (I)
Suppose that the real constants v and [ satisfy the condition a8 <
0. There exist two families of bounded explicit solutions

5y 1/2
2R? | B
o(z) = T2 sech < —aRz> :
5y 1/2
2R? | B
Y(z) = £r 2 sech( —aRz> :

where r is a real parameter.
(IT) There exists a family of bounded explicit periodic solutions

\/ g(m —12)z| + bsin \/ g(RQ - 7“2)2- } ,
\/g(m —r2)z] — asin \/ g(m —rQ)z_ }

where a, b and r are real parameters, such that a®> + b*> = 1 and
af(R* —r?) > 0.
The results in this lemma may be used to study the bifurcation

o(z) = r{acos

P(z) = r {bcos

of nonlinear waves of some differential equations.

3.7 Summary

[ have appropriately coupled together the method of reduction of
order, the method of undetermined coefficients, some nonlinear
transformations and particular solutions of Bernoulli equations to
generate a comprehensive and systematic method to accomplish
the representations of bounded explicit particular solutions of sev-
eral nonlinear second order ordinary differential equations. These
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results may be used to solve several kinds of nonlinear evolution
equations (including nonlinear dispersive wave equations, nonlin-
ear dissipative dispersive wave equations, nonlinear reaction diffu-
sion equations, nonlinear hyperbolic equations and other kinds of
nonlinear evolution equations) for bounded explicit traveling wave
solutions, which are of special values in industry, engineering and
applied mathematics. These nonlinear evolution equations have
strong backgrounds in physics, chemistry, and biology.

4 THE RESEARCH STATEMENTS - Future Research
Plans

There are still many very important and interesting open problems
in applied mathematics. I have been very careful in selecting what
mathematical model equations to work on. This is how I choose
them: they must have strong backgrounds in physics or mathemat-
ical neuroscience by taking main physical points or main neurobio-
logical points into account, the nonlinear functions and nonlocal in-
teractions must be physically or biologically realistic and the model
equations must be of public interests in the mathematical society.
The model equations may describe the motion of incompressible flu-
ids, or they may describe the propagation of nerve impulses, neuro-
logical disorders (for example, cortical epilepsy and migraine), and
traveling waves in cardiac tissues. On the other hand, they cannot
be too complicated so that no one can solve them either analytically
or numerically.

More specifically, in fluid dynamics, I am very interested in
the special structures of the n-dimensional incompressible Navier-
Stokes equations. By making complete use of the special structures,
it is possible to establish the uniform energy estimates for the first
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order derivatives and then for the higher order derivatives of the
global weak solution. Therefore, I can accomplish the existence and
uniqueness of the global smooth solution.

In mathematical neuroscience, I am very interested in the stabil-
ity of the multiple traveling pulse solutions of two kinds of nonlinear
singularly perturbed systems of differential equations, both have
strong backgrounds: nonlinear singularly perturbed systems of re-
action diffusion equations arising from mathematical neuroscience
and nonlinear singularly perturbed system of integral differential
equations arising from synaptically coupled neuronal networks.

In ordinary differential equations, I am very interested in de-
veloping more technical lemmas to find bounded explicit solutions
whose graphs are like perfect multiple pulses. Then I can apply the
lemmas to solve nonlinear evolution equations for bounded explicit
multiple pulse solutions.

Needless to say, they are my research projects in the near future.

4.1 Future Project 1: An Open Problem in n-Dimensional In-
compressible Navier-Stokes Equations

Consider the Cauchy problem for the n-dimensional incompressible
Navier-Stokes equations

gu—ozAu%—(u-V)u—l—Vp:f(x,t), V-u=0,V-f=0,

ot
u(x,0) =uy(x), V-uy=0.

There exist two hidden nonlinear diffusions in the n-dimensional
incompressible Navier-Stokes equations. Moreover, they help each
other when making energy estimates. [ will make complete use
of the special structures and couple together an unusual energy
estimate method to establish the uniform energy estimates for both
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lower order derivatives and higher order derivatives of the global
weak solutions. I will also make use of many traditional ideas,
methods, techniques and results to achieve the main goal.

4.2 Future Project 2: Stability of Multiple Traveling Pulse So-
lutions of a Nonlinear Singularly Perturbed System of Re-
action Diffusion Equations Arising from Mathematical Neu-
roscience

Consider the following nonlinear singularly perturbed system of
reaction diffusion equations

ou 0*u

E = @4‘&[5]‘[(’&—9)—%]—10,
ow _ (u — yw)

at = &lu yw).

There are several serious mathematical mistakes in other people’s
previous analysis about the stability of the multiple traveling pulse
solutions. Therefore, the stability has been open. I will use lin-
earization idea, in particular, I will construct and apply Evans
functions to study the eigenvalues of a few eigenvalue problems to
rigorously accomplish the stability of the multiple pulse solutions
of the nonlinear singularly perturbed system of reaction diffusion
equations.
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4.3 Future Project 3: The Existence and Stability of Multi-
ple Traveling Pulse Solutions of a Nonlinear Singularly Per-
turbed System of Integral Differential Equations Arising from
Synaptically Coupled Neuronal Networks

Consider the following nonlinear singularly perturbed system of
integral differential equations

%Jru—i—w — a/oof(c) [/K(a?—y)H <u (y,t—élx—y!) —9) dy]
i / [/Wa:— (y,t—T)—@)dy]dT,

ow

5 e(u — yw).

In this system, (u,w) = (u(z,t), w(x,t)) is a real vector-valued
function of x and £ > 0. I will study the existence and stability of
multiple traveling pulse solutions. I will use ideas from my previous

research and other people’s ideas.

4.4 Future Project 4: The Representations of Bounded Explicit
Traveling Wave Solutions of Some Nonlinear Evolution Equa-
tions

[ will develop more technical lemmas about second order nonlinear
ordinary differential equations for the representations of bounded
explicit solutions which look perfectly like multiple pulse. Then I
will apply them to solve nonlinear evolution equations, such as the
nonlinear Korterweg-de Vries equation, the nonlinear Schrodinger
equation and the Sine-Gordon equation

ou N u N 5,
ot 0x3 Ox

() = 0,
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Ou 0*u

2p,,
o tos s + Blu|Pu =0,
0*u 0*u _
w — 042@ -+ 26’}/2 Sln<26’u> = O,

where a > 0, 8 > 0, v > 0 and p > 0 are positive constants, for
multiple pulse solutions.

Summary :

Overall, what I would like to do in the near future is to study inter-
disciplinary problems arising from mathematical neuroscience and
in applied mathematics. I would like to have publications in high
quality journals where rigorous mathematical analysis is appreci-
ated and also in journals which highlight interdisciplinary topics.

[ have thought about these problems for a long time and dis-
cussed them with many other experts in my research areas. I am
confident that I have the right ideas to work them out. I hope to
have more important results related to mathematical neuroscience.

My long term, main research goal is to generate various ideas and

methods to solve important open problems in applied mathematics
and mathematical neuroscience.
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turbed system of reaction-diffusion equations with a Heaviside
step function. Journal of Mathematical Analysis and Appli-
cations, 410(2014), 202-212.

6 Gregory Faye, Existence and stability of traveling pulses in a
neural field equation with synaptic depression. SIAM Journal
on Applied Dynamical Systems, 12(2013), 2032-2067.

7 Lijun Zhang, Existence and unique of wave fronts in neuronal net-
work with nonlocal post-synaptic axonal and delayed nonlocal

feedback connections. Advances in Differential Equations,
243(2013), 1-15.

Citations of [50]: This paper has been cited three times by others:

1 Yan Jia, Xingwei Zhang and Boqging Dong, The asymptotic be-
havior of solutions to three-dimensional Navier-Stokes equa-
tions with nonlinear damping. Nonlinear Analysis, Real World

Applications, 12(2011), 1736-1747.

2 Boqging Dong and Juan Song, Global regularity and asymptotic
behavior of modified Navier-Stokes equations with fractional

dissipation. Discrete and Continuous Dynamical Systems,
32(2012), 57-79.

3 Junbai Ren, Large time behavior for weak solutions of the 3D
globally modified Navier-Stokes equations. Abstract and Ap-
plied Analysis, (2014), article ID 879780, 1-5.

Citations of [52]: This paper has been cited once by others:
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1 Shuxia Pan and Guo Lin, Invasion traveling wave solutions of
a competitive system with dispersal. Boundary Value Prob-
lems, 2012(2012), article ID | pages.

Citations of [53]: This paper has been cited three time by others:

1 G. G. Rigatos, Estimation of wave-type dynamics in neurons’
membrane with the use of the Derivative-free nonlinear Kalman

Filter, Neurocomputing, 131(2014), 286-299.

2 Lianzhong Li, Maoan Han and Yuanyuan Liu, Existence and
uniqueness of traveling wave front of a nonlinear singularly per-
turbed system of reaction-diffusion equations with a Heaviside
step function. Journal of Mathematical Analysis and Appli-
cations, 410(2014), 202-212.

3 Lijun Zhang, Existence and unique of wave fronts in neuronal net-
work with nonlocal post-synaptic axonal and delayed nonlocal
feedback connections. Advances in Differential Equations,
243(2013), 1-15.

Citations of [54]: This paper has been cited once by others:

1 Lianzhong Li, Maoan Han and Yuanyuan Liu, Existence and
uniqueness of traveling wave front of a nonlinear singularly per-
turbed system of reaction-diffusion equations with a Heaviside
step function. Journal of Mathematical Analysis and Appli-
cations, 410(2014), 202-212.
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List of Impact Factors of Some Mathematics Journals

The impact factors for some mathematics journals can not be
found on-line. The impact factors for each journal may be dif-
ferent from different sources. For example, the Introduction of
the SIAM journals says that the impact factor of SIAM Journal
on Applied Dynamical Systems is 2.159, but the Web of Sciences
http://isiknowledge.com /wos says it is 1.703. Please note that,
compared with biology or other natural sciences, the overall im-
pact factors for mathematics journals are very low.

1 Acta Mathematicae Applicatae Sinica, English Series: 0.534
2 Calculus of Variation and Partial Differential Equations: 0.992
3 Communications on Pure and Applied Mathematics 2.031
4 Communications in Partial Differential Equations 1.094

5 Discrete and Continuous Dynamical Systems, Series A:  1.087

6 Differential and Integral Equations: 0.641
7 Journal of American Mathematical Society 2.552
8 Journal of Differential Equations: 1.166
9 Journal of Functional Analysis 0.866
10 Journal of Partial Differential Equations: 0.539
11 Journal of Dynamics and Differential equations: 0.435

12 Journal of Mathematical Analysis and Applications 0.758
13 Mathematische Zeitschrift: 0.570
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14 SIAM Journal on Applied Dynamical Systems: 1.703

15 Nonlinear Analysis, Theory and Methods: 0.677
16 Nonlinear Analysis, Real World Applications: 1.194
17 Chinese Annals of Mathematics 0.470

Overall, I have many significant papers published in first-class,
worldwidely well known, high rank mathematics journals. I also
have published a lot of papers in other slightly less significant but
popular journals (e.g. Acta Mathematicae Applicatae Sinica, Jour-
nal of Partial Differential Equations). This undoubtedly enhance
the reputation of Lehigh University.
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Brief background information on the journals where
my papers have been published

Acta Mathematicae Applicatae Sinica publishes high quality re-
search papers from all branches of applied mathematics, and
particularly welcomes those from partial differential equations,
computational mathematics, applied probability, mathematical
finance, statistics, dynamical systems, optimization and man-
agement science.

Bulletin of the Institute of Mathematics publishes original papers
in all areas of mathematics.

Chinese Annals of Mathematics is probably the best mathematics
journal in China. It publishes research papers in all areas of
mathematics. Every year four issues are published.

Differential and Integral Equations will publish carefully selected
research papers on mathematical aspects of differential and in-
tegral equations and on applications of the mathematical the-
ory to issues arising in the sciences and in engineering.

Discrete and Continuous Dynamical Systems publishes peer-reviewed
high quality original papers and invited expository papers on
the theory and methods of analysis, differential equations and
dynamical systems. This journal is committed to being the
record for important new results in its field, and will maintain
the highest standards of innovation and quality. To be pub-
lished in this journal, an original paper must be correct, new,
nontrivial and of interest to a substantial number of readers.

Dynamics in Partial Differential Equations publishes novel results
in the areas of partial differential equations and dynamical sys-
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tems in general, and priority will be given to dynamical system
theory or dynamical aspects of partial differential equations.

Journal of Differential Equations is concerned with the theory and
the application of differential equations. The articles published
are addressed not only to mathematicians but also to those
engineers, physicists, and other scientists for whom differential
equations are valuable research tools.

Journal of Dynamics and Differential Equations serves as an inter-
national forum for the publication of high-quality, peer-reviewed
original papers in the field of mathematics, biology, engineer-
ing, physics, and other areas of science. The dynamical issues
treated in the journal cover all the classical topics, including
attractors, bifurcation theory, connection theory, dichotomies,
stability theory, and transversality, as well as topics in new and
emerging areas of the field.

Journal of Partial Differential Equations publishes research pa-
pers and short communications of high quality in theory and
applications including numerical analysis of partial differential
equations. The main interest of the Journal is to encourage the
research of partial differential equations, and to promote na-
tional and international exchange between partial differential
equations, engineering, physics and different fields of mathe-
matics.

Mathematische Zeitschrift is devoted to pure and applied math-
ematics; papers on theoretical physics and astronomy may be
accepted if they present interesting mathematical results.

Nonlinear Analysis is concerned, as the title stresses, with three
major activities. It is a multidisciplinary journal, which has
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applications in main academic subjects as well as in industry
and government. The journal publishes important research and
expository papers and preliminary communications devoted to
solving nonlinear problems in all areas of theory, methods and
applications of nonlinear analysis. Clearly, papers that tend
to integrate and interrelate theory, methods and applications
within the scope of the journal will be particularly welcomed.

Proceedings of the Royal Society of London, Series A: Mathemat-
ical and Physical Sciences: The criteria for selection are scien-
tific excellence, originality and interest across disciplines within
mathematical, physical and engineering sciences.

SIAM Journal on Applied Dynamical Systems publishes research
articles on the mathematical analysis and modeling of dynam-
ical systems and its application to the physical, engineering,
and life sciences. It is published in electronic format only.
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The Teaching Statements

First of all, let me provide the information from Course Evalu-
ation Summary Report in the last years. [ will only highlight the
first two items. In each block below, the first line is the year and
the semester, the second line and the third line are the courses I
taught and the scores from (1) Overall, the instructor’s teaching
was effective) and (2) Overall the quality of the course was good.
The total score for each item is 5.00.

2009 Sp 2009 Su 2009 Au

2010 Au
M205 421 4.19
M21 4.21 4.11 )
2011  Au

M301 4.33 3.93
M205 3.73 3.63
2012 Au

M405 4.60 4.40
M21 4.15 3.66 )

2010 Sp 20105u

2011 Sp 2011 Su \
M?205 4.49 4.41 M?22 4.87 4.87

M320 4.17 4.17 M52 4.67 4.67 )

2012 Sp 2012 Su \
M?23 4.19 4.34 M?22 4.38 4.54

M320 4.27 4.27 M52 471 471 )

— N N

2013 Sp\ [ 2013 Su \ /2013 Au
Sabbatical leave M?22 4.10 4.14 M?23 4.25 4.24
Sabbatical leave ] \ M52 4.00 429 )\ M23 4.10 4.20
2014 Sp [ 2014 Su 2014 Au

M?21 4.35 4.43
M320 4.33 4.25

M22 4.43 4.55 M205
\ M52 4.60 4.80 ) M205

(A) Chronological list of courses taught with number
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of credits per course, and the number of grades
assigned in each course.

2002: Autumn Semester. Mathematics 75 (two credits) and
Mathematics 205 (three credits).
Six sections in Math 75, 91 grades assigned, the average
grade is “B+4" and the range of gradesis: “A”, “A-", “B+4",
“B”, “B-7, “C+7, “C”, “C-7, “D” and “F".
One section in Math 205, 35 grades assigned, the average
grade is “B” and the range of grades is: “A”, “A-", “B+7,
“B”, “B-7, “C+7, “C”, “C-7, “D” and “F”.

2003: Spring Semester. Mathematics 76 (two credits) and
Mathematics 406 (three credits).
Six sections in Math 76, 87 grades assigned, the average
grade is “B+" and the range of grades is: “A”, “A-", “B+4",
“B”, “B-7, “C+7, “C”, “C-7, “D” and “F”.
One section in Math 406, 4 grades assigned, the average
grade is “A” and the range of grades is “A” and “A-".

2003: Autumn Semester. Mathematics 21 (four credits) and
Mathematics 205 (three credits).
Four sections in Math 21, 69 grades assigned, the average
grade is “B” and the range of grades is: “A”, “A-7, “B47,
“B”, “B-7, “C+7, “C”, “C-7, “D” and “F".
One section in Math 205, 45 grades assigned, the average
grade is “B” and the range of grades is: “A”, “A-", “B+",
“B”, “B-7, “C+7, “C”, “C-7, “D” and “F”.

2004: Spring Semester. Mathematics 22 (four credits) and
Mathematics 450 (three credits).
Four sections in Math 22, 57 grades assigned, the average
grade is “B” and the range of grades is: “A”, “A-", “B4",
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(CBU’ ((B_777 ((C_i_??’ C(C??) ((C_W’ ((D?? a,nd ((Fﬂ.
One section in Math 450, 1 grade assigned, the average
grade is “A” and the range of grade is “A”.

2004: Autumn Semester. Mathematics 75 (two credits), Math-
ematics 405 (three credits) and Mathematics 450 (three
credits).

Four sections in Math 75, 71 grades assigned, the average
grade is “B+" and the range of grades is: “A”, “A-", “B+",
“B”, “B-7, “C+7, “C”, “C-7, “D” and “F”.

One section in Math 405, 3 grades assigned, the average
grade is “A” and the range of grades is “A”.

One section in Math 450, 2 grades assigned, the average
grade is “A” and the range of grades is also “A”.

2005: Spring Semester. Mathematics 205 (three credits) and
Mathematics 320 (three credits).

One section in Math 205, 39 grades assigned, the average
grade is “B” and the range of grades is: “A”, “A-", “B47,
“B7, “B-7, “C+7, “C7, “C-7, “D” and “F”.

Two sections in Math 320, 8 grades assigned, the average
grade is “B+" and the range of grades is “A”, “A-", “B”,
“C-7, “F” and “W”.

2005: Autumn Semester. Mathematics 205 (three credits),
Mathematics 435 (three credits) and Choices and Decisions
(one credit).

One section in 205, 49 grades assigned the average grade
is “B” and the range of grades is: “A”, “A-", “B+", “B”,
“B-7, “C+7, 2C7L fC7 D7 and (FT.

One section in 435, 3 grades assigned, the average grade
is “A-7 and the range of grades is “A-". One section
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in Choices and Decisions, 17 grades assigned, the average
grade is “Pass” and the range of grades is also “Pass”.

2006: Spring Semester. Mathematics 23 (four credits), Math-
ematics 320 (three credits) and Mathematics 450 (three
credits).

Four sections in Math 23, 80 grades assigned, the average
grade is “B” and the range of grades is: “A”, “A-", “B47,
“B”, “B-7, “C+7, “C”, “C-7, “D” and “F”.

Two sections in 320, 4 grades assigned, the average grade
is “A-" and the range of grades is “A”, “A-" and “B+".
One section in Math 450, 3 grades assigned, the average
grade is “A-" and the range of grades is “A” and “B+".

2006: Summer Semester. Mathematics 21 (four credits) and
Mathematics 205 (three credits).
One section in Math 21, 10 grades assigned, the average
grade is “B+" and the range of grades is “A”, “A-", “B+7,
“B”, “B-7, “C+7, *C7, “C-7L “D7 and CF7.
One section in Math 205, 4 grades assigned, the average
grade is “A-" and the range of grades is “A”, “A-", “B+4".

2006: Autumn Semester. Sabbatical leave, visiting the Math-
ematical Biosciences Institute of The Ohio State Univer-
sity. 231 West 18th Avenue, Columbus, Ohio 43210 USA.
September-December, 2006.

2007: Spring Semester. Mathematics 205 (three credits), Math-
ematics 341 (three credits) and Mathematics 450 (three
credits).

One section in Math 205, 40 grades assigned, the average
grade is “B” and the range of grades is: “A”, “A-7, “B47,
“B7, B, “C47, fC7, fC7 D7 and CET.
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One section in Math 341, 11 grades assigned, the average
grade is “B+" and the range of grades is: “A”, “A-", “B+4",
“B7, “B-7, “C+7, O, *C7, D7 and “F7.

One section in Math 450, 1 grade assigned, the average
orade is “A” and the range of grade is also “A”.

2007: Summer Semester. Mathematics 21 (four credits).

One section in Math 21, 12 grades assigned, the average
grade is “B+" and the range of grades is “A”, “A-", “B4",
B, B, *C+7, O, *C-7, “D” and “F7.

2007: Autumn Semester. Mathematics 205 (three credits),
Mathematics 295 (three credits), Mathematics 450 (three
credits), and Choices and Decisions (one credit).

One section in Math 205, 40 grades assigned the average
grade is “B+" and the range of grades is: “A”, “A-", “B+4"7,
“B”, “B-7, “C+7, “C7, “C-7, “D” and “F”.

One section in Math 295, 10 grades assigned, the average
grade is “B+’, the range of grades is: “A”, “A-", “B47,
“B”, “B-7, “*C+7, “C” and “C-".

One section in Math 450, 2 grades assigned, the average
grade is “A” and the range of grade is also “A”.

One section in Choices and Decisions, 13 grades assigned,
the average grade is “Pass” and the range of grades is also
“Pass”.

2008: Spring Semester. Mathematics 205 (three credits), Math-
ematics 320 (three credits) and Mathematics 450 (three
credits).

One section in Math 205, 57 grades assigned, the average
grade is “B+" and the range of grades is: “A”, “A-", “B+",
“B7, “B-7, “C+7, “C7, “C-7, “D” and “F”.
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Two sections in Math 320, 20 grades assigned, the average
grade is “B+" and the range of grades is “A”, “A-", “B+7,
“B”, “B-7, “C+7, “C”7 and “C-".

One section in Math 450, 2 grades assigned, the average
orade is “A” and the range of grade is also “A”.

2008: Summer Semester. Mathematics 21 (four credits) and
Mathematics 76 (two credits).
One section in Math 21, 8 grades assigned, the average
grade is “B” and the range of grades is: “A”, “A-", “B4",
“B”, “B-7, “C+7, “C” and “C-".
One section in Math 76, 5 grades assigned, the average
grade is “B” and the range of grades is “A”, “B+4”7, “B”
and “C+".

2008: Autumn Semester. Mathematics 75 (two credits), Math-
ematics 405 (three credits) and Mathematics 450 (three
credits).

Four sections in Math 75, 63 grades assigned, the average
grade is “B” and the range of grades is: “A”, “A-7, “B+",
“B7, “B-7, “C+7, “C7, “C-7, “D” and (F7.
One section in Math 405, 4 grades assigned, the average
grade is “A” and the range of grades is “A”.
One section in Math 450, 1 grade assigned, the average
grade is “A” and the range of grades is “A”.

2009: Spring Semester. Mathematics 76 (two credits), Math-
ematics 320 (three credits).
Four sections in Math 76, 66 grades assigned, the average
grade is “B+" and the range of grades is: “A”, “A-", “B+47,
“B7, “B-7, “C+7, *C7, “C-7, “D” and “F”.
Two sections in Math 320, 11 grades assigned, the average
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grade is “B+4" and the range of grades is “A”, “A-", “B+",
((B)?) CﬁB_??) CﬁC_l_”’ CCC?? a,nd CﬁC_??.

2009: Summer Semester. Mathematics 22 (four credits) and
Mathematics 76 (two credits).
One section in Math 22, 18 grades assigned, the average
grade is “B+" and the range of grades is: “A”, “A-", “B+4"7,
“B”, “B-7, “C+7, “C”, “C” and “F".
One section in Math 76, 6 grades assigned, the average
grade is “B” and the range of grades is “A”, “B+", “B”
and “C+".

2009: Autumn Semester. Mathematics 205 (three credits),
Mathematics 435 (three credits).
One section in Math 205, grades assigned, the average grade
is “B” and the range of grades is: “A”, “A-", “B4”7, “B”,
“B-7, “C47, “C”, “C-"7, “D” and “F”.
One section in Math 435, 4 grades assigned, the average
grade is “A-" and the range of grades is “A-".

2010: Spring Semester. Mathematics 22 (four credits), Math-
ematics 320 (three credits).
Four sections in Math 22, 58 grades assigned, the average
grade is “B-" and the range of grades is: “A”, “A-", “B+4",
“B”, “B-7, “C+7, “C”, “C-7, “D” and “F".
Two sections in Math 320, 9 grades assigned, the average
grade is “B+" and the range of grades is “A”, “A-", “B+7,
“B”, “B-", “C” and “C-".

2010: Summer Semester. Mathematics 22 (four credits).
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One section in Math 22, 23 grades assigned, the average
grade is “B+" and the range of grades is: “A”, “A-", “B+",
CCB??) CﬁB_)?) CﬁC+)77 CCC??) ﬁ(C_?? a,nd (CF”.

2010: Autumn Semester. Mathematics 21 (four credits), Math-
ematics 205 (three credits).

Four sections in Math 21, grades assigned, the average
grade is “B” and the range of grades is: “A”, “A-7, “B4",
“B7, “B-7, “C+7, “C7, “C-7, “D” and “F7.

2011: Spring Semester. Mathematics 205 (three credits), Math-
ematics 320 (three credits), Mathematics 450 (three cred-
its).

One sections in Math 205, 51 grades assigned, the average
grade is “B+" and the range of grades is: “A”, “A-", “B+4"7,
“B7, “B-7, “C+7, *C7, “C-7, “D” and “F”.

Two sections in Math 320, 6 grades assigned, the average
grade is “B4" and the range of grades is “A”, “B” and
“C-".

One section in Math 450, 1 grade assigned, the average
grade is “A” and the range of grades is “A”.

2011: Summer Semester. Mathematics 22 (four credits) and
Mathematics 52 (three credits).
One section in Math 22, 16 grades assigned, the average
grade is “B+" and the range of grades is: “A”, “A-", “B+7,
“B7, “B-7, “C+7, “C7, “C-.
One section in Math 52, 8 grades assigned, the average
grade is “B+" and the range of grades is: “A”, “B+7,
“C+7, “C” and “F”.
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2011: Autumn Semester. Mathematics 205 (three credits) and
Mathematics 301 (three credits).
One section in Math 205, 44 grades assigned, the average
grade is “B+" and the range of grades is: “A”, “A-", “B+7,
“B”, “B-", “C+7, “C”, “C-7, “D” and “F”.
Two sections in Math 301, 28 grades assigned, the average
grade is “B+" and the range of grades is: “A”, “A-", “B+7,
“B”, “B-7, “C+7, “C”, “C-7, “D” and “F”.
One section in Math 450, 1 grades assigned, the average
grade is “A” and the range of grades is “A”.

2012: Spring Semester. Mathematics 23 (four credits), Math-
ematics 320 (three credits).
Four sections in Math 23, grades assigned, the average
grade is “B” and the range of grades is: “A”, “A-", “B4",
“B”, “B-7, “C+7, “C”, “C-7, “D” and “F”.
Two sections in Math 320, grades assigned, the average
grade is “B+" and the range of grades is “A”, “A-", “B+7,
“B”, “B-7, “C+7, “C” and “C-".

2012: Summer Semester. Mathematics 22 (four credits) and
Mathematics 52 (three credits).
One section in Math 22, grades assigned, the average grade
is “B+" and the range of grades is: “A”, “A-", “B+", “B”,
“B-7, fC+7, 2C7, “C7 and (R
One section in Math 52, 8 grades assigned, the average
grade is “B+4" and the range of grades is “A”, “A-", “B+",
“B”, “B-7, “C".
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2012: Autumn Semester. Mathematics 21 (four credits), Math-
ematics 405 (three credits).
Four sections in Math 21, grades assigned, the average
grade is “B” and the range of grades is: “A”, “A-7, “B+",
“B”, “B-7, “C+7, “C”, “C-7, “D” and “F”.
One section in Math 405, 5 grades assigned, the average
grade is “A” and the range of grades is “A”.

2013: Spring Semester. Sabbatical leave - visiting the Insti-
tute for Mathematics and its Applications at the University
of Minnesota.

2013: Summer Semester. Mathematics 22 (four credits) and
Mathematics 52 (three credits).
One section in Math 22, 22 grades assigned, the average
grade is “B+" and the range of grades is: “A”, “A-", “B+",
“B”, “B-7, “C+7, *C7, “C-" and “D”.
One section in Math 52, 7 grades assigned, the average
grade is “B+4" and the range of grades is “A”, “A-", “B+",
“B”, “B-7, “C”.

2013: Autumn Semester. Two Sections of Mathematics 23
(four credits).
Eight sections in Math 23, 133 grades assigned, the average
grade is “B” and the range of grades is: “A”, “A-7, “B47,
“B”, “B-7, “C+7, “C”, “C-7, “D” and “F”.

2014: Spring Semester. Mathematics 21 (four credits), Math-
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ematics 320 (three credits).

Four sections in Math 21, 80 grades assigned, the average
grade is “B” and the range of grades is: “A”, “A-", “B47,
“B7, “B-7, “C+7, O fC7) DY and (R

Two sections in Math 320, 13 grades assigned, the average
grade is “B+4" and the range of grades is “A”, “B” and “C-".

2014: Summer Semester. Mathematics 22 (four credits) and
Mathematics 52 (three credits).
One section in Math 22, 28 grades assigned, the average
grade is “B+" and the range of grades is: “A”, “A-", “B+",
“B”, “B-7, “C+7, “C7, “C-7.
One section in Math 52, 5 grades assigned, the average
grade is “B” and the range of grades is: “A”, “B+4", “C+",
“C” and “F”.

2014: Autumn Semester. Mathematics 205 (three credits).
Two sections in Math 205, 105 grades assigned, the average
grade is “B” and the range of grades is: “A”, “A-", “B4",
“B”, “B-7, “C+7, “C”, “C-7, “D” and “F”.

2015: Spring Semester. Mathematics 205 (three credits), Math-
ematics 320 (three credits).
Four sections in Math 205, 58 grades assigned, the average
grade is “B” and the range of grades is: “A”, “A-", “B+",
“B7, “B-7, “C+7, “C7, “C-7, “D” and “F7.
Two sections in Math 320, 8 grades assigned, the average
grade is “B+4" and the range of grades is “A”, “A-", “B+",
“B7, “B-7, “C+7, “C” and “C-".
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Recent Innovations in Teaching

Two New Courses: I have prepared two new courses: Math-
ematics 450-A (Introduction to Dynamical Systems in Math-
ematical Biology, for both undergraduate students and gradu-
ate students) and Mathematics 450-B (Topics in Mathematical
Neuroscience, for students in the Ph.D program). Why do I
prepare these new courses? Interdisciplinary research activities
are becoming more and more important worldwide. As well
known, it is not easy to obtain very interesting results in a sin-
gle research area. It is desirable to couple together mathematics
and other natural sciences (such as physics, chemistry, biology,
astronomy) to discover new phenomena. These two courses
are designed in such a way that students may have very good
opportunities to learn very interesting topics in mathematical
neuroscience. | use my research results in mathematical neu-
roscience published in very good journals and book chapters in
biophysics (see a list of references later) as teaching materials
in Mathematics 450-A and in Mathematics 450-B. The main
reason is that the model equations have been used worldwide
and the results are standard. I developed several topics in mod-
ern applied mathematics, including traveling waves, existence
analysis, stability analysis, speed analysis, bifurcation analy-
sis, etc. Of special biological importance in these two courses
are nonlinear scalar integral differential equations, nonlinear
singularly perturbed systems of integral differential equations,
nonlinear scalar reaction diffusion equations and nonlinear sin-
gularly perturbed systems of reaction diffusion equations. In
the long run, these courses may be very important for Lehigh
University’s interdisciplinary programs.
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1 On stability of traveling wave solutions in synaptically cou-
pled neuronal networks. Differential and Integral Equa-
tions, 16(2003), 513-536.

2 Traveling waves of a singularly perturbed system of integral-
differential equations arising from neuronal networks. Jour-
nal of Dynamics and Differential Equations, 17(2005),
489-522.

3 How do synaptic coupling and spatial temporal delay influ-
ence traveling waves in nonlinear nonlocal neuronal net-
works? SIAM Journal on Applied Dynamical Systems,
6(2007), 597-644.

4 Evans functions and bifurcations of nonlinear waves of some
reaction diffusion equations. Journal of Differential Equa-
tions, 263(2017), 3627-3686.

5 Traveling Waves Arising from Synaptically Coupled Neu-
ronal Networks. Advances in Mathematics Research, Vol-
ume 10. Editor-in-Chief: Albert R. Baswell. Nova Science
Publishers Inc. New York. ISBN: 978-1-60876-265-1. 2010.
Pages 53-204.

Innovations of Existing Courses: Very often I teach
Math 320: Ordinary Differential Equations and Math 405: Par-
tial Differential Equations. I have developed new materials in
Mathematics 320 to reflect most recent advances. Since several
topics in the old Math 320 have been moved to Math 319, now
I have time to cover several new topics. What new materials
have I developed recently? First of all, by coupling together
the method of reduction of order, the method of undetermined
coefficients, some nonlinear transformations and particular so-
lutions of Bernoulli equations, I have established many tech-
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nical lemmas to find the bounded, smooth, explicit solutions
of more than ten second order, nonlinear ordinary differen-
tial equations. Secondly, by applying these lemmas, I have
solved five classes of nonlinear evolution equations for bounced,
smooth, explicit traveling wave solutions. These equations have
strong backgrounds in physics, chemistry, biology, biophysics,
biochemistry, astronomy, or other interdisciplinary. As well
known, bounded explicit traveling wave solutions of nonlinear
evolution equations play very important roles in industry, en-
gineering and applied mathematics. The engineering college at
Lehigh University is very famous nationwide. It is my strong
desire to use my results to support the engineering college.
These bounded explicit solutions will help the faculty, grad-
uate students, post-doctoral, and visitors in the engineering
college to better understand many important and interesting
phenomena. Moreover, the explicit solutions may help to dis-
cover new phenomena in engineering. That is why I spend a
lot of time to write two chapters of new materials and teach
them in Math 320 (Ordinary Differential Equations).

In Mathematics 405 (Partial Differential Equations), I also up-
dated some of the materials. For example, whenever time is al-
lowed, I would teach the sharp rate of decay of the global weak
solutions of the n-dimensional incompressible Navier-Stokes
equations. I understand that many faculty, post-doctoral and
visitors are solving the Navier-Stokes equations in one way
or another. The study of the existence and the long time
asymptotic behaviour of the global weak solutions will help
experts to have a better understanding of the Navier-Stokes
equations. The sharp rate of decay comes from the applica-
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tion of the Fourier transformation, the Parseval’s identity and
some elementary inequalities, including the Cauchy-Schwartz’s
inequality, the Holder’s inequality and the Young’s inequal-
ity. This motivates graduate students from the Department
of Mathematics and other disciplinary at Lehigh University to
use fundamental concepts and techniques to do research.

[ keep updating materials from year to year in Math 450 so
that the graduate students can learn the most advanced ideas,
methods, results and research directions in applied mathemat-
1Cs.

Overall, I have developed many new technical lemmas and let
students apply these lemmas to solve nonlinear partial differ-
ential equations with strong physical backgrounds for bounded
explicit traveling wave solutions. In this way, many students at
Lehigh have applied ODE techniques to solve many real world
model equations (partial differential equations).

3. On top of regular teaching loads, very often I taught Math
450 as extra courses. Here are the most recent extra courses.
Fall of 2015, Math 450 - Traveling Pulse Solutions.

Fall of 2016, Math 450 - Partial Differential Equations; Math
450 - Traveling Pulses.

Spring of 2016, Math 450 - Special topics in Evans functions
and stability

Fall of 2014, Math 450 - Partial Differential Equations.

(B) Selected teaching materials (Note: This part is only for
reviewers inside Lehigh University. Reviewers outside Lehigh
University will not receive these materials.) Please see the
attachment for the syllabus and examinations for each course.
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(C) Significance and impact of mathematics courses:
Studying mathematics courses very well is extremely impor-
tant in one’s career. Every mathematics course may be viewed
as a corner stone in laying one’s career foundation. As it is
well known, mathematics is the base of learning many other
natural sciences well. Nowadays, mathematics is playing more
and more important roles than ever before. Not only in nat-
ural sciences, but also in economics, business, psychology, etc,
researchers need to build mathematical models to accurately
describe what are going on in their fields. Without under-
standing various concepts, ideas and methods in mathematics,
it is almost impossible to master other subjects and it is im-
possible to do any serious research in sciences. For examples, |
have seen many differential equations and integrals appearing
in course materials of electrical engineering, chemical engineer-
ing and industrial engineering. Overall, it is hard to over em-
phasize the impact of doing well in mathematics. Many Nobel
Prize winners in biology, chemistry, physics, economics know
how to set up mathematical relationships (including many dif-
ferential equations) between various quantities. This is really
a time to couple together mathematics and other disciplines
to obtain more and more interesting and important results in
science. That is why I love mathematics and I love to teach
it very well. After all, tomorrow’s Nobel Prize winners come
from today’s students. Therefore, all of us will have to try our
best to teach very well so that our students can achieve their
goals. I stress the importance and impact to my students, and
ask them to have correct and positive attitudes to learn it.

When I teach courses, I would normally check attendance, an-
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nounce homework to be due the next time, announce important
information (including date, time and classroom of a review ses-
sion, an exam or a competition), announce other information,
remind students to turn in homework on time and prepare for
quizzes, send emails to students who did not do well in recent
midterm exams to invite them to come to see me for extra
help, have interactions with students, encourage them to think
about something new and important, give them a partly cor-
rect answer and let them correct the mistakes, and then provide
the completely correct answer, arrange extra office hours and
review sessions before exams. I have taught calculus, linear
methods, etc, for many times and I think I know how to teach
them very well. Sometimes I reverse the order of some sections
in a chapter. In this way I think the students would under-
stand the materials better. I do make and distribute some of
the most important materials, for example, solutions to very
important or difficult problems for my students. In the last five
years, many colleagues have observed my classes. All of them
have made positive comments about my teaching.

(D) Teaching Philosophy: First of all, I love to teach and I
was one of the top 2 percent (50 out of 2200) teaching assistants
in the Graduate School at The Ohio State University.

My goal is to provide a convenient, comfortable environment
such that every student in my class has the best chance to learn
well. I present the materials in an easy-to-understand way, to
let the students understand the main points to solve problems
and to get ready to answer all questions. I always prepare very
well before going to teach classes.

[ always try my best to make abstract, difficult theorems very
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interesting to learn. I would motivate the backgrounds of the
main theorems, let them know the key points (assumptions
and results) and how to apply them. This teaching skill has
been highly appreciated by my students. Many of my students
no longer find mathematics courses frustrating. When I teach
something extremely important and difficult, I will emphasis
or paraphrase them. I also talk to a student individually to see
how he or she feels in the class. I often give my students twenty
or thirty seconds to think about problems to be solved. I also
teach them how to be careful. For example, I would give a par-
tially correct answer, and ask them to think about the correct
one. [ also present mistakes made by previous students and ask
them to correct it. After I solve long and difficult problems,
[ usually summarize the main points or steps to complete the
problems, pointing out what kind of theorem was applied in
each step. They like this method of teaching very much and
they have learned a lot.

I care about all students progress in my class and I usually
arrange office hours immediately after my lecture, so that they
can ask me for help if they have questions. I always encourage
them to attend every lecture and recitation. I often go over
the homework problems before I assign them and [ strongly
recommend that they solve the homework problems as soon as
possible after the material has been covered in class - preferably
on the same day. They will benefit far more from the lectures
if they familiarize themselves with the material to be covered
before class and come to prepared to ask questions.

(E) Teaching Interests: I love to teach both undergraduate
level and graduate level courses. In particular, I love to teach
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Calculus sequences, Ordinary Differential Equations, Partial
Differential Equations, Real Analysis, Complex Analysis, Func-
tional Analysis, and Linear Algebra. I am also very interested
in developing and teaching new courses closely related to math-
ematical neuroscience and topics in fluid dynamics (such as the
n-dimensional incompressible Navier-Stokes equations and n-
dimensional magnetohydrodynamics equations).

(F) Comments from former undergraduate students,
mostly from calculus classes and Math 205 [ am in-
cluding several comments from my students.

“Professor Zhang gave very good examples and was especially
helpful before tests, when students need the most help. Prof
Zhang taught the material very well.”

“Teacher was very devoted to our learning, this was truly an
excellent course.”

“Thank you. I was taught more, and better than any other
mathematics class. Your funny sense of humor makes the class
much better.”

“Prof. Zhang is very nice, fair and intelligent.”

“Your teaching style really helped me understand the material.
[ like the ‘many examples’ approach.”

“Zhang is very enthusiastic.”

“Professor Zhang is an effective teacher and his examples are
clear and valuable.”

“Professor Zhang is great. All I have to say.”

“Professor Zhang did a great job of making confusing topics
simple.”
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“The professor was very clear when he was giving explana-
tions. The professor was very knowledgeable in the subject. I
especially appreciate his short-cut methods”

“This student is friend with this professor.”
“Overall, Zhang did a very good job.”

“Professor Zhang made Math 205 very exciting. I really en-
joyed his enthusiasm. He also was always open for office hours
and genuinely wanted us to learn the material.”

“Thank you for your care. Sometimes in college it seems that
teachers don’t really care about how their students perform,
and it is nice that teachers such as yourself go out of your

7

way.

“Professor Zhang teaches in a very candid, fun manner, I en-

7

joyed class with him and would take another from him. - - -

“He (Linghai Zhang) is an excellent professor and he is always
available to help students even when students come at odd
times for help.”

“Mr. Zhang was an excellent teacher. Funny and keeps the
class alive.”

“Professor Zhang is an excellent mathematics professor who is
very devoted to all his students not only getting good grades,
but also truly learning the subject matters to further their un-
derstanding of mathematics for their future benefits.”

“Linghai was very effective.”

“Professor Zhang was very enthusiastic and he really cared
about what the students learned. I really enjoyed his class. |
would recommend Professor Zhang’s courses because of this.”
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“Professor Zhang did a good job of emphasizing the important
parts.”

“Professor Linghai Zhang is undoubtedly the best mathematics
prof I've ever had. Always available and very helpful. Give him
a raise.”

“Professor Zhang was very helpful in office hours. He made
class enjoyable and taught the subject well.”

“Calculus III is pretty hard, but Zhang was great in breaking
it down.”

“Zhang is a great Professor. He makes class fun and gives
relevant examples.”

“Professor Zhang was very engaged in class. He always make
an effort to learn students names which I really appreciated.”

“Zhang is one of the best Math professors I have had. Let him
teach Math 205.”

“The Professor is good and well prepared.”
“Best teacher I have had in college!”
“I love Zhang!”

“Great class - I really enjoyed having time to practice with
presentation time.”

“Really cares about his students and gives great examples to
keep class interested.”

“Professor Zhang made the class interesting and truly cared
about the success of each student.”

(G) Impacts of teaching
The majority of my students have good understanding of math-

ematical concepts, ideas, methods. This will enhance their fu-
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ture mathematics study and other natural sciences study. By
correcting mistakes made by current students and by previous
students, I trained the students how to become very careful and
how to avoid many major, common mistakes in mathematics
and other applied sciences. By carefully examining conditions
and results of many theorems, students learned rigorous reason-
ing. Their overall ability in mathematics are becoming stronger
and stronger.

(H) Ph.D students Under my guidance, Melissa Anne Stoner
had received her Ph.D in May 2011. Currently I am supervising

Alan Dyson in the mathematics Ph.D program. Very likely
Alan will graduate in May, 2019.
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The Service Statements

Linghai Zhang has been performing many services for Lehigh
University, the College of Arts and Sciences, the Department of
Mathematics, and the mathematical society.

I: Service to Lehigh University

Educational Policy Committee (CAS Representative)
Linghai Zhang was elected to be a representative of the College of
Arts and Sciences on the Educational Policy Committee for 2016 -
2019. He is very grateful to his colleague Professor David Johnson
for substituting him on the committee (fall of 2016) due to class
conflict with the meeting schedule of the committee. Often he offers
constructive comments or suggestions on things being discussed,
such as

Schedules of Summer Classes
Dates of Make Up Final Exams
Polices on Winter Sessions
Many Other Policies

So far he has never been absent from any meeting in the Educational
Policy. He would like to make more substantial contributions to
these committees. Attending commencements.

II: Service to the College of Arts and Sciences

College of Arts and Sciences Policy Committee Linghai
Zhang was elected to be a member of the College of Arts and
Sciences Policy Committee (CASPC) for three academic years

145



2016 - 2019. During 2016 - 2017, he was also on the Policy
Committee’s Course and Curriculum (C & C) sub-Committee.
His main duty is to approve or disapprove course and program
changes (to find out the main reasons to add or drop classes,
to make substantial or non-substantial changes of classes). If
there is not enough strong reason, then he would roll it back
to the corresponding department chair for more reasons for the
course or program change.

To help all instructors to teach well and to help all students to
learn well in all classes, to minimize unnecessary distractions
and noises during classes, Linghai initiated a very important
and interesting policy on electronic devises. This policy has
been approved during a College of Arts and Sciences meeting.
Here is the policy: No cell phones or any electronic devices are
allowed in CAS classrooms, unless the instructor permits.

During fall of 2017, he was the secretary to record the minutes of

the CASPC meetings.
It is his desire to continue to make more positive contributions to
CASPC.
III: Service to the Department of Mathematics

1 Hiring search committee member for many times.

2 Calculus committee member for six years (spring 2007 to autumn
2012).

3 Graduate committee member for three years (autumn 2003 to
spring 2006).
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4 Organizer of Seminar in Applied Mathematics for three years
(autumn 2003 to spring 2006).

5 Course leader of Math 205 and Math 22 for many times.

6 Making, proctoring and grading comprehensive examinations and
qualifying examinations for many times.

7 Advisor of undergraduate applied mathematics majors since au-
tumn 2013.

8 Advisor of undergraduate applied mathematics minors since au-
tumn 2013.

9 Advisor of undergraduate mathematics majors for two years (au-
tumn 2011 to autumn 2013).

10 Advisor of undergraduate non-mathematics majors, since au-
tumn 2005.

11 Advisor of undergraduate pure mathematics minors for two
years (autumn 2011 to autumn 2013).

12 Library representative for two years (autumn 2004 to spring
2006).

13 Overall coordinator for the conference for undergraduates con-
sidering graduate school in mathematics. Title: Making the

Most of Mathematics Graduate School. April 22, 2006. De-
partment of Mathematics, Lehigh University.

IV: Service to the Mathematical Society

1 Main organizer of the international conference: Nonlinear Sys-
tems of Fluid Dynamics Equations and Applications, in Sanya,

147



China. December 19-22, 2015. For information of the confer-

ence, please visit: http://msc.tsinghua.edu.cn/sanya/upcoming.aspx.
The co-organizer is Professor Shijin Ding, dingsj@scnu.edu.cn.
South China Normal University:.

2 Organizer of the special session: Nonlinear Waves of Differential
Equations, November 14 - 15, 2015, at the American Mathe-
matical Society Sectional Meeting at Rutgers University in New
Brunswick, New Jersey. For information of the special session',

please visit: http://www.ams.org/meetings/sectional /2227 special. html.

3 Co-organizer of the mini-symposium on “Neuronal and Biological
Dynamical Systems” at the Fifth International Congress on In-
dustrial and Applied Mathematics. Sydney, Australia. July 7
- 11, 2003. (another organizer: Dr. Jianzhong Su, su@Quta.edu,
University of Texas at Arlington).

4 Associate Editor of International Journal of Mathematical Physics.
July 2018 - now.

5 Guest co-editor of the Special Issue “Nonlinear Partial Differen-
tial Equations in Mathematics and Physics” for Abstract and
Applied Analysis in 2014. For information of the special issue,
please visit http://www.hindawi.com /journals/aaa/si /489087 /cfp/.

6 Refereeing papers for academic journals, about three to five pa-
pers each year.

"Whenever the AMS conference site is reasonably close to Lehigh University in the future, I would like
to organize more special sessions in my main research fields, such as “The Existence of Global Smooth So-
lutions of n-Dimensional Nonlinear Evolution Equations”, or “Evans Functions and Stability of Traveling
Wave Solutions of Nonlinear Integral Differential Equations”, etc. On one hand, it is the organizer who
benefit the most in applied mathematics. On the other hand, it is a very good opportunity for experts
in these fields to get together to exchange ideas, methods, techniques and mutually improve each other’s
ideas and results.
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7 Reviewing papers for the American Mathematical Review, about
five papers each year.

V: Service to Interdiscipinary Programs

1 In the Summer of 2006, Linghai Zhang supervised three under-
graduate students to do research in mathematical neuroscience
- speed analysis of traveling waves arising from synaptically
coupled neuronal networks.

2 In the Summer of 2007, Michael Burger and Linghai Zhang super-
vised a team of students to conduct research in mathematical
neuroscience.

3 In the Summer of 2008, Michael Burger, Ping-Shi Wu and Ling-
hai Zhang supervised a team of students to conduct research
in mathematical neuroscience.

4 In the Summer of 2010, Linghai Zhang supervised Neil Whitman
Dexter to conduct research in mathematical neuroscience.

5 In the Spring of 2018, Linghai Zahng supervised a team of stu-
dents (Wang Shuai, Xu Duo, Liu Yanxi) to participate in the
Mathematics Contest in Modelling.

149



VI1: Refereeing Papers for Academic Journals

[ have refereed papers for the following journals in the last twenty
years or so:

Acta Mathematica Scientia

Acta Mathematica Sinica

Acta Mathematicae Applicatae Sinica

Annales de L'Institut Henri Poincare, Analyse Non Lineaire
Archive for Rational Mechanics and Analysis

Boundary Value Problems

Calculus of Variations and Partial Differential Equations
Chinese Advances in Mathematics

Chinese Annals of Mathematics

Communications in Geometry and Analysis
Communications in Partial Differential Equations
Discrete and Continuous Dynamical Systems

Dynamics in Partial Differential Equations

Journal of the American Mathematical Society

Journal of Differential Equations

Journal of Functional Analysis

Journal of Mathematical Analysis and Applications
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Journal of Partial Differential Equations
Mathematical Biosciences - an international journal
Mathematical and Computer Modeling

Physica D

Proceedings of the American Mathematical Society

Proceedings of the Royal Society of Edinburgh, Section A: Math-
ematics

Proceedings of the Royal Society of London, Series A: Mathemat-
ical and Physical Sciences

SIAM Journal on Applied Dynamical Systems
SIAM Journal on Applied Mathematics

SIAM Journal on Mathematical Analysis
Transactions of the American Mathematical Society

[ am trying my best to take responsibility and to have a positive
attitude in performing these services.

Impact of the Seminar in Applied Mathematics: [t
fosters collaborations and interchanging research ideas among schol-
ars. The faculty, graduate students and undergraduate students
have more opportunity to interact with experts when attending
the seminar. I would like to chair the colloquium lecture at the
Department of Mathematics in the future and have a focus each
semester.

Impact as advisor of undergraduate students: students
received good advice and they know how to learn well, how to
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manage their time and how to maintain self-control. The students
have became much more potential to succeed.

As a library representative, I have a good opportunity to serve
the faculty in the Department of Mathematics. I hope to have some
feedbacks from the faculty and students so that I can make good
pProgress.

By refereeing and reviewing papers, I can learn some of the best-
known results in the mathematical society. I hope to have more
chance to organize mini-symposium during international confer-
ences. This will accelerate interaction and collaboration between
experts in many different areas.

From 2018 CV: Research Statement The main difficulty:
Previously, many mathematicians have tried to apply the Cauchy-
Schwartz’s inequality, the Holder’s inequality, the Gagliardo-Nirenberg’s
interpolation inequality and the Gronwall’s inequality to establish
uniform energy estimates of the derivatives of the global weak so-
lutions to accomplish the existence and uniqueness of the global
smooth solutions of the Cauchy problems for nonlinear systems of
fluid dynamics equations. This method works perfectly for equa-
tions in lower-dimensional spaces and for equations with special
structure (such as the Hopf-Cole transformation) or special fea-
ture (such as a maximum principle). However, for equations in
three-dimensional and higher-dimensional spaces without the spe-
cial structure or the special feature, such as the n-dimensional
magnetohydrodynamics equations and the n-dimensional incom-
pressible Navier-Stokes equations, it is extremely difficult to estab-
lish the uniform energy estimates even for the first order deriva-
tives of the global weak solution. Mathematicians cannot use the
Gagliardo-Nirenberg’s interpolation inequalities because some cru-
cial conditions are not satisfied. This is the main barrier to establish
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the uniform energy estimates of any order derivatives of the global
weak solution and this is why the existence of the global smooth
solutions of the Cauchy problems for the n-dimensional magne-
tohydrodynamics equations and the n-dimensional incompressible
Navier-Stokes equations have been open for more than a hundred
years.

The main strategy: Here, [ accomplish the existence of the
global smooth solution of the Cauchy problem for the n-dimensional
nonlinear system of fluid dynamics equations in a very different
method. Different from before, instead of directly working on the
uniform energy estimates of the derivatives of the global weak so-
lution, we work on the Fourier transformation u(&, ¢) of the global
weak solution, that is, to establish an exponential decay estimate
of the Fourier transformation u(§, t) of the global weak solution.

The details: First of all, I establish some elementary uni-
form energy estimates. The existence of the global weak solution
of the nonlinear system of fluid dynamics equations can be estab-
lished by coupling together Lax-Milgram’s theorem, representation
of continuous linear functionals in Hilbert spaces, Leray-Schauder’s
fixed point principle and the elementary uniform energy estimates.
For example, the existence of the global weak solution of the n-
dimensional incompressible Navier-Stokes equations may be estab-
lished in this way. Second, we couple together the representation of
the Fourier transformation of the global weak solution, the Fourier
splitting method and the elementary uniform energy estimates to
establish elementary decay estimates with sharp rates for the global
weak solution. Third, by making use of the representation of the
Fourier transformation of the global weak solution, an appropriate
assumption on the Fourier transformation of the nonlinear func-
tion and by making use of Gronwall’s inequality, I establish an
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exponential decay estimate of the Fourier transformation u(&, ).
The assumption is that the Fourier transformation of the nonlinear
function is controlled by a nonlinear function of the Fourier trans-
formation u(¢,t) and (£, t), which is motivated by the elementary
uniform energy estimates and the elementary decay estimates of
the global weak solution. Fourth, by coupling together Plancherel’s
identity and the exponential decay estimate of u(&,t), establish
uniform energy estimates of any order derivatives and decay esti-
mates with sharp rates of any order derivatives of the global weak
solution. if, by coupling together the representation of the global
weak solution and the uniform energy estimates, we accomplish the
existence of the global smooth solution of the Cauchy problem for
the very general nonlinear system of fluid dynamics equations.

Apparently, this is very different method to establish nfluid dy-
namics. The main results have number of applications in physics,
engineering and industry. Needless to say, this new method to
accomplish the existence of the global smooth solution of the non-
linear fluid dynamics equations is novel. Additional to nonlinear
systems of fluid dynamics equations, this method may be applied
to accomplish the existence of other equations, such as functional
and integra, etc. The main results: Isults thissearch:

(1) the existence smooth |
2) of any order derivatives,

(2)
(3) the stability estimates of any order derivatives,
(4) smooth of the very general nonlinear system of fluid dynamics

equations.

That is fRQ dxdy fRQ dxdy fRQ dexdy =,y A, I proved the follow-
ing results. C,,m > v0 Theorem 3. (The existence of
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the global smooth solution) Suppose that the initial func-
tion ugnL*(R™)L?(n) and that the external force fL!. There ex-
ists a unique global smooth solution 1 to the Cauchy problem for
the nonlinear system of fluid dynamics equations: Theorem 4.
(The uniform energy estimates) T the following uniform
energy estimates for all integers, where is a positive constant, in-
dependent of and, it depends on. Theorem 5. (The decay
estimates with sharp rates) There hold the following de-
cay estimates with sharp rates for all integers, where is a pos-
itive constant, independent of and, it depends on and. Theo-
rem 6. (The stability estimates) Let with, let be the global
smooth solution with and. the following stability estimates for all
integers, where is a positive constant, independent of and, it de-
pends on and.====,() Theorem 7. (The exact limits)
Suppose that the initial functionand the external force. Then the
global smooth solution of the Cauchy problem enjoys The next
goal in the near future is to justify that the assumption on the
Fourier transformation of the nonlinear function is valid, that is,
the Fourier transformation of the nonlinear function is controlled
by a nonlinear function of the Fourier transformation (£,t) and
(&,1), which is motivated by the elementary uniform energy esti-
mates and the elementary decay estimates of. I - 4: The Global
Smooth Solution of A Two-Dimensional Nonlinear System of Differ-
ential Equations Arising from Geostrophics. Consider the following
two-dimensional nonlinear singular system of differential equations
arising from geostrophics and > 0 # O%DDlyx Yo+ —0—g =
+++++4+x,,—.-+n/2p,qCp,q = J=wup—, ,t === C?2
This is a singular, highly nonlinear, strongly coupled system of dif-
ferential equations. The existence and uniqueness of are very dif-
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ficult problems and have been open for a long time. The main
purpose of this project is to accomplish the existence and unique-
ness of the global smooth solution of the Cauchy problems for the
two-dimensional nonlinear system of differential equations arising
from geostrophics. We are able to overcome the main difficulty
by completely making use of the special structure of the nonlin-
ear system and by coupling together many inequalities (includ-
ing Cauchy-Schwartz’s inequality, Holder’s inequality, Gagliardo-
Nirenberg’s interpolation inequalities for fractional order derivatives
and classical derivatives) to establish the uniform energy estimates
of any order derivatives. The uniform energy estimates obtained in
this project distinguish from those in previous related papers where
the authors did not make use of the special structure of the nonlin-
ear system to overcome the main difficulty. The main ingredients in
the rigorous mathematical analysis include Leray-Schauder’s fixed
point principle and uniform energy estimates. Theorem 8. For all
initial functions and, for all there exists a global weak solution, such
that for all time, where is positive constant, independent of, and.0
Theorem 9. Let. Suppose that the initial functionsand. Then
there exists a unique global smooth solution to the Cauchy problems
for the nonlinear system of differential equations. There holds the
following uniform energy estimate for all nonnegative integersand
for all time, where is a positive constant, independent of and. The-
orem 1. Let. Suppose that, for the Fourier transformation of the
global smooth solution of the Cauchy problems, there holds the
following estimate for all and for some positive constants where,
independent of and. Then the global smooth solution enjoys the
following decay estimates with sharp rates for all positive integers
100> 1 ugt > 0H® > 3/t >> 30(x,y),0(, )a0 << mH®, ,..—
where, and are positive constants, independent of and. This general
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system includes, the n-dimensional nonlinear system of Newton-
Boussinesq equations as examples. In this system, a > 0 is a posi-
tive constant. The unknown function =, , s, is a real vector valued
function of = ()s,n and ¢ > 0 =,. The nonlinear function =, is
sufficiently smooth. The function , , ¢ represents the initial function
and the nonhomogeneous function f represents an external force.

the n-dimensional nonlinear system of Newton-Boussinesq equa-
tions for Some m-Dimensional nonlinear system of Korteweg-de
Vries-Burgers = gt = 0 = 0, (u)p — (u = x,t) nonlinear system
of Benjamin-Ono-Burgers equations Hr— = | <, —u,. s equations
my b contained general nonlinear system of fluid equations Con-
sider gwsp nonlinear system of fluid dynamics equations. (I) Let
the function n and the external force fn,), f(x,ten holde for all
me t > 0, where the positive constant > 0 independentu and ——,
but d,, and the () ofitial function wg. (II) Let thecap and external
force cap, fes, uch,but depends on the ()1 the () of . Remark.
The of do not tisfy the first decay but they satisfy the second decay
estimate, simply because existence, D EsSRs, stability estimates
and el global smooth solutions of nonlinear systems of fluid dynam-
ics equations e of fundamental importance in applied mathematics.
Let me list the specific problems I have solved in nonlinear sys-
tems of uid dynamics equations. The papers [8], [15], [16], [17]
in this area have been highly recognized and cited by many other
mathematicians.

Summary: A general direction of my research has been to ac-
complish the existence and stability of traveling wave fronts of, the
existence and stability of traveling pulse solutions of arising from
synaptically coupled neuronal networks, to study the influence of
the mechanisms in mathematical neuroscience on wave speeds and
the bifurcations of standing wave solutions, to have some broad
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impact in both improving my ability in modeling more realistic
problems in mathematical neuroscience and in applied mathemat-
ics, and to create new and significant mathematics. It turns out
that substantial progress has been made and the stage is set for
even deeper mathematical understanding. The main objective has
been not only to develop my investigation further, but also to syn-
thesize these results and build a solid theory to give a systematic
treatment of the existence and stability of traveling wave solutions.
Project . The existence and stability multiple traveling pulse
solutions of singularly perturbed system of .
First of all, consider

ou 0*u

E = @—Fa[ﬂfl(u—@)—u]—w,
dw _ e(u — yw)

at T

[ couple together implicit function theorem, intermediate value
theorem, mean value theorem and any other important ideas, meth-
ods and techniques in dynamical systems to accomplish the exis-
tence of the traveling pulse solutions. I a global strong maximum
principle for Evans functions and Hopf lemma to accomplish the
stability of the fast pulse solutions and to establish the nonlinear
instability of theow trling pulse solutions.

Theorem 15. (Existence) There exist two kinds of travel-
ing pulse solutions (U, W) € CHR) N C*R — {0}) t singularly
perturbed: the fast traveling pulse solutions (U, W) = (U(e, z +
Vst (8)1), W (e, & + Vst (€)1)) with the fast moving coordinates z =
T + Vst (€)F and the fast wave speeds vgg(€); the slow traveling
pulse solutions (U, W) = (U(e, x + vgow(€)t), W (e,  + vgow(€)t))
with the slow moving coordinates z = & + vyow(€)t and the slow
wave speeds Vgow(€).
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For all positive integers m > 1, there exist 2m constants: 0 =
21(8) < ZQ(@) < Zg(é‘) < -0 < ng_1<€) < ng(E) (fOl" the fast
pulses and the slow pulses, these constants are very different), such
that the traveling pulse solutions satisfy the following conditions

Ule, Zor_1(€)) = 0,U.(e, Zop_1(e)) > 0,U(e, Zar(e)) = 0,U. (g, Zox(e)) <
U > 6 on (ng_1(€), ZQ]{;(€)), U < 6 on (ng(€), ZQ]{;_|_1(€)).

The traveling pulse solutions enjoy the following boundary condi-
tions

lim (U, 2), W(e, 2)) = (0,0, lim (Us(e,2), Wa(s, 2)) = (0,0).

z—+00 z—+00

(Stability) Consider the following Cauchy problems

ou 0%u

E - @—i—&[ﬁ[{(u—e)—u]—w,
duw _ e(u — yw)

or T

+Vfast(5)%_§ + Vfast(g)%a

P(2,0) = Py(z2), Q(2,0) = Qo(z). There exist three positive
constants C' > 0, M > 0 and p > 0, such that if the initial
functions (P, Qo) satisfy the condition

Su[lé |(PO(Z) - Ufast(57 Z)) QO(Z) - Wfast(57 Z))‘ S C;

then the global solution of the Cauchy problems enjoys the following
decay estimate

sup [(P(z,t) — Uast (e, 2 + h), Q(z,t) — Whast(e, 2 + h))|

z€eR

< Msup [(Fo(2) — Unsi(€, 2), Qo(2) — Whast(€, 2))| exp(—pt),
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where h is a real nonzero time-independent constant, satisfying the
estimate

’h‘ S MSU-p ‘(PO(Z) - Ufast(ga Z); QO<Z> - Wfast(ga Z))’

In another word, the fast traveling pulse solutions (U, W) = (Usast (€, 2), Wiast (6
are stable.
The slow traveling pulse solutions (U, W) = (Ugow(€, 2), Waow(€, 2))
are unstable.

Theorem 16. Suppose that the positive constants o > 0,
B>0,v>06>0and © > 0 satisfy the following conditions

V+v#  (a+B8l+7<6.

The traveling pulse solutions satisfy the traveling wave equations

WU + U+ WE()U(y — p(e)||=W () HOU )y — ul) / Kz — y)H(ul
pi(e)]

and the following boundary conditions

lim (Ufast—pulse<57 Z), Wfast—pulse<5a Z)) - (07 0)7

z2—100

lim (Ufast—pulse(57 Z), Wfast—pulse<5a Z)) — (07 O)

z—+t00

The first traveling pulse solution is called a large pulse because
it crosses both thresholds for 2m times, the next two traveling
pulse solutions are called small pulses because they cross only one
threshold. Let m > 1 be a positive integer. The fast traveling pulse
solutions cross their thresholds in the following way, respectively.

(I) There exist real numbers —oco < 7] < Zy < Z3 < -+ <
Zom—1 < Zom < o0 and —o0 < 72y < Zh < Zh < -+- <
Ly < Zb, < o0, (-au)(-bu) such that (75, |, 75 ) C
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(Zog—1, Zog), for all & = 1,2,3,--- ,m. Define Z; = —oc
and Zy,,41 = 0o. Then

U
U
U
U

EZ% 1)—@U(€ng 1>>OU(€ZQk)—9U(€ZQk) O

e ) > 9 on (ng 1,ng) U(8 Z) < (9 on (ng, ng+1),

€, Zy,—1) = 6, U, (5 Zor—1) > 0,U(e, Zy;,) = ©,U.(¢, Z3;,) <0,
>> @7 On( 2k—1> 2k>7U< €, )< @7 OD( ék:? ék:—l—l)‘

Overall, the large traveling pulse solution (U, W) = (Upuise—1(€, 2), Wpuse—

(
(¢,
(¢,
(¢,

crosses the small threshold 6 exactly 2m times and it crosses
the large threshold © exactly 2m times.

(IT) The second traveling pulse solution (U, W) = (Upuise—2(€, 2), Wpuise—2(€, 2
crosses the small threshold 6 exactly 2m times but it does not
cross the large threshold ©.

(IIT) The third traveling pulse solution (U, W) = (Upuise—3(€, 2), Wpuise—3(€, 2
crosses the large threshold © exactly 2m times but it does not
cross the small threshold 6.

Appendix of THE RESEARCH STATEMENTS

Section One

[ have coupled together the representation of the Fourier transfor-
mation of the global weak solution, the assumption on the Fourier
transformation of the nonlinear function and Gronwall’s inequality
to obtain an exponential decay estimate of the global weak solution
to accomplish the existence of the global smooth solution of the
Cauchy problem, with any initial function and any external force.
The assumption is that the Fourier transformation of the nonlinear
function is controlled by a nonlinear function of the Fourier trans-
formation, which is motivated by the elementary uniform energy
estimates and the elementary decay estimates of the global weak
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solution. I am very interested in justifying the assumption on the
Fourier transformation of the nonlinear function is valid.

Consider the Cauchy problems for the nonlinear system of Korteweg-

de Vries-Burgers equations also consider the Cauchy problems for
the nonlinear system of Benjamin-Bona-Mahony-Burgers equations
where v > 0 is a positive constant, for a positive constant C' > 0,
is a real nonzero constant vector. The nonlinear functions, are real
vector-valued functions of, where are real scalar smooth functions
of for a positive constant C' > 0. , The following exact limits have
been open. is the global smooth solution or the global strong solu-
tion The results may play very important roles in finding solutions
to significant open problems in nonlinear systems of fluid dynamics
equations.

0
prS

%( )V V)V V)(- V)

subsectionthe exact limits of global weak solutions

V)(-V)C- V(- V) V) V) V()

subsectiontwo-dimensional nonlinear singular system
subsection* — L regularity of weak solutions
subsectiondecay estimates with sharp rates

Section Two

subsectionstability of traveling wave fronts
subsectionstability of traveling pulse solutions
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mmm(u-n)(u-n)(u-n)(-au)(-au)(-bu)(-bu) subsectionmathematical anal-
ysis of wave speeds

Theorem . (I) Let py be the wave speed of the traveling wave
front of the integral differential equation. Then
ma — af — 2mb + 2mn m
m e e AL
2 (a—ab)K(0) In g JR

(IT) Let ug be the wave speed of the traveling wave front of the

0 <

integral differential equation. Then

o< —"— [ JalW (oo
R

In B—=2mb+2mn

o > %(ﬁ — b0 — 2mb + 2mn)/ {(6 — bO)W(0) [/ n(T) exp(mT)dT] } >
0

(ITT) Let pp be the wave speed of the traveling wave front of the

integral differential equation. Then

m
o < ot A a+5_§;§+2mn /[oz|a:|K(x) + B|x|W (x)|dz,
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o > %(&+ﬁ—a9—b9—2m€+2mn)

/ {(a —af)K(0) + (8 — b0)W(0) UOOO (1) exp(m7)dr } > 0.

Theorem . Let py = py(a, 8,&,m, K, W, 0), us = ps(a, &, K, 0)
and pu3 = us(B,n, W, 0) represent the three wave speeds of the
three traveling wave fronts.

(I) There hold the following limits

1. ) 1S 7K7W79 :Oa
0/(a+lg’l)1—>1/2 'ul(Q 5 5 g )

1 0
li K -
0/(%15])(1_”/2{#1(0475;5777» 7W7(9)/ (2 Q_'_B)}

- =k 2 o mmawo]

li K. W, 0) =
9/(04}}—%1)%0 ( 75757777 ) ) ) Co,

i {@+5[ (a6 KW,

/(a+p)—0

= 002/{ +5 [/ || exp (Cc_cocox> K(:E)dx] de
o + 3 ), UCOT ] exp <C£O> W(a:)dx] dT} .
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(IT) Let K(0) > 0. There hold the following limits

li K. 0)=0
g/agnmuz(oz,& ,0) =0,

1 0 1
li K - = -
lim po(a, &, K,0) = ¢,

0/a—0
. «
9/1520 {E[CO _ M?(aa 67 Ka 9)}}

Y {/OOO (o) U; 2] exp (CC_COC%) K(x)dx] dc}.

(ITT) Let W (0) > 0. There hold the following limits

lim 1, W,0) =0,
o ps(B,m )

. 1 60—«
O—aB1/2 {M?’(ﬁ’n’ .6/ (5 G >}

Y { /O " +T)77(T)dTW(0)} -0,

li W,0) =
(@—(S}lﬁ—ﬂ) 1“3(57777 ) ) o0,

O —«
lim .n, W,0) 3> =0.
(©—a)/3—0 { 5 (B, )}

subsectionbifurcation of nonlinear waves

[ am very interested in the existence and spiral waves s of in-
tegral differential equations study biologically relevant conditions
for the existence, uniqueness and stability of the spiral waves. also
study wave width and rotation rates. Additionally, I will study the
convergence of a spiral wave to a periodic wave. A spiral wave is a
rotating wave traveling outward from its center. Such spiral waves
have been observed in many neurobiological systems, such as inver-
tebrates, mammals, heart ventricular fibrillation, retinal spreading
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depression, fertilizing calcium waves, and glial calcium waves in
of cortical tissue culture. Spiral waves are a basic feature of ex-
citable systems. in Mathematical Neuroscience. Many previous
work mathematical models of sal waves has voled w spatial inter-
action. Sri ied existence and siral waves y studying a crc region
and moving in a coordinate frae that rotas with the spiral. Spi-
ral waves n become time independent two-dimensional differential
equation their stability can be solved by investigating the eigenval-
ues square matrix which results from the differential equations.of
the differential equation and, such that ug(z). where where
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23 aof (€,t) and (€,t) agL'N, such that - = 0 f € NL! Second,
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(u),ub —u —uv, & = & +u— (Jv —v?, m > 03w lim;_,o 11111 +
g2 My + — +[] =, (x) = 0 represents nonnegative inte-
gers. Section Three subsectiondispersive wave equations
subsectiondissipative dispersive wave equations subsectionreac-
tion diffusion equations 4.1. Consider the nonlinear system of
Fitzhugh-Nagumo equations where 0 < a < %, 0 < v < ﬁ
and 0 < € < 1 are positive constants. This is a nonlinear singu-
larly perturbed system of reaction diffusion equations and it is a
simplified version of the celebrated the Hodgkin-Huxley equations
in mathematical neuroscience. There have been great progress in
the existence and stability of traveling pulse solutions of this model
since early 1970’s. The representation of bounded traveling pulse

solutions of the nonlinear singularly perturbed system of Fitzhugh-

166



Nagumo equations has been open. 4.2. Consider the nonlinear
singularly perturbed system of reaction diffusion equations

This system is also called the diffusive predator-prey equations.
The representation of bounded traveling wave solutions of the non-
linear system of reaction diffusion equations has been open. 4.3,
Consider the nonlinear Belousov-Zhabotinskii system of reaction
diffusion equations

where o > 0, > 0, 0 > 0, ¢ > 0 and are positive constants. The
representation of bounded traveling pulse solutions to the nonlinear
system of reaction diffusion equations has been open.

subsectionnonlinear hyperbolic equations
subsectionother nonlinear evolution equations
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