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Mathematics 43 - Survey of Linear Algebra - 2018

Instructor: Professor Linghai Zhang.

Online Office Hours: Tuesday and Saturday, 8 PM - 9:30 PM,

and by appointments.

Textbook: Linear Algebra and its Applications. Fifth Edition.

By David C. Lay, Steven R. Lay and Judi J. McDonald.

Attendance is absolutely required!!!

Contact Information: liz5@lehigh.edu

The Homework assignments: It is worth 100 points. There

will be 13 homework assignments - one every week. We will count

the best 10 assignments after dropping the lowest three. Every

homework will be posted on the Coursesite 7 - 10 days before

the deadline. The homework will be due on the following Sun-

day evening at 11:59 PM. No late homework will be accepted, even

if you have a solid reason or have an emergency.

The First Midterm Exam: September 29, Thursday, 100

points.

The Second Midterm Exam: November 10, Thursday, 100

points.

The Final Exam: Middle of December, 200 points.

Total Score: 500 points.

A− 451 - 470, A 471 - 500

B− 401 - 416, B 417 - 433, B+ 434 - 450

C− 351 - 366, C 367 - 383, C+ 384 - 400

D 301 - 350
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F 0 - 300

Topics to be covered in Mathematics 43:

Chapter 1: Matrix Algebra, Systems of Equations

Definition of m× n matrices

Various matrices (identity, diagonal, symmetric, skew-symmetric,

upper triangular, lower triangular)

Operations of matrices (addition, scalar multiplication, multipli-

cation)

Elementary row operations

Reduced row echelon form

Rank

Gaussian elimination

Solutions of m× n systems of equations Ax = b

Inverse matrix: Definition and properties of A−1

Inverse matrix: Computations, Examples 2× 2, 3× 3, 4× 4

Solutions of n× n systems of equations Ax = b: x = A−1b

Chapter 2: Determinants

Definition of determinants for 2× 2 and 3× 3 matrices

Cofactor Cij and Minor Mij of the element aij

Definition of determinants det(A) for n× n matrices

Properties of determinants

Computations of det(A) (2× 2, 3× 3, 4× 4 matrices)
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Computations of det(λI − A) (2× 2, 3× 3, 4× 4 matrices)

Adjoint matrix A∗

Properties of adjoint matrix

AA∗ = A∗A = [det(A)]I, det(A) det(A∗) = [det(A)]n

Determinants of adjoint matrix

det(A∗) = [det(A)]n−1

The representation of inverse matrix

A−1 =
1

det(A)
A∗ if det(A) 6= 0.

Determinants of (2n + 1)× (2n + 1) skew-symmetric matrices

Summary

Chapter 3: Vector Spaces

Vector spaces: Definition and elementary properties

Examples of vector spaces: Rn, Mn(R), Pn(R), C(R).

Subspaces of vector spaces Rn and Mn(R).

Null space, Row space, Column space of a m× n matrix A

Spanning sets of the vector space Rn.

α1v1 + α2v2 + α3v3 + · · · + αmvm = b

Applications of the system of equations Ax = b

Linear independence and linear dependence

α1v1 + α2v2 + α3v3 + · · · + αmvm = 0

Applications of the homogeneous system of equations Ax = 0
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Wronskian of functions defined on R or subset of R

Basis and dimension of vector spaces. Examples: R
n, Mn(R),

Pn(R), C(R).

Computations of dimensions of vector spaces: symmetric matrices

in Mn(R). Skew-symmetric matrices in Mn(R).

Component vector [v]B of the vector v ∈ V relative to a basis B
Change-of-basis-matrix PC←B.

The rank-nullity theorem

Chapter 4: Linear Transformations

Definition and basic properties of linear transformation

The kernel of a linear transformation, one-to-one linear transfor-

mations

The range of a linear transformation, onto linear transformations

Linear transformations from R
n to R

m

Linear transformations from R
n to R

n

Linear transformation from Pn(R) to Pn(R)

The existence of inverse linear transformation, isomorphisms

The rank-nullity theorem

Chapter 5: Eigenvalues, Eigenvectors and Diagonaliza-

tion of Matrices

Definition of eigenvalues, eigenvectors, eigenspaces

Algebraic multiplicities, geometric multiplicities of eigenvalues
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Diagonalization of matrices T−1AT = D

Criterion of diagonalization

det(A) = λ1λ2λ3 · · ·λn.

a11 + a22 + a33 + · · · · · · + ann = λ1 + λ2 + λ3 + · · · · · · + λn

Eigenvalues and eigenvectors of the matrix f (A), where

f (x) = a0 + a1x + a2x
2 + a3x

3 + · · · · · · + amx
m,

f (A) = a0I + a1A + a2A
2 + a3A

3 + · · · + amA
m

is a real polynomial function of x.

Eigenvalues of real matrices

Eigenvalues of real symmetric matrices

Chapter 6: Vector Spaces with Inner Products

Definition and properties of inner product

Orthogonality and Orthonormal sets

Orthogonal projections

The Gram-Schmidt orthogonal process

Least square solutions of system of equations

Chapter 7: Real Symmetric Matrices and Quadratic

Forms

Eigenvalues and eigenvectors of symmetric matrices
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Diagonalization of symmetric matrices

Projection matrices, Spectral decomposition

Quadratic forms of symmetric matrices
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Mathematics 205 - Linear Methods - 2022

The Definition of a Real Vector Space: LetV be a nonempty

set. There exist two operations: the addition + and the scalar mul-

tiplication ·, in V. For any two elements u ∈ V and v ∈ V,

for any real constant α, the addition u + v ∈ V and the scalar

multiplication αu ∈ V. That is

u + v ∈ V, αu ∈ V.

The set V is called a real vector space, if the following conditions

are satisfied.

(1)

u + v = v + u,

for all elements u ∈ V and v ∈ V.

(2)

(u + v) +w = u + (v +w),

for all elements u ∈ V, v ∈ V and w ∈ V.

(3) There exists an element 0 ∈ V, such that

u + 0 = 0 + u = u,

for all elements u ∈ V.

(4) For any element u ∈ V, there exists another element u′ ∈ V,

such that

u + u′ = u′ + u = 0.

(5)

α(u + v) = αu + αv,
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for all elements u ∈ V and v ∈ V, for all real constants α ∈ R.

(6)

(α + β)u = αu + βu,

(7)

(αβ)u = α(βu) = β(αu),

for all elements u ∈ V and for all real constants α ∈ R and β ∈ R.

(8)

1u = u,

for all elements u ∈ V.

Example 1. Let V = R
n. Define the addition and scalar

multiplication by



x1
x2
x3
· · ·
xn




+




y1
y2
y3
· · ·
yn




=




x1 + y1
x2 + y2
x3 + y3
· · ·

xn + yn



,

α




x1
x2
x3
· · ·
xn




=




αx1
αx2
αx3
· · ·
αxn



.

The set Rn is a real vector space.
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Example 2. Let V =Mn(R). Let



a11 a12 a13 · · · a1n
a21 a22 a23 · · · a2n
a31 a32 a33 · · · a3n
· · · · · · · · · · · · · · ·
an1 an2 an3 · · · ann



∈Mn(R).

Define the addition and scalar multiplication by



a11 a12 a13 · · · a1n
a21 a22 a23 · · · a2n
a31 a32 a33 · · · a3n
· · · · · · · · · · · · · · ·
an1 an2 an3 · · · ann




+




b11 b12 b13 · · · b1n
b21 b22 b23 · · · b2n
b31 b32 b33 · · · b3n
· · · · · · · · · · · · · · ·
bn1 bn2 bn3 · · · bnn




=




a11 + b11 a12 + b12 a13 + b13 · · · a1n + b1n
a21 + b21 a22 + b22 a23 + b23 · · · a2n + b2n
a31 + b31 a32 + b32 a33 + b33 · · · a3n + b3n
· · · · · · · · · · · · · · ·

an1 + bn1 an2 + bn2 an3 + bn3 · · · ann + bnn



,

α




a11 a12 a13 · · · a1n
a21 a22 a23 · · · a2n
a31 a32 a33 · · · a3n
· · · · · · · · · · · · · · ·
an1 an2 an3 · · · ann




=




αa11 αa12 αa13 · · · αa1n
αa21 αa22 αa23 · · · αa2n
αa31 αa32 αa33 · · · αa3n
· · · · · · · · · · · · · · ·
αan1 αan2 αan3 · · · αann



.
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Example 3. Let V = Pn(R). Let

f (x) = a0 + a1x + a2x
2 + a3x

3 + · · · · · · + anx
n ∈ Pn(R),

g(x) = b0 + b1x + b2x
2 + b3x

3 + · · · · · · + bnx
n ∈ Pn(R),

be any two vectors in Pn(R). Define the addition and scalar mul-

tiplication by

f (x) + g(x)

= a0 + a1x + a2x
2 + a3x

3 + · · · · · · + anx
n

+ b0 + b1x + b2x
2 + b3x

3 + · · · · · · + bnx
n

= (a0 + b0) + (a1 + b1)x + (a2 + b2)x
2 + (a3 + b3)x

3 + · · · · · · + (an + bn)x

αf (x)

= α(a0 + a1x + a2x
2 + a3x

3 + · · · · · · + anx
n)

= (αa0) + (αa1)x + (αa2)x
2 + (αa3)x

3 + · · · · · · + (αan)x
n,

The set Pn(R) is a real vector space.

Example 4. Let

C(R) = {f : f is a continuous function defined on R}.

Define the addition and scalar multiplication by

(f + g)(x) = f (x) + g(x),

(αf )(x) = αf (x),

for all x ∈ R.

Then the set C(R) is a real vector space.
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The Definition of Real Vector Subspace: Let V be a

real vector space. Let W be a subset of V. W is called a real

vector subspace of the vector space V if the following conditions

are satisfied

u + v ∈W,

αu ∈W,

for all vectors u ∈W and v ∈W, for all real constants α ∈ R.

Examples Which of the following subsets is a vector subspcae

of Mn(R)?

W1 = {A ∈Mn(R) : det(A
T ) = det(A)}.

W2 = {A ∈Mn(R) : A
T = A}.

W3 = {A ∈Mn(R) : A
T = −A}.

W4 = {A ∈Mn(R) : A
−1 exists}.

W5 = {A ∈Mn(R) : det(A) = 0}.
W6 = {A ∈Mn(R) : det(A) 6= 0}.
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Basis of popular vector spaces:

For the vector space R2:

B =

{(
1

0

)
,

(
0

1

)}
.

For the vector space R3:

B =








1

0

0


 ,




0

1

0


 ,




0

0

1





 .

For the vector space R4:

B =








1

0

0

0


 ,




0

1

0

0


 ,




0

0

1

0


 .




0

0

0

1







.

For the vector space R5:

B =








1

0

0

0

0



,




0

1

0

0

0



,




0

0

1

0

0



,




0

0

0

1

0



,




0

0

0

0

1








.

The dimension of the vector space Rn:

dim(Rn) = n.

For the vector space P1(R):

B = {1, x}.
For the vector space P2(R):

B = {1, x, x2}.
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For the vector space P3(R):

B = {1, x, x2, x3}.

For the vector space P4(R):

B = {1, x, x2, x3, x4}.

For the vector space Pn(R):

B = {1, x, x2, x3, · · · , · · · , xn}.

The dimension of the vector space Pn(R):

dim[Pn(R)] = n + 1.

For the vector space M2(R):

B =

{(
1 0

0 0

)
,

(
0 1

0 0

)
,

(
0 0

1 0

)(
0 0

0 1

)}
.

For the vector space M3(R):

B =








1 0 0

0 0 0

0 0 0


 ,




0 1 0

0 0 0

0 0 0


 ,




0 0 1

0 0 0

0 0 0


 ,




0 0 0

1 0 0

0 0 0


 ,




0 0 0

0 1 0

0 0 0


 ,




0 0 0

0 0 1

0 0 0


 ,




0 0 0

0 0 0

1 0 0


 ,




0 0 0

0 0 0

0 1 0


 ,




0 0 0

0 0 0

0 0 1





 .

The dimension of the vector space Mn(R):

dim[Mn(R)] = n2.
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For the vector space (only symmetric matrices) M2(R):

B =

{(
1 0

0 0

)
,

(
0 1

0 0

)
,

(
0 1

1 0

)}

For the vector space (only skew-symmetric matrices) M2(R):

B =

{(
0 1

−1 0

)}

0 .0 .

For the vector space (only symmetric matrices) M3(R):

B =








1 0 0

0 0 0

0 0 0


 ,




0 0 0

0 1 0

0 0 0


 ,




0 0 0

0 0 0

0 0 1


 ,




0 1 0

1 0 0

0 0 0


 ,




0 0 1

0 0 0

1 0 0


 ,




0 0 0

0 0 1

0 1 0





 .

For the vector space (only skew-symmetric matrices) M3(R):

B =








0 1 0

−1 0 0

0 0 0


 ,




0 0 1

0 0 0

−1 0 0


 ,




0 0 0

0 0 1

0 −1 0





 .
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For the vector space (only symmetric matrices) M4(R):

B =








1 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0


 ,




0 0 0 0

0 1 0 0

0 0 0 0

0 0 0 0


 ,




0 0 0 0

0 0 0 0

0 0 1 0

0 0 0 0


 ,




0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 1


 ,




0 1 0 0

1 0 0 0

0 0 0 0

0 0 0 0


 ,




0 0 1 0

0 0 0 0

1 0 0 0

0 0 0 0


 ,




0 0 0 1

0 0 0 0

0 0 0 0

1 0 0 0


 ,




0 0 0 0

0 0 1 0

0 1 0 0

0 0 0 0


 ,




0 0 0 0

0 0 0 1

0 0 0 0

0 1 0 0


 ,




0 0 0 0

0 0 0 0

0 0 0 1

0 0 1 0







.

The dimension of the vector space Mn(R):

dim[Mn(R)] only symmetric matrices =
n(n + 1)

2
.

The dimension of the vector space Mn(R):

dim[Mn(R)] only skew-symmetric matrices =
n(n− 1)

2
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Summary of the Chapter on Vector Spaces

Examples of vector spaces:

R
n, Mn(R), Pn(R), C(R).

Subspaces of the Vector Space V

A subset W is a vector subspace of the vector space V if the

following property is true. For any vectors v1, v2, v3, · · · · · · , vn
in W, for any real constants α1, α2, α3, · · · · · · , αn in R, the linear

combination

α1v1 + α2v2 + α3v3 + · · · · · · + αnvn ∈W,

where n ≥ 1 may be any positive integer.

Let A be a real m× n matrix. We may rewrite the matrix A in

the following ways

A =
(
c1, c2, c3, · · · · · · , cn

)
,

A =




r1
r2
r3
· · · · · ·
rm



,

where ri represents a row vector and cj represents a column vector,

the index i = 1, 2, 3, · · · ,m and j = 1, 2, 3, · · · , n.
The nullspace

NS(A) = {x ∈ R
n : Ax = 0}.

is a subspace of Rn.
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The row space

RS(A) = span{r1, r2, r3, · · · · · · , rm}
= {α1r1 + α2r2 + α3r3 + · · · + αmrm : α1 ∈ R, α2 ∈ R, α3 ∈ R, · · · , αm ∈

is a subspace of Rn.

The column space

CS(A) = span{c1, c2, c3, · · · · · · , cn}
= {α1c1 + α2c2 + α3c3 + · · · + αncn : α1 ∈ R, α2 ∈ R, α3 ∈ R, · · · , αn ∈ R

is a subspace of Rm.

For these concepts, basis and dimension are the most important

points.

Example . Let A be a real n×n constant matrix, let the rank

of A be equal to n. Then the nullspace, the row space and the

column space of A are given, respectively, by

NS(A) = {0}, dim[NS(A)] = 0

RS(A) = R
n, dim[RS(A)] = n

CS(A) = R
n, dim[CS(A)] = n

Example . Let A be a real m× n constant matrix, let m > n

and the rank of A be equal to n. Then the nullspace, the row space

and the column space of A are given, respectively, by

NS(A) = {0}, dim[NS(A)] = 0

RS(A) = R
n, dim[RS(A)] = n

CS(A) is smaller than, it is a subspace of Rm, dim[CS(A)] = n

Example . Let A be a real m× n constant matrix, let m < n

and the rank of A be equal tom. Then the nullspace, the row space

19



and the column space of A are given, respectively, by

NS(A) = R
n, dim[NS(A)] = n−m

RS(A) is smaller than, it is a subspace of Rn, dim[RS(A)] = m < n

CS(A) = R
m, dim[CS(A)] = m

LetV be a real vector space, such asRn
R
n. Let S = {v1,v2,v3, · · · · · · ,vn}

be a set of vectors in V. Then S is a basis if S is a spanning set

and linearly independent.

For the vector space R
n, if S = {v1,v2,v3, · · · · · · ,vn}, then

define a matrix A = (v1 v2 v3 · · · · · · vn). If the determinant of

the matrix

det(A) 6= 0,

then

(1) S is a spanning set of Rn.

(2) S is linearly independent.

(3) S is a basis of Rn.

On the other hand, if

det(A) = 0,

then

(1) S is not a spanning set of Rn.

(2) S is linearly dependent.

(3) S is not a basis of Rn.

For the vector space Pn(R), if S = {p0(x), p1(x), p2(x), p3(x), · · · , pn(x)},

20



and the Wronskian

det




p0(x) p1(x) p2(x) p3(x) · · · · · · pn(x)

p′0(x) p′1(x) p′2(x) p′3(x) · · · · · · p′n(x)
p′′0(x) p′′1(x) p′′2(x) p′′3(x) · · · · · · p′′n(x)
p′′′0 (x) p′′′1 (x) p′′′2 (x) p′′′3 (x) · · · · · · p′′′n (x)
· · · · · · · · · · · · · · · · · · · · ·

p
(n−1)
0 (x) p

(n−1)
1 (x) p

(n−1)
2 (x) p

(n−1)
3 (x) · · · · · · p(n−1)n (x)

p
(n)
0 (x) p

(n)
1 (x) p

(n)
2 (x) p

(n)
3 (x) · · · · · · p

(n)
n (x)




6= 0,

then

(1) S is a spanning set of Pn(R).

(2) S is linearly independent.

(3) S is a basis of Pn(R).

For the vector space Mn(R), if S = {v1,v2,v3, · · · · · · ,vn2},
then define the real n2×n2 matrix A = (w1,w2,w3, · · · · · · ,wn2).

If the determinant of the matrix

det(A) 6= 0,

then

(1) S is a spanning set of Mn(R).

(2) S is linearly independent.

(3) S is a basis of Mn(R).

On the other hand, if

det(A) = 0,

then

(1) S is not a spanning set of Mn(R).

(2) S is linearly dependent.

(3) S is not a basis of Mn(R).
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The Rank-Nullity Theorem: Let A be a realm×nmatrix.

Then

rank (A) + dim[NS(A)] = n.

rank (A) + nullity = n.

Here dim[NS(A)] is equal to the nullity.

Let

B = {v1,v2,v3, · · · · · · ,vn}

be a basis of the vector spaceV = R
n. Let v ∈ V. The component

vector [v]B of v relative to the basis B is

[v]B = (v1 v2 v3 · · · · · · vn)−1v.

Let

B = {v1,v2,v3, · · · · · · ,vn},

and

C = {w1,w2,w3, · · · · · · ,wn},

be two bases of the vector space R
n. The change-of-basis-matrix

from the basis B to the basis C is

PC←B = C−1B.

The change-of-basis-matrix from the basis C to the basis B is

PB←C = B−1C.

The change-of-basis-matrices satisfy the equation

P−1C←B = PB←C.
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The Definition of A Linear Transformation: LetV and

W be real vector spaces. The mapping T : V → W is called a

linear transformation, if

T (α1v1 + α2v2 + α3v3 + · · · · · · + αnvn)

= α1T (v1) + α2T (v2) + α3T (v3) + · · · · · · + αnT (vn),

for all vectors v1, v2, v3, · · · · · · , vn, and for all real constants α1,

α2, α3, · · · · · · , αn ∈ R, where n ≥ 1 is an integer.

Definition. Let T : V →W be a linear transformation. De-

fine the kernel, represented by Ker(T ), of the linear transformation

T by

Ker(T ) = {v ∈ V : T (v) = 0}.

Note: The kernel Ker(T ) of the linear transformation T is a sub-

space of V.

Define the range, represented by Rng(T ), of the linear transfor-

mation T by

Rng(T ) = {T (v) : v ∈ V}.

Note: The range Rng(T ) of the linear transformation T is a sub-

space of W.

The linear transformation T : V → W is called a one-to-one

transformation, if the kernel Ker(T ) = {0}.
The linear transformation T : V →W is called an onto trans-

formation, if the range Rng(T ) = W.

The linear transformation T : V→W is called a linear isomor-

phism, if it is both one-to-one and onto. We write

T : V→W, w = T (v),

T−1 : W→ V, v = T−1(w).
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Let T : V→W be a linear transformation. The kernel Ker(T )

is a subspace of the vector spaceV, the range Rng(T ) is a subspace

of the vector space W.

dim[ Ker (T )] + dim[ Rng (T )] = dim(V).

This is called the rank nullity theorem for linear transformations.

Important Examples of Linear Transformations

1. T : Rn → R
m is a linear transformation, it is given by

T (x) = Ax, x ∈ R
n.

Here A is a real m× n matrix.

For this example, the kernel of the linear transformation T is the

same as the null space of the matrix A.

The range of the linear transformation T is the same as the

column space of the matrix A.

The linear transformation T is one-to-one, if the rank of A is n,

where m ≥ n.

The linear transformation T is onto, if the rank of A ism, where

m ≤ n.

The linear transformation T is one-to-one and onto, if the rank

of A is n, where m = n.

The linear transformation T and the inverse linear transforma-

tion T−1

T : Rn → R
n, y = T (x),

T−1 : Rn → R
n, x = T−1(y).

2. T : Pn(R)→ Pn(R) is a linear transformation.

T : Pn(R)→ Pn(R),

T (a0 + a1x + a2x
2 + a3x

3 + · · · · · · + anx
n)

= b0 + b1x + b2x
2 + b3x

3 + · · · · · · + bnx
n,
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where each bi is a linear combination of all of the coefficients a0,

a1, a2, a3, · · · · · · , an.
We may write it as

T




(1 x x2 x3 · · · xn)




a0
a1
a2
a3
· · ·
an







= (1 x x2 x3 · · · xn)A




a0
a1
a2
a3
· · ·
an




.

where A is a real n× n matrix.

3. Let T : Mn(R) → Mn(R) be a linear transformation, given

by

T (A) = A− AT , A ∈Mn(R).

(1) Find the kernel of the linear transformation T .

(2) Find the range of the linear transformation T .

First of all, let us find the kernel. Let T (A) = 0. Then

A− AT = 0, AT = A.

Therefore, the kernel

Ker (T ) = {A ∈Mn(R) : A
T = A}

The kernel is the collection of all real n× n symmetric matrices.

Now let us find the range. Note that

(A− AT )T = AT − (AT )T = AT − A = −(A− AT ).

Therefore, the range

Rng (T ) = {M ∈Mn(R) :M
T = −M}.
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This is the collection of all real n× n skew-symmetric matrices.

Let T :Mn(R)→Mn(R) be a linear transformation, given by

T (A) = A + AT , A ∈Mn(R).

(1) Find the kernel of the linear transformation T .

(2) Find the range of the linear transformation T .

First of all, let us find the kernel. Let T (A) = 0. Then

A + AT = 0, AT = −A.
Therefore, the kernel

Ker (T ) = {A ∈Mn(R) : A
T = −A}

The kernel is the collection of all real n × n skew-symmetric ma-

trices.

Now let us find the range. Note that

(A + AT )T = AT + (AT )T = AT + A = A + AT .

Therefore, the range

Rng (T ) = {M ∈Mn(R) :M
T =M}.

This is the collection of all real n× n symmetric matrices.

Example. Let T : P4(R)→ P4(R) be a linear transformation,

given by

T (a0 + a1x + a2x
2 + a3x

3 + a4x
4)

= a0 + (a0 + a1)x + (a0 + a1 + a2)x
2

+ (a0 + a1 + a2 + a3)x
3 + (a0 + a1 + a2 + a3 + a4)x

4.

Find the kernel and the range of the linear transformation.

Solution: To find the kernel, let us solve the equation

T (a0 + a1x + a2x
2 + a3x

3 + a4x
4) = 0.
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That is

a0 = 0, a0 + a1 = 0, a0 + a1 + a2 = 0,

a0 + a1 + a2 + a3 = 0, a0 + a1 + a2 + a3 + a4 = 0.

Solving this system of equations, we find that

a0 = 0, a1 = 0, a2 = 0, a3 = 0, a4 = 0.

Therefore, the kernel is the trivial space:

Ker (T ) = {0}.
Note that the right hand side of the linear transformation may

be written as the linear combination of five linearly independent

constant vectors:

T (a0 + a1x + a2x
2 + a3x

3 + a4x
4)

= a0(1 + x + x2 + x3 + x4) + a1(x + x2 + x3 + x4)

+ a2(x
2 + x3 + x4) + a3(x

3 + x4) + a4x
4.

Note that a0, a1, a2, a3, a4 are free variables. Moreover, the set

B =
{
1 + x + x2 + x3 + x4, x + x2 + x3 + x4,

x2 + x3 + x4, x3 + x4, x4
}

is linearly independent. It is a spanning set and it is a basis of

P4(R). Therefore, the range is given by

Rng (T ) = P4(R).

Examples of Isomorphisms

1.

T : R4 →M2(R),

T




a

b

c

d


 =

(
a b

c d

)
.
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2.

T : R4 → P3(R),

T




a

b

c

d


 = a + bx + cx2 + dx3.

3.

T :M2(R)→ P3(R),

T

(
a b

c d

)
= a + bx + cx2 + dx3.

4.

T :M3(R)→M3(R),

T



α a b

a β c

b c γ


 =




0 a b

−a 0 c

−b −c 0


 .

5.

T :M3(R)→M3(R),

T




0 a b

a 0 c

b c 0


 =




0 a b

−a 0 c

−b −c 0


 .

6.

T : C(R)→ C(R),

T (a0 + a1x + a2x
2 + a3x

3 + a4x
4 + · · · · · · + a2n−1x

2n−1 + a2nx
2n)

= a0 + a1 cos(x) + a2 sin(x) + a3 cos(2x) + a4 sin(2x)

+ · · · · · · + a2n−1 cos(nx) + a2n sin(nx),

28



where n ≥ 0 is any integer.

Let Ti : V →W be linear transformations, let αi be real con-

stants, where i = 1, 2, 3, · · · · · · , n. Then the linear combination

of the linear transformations

α1T1 + α2T2 + α3T3 + · · · + αnTn : V→W,

(α1T1 + α2T2 + α3T3 + · · · + αnTn)(v)

= α1T1(v) + α2T2(v) + α3T3(v) + · · · + αnTn(v), v ∈ V,

is also a linear transformation.

In particular, if Ti : R
n → R

m are linear transformations, given

by

Ti(v) = Aiv, v ∈ R
n,

then

α1T1 + α2T2 + α3T3 + · · · · · · + αpTp : R
n → R

m,

is also a linear transformation, given by

α1T1 + α2T2 + α3T3 + · · · · · · + αpTp : R
n → R

m :

(α1T1 + α2T2 + α3T3 + · · · · · · + αpTp)(v)

= (α1A1 + α2A2 + α3A3 + · · · · · · + αpAp)v,

for all v ∈ R
n.

Let T : X → Y be a linear transformation, let S : Y → Z be

another linear transformation. Then

ST : X→ Z

is also a linear transformation, given by

(ST )(v) = S(T (v)), v ∈ X,

is also a linear transformation.
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In particular, if

T : Rn → R
m

is a linear transformation, given by

T (v) = Av, v ∈ R
n,

and

S : Rm → R
k,

is another linear transformation, given by

S(w) = Bw, w ∈ R
m,

then

ST : Rn → R
k,

(ST )(v) = BAv, v ∈ R
n,

is also a linear transformation.

Let V and W be real vector spaces. Let

B = {v1,v2,v3, · · · · · · ,vn},

be an order basis of the vector space V, let

C = {w1,w2,w3, · · · · · · ,wm},

be an ordered basis of the vector space W. Let T : V → W

be a linear transformation. We will define a real m × n matrix,

denoted by [T ]CB. The matrix is called the matrix of the linear
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transformation T relative to the order basis B of the vector space

V and the ordered basis C of the vector space W.

Let us find an equation involving the matrix [T ]CB. Intuitively

speaking, the matrix depends on the bases B = {v1,v2,v3, · · · · · · ,vn}
and C = {w1,w2,w3, · · · · · · ,wm} and the linear transformation

T . For any vector v ∈ V, we have the linear combination

v = α1v1 + α2v2 + α3v3 + · · · · · · + αnvn,

where α1, α2, α3, · · · , αn are real constants. Performing the linear

transformation T to the linear combination, we have

T (v) = T (α1v1 + α2v2 + α3v3 + · · · · · · + αnvn)

= α1T (v1) + α2T (v2) + α3T (v3) + · · · · · · + αnT (vn)

= (T (v1), T (v2), T (v3), · · · · · · , T (vn))




α1

α2

α3

· · ·
αn



.

Note that each vector T (vj) is a linear combination of

w1,w2,w3, · · · · · · ,wm.

That is

T (vj) = a1jw1 + a2jw2 + a3jw3 + · · · · · · + amjwm

= (w1,w2,w3, · · · · · · ,wm)




a1j
a2j
a3j
· · ·
amj



,
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where a1j, a2j, a3j, · · · , amj are real constants, j = 1, 2, 3, · · · , n.
In another word, we have

(T (v1), T (v2), T (v3), · · · · · · , T (vn))

= (w1,w2,w3, · · · · · · ,wm)




a11 a12 a13 · · · a1n
a21 a22 a23 · · · a2n
a31 a32 a33 · · · a3n
· · · · · · · · · · · · · · ·
am1 am2 am3 · · · amn



.

Therefore, we obtain the explicit representation

T (v)

= (w1,w2,w3, · · · · · · ,wm)




a11 a12 a13 · · · a1n
a21 a22 a23 · · · a2n
a31 a32 a33 · · · a3n
· · · · · · · · · · · · · · ·
am1 am2 am3 · · · amn







α1

α2

α3

· · ·
αn



.

Here, the matrix

[T ]CB
def
=




a11 a12 a13 · · · a1n
a21 a22 a23 · · · a2n
a31 a32 a33 · · · a3n
· · · · · · · · · · · · · · ·
am1 am2 am3 · · · amn



.

In particular, for the linear transformation T : Rn → R
m, with the

ordered basis

B = {v1,v2,v3, · · · ,vn} for R
n,

C = {w1,w2,w3, · · · ,wm} for R
m,

we have

[T ]CB = (w1,w2,w3, · · · ,wm)
−1(T (v1), T (v2), T (v3), · · · , T (vn)).
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Note that

(w1,w2,w3, · · · ,wm),

is an m×m matrix, and its inverse matrix exists.

(T (v1), T (v2), T (v3), · · · , T (vn))

is a real m× n matrix.

For the linear transformation

T : Pn(R)→ Pm(R),

we may the same ideas as above, with some slight modifications

in some of the details, to find the matrix of linear transformation

[T ]CB.
For all other linear transformations, the equation

(T (v1), T (v2), T (v3), · · · · · · , T (vn)) = (w1,w2,w3, · · · · · · ,wn)[T ]
C
B,

is the main starting point to find the matrix of linear transformation

[T ]CB.
For linear transformations T : V →W between different kinds

of vector spaces, such as

T :M2(R)→ P3(R),

T :M2(R)→M3(R),

use

[T ]CB = {[T (v1)]C, [T (v2)]C, [T (v3)]C, · · · · · · , [T (vn)]C} ,
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where

T (vj) = a1jw1 + a2jw2 + a3jw3 + · · · · · · + amjwm

=
(
w1 w2 w3 · · · · · · wm

)




a1j
a2j
a3j
· · ·
amj




=
(
w1 w2 w3 · · · · · · wm

)
[T (vj)]C,

where

[T (vj)]C =




a1j
a2j
a3j
· · ·
amj



,

j = 1, 2, 3, · · · , n.

v ∈ Vv ∈ Vv ∈ Vv ∈ V[v]B
αααα ∈ α ∈ α ∈ R

()

()

()

()

()

()
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The First Midterm Exam - Mathematics 43 - 2018

There are twenty-five multiple choice problems in the Exam. Each

problem is worth four points. The total is 100 points. The exam

is 75 minutes. In each problem, there are four choices marked (A),

(B), (C) and (D). Only one choice is correct. Choose the one you

think is correct. If you do not know the answer to a problem, you

may make a reasonable, best possible guess. No supporting work is

necessary. No calculators, computers, cell phones, i-pads, i-touches

or any other electronic devices are allowed in the exam. You are

not allowed to ask for assistance from anybody else. You are not

allowed to use any websites for assistance. Any student who cheats

will receive an F as the Final Grade. This is Absolutely Firm!

Therefore, be honest and solve all problems by yourself.

The First Midterm Exam 100 points

The Second Midterm Exam 100 points

The Final Exam 200 points

The Homework 100 points

Total 500 points
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1. The reduced row echelon form of the augmented matrix of the

system of equations Ax = b is a zero matrix, that is,



0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0


 .

How many free variables are there in the solutions?

(A) 1. (B) 3. (C) 5. (D) 7.
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2. The reduced row echelon form of the augmented matrix of the

system of equations Ax = b is given below



0 0 0 0 0 0 0 1

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0


 .

How many solutions are there to the system of equations?

(A) ∞. (B) 10. (C) 1. (D) 0.
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3. Let A be a real n × n constant matrix, with the rank of A

being equal to n. Which of the following statements is true?

(A) There exists infinitely many solutions to the system of equa-

tions Ax = b, for every vector b ∈ R
n.

(B) There exists no solution to the system of equations Ax = b,

for every vector b ∈ R
n.

(C) There exists a solution to the system of equations Ax = b,

for some vectors, but not for all vectors b ∈ R
n.

(D) There exists a unique solution to the system of equations

Ax = b, for every vector b ∈ R
n.
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4. Which of the following statements is true?

(A) If A =




1 1 1 1

1 1 −1 −1
1 −1 −1 1

1 −1 1 −1


 , then A−1 =

1

4




1 1 1 1

1 1 −1 −1
1 −1 −1 1

1 −1 1 −1




(B) If B = 4




1 1 1 1

1 1 −1 −1
1 −1 1 −1
1 −1 −1 1


 , then B−1 = 4




1 1 1 1

1 1 −1 −1
1 −1 1 −1
1 −1 −1 1




(C) If C = 2




1 1 1 1

1 −1 −1 1

1 −1 1 −1
1 1 −1 −1


 , then C−1 = 2




1 1 1 1

1 −1 −1 1

1 −1 1 −1
1 1 −1 −1




(D) If D =
1

2




1 1 1 1

1 −1 1 −1
1 1 −1 −1
1 −1 −1 1


 , then D−1 =




1 1 1 1

1 −1 1 −1
1 1 −1 −1
1 −1 −1 1



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5. Let

A =
1

2




1 1 1 1

1 1 −1 −1
1 −1 −1 1

1 −1 1 −1


 .

Which of the following is the rank of the matrix A?

(A) 1

(B) 2

(C) 3

(D) 4
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6. Let

A =




α −β −β −β
−β α −β −β
−β −β α −β
−β −β −β α


 ,

where α > 0 and β > 0 are positive constants, such that α > 3β.

What is the rank of A?

(A) 4. (B) 3. (C) 2. (D) 1.
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7. Let A be a real n × n constant matrix with det(A) 6= 0.

Which of the following statements is true?

(A) There exists a unique solution to the system of equations

Ax = b, for every vector b ∈ R
n.

(B) There exists no solution to the system of equations Ax = b,

for any vector b ∈ R
n.

(C) The inverse matrix A−1 does not exist.

(D) The rank of A is less than n.
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8. Let A be a real n × n constant matrix with det(A) = 0.

Which of the following statements is true?

(A) There exists infinitely many solutions to the homogeneous sys-

tem of equations Ax = 0.

(B) There exists a unique solution to the system of equations Ax =

b, for every vector b ∈ R
n.

(C) The inverse matrix A−1 exist.

(D) The rank of A is equal to n.
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9. Let α, β, γ and λ be real constants. Which of the following

computations is correct?

(A) det




λ α β

−α λ γ

−β −γ λ


 = λ3 + (α2 + β2 + γ2)λ.

(B) det




λ α β

−α λ γ

−β −γ λ


 = λ3 + (α2 + β2 + γ2).

(C) det




λ α β

−α λ γ

−β −γ λ


 = λ3 + (α2 + β2 + γ2)λ2.

(D) det




λ α β

−α λ γ

−β −γ λ


 = λ3 − (α2 + β2 + γ2)λ2.
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10. Let

A =




1 1 1 1

1 1 −1 −1
1 −1 −1 1

1 −1 1 −1


 .

Which of the following is equal to the determinant of A?

(A) 16

(B) −16
(C) 4

(D) −4
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11. Let

A =




αβ −αβ −αβ −αβ
−αβ αβ −αβ −αβ
−αβ −αβ αβ −αβ
−αβ −αβ −αβ αβ


 .

Which of the following statements represents the determinant of

the matrix A?

(A) 16(αβ)4

(B) −16(αβ)4
(C) 4(αβ)24

(D) −4(αβ)24
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12. Let A and B be real n × n matrices. Let α 6= 0 be a real

nonzero constant. Which of the following statements is wrong?

(A) det(AT ) = det(A)

(B) det(αA) = α det(A)

(C) det(AB) = det(A) det(B)

(D) det(A−1) =
1

det(A)
, if det(A) 6= 0
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13. Let α, λ, ai, bi, ci be real constants, where i = 1, 2, 3. Which

of the following computations is NOT correct?

(A) det



λ− α α −α
α λ− α −α
−α −α λ− α




= det




λ− α α −α
2α− λ λ− 2α 0

λ− 2α 0 λ− 2α




= (λ− 2α)2 det



λ− α α −α
−1 1 0

1 0 1




(B) det



λ− α β β

β λ− α β

β β λ− α




= det




λ− α β β

α + β − λ λ− α− β 0

α + β − λ 0 λ− α− β




= (λ− α− β)2 det



λ− α β β

−1 1 0

1 0 1




48



(C) det



a1(λ + 1) b1(λ + 1) c1(λ + 1)

a2(λ + 2) b2(λ + 2) c2(λ + 2)

a3(λ + 3) b3(λ + 3) c3(λ + 3)




= (λ + 1)(λ + 2)(λ + 3) det



a1 b1 c1
a2 b2 c2
a3 b3 c3




(D) det



a1(λ− 1) a2(λ− 2) a3(λ− 3)

b1(λ− 1) b2(λ− 2) b3(λ− 3)

c1(λ− 1) c2(λ− 2) c3(λ− 3)




= (λ− 1)(λ− 2)(λ− 3) det



a1 a2 a3
b1 b2 b3
c1 c2 c3



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14. Let A = (aij) be a real n × n constant matrix. Let Cij
be the cofactor of the element aij, for all i = 1, 2, 3, · · · , n and

j = 1, 2, 3, · · · , n. Which of the following statement is wrong?

(A)

n∑

k=1

aikCik = det(A), for all i = 1, 2, 3, · · · , n

(B)

n∑

k=1

akjCkj = 0, for all j = 1, 2, 3, · · · , n

(C)
n∑

k=1

aikCjk = 0, for all i = 1, 2, 3, · · · , n; j = 1, 2, 3, · · · , n; i 6= j

(D)

n∑

k=1

akiCkj = 0, for all i = 1, 2, 3, · · · , n; j = 1, 2, 3, · · · , n; i 6= j
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15. Let A = (aij), B = (bij) and C = (Cij) be real n × n

constant matrices, where B = CT , and Cij represents the cofactor

of the element aij, for all i = 1, 2, 3, · · · , n and j = 1, 2, 3, · · · , n.
Which of the following statements is wrong?

(A) AB = BA = [det(A)]I

(B) AC = CA = [det(A)]I

(C) A10B5 = B5A10 = [det(A)]5A5

(D) A5B10 = B10A5 = [det(A)]5B5
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16. Let A = (aij), B = (bij) and C = (Cij) be real n × n

constant matrices, where det(A) 6= 0, B = CT , and Cij represents

the cofactor of aij, for all i = 1, 2, 3, · · · , n and j = 1, 2, 3, · · · , n.
Which of the following statements is NOT true?

(A) A−1 =
1

det(A)
B

(B) B−1 =
1

det(A)
A

(C) det(B) = det(C) = [det(A)]n

(D) det(AB) = [det(A)]n
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17. Which of the following subsets is a subspace of R4?

(A) W =








x1
x2
x3
x4


 : x1 > 0, x2 > 0, x3 > 0, x4 > 0




.

(B) W =








x1
x2
x3
x4


 : x21 = x22 = x23 = x24




.

(C) W =








x1
2x2
3x3
4x4


 : x1 ∈ R, x2 ∈ R, x3 ∈ R, x4 ∈ R




.

(D) W =








x1 + 10

x2 + 20

x3 + 30

x4 + 40


 : xk ∈ R, k = 1, 2, 3, 4




.
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18. Which of the following subsets is NOT a subspace of the

vector space Mn(R)?

(A) {A ∈Mn(R) : A
T = A}.

(B) {A ∈Mn(R) : A
T = −A}.

(C) {A ∈Mn(R) : det(A) = 18}.

(D) {A ∈Mn(R) : det(A
T ) = det(A)}.
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19. Let α, β, λ be real constants, such that α 6= 0, α + β 6= 0,

α − 2β 6= 0, λ 6= α + β, λ 6= α − 2β. Which of the following sets

of vectors is NOT a spanning set of R3?

(A) A =








α

−α
α


 ,



−α
α

α


 ,



α

α

α





 .

(B) B =








α

−β
−β


 ,



−β
α

−β


 ,



−β
−β
α





 .

(C) C =








2α

−α
−α


 ,



−α
2α

−α


 ,



−α
−α
2α





 .

(D) D =







λ− α
β

β


 ,




β

λ− α
β


 ,




β

β

λ− α





 .
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20. Given that the set

B =








λ− α
β

β

β


 ,




β

λ− α
β

β


 ,




β

β

λ− α
β


 ,




β

β

β

λ− α








of vectors is a spanning set of the vector space R
4. Which of the

following conditions must be true?

(A) λ = α + β, λ = α− 3β

(B) λ = α + β, λ 6= α− 3β

(C) λ 6= α + β, λ 6= α− 3β

(D) λ 6= α + β, λ = α− 3β
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21. Given that the set of vectors

B =








3α2

−β2

−β2

−β2


 ,




−β2

3α2

−β2

−β2


 ,




−β2

−β2

3α2

−β2


 ,




−β2

−β2

−β2

3α2








is linearly independent. Which of the following conditions must be

true?

(A) 3α2 + β2 = 0, α2 − β2 = 0

(B) 3α2 + β2 = 0, α2 − β2 6= 0

(C) 3α2 + β2 > 0, α2 − β2 = 0

(D) 3α2 + β2 > 0, α2 − β2 6= 0
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22. Let

B =








λ2 − α2

β2

β2

β2


 ,




β2

λ2 − α2

β2

β2


 ,




β2

β2

λ2 − α2

β2


 ,




β2

β2

β2

λ2 − α2








be a basis of R4. Which of the following conditions must be true?

(A) λ2 = α2 + β2, λ2 = α2 − 3β2.

(B) λ2 = α2 + β2, λ2 6= α2 − 3β2.

(C) λ2 6= α2 + β2, λ2 = α2 − 3β2.

(D) λ2 6= α2 + β2, λ2 6= α2 − 3β2.
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23. Let

S =








α2

−β2

α2

−β2


 ,




−β2

α2

−β2

α2


 ,




α2

−β2

α2

−β2


 ,




−β2

α2

−β2

α2







,

where α > 0 and β > 0 are positive constants. Which of the fol-

lowing statements about S is true?

(A) S is a basis of R4.

(B) S is linearly independent.

(C) S is a spanning set of R4.

(D) S is linearly dependent.
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24. Let

S = {v1,v2,v3, · · · ,vn}

be a set of vectors in the vector spaceRn. LetA = (v1 v2 v3 · · · vn)
be the matrix made by using all vectors in S . Let det(A) 6= 0.

Which of the following statements is wrong?

(A) S is a basis of Rn.

(B) S is linearly independent.

(C) S is a spanning set of Rn.

(D) S is linearly independent, but it is not a spanning set of the

vector space Rn.
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25. Which of the following statements is NOT true?

(A) B =








1

0

0

0


 ,




0

1

0

0


 ,




0

0

1

0


 ,




0

0

0

1








is a basis of R4 and the dimension of R4 is 4.

(B) B =

{(
10 0

0 0

)
,

(
0 20

0 0

)
,

(
0 0

30 0

)
,

(
0 0

0 40

)}

is a basis of M2(R) and the dimension of M2(R) is 4.

(C) C =
{
1, x, x2, x3, · · · , xn, · · ·

}

is a basis of C(R) and the dimension of C(R) is ∞.

(D) D =
{
1, x, x2, x3, · · · , x10

}

is a basis of P10(R) and the dimension of P10(R) is 10.
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Bonus 1 Let

A = α




1 1 1 1

1 1 −1 −1
1 −1 −1 1

1 −1 1 −1


 ,

where α > 0 is a positive constant. Which of the following state-

ments is true?

(A) A2000 = α2000A

(B) A2010 = α2010A

(C) A2020 = (2α)2040I

(D) A2040 = (2α)2040I
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Bonus 2 Which of the following statements about the real vec-

tor space C(R) is NOT true?

(A) C(R) is a infinite-dimensional vector space

(B) B = {1, x, x2, x3, · · · · · · } is a basis of C(R)

(C) C = {1, cos(x), sin(x), cos(2x), sin(2x), cos(3x), sin(3x), · · · · · · }
is a basis of C(R)

(D) C(R) is an finite-dimensional vector space
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Bonus 3 There are mistakes in the following computations.

Let α, β, γ, δ be real constants, such that α < β < γ < δ.

The Wronskian of the exponential functions eαx, eβx, eγx, eδx is

computed below.

det




eαx eβx eγx eδx

αeαx βeβx γeγx δeδx

α2eαx β2eβx γ2eγx δ2eδx

α3eαx β3eβx γ3eγx δ3eδx




step1
= e(α+β+γ+δ)x det




1 1 1 1

α β γ δ

α2 β2 γ2 δ2

α3 β3 γ3 δ3




step2
= e(α+β+γ+δ)x det




1 1 1 1

0 β − α γ − α δ − α
0 β2 − α2 γ2 − α2 δ2 − α2

0 β3 − α3 γ3 − α3 δ3 − α3




step3
= (α− β)(α− γ)(α− δ)e(α+β+γ+δ)x

· det




1 1 1

α + β α + γ α + δ

α2 + αβ + β2 α2 + αγ + γ2 α2 + αδ + δ2




step4
= e(α+β+γ+δ)x(α− β)(α− γ)(α− δ)(β − γ)(β − δ)(γ − δ).

In which step of the above computations, the first mistake was
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made?

(A) step 1

(B) step 2

(C) step 3

(D) step 4
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1. Given that

B =








α

−β
−β
−β


 ,




−β
α

−β
−β


 ,




−β
−β
α

−β


 ,




−β
−β
−β
α








is a basis of R4. Which of the following is equal to the component

vector [v]B of the vector v =




1

2

3

4


 relative to the basis B?

(A) +




α −β −β −β
−β α −β −β
−β −β α −β
−β −β −β α




−1


1

2

3

4




(B) −




α −β −β −β
−β α −β −β
−β −β α −β
−β −β −β α




−1


1

2

3

4




(C) +




α −β −β −β
−β α −β −β
−β −β α −β
−β −β −β α







1

2

3

4




(D) −




α −β −β −β
−β α −β −β
−β −β α −β
−β −β −β α







1

2

3

4



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2. Given two bases of the vector space R4:

B =








α

−β
−β
−β


 ,




−β
α

−β
−β


 ,




−β
−β
α

−β


 ,




−β
−β
−β
α








and

C =








1

1

1

1


 ,




1

1

−1
−1


 ,




1

−1
−1
1


 ,




1

−1
1

−1







,

where α and β are real constants, such that α+β > 0 and α−3β >
0.
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Which of the following is equal to the change-of-basis-matrix

PC←B from the basis B to the basis C?

(A) PC←B =




1 1 1 1

1 1 −1 −1
1 −1 −1 1

1 −1 1 −1




−1


α −β −β −β
−β α −β −β
−β −β α −β
−β −β −β α




(B) PC←B =




1 1 1 1

1 1 −1 −1
1 −1 −1 1

1 −1 1 −1







α −β −β −β
−β α −β −β
−β −β α −β
−β −β −β α




−1

(C) PC←B =




α −β −β −β
−β α −β −β
−β −β α −β
−β −β −β α




−1


1 1 1 1

1 1 −1 −1
1 −1 −1 1

1 −1 1 −1




(D) PC←B =




α −β −β −β
−β α −β −β
−β −β α −β
−β −β −β α







1 1 1 1

1 1 −1 −1
1 −1 −1 1

1 −1 1 −1




−1
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3. Let α and β be positive constants, such that α2+β2 > 0 and

α2 − β2 > 0. Let

A =




α2 −β2 α2 −β2

−β2 α2 −β2 α2

α2 −β2 α2 −β2

−β2 α2 −β2 α2


 .

Which of the following statements is true?

(A) The dimension of the nullspace is 0, the dimension of the row

space is 0 and the dimension of the column space is 0.

(B) The dimension of the nullspace is 2, the dimension of the row

space is 2 and the dimension of the column space is 2.

(C) The dimension of the nullspace is 2, the dimension of the row

space is 4 and the dimension of the column space is 6.

(D) The dimension of the nullspace is 1, the dimension of the row

space is 3 and the dimension of the column space is 5.
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4. Let α and β be positive constants, such that α2 > β2. Let

A =




α2 −β2 α2 −β2

−β2 α2 −β2 α2

α2 −β2 α2 −β2

−β2 α2 −β2 α2


 .

Which of the following sets of vectors represent a basis of the column

space of A?

(A)








1

−1
1

−1


 ,




−1
1

−1
1








(B)








1

0

2

0


 ,




0

3

0

4








(C)








α2

−β2

α2

−β2


 ,




−β2

α2

−β2

α2








(D)








α2

−β2

α2

−β2


 ,




α2

−β2

α2

−β2







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5. Let T : Rn → R
n be a linear transformation, given by

T (x) = Ax, x ∈ R
n,

where A is an n×n constant matrix, such that det(A) 6= 0. Which

of the following statements in NOT true?

(A) The linear transformation T is one-to-one.

(B) The linear transformation T is onto.

(C) The inverse linear transformation T−1 exists and it is given by

T−1(x) = A−1x, x ∈ R
n.

(D) None of the above.
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6. Let T : Rn → R
n be a linear transformation, given by

T (x) = Ax, x ∈ R
n,

where A is an n× n real matrix, such that det(A) = 0. Which of

the following statements is true?

(A) The linear transformation T is not one-to-one or onto.

(B) The linear transformation T is one-to-one.

(C) The linear transformation T is onto.

(D) The inverse linear transformation T−1 exists.
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7. Let T : Rn → R
m be a linear transformation, given by

T (x) = Ax, x ∈ R
n,

where A is an m× n real constant matrix. Let m > n and let the

rank of the matrix be equal to n. Which of the following statements

is true?

(A) The linear transformation T is one-to-one.

(B) The linear transformation T is onto.

(C) The linear transformation T is one-to-one and onto.

(D) The inverse linear transformation T−1 exists.
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8. Let T : Rn → R
m be a linear transformation, given by

T (x) = Ax, x ∈ R
n,

where A is an m × n real constant matrix. Let m < n and let

the rank of A be equal to m. Which of the following statements is

true?

(A) The linear transformation T is one-to-one.

(B) The linear transformation T is onto.

(C) The linear transformation T is one-to-one and onto.

(D) The inverse linear transformation T−1 exists.
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9. Let T : Rn → R
m be a linear transformation, given by

T (x) = Ax, x ∈ R
n,

where A is an m × n real constant matrix, m > 1 and n > 1 are

positive integers. Let the rank of A be less than both m and n.

Which of the following statements is NOT true?

(A) The linear transformation T is not one-to-one.

(B) The linear transformation T is not onto.

(C) The linear transformation T is neither one-to-one nor onto.

(D) The inverse linear transformation T−1 exists.
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10. Let T : M2(R) → M2(R) be a linear transformation, given

by

T (A) = AT − A, for all A ∈M2(R).

Which of the following sets represent a basis of the kernel Ker(T )?

(A)

{(
1 0

0 0

)
,

(
0 1

1 0

)
,

(
0 0

1 1

)}

(B)

{(
1 0

0 0

)
,

(
0 1

−1 0

)
,

(
0 0

0 1

)}

(C)

{(
1 1

0 0

)
,

(
0 1

1 0

)
,

(
0 0

0 1

)}

(D)

{(
1 0

0 0

)
,

(
0 1

1 0

)
,

(
0 0

0 1

)}
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11. Let T : Mn(R) → Mn(R) be a linear transformation, given

by

T (A) = AT − A, A ∈Mn(R).

Which of the following statements are true?

(A) dim[Ker(T )] =
n(n + 1)

2
, dim[Rng(T )] =

n(n− 1)

2

(B) dim[Ker(T )] =
n(n + 1)

2
, dim[Rng(T )] =

n(n + 1)

2

(C) dim[Ker(T )] =
n(n− 1)

2
, dim[Rng(T )] =

n(n− 1)

2

(D) dim[Ker(T )] =
n(n− 1)

2
, dim[Rng(T )] =

n(n + 1)

2
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12. Let T : P3(R)→ P3(R) be a linear transformation, given by

T (a + bx + cx2 + dx3)

= [(2a− b) + (3c− d)] + [(2a− b)− (3c− d)]x
+ [(2a− b) + (3c− d)]x2 + [(2a− b)− (3c− d)]x3

Which of the following sets of vectors represent a basis of the kernel

and a basis of the range of the linear transformation T ?

(A) B = {1 + 2x, x2 + 3x3}, C = {1 + x2, x + x3}
(B) B = {1 + 4x, x2 + 6x3}, C = {2 + x2, 2x + x3}
(C) B = {1 + 6x, x2 + 9x3}, C = {3 + x2, 3x + x3}
(D) B = {1 + 8x, x2 + 12x3}, C = {4 + x2, 4x + x3}
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13. Which of the following linear transformations is NOT an

isomorphism?

(A) T : R3 → R
3, T



a

b

c


 =



a

b

c




(B) T : R3 → R
3, T



a

b

c


 =




0 α β

−α 0 γ

−β −γ 0





a

b

c




(C) T : R4 →M2(R), T




a

b

c

d


 =

(
a b

c d

)

(D) T : R4 → P3(R), T




a

b

c

d


 = a + bx + cx2 + dx3

where α, β, γ are real constants.
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14. Which of the following linear transformations is NOT an

isomorphism?

(A) T : R4 → R
4, T




a

b

c

d


 =




a + b + c

b + c + d

c + d + a

d + a + b




(B) T : P3(R)→ R
4, T (a + bx + cx2 + dx3) =




a

b

c

d




(C) T : R4 → R
4, T




a

b

c

d


 =




α2 −β2 α2 −β2

−β2 α2 −β2 α2

α2 −β2 α2 −β2

−β2 α2 −β2 α2







a

b

c

d




(D) T : R4 → R
4, T




a

b

c

d


 =




1 1 1 1

1 1 −1 −1
1 −1 1 −1
1 −1 −1 1







a

b

c

d




81



15. Let α and β be positive constants, such that α2 > 2β2.

Define

A =




α2 −β2 −β2

−β2 α2 −β2

−β2 −β2 α2


 .

Which of the following statements about the algebraic multiplicity

and the geometric multiplicity of the eigenvalues is true?

(A) Both the algebraic multiplicity and the geometric multiplicity

of the eigenvalue λ1 = α2+β2 are equal to 2. Both the algebraic

multiplicity and the geometric multiplicity of the eigenvalue

λ2 = α2 − 2β2 are equal to 2.

(B) Both the algebraic multiplicity and the geometric multiplicity

of the eigenvalue λ1 = α2+β2 are equal to 1. Both the algebraic

multiplicity and the geometric multiplicity of the eigenvalue

λ2 = α2 − 2β2 are equal to 1.

(C) Both the algebraic multiplicity and the geometric multiplicity

of the eigenvalue λ1 = α2+β2 are equal to 1. Both the algebraic

multiplicity and the geometric multiplicity of the eigenvalue

λ2 = α2 − 2β2 are equal to 2.

(D) Both the algebraic multiplicity and the geometric multiplicity

of the eigenvalue λ1 = α2+β2 are equal to 2. Both the algebraic

multiplicity and the geometric multiplicity of the eigenvalue

λ2 = α2 − 2β2 are equal to 1.
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16. Let α and β be positive constants, such that α2 > 3β2.

Define

A =




α2 −β2 −β2 −β2

−β2 α2 −β2 −β2

−β2 −β2 α2 −β2

−β2 −β2 −β2 α2


 .

Which of the following statements about the algebraic multiplicity

of the eigenvalues is true?

(A) The first eigenvalue is λ1 = α2 + β2 and the algebraic multi-

plicity is 3. The second eigenvalue is λ2 = α2 − 3β2 and the

algebraic multiplicity is 1.

(B) The first eigenvalue is λ1 = α2 + β2 and the algebraic multi-

plicity is 1. The second eigenvalue is λ2 = α2 − 3β2 and the

algebraic multiplicity is 3.

(C) The first eigenvalue is λ1 = α2 + β2 and the algebraic multi-

plicity is 3. The second eigenvalue is λ2 = α2 − 3β2 and the

algebraic multiplicity is 3.

(D) The first eigenvalue is λ1 = α2 + β2 and the algebraic multi-

plicity is 1. The second eigenvalue is λ2 = α2 − 3β2 and the

algebraic multiplicity is 1.

83



17. LetA andB be n×n real constant matrices and det(B) > 0.

Which of the following statements is NOT true?

(A) det(λI − A) = det(λI − A2)

(B) det(λI − A) = det(λI − AT )

(C) det(λI − AB) = det(λI − BA)
(D) det(λI − B−1AB) = det(λI − A)
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18. Let A be an n× n real constant matrix. Let

λ1, λ2, λ3, · · · , λn

be the eigenvalues of A. Which of the following statements in NOT

true?

(A) det(A) = λ1λ2λ3 · · ·λn
(B) det(λI − A) = − det(λI − A)
(C) a11 + a22 + a33 + · · · + ann = λ1 + λ2 + λ3 + · · · + λn

(D) det(λI − A) = (λ− λ1)(λ− λ2)(λ− λ3) · · · (λ− λn)
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19. Let A be an n× n real constant matrix. Let

λ1, λ2, λ3, · · · , λn

be the eigenvalues of A. Which of the following is true?

(A) det(A) = λ1 + λ2 + λ3 + · · · + λn

(B) det(A) = λ21 + λ22 + λ23 + · · · + λ2n
(C) det(A) = λ1λ2λ3 · · ·λn
(D) det(A) = λ21λ

2
2λ

2
3 · · ·λ2n
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20. Let A and B be n × n real constant matrices, such that

A = T−1AT , where T is also an n × n constant matrix and T−1

exists. Which of the following statements about the eigenvalues

and eigenvectors of A and B is true?

(A) The eigenvalues and eigenvectors of A and B are the same.

(B) The eigenvalues and eigenvectors of A and B are different.

(C) The eigenvalues of A and B are different.

(D) The eigenvalues of A and B are the same.
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21. Let A be an n × n real constant matrix. Which of the fol-

lowing statements must be true is the matrix A is diagonalizable?

(A) The algebraic multiplicity is equal to the geometric multiplic-

ity, for each eigenvalue λ of A.

(B) The algebraic multiplicity is equal to the geometric multiplic-

ity, for one eigenvalue λ of A.

(C) The algebraic multiplicity is larger than the geometric multi-

plicity, for each eigenvalue λ of A.

(D) The algebraic multiplicity is smaller than the geometric mul-

tiplicity, for each eigenvalue λ of A.
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22. Let

A =




α −β −β −β
−β α −β −β
−β −β α −β
−β −β −β α


 , T =




1 1 1 1

1 1 −1 −1
1 −1 −1 1

1 −1 1 −1


 .

Which of the following matrices is equal to T−1AT ?

(A)




α− 3β 0 0 0

0 α + β 0 0

0 0 α + β 0

0 0 0 α + β




(B)




α + β 0 0 0

0 α + β 0 0

0 0 α + β 0

0 0 0 α− 3β




(C)




α− 3β 0 0 0

0 α− 3β 0 0

0 0 α− 3β 0

0 0 0 α + β




(D)




α + β 0 0 0

0 α + β 0 0

0 0 α− 3β 0

0 0 0 α− 3β



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23. Let A be a 4× 4 real constant matrix. Two complex eigen-

values of A are given:

λ1 = α− βi, λ2 = α2 − β2i,

where α and β are real nonzero constants. What are the other

complex eigenvalues?

(A) λ3 = α + βi, λ4 = α2 − β2i

(B) λ3 = α + βi, λ4 = α2 + β2i

(C) λ3 = α− βi, λ4 = α2 − β2i

(D) λ3 = α− βi, λ4 = α2 + β2i
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24. Consider the system of differential equations

d

dt
u =




α −β −β −β
−β α −β −β
−β −β α −β
−β −β −β α


u

Which of the following represents the solution of the system of

differential equations?

(A) u(t) = C1e
(α+β)t




1

1

1

1


 + C2e

(α+β)t




1

1

−1
−1




+ C3e
(α−3β)t




1

−1
−1
1


 + C4e

(α+β)t




1

−1
1

−1




(B) u(t) = C1e
(α+β)t




1

1

1

1


 + C2e

(α+β)t




1

1

−1
−1




+ C3e
(α+β)t




1

−1
−1
1


 + C4e

(α−3β)t




1

−1
1

−1



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(C) u(t) = C1e
(α−3β)t




1

1

1

1


 + C2e

(α+β)t




1

1

−1
−1




+ C3e
(α+β)t




1

−1
−1
1


 + C4e

(α+β)t




1

−1
1

−1




(D) u(t) = C1e
(α+β)t




1

1

1

1


 + C2e

(α−3β)t




1

1

−1
−1




+ C3e
(α+β)t




1

−1
−1
1


 + C4e

(α+β)t




1

−1
1

−1



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25. Consider the system of differential equations

d

dt
u =




α2 −β2 α2 −β2

−β2 α2 −β2 α2

α2 −β2 α2 −β2

−β2 α2 −β2 α2


u

Which of the following represents the solution of the system of

differential equations?

(A) u(t) = C1e
(2α2+2β2)t




1

1

1

1


 + C2e

(2α2+2β2)t




1

1

−1
−1




+ C3e
(2α2−2β2)t




1

−1
−1
1


 + C4e

(2α2−2β2)t




1

−1
1

−1




(B) u(t) = C1e
(2α2−2β2)t




1

1

1

1


 + C2e

(2α2−2β2)t




1

1

−1
−1




+ C3e
(2α2+2β2)t




1

−1
−1
1


 + C4e

(2α2+2β2)t




1

−1
1

−1



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(C) u(t) = C1e
(2α2+2β2)t




1

1

1

1


 + C2e

(2α2−2β2)t




1

1

−1
−1




+ C3e
(2α2+2β2)t




1

−1
−1
1


 + C4e

(2α2−22β2)t




1

−1
1

−1




(D) u(t) = C1e
(2α2−2β2)t




1

1

1

1


 + C2




1

1

−1
−1




+ C3




1

−1
−1
1


 + C4e

(2α2+2β2)t




1

−1
1

−1



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Mathematics 43 - The Final Examination - 2018

This is the Final Exam of Linear Algebra.

There are 50 multiple choice problems in the Final Examination.

Each problem is worth 4 points. The Final Exam is 200 points

and it is 3 hours. In each problem, there are four choices, marked

with (A), (B), (C) and (D). Only one choice is correct in every

problem. On the answer sheet, write down the answer you think

is correct. If you do not know the answer to a problem, you may

make the possible, best guess. No supporting work is necessary for

any problem.

There are three bonus problems at the end of the Final Exam.

For some of the Bonus Problems, you will need to show important

supporting work to receive credits. Partial credits will be given, it

depends on how much valuable work you will do.

In this exam, A, B, C represent real matrices; AT represents

the transposed matrix of A; α, β, γ, λ, µ represent real nonzero

constants; m ≥ 1 and n ≥ 1 represent positive integers; a, b, u,

v, w, ξ and η represent real vectors.
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Hint 1: Let

A =




α2 −β2 −β2

−β2 α2 −β2

−β2 −β2 α2


 .

There are two real eigenvalues to the matrix: λ1 = α2 + β2

and λ2 = α2 − 2β2. The eigenvectors corresponding to the

eigenvalues are given by

(1) λ1 = α2 + β2, v1 =




1

−1
0


 ,v2 =




1

0

−1


 ,

(2) λ2 = α2 − 2β2, v3 =




1

1

1


 .
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Hint 2: Let

A =




α2 −β2 −β2 −β2

−β2 α2 −β2 −β2

−β2 −β2 α2 −β2

−β2 −β2 −β2 α2


 .

There are two real eigenvalues to the matrix: λ1 = α2 + β2

and λ2 = α2 − 3β2. The eigenvectors corresponding to the

eigenvalues are given by

(1) λ1 = α2 + β2,v1 =




1

1

−1
−1


 ,v2 =




1

−1
−1
1


 ,v3 =




1

−1
1

−1


 ,

(2) λ2 = α2 − 3β2,v4 =




1

1

1

1


 .
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Hint 3: Let

A =




α2 −β2 α2 −β2

−β2 α2 −β2 α2

α2 −β2 α2 −β2

−β2 α2 −β2 α2


 .

There are three eigenvalues to the matrix: λ1 = 2α2 + 2β2,

λ2 = 2α2 − 2β2, λ3 = 0. The eigenvectors corresponding to

these eigenvalues are given by

(1) λ1 = 2α2 + 2β2, v1 =




1

−1
1

−1


 ,

(2) λ2 = 2α2 − 2β2, v2 =




1

1

1

1


 ,

(3) λ3 = 0, v3 =




1

1

−1
−1


 , v4 =




1

−1
−1
1


 .
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Hint 4: Let

U =
1

2




1 1 1 1

1 1 −1 −1
1 −1 −1 1

1 −1 1 −1


 .

Then

UT = U, U 2 = I.
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Chapter 1

1. Let

A =




0 0 0 1

0 0 0 0

0 0 0 0

0 0 0 0


 .

Which of the following integers is the rank of A?

(A) 1

(B) 2

(C) 3

(D) 4
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2. Let A be a real n×n constant matrix. Which of the following

statements is NOT equivalent to the others?

(A) There exists a unique solution to the system of linear equations

Ax = b, for each fixed vector b ∈ R
n.

(B) The rank of A is less than n.

(C) The inverse matrix A−1 exists.
(D) The determinant of A is det(A) 6= 0.
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3. Let A = (aij) be a real m × n constant matrix, let b ∈ R
m

be a real constant vector, let A# represent the augmented matrix

of the system Ax = b. Which of the following statements is NOT

true?

(A) There exists a unique solution to the system Ax = b, if both

the rank of A# and the rank of A are equal to n.

(B) There exists infinitely many solutions to the system Ax = b,

if both the rank of A# and the rank of A are equal to k and

k < n.

(C) There exists no solution to the system Ax = 0, if the rank of

A is less than n.

(D) There exists no solution to the system Ax = b, if the rank of

A# is larger than the rank of A.

Old 3. Let A be a real n × n matrix. Which of the following

statements is NOT true?

(A) AT − A must be a skew-symmetric matrix.

(B) A + AT must be a symmetric matrix.

(C) AAT − ATA must be a skew-symmetric matrix.

(D) AAT + ATA must be a symmetric matrix.
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4. Consider the system of linear equations



1 2 3 4

0 2 3 4

0 0 3 4

0 0 0 4







x1
x2
x3
x4







10

9

7

4


 .

Which of the following is the solution of the system?

(A)




x1
x2
x3
x4


 =




1

1

1

1




(B)




x1
x2
x3
x4


 =




1

−1
1

−1




(C)




x1
x2
x3
x4


 =




1

2

3

4




(D)




x1
x2
x3
x4


 =




10

9

7

4



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5. Let

A = 4




1 1 1 1

1 1 −1 −1
1 −1 −1 1

1 −1 1 −1


 .

Which of the following matrices is equal to the inverse matrix A−1?

(A) A−1 =
1

32




1 1 1 1

1 1 −1 −1
1 −1 −1 1

1 −1 1 −1




(B) A−1 =
1

16




1 1 1 1

1 1 −1 −1
1 −1 −1 1

1 −1 1 −1




(C) A−1 =
1

4




1 1 1 1

1 1 −1 −1
1 −1 −1 1

1 −1 1 −1




(D) A−1 =
1

2




1 1 1 1

1 1 −1 −1
1 −1 −1 1

1 −1 1 −1




Chapter 2
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6. Let

A =
1

2




1 1 1 1

1 1 −1 −1
1 −1 −1 1

1 −1 1 −1




Which of the following statements is true?

(A) det(A) = −1
(B) det(A) = −2
(C) det(A) = 1

(D) det(A) = 2
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7. Let

A =




α −α α

−α α α

α α α


 .

Which of the following computations is true?

(A) det(λI − A) = (λ + α)(λ− 2α)2

(B) det(λI − A) = (λ + α)2(λ− 2α)

(C) det(λI − A) = (λ− α)2(λ + 2α)

(D) det(λI − A) = (λ− α)(λ + 2α)2
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8. Let

A =




α2 −β2 −β2

−β2 α2 −β2

−β2 −β2 α2


 .

Which of the following computations is true?

(A) det(A) = (α2 + β2)(α2 − 2β2)2

(B) det(A) = (α2 + β2)2(α2 − 2β2)

(C) det(A) = (α2 − β2)2(α2 + 2β2)

(D) det(A) = (α2 − β2)(α2 + 2β2)2
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9. Let

A =




α −β −β −β
−β α −β −β
−β −β α −β
−β −β −β α


 .

Which of the following computations is true?

(A) det(λI − A) = (λ− α + β)(λ− α− 3β)3

(B) det(λI − A) = (λ− α + β)3(λ− α− 3β)

(C) det(λI − A) = (λ− α− β)3(λ− α + 3β)

(D) det(λI − A) = (λ− α− β)(λ− α + 3β)3
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10. Let

A =




α2 −β2 −β2 −β2

−β2 α2 −β2 −β2

−β2 −β2 α2 −β2

−β2 −β2 −β2 α2




Which of the following computations is true?

(A) det(λI − A) = (λ− α2 − β2)3(λ− α2 + 3β2)

(B) det(λI − A) = (λ− α2 − β2)(λ− α2 + 3β2)3

(C) det(λI − A) = (λ− α2 − β2)(λ− α2 − 3β2)3

(D) det(λI − A) = (λ− α2 − β2)3(λ− α2 − 3β2)

Chapter 3
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11. Given that







α

−β
−β
−β


 ,




−β
α

−β
−β


 ,




−β
−β
α

−β


 ,




−β
−β
−β
α








is a spanning set of R4. Which of the following statements is true?

(A) α + β 6= 0, α− 3β 6= 0

(B) α + β 6= 0, α− 3β = 0

(C) α + β = 0, α− 3β = 0

(D) α + β = 0, α− 3β 6= 0
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12. Let

S =
{
1, x, x2, x3, · · · · · · , x8, x9, x10

}
.

Which of the following statements about S is NOT true?

(A) S is a basis of the vector space C(R)

(B) S is a spanning set of the vector space P10(R)

(C) S is a basis of the vector space P10(R)

(D) S is linearly independent
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13. Which of the following is NOT a spanning set of M2(R)?

(A)

{(
1 0

0 0

)
,

(
0 1

0 0

)
,

(
0 0

1 0

)
,

(
0 0

0 1

)}

(B)

{(
1 1

1 1

)
,

(
2 2

2 2

)
,

(
3 3

3 3

)
,

(
4 4

4 4

)}

(C)

{(
1 0

0 0

)
,

(
1 1

0 0

)
,

(
1 1

1 0

)
,

(
1 1

1 1

)}

(D)

{(
1 0

0 0

)
,

(
1 2

0 0

)
,

(
1 2

3 0

)
,

(
1 2

3 4

)}
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14. Which of the following is NOT a basis of the vector space

R
4?

(A)








1

1

1

1


 ,




1

1

−1
−1


 ,




1

−1
−1
1


 ,




1

−1
1

−1








(B)








1

1

1

1


 ,




1

1

−1
−1


 ,




1

−1
1

−1


 ,




1

−1
−1
1








(C)








1

1

1

1


 ,




1

−1
1

−1


 ,




1

1

−1
−1


 ,




1

−1
1

−1








(D)








1

1

1

1


 ,




1

−1
−1
1


 ,




1

−1
1

−1


 ,




1

1

−1
−1







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15. Which of the following statements is NOT true?

(A) dim(Rn) = n

(B) dim[Mn(R)] = n2

(C) dim[Pn(R)] = n + 1

(D) dim[C(R)] = n2 + n

Chapter 4
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16. Let T : V →W be a linear transformation. Which of the

following statements is NOT true?

(A) The inverse linear transformation T−1 exists if T is one-to-

one or onto.

(B) The sum of the dimension of the kernel and the dimension of

the range is equal to the dimension of the vector space V. That is,

dim[ Ker(T) ] + dim[ Rng(T) ] = dimV.

(C) The kernel Ker(T ) is a subspace of the vector space V.

(D) The range Rng(T ) is a subspace of the vector space W.

115



17. Let T : Rn → R
n be a linear transformation, given by

T (x) = Ax, x ∈ R
n,

where A is a real symmetric matrix. All eigenvalues are positive.

Which of the following statements is NOT true?

(A) The linear transformation T is one-to-one.

(B) The determinant det(A) = 0.

(C) The linear transformation T is onto.

(D) The inverse linear transformation T−1 exists.
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18. Let T : M3(R) → M3(R) be a linear transformation, given

by

T (A) = A + AT , A ∈M3(R).

Which of the following is a basis of the kernel of the linear trans-

formation T ?

(A)








0 1 0

−1 0 0

0 0 0


 ,




0 0 1

0 0 0

−1 0 0


 ,




0 0 0

0 0 1

0 1 0







(B)








0 1 0

−1 0 0

0 0 0


 ,




0 0 1

0 0 0

1 0 0


 ,




0 0 0

0 0 1

0 −1 0







(C)








0 1 0

−1 0 0

0 0 0


 ,




0 0 1

0 0 0

−1 0 0


 ,




0 0 0

0 0 1

0 −1 0







(D)








0 1 0

1 0 0

0 0 0


 ,




0 0 1

0 0 0

−1 0 0


 ,




0 0 0

0 0 1

0 −1 0






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19. Let T : P3(R)→ P3(R) be a linear transformation, given by

P (a + bx + cx2 + dx3) = a + bx + cx2 + dx3.

Which of the following statements is true?

(A) The range of T = span {x3}
(B) The range of T = span {x2, x3}
(C) The range of T = span {x, x2, x3}
(D) The range of T = span {1, x, x2, x3}
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20. Which of the following linear transformations is NOT an

isomorphism?

(A) T : R4 → P3(R),

T




a

b

c

d


 = a + bx + cx2 + dx3.

(B) T : R4 →M2(R),

T




a

b

c

d


 =

(
a b

c d

)
.

(C) T :M2(R)→ P3(R),

T

(
a b

c d

)
= a + bx + cx2 + dx3.

(D) T : R4 → R
4,

T




a

b

c

d


 =




α −β α −β
−β α −β α

α −β α −β
−β α −β α







a

b

c

d


 .
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Chapter 5

21. Let

A =




α2 −β2 −β2

−β2 α2 −β2

−β2 −β2 α2


 .

There are two real eigenvalues to the matrix A. Which of the

following choices are the eigenvalues of A?

(A) λ1 = α2 + β2, λ2 = α2 − 2β2

(B) λ1 = α2 + β2, λ2 = α2 + 2β2

(C) λ1 = α2 − β2, λ2 = α2 − 2β2

(D) λ1 = α2 − β2, λ2 = α2 + 2β2
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22. Let

A =




α2 −β2 −β2 −β2

−β2 α2 −β2 −β2

−β2 −β2 α2 −β2

−β2 −β2 −β2 α2


 .

There are two real eigenvalues to the matrix A. Which of the

following choices are the eigenvalues of A?

(A) λ1 = α2 + β2, λ2 = α2 + 3β2

(B) λ1 = α2 + β2, λ2 = α2 − 3β2

(C) λ1 = α2 − β2, λ2 = α2 − 3β2

(D) λ1 = α2 − β2, λ2 = α2 + 3β2
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23. Consider the linear system of differential equations

d

dt
u =




α2 −β2 −β2

−β2 α2 −β2

−β2 −β2 α2


u.

Which of the following is the solution of the system of differential

equations?
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(A) u(t) = C1 exp[(α
2 + β2)t]




1

−1
0




+ C2 exp[(α
2 + β2)t]




1

1

1


 + C3 exp[(α

2 − 2β2)t]




1

0

−1




(B) u(t) = C1 exp[(α
2 + β2)t]




1

0

−1




+ C2 exp[(α
2 + β2)t]




1

1

1


 + C3 exp[(α

2 − 2β2)t]




1

−1
0




(C) u(t) = C1 exp[(α
2 + β2)t]




1

−1
0




+ C2 exp[(α
2 + β2)t]




1

0

−1


 + C3 exp[(α

2 − 2β2)t]




1

1

1




(D) u(t) = C1 exp[(α
2 + β2)t]




1

1

1




+ C2 exp[(α
2 + β2)t]




1

1

1


 + C3 exp[(α

2 − 2β2)t]




1

1

1



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24. Consider the system of differential equations

d

dt
u =




α2 −β2 −β2 −β2

−β2 α2 −β2 −β2

−β2 −β2 α2 −β2

−β2 −β2 −β2 α2


u.

Which of the following is the solution of the system of differential

equations?

(A) u(t) = C1 exp[(α
2 + β2)t]




1

1

1

1


 + C2 exp[(α

2 + β2)t]




1

1

−1
−1




+ C3 exp[(α
2 + β2)t]




1

−1
−1
1


 + C4 exp[(α

2 − 3β2)t]




1

−1
1

−1




(B) u(t) = C1 exp[(α
2 + β2)t]




1

1

−1
−1


 + C2 exp[(α

2 + β2)t]




1

1

1

1




+ C3 exp[(α
2 + β2)t]




1

−1
−1
1


 + C4 exp[(α

2 − 3β2)t]




1

−1
1

−1



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(C) u(t) = C1 exp[(α
2 + β2)t]




1

1

−1
−1


 + C2 exp[(α

2 + β2)t]




1

−1
−1
1




+ C3 exp[(α
2 + β2)t]




1

1

1

1


 + C4 exp[(α

2 − 3β2)t]




1

−1
1

−1




(D) u(t) = C1 exp[(α
2 + β2)t]




1

1

−1
−1


 + C2 exp[(α

2 + β2)t]




1

−1
−1
1




+ C3 exp[(α
2 + β2)t]




1

−1
1

−1


 + C4 exp[(α

2 − 3β2)t]




1

1

1

1



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25. Consider the linear system of differential equations

d

dt
u =




α2 −β2 α2 −β2

−β2 α2 −β2 α2

α2 −β2 α2 −β2

−β2 α2 −β2 α2


u.

Which of the following is the solution of the system of differential

equations?

(A) u(t) = C1 exp[(2α
2 − 2β2)t]




1

1

1

1


 + C2




1

1

−1
−1




+ C3




1

−1
−1
1


 + C4 exp[(2α

2 + 2β2)t]




1

−1
1

−1




(B) u(t) = C1 exp[(2α
2 − 2β2)t]




1

1

1

1


 + C2




1

1

−1
−1




+ C3




1

−1
1

−1


 + C4 exp[(2α

2 + 2β2)t]




1

−1
−1
1



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(C) u(t) = C1 exp[(2α
2 − 2β2)t]




1

−1
1

−1


 + C2




1

1

−1
−1




+ C3




1

−1
−1
1


 + C4 exp[(2α

2 + 2β2)t]




1

1

1

1




(D) u(t) = C1 exp[(2α
2 − 2β2)t]




1

−1
1

−1


 + C2




1

−1
−1
1




+ C3




1

1

−1
−1


 + C4 exp[(2α

2 + 2β2)t]




1

1

1

1



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Chapter 6

26. Let

a =




7

24

25


 , b =




7

24

25


 .

What is the scalar product of a and b equal to?

(A) 1150.

(B) 1250.

(C) 1350.

(D) 1450.

128



27. Let α < 0 and β < 0 be negative constants. What is the

angle θ between the following two vectors

a =




α10

α10

−α10

−α10


 , b =




−β20

−β20

β20

β20


?

(A) θ = π/3

(B) θ = π/2

(C) θ = π

(D) θ = 2π/3
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28. Which of the following is NOT an orthogonal basis of R4?

(A)








1

1

1

1


 ,




1

1

−1
−1


 ,




1

−1
−1
1


 ,




1

−1
1

−1








(B)








1

1

1

1


 ,




1

1

−1
−1


 ,




1

−1
1

−1


 ,




1

−1
−1
1








(C)








1

1

1

1


 ,




1

−1
−1
1


 ,




1

−1
1

−1


 ,




1

1

−1
−1








(D)








1

1

1

1


 ,




1

−1
−1
1


 ,




1

1

−1
−1


 ,




1

1

1

−1







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29. Let α > 0 and β > 0 be positive constants, such that

α = 10 + 10β. What is the projection of the vector




α

α

α

α


 onto

the vector




β

β

β

β


?

(A)




α

α

α

α




(B)




2α

2α

2α

2α




(C)




β

β

β

β




(D)




2β

2β

2β

2β



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30. Let

S = {a1, a2, a3, a4, a5} ⊂ R
10,

be an nontrivial orthonormal set. Define the 10× 10 matrix

A = (a1 a2 a3 a4 a5)(a1 a2 a3 a4 a5)
T .

Which of the following statements is true?

(A) The rank of the matrix A is 10.

(B) The matrix A is a projection matrix.

(C) The inverse matrix A−1 of A exists.

(D) All eigenvalues of the matrix A are negative.

Old What is the projection of the vector




1

2

3

4


 onto the vector
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


4

3

−2
−1


?

(A)




1

2

3

4




(B)




4

3

−2
−1




(C)




0

0

0

0




(D)




2

2

2

2



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31. Let B = {a1, a2, a3, · · · , am} be an orthogonal basis of the

subspace

E def
= span {a1, a2, a3, · · · , am} ⊂ R

n.

Let the vector a ∈ R
n and a /∈ span {a1, a2, a3, · · · , am}. The

projection of a onto E = span{a1, a2, a3, · · · , am} is given by

a0 =
a · a1
a1 · a1

a1 +
a · a2
a2 · a2

a2 +
a · a3
a3 · a3

a3 + · · · +
a · am
am · am

am.

Which of the following statements is NOT true?

(A) a0 ∈ E = span {a1, a2, a3, · · · , am}
(B) ‖a‖2 = ‖a0‖2 + ‖a− a0‖2
(C) a− a0 ∈ E
(D) ‖a0‖2 ≤ ‖a‖2
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32. The projection of the vector a =




a

b

c

d


 onto the subspace

span








1

1

1

1


 ,




1

1

−1
−1


 ,




1

−1
−1
1


 ,




1

−1
1

−1








is given by which of the following vectors?

(A)




−a
−b
−c
−d




(B)




−2a
−2b
−2c
−2d




(C)




2a

2b

2c

2d




(D)




a

b

c

d



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33. Let α, β, γ be real nonzero constants, such that α2+β2 = γ2.

Let a0 be the projection of the vector




0

0

γ


 onto the subspace

span







α

β

γ


 ,




α

β

−γ





 .

The projection a0 is equal to which of the following vectors?

(A)




0

0

γ




(B)



α

β

γ




(C)




α

β

−γ




(D)



−α
−β
−γ



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34. Which of the following matrices is NOT a projection matrix?

(A)
1

4




1 1 1 1

1 1 1 1

1 1 1 1

1 1 1 1




(B)
1

4




−1 −1 1 1

−1 −1 1 1

1 1 −1 −1
1 1 −1 −1




(C)
1

4




1 −1 1 −1
−1 1 −1 1

1 −1 1 −1
−1 1 −1 1




(D)
1

4




1 1 −1 −1
1 1 −1 −1
−1 −1 1 1

−1 −1 1 1



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35. Which of the following matrices is a projection matrix?

(A) A =




1 0 0 0

0 2 0 0

0 0 3 0

0 0 0 4




(B) B =




−4 0 0 0

0 −3 0 0

0 0 −2 0

0 0 0 −1




(C) C =
1

2




1 −1 0 0

−1 1 0 0

0 0 1 −1
0 0 −1 1




(D) D =




1 0 0 0

0 1 −1 0

0 −1 1 0

0 0 0 1



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36. Consider the system of linear equations

Ax = b,

where A is an m× n real matrix, b ∈ R
m is real constant vector.

Let x0 represent a least square solution of the system. Which of

the following statements is NOT true?

(A) ATAx0 = ATb

(B) ‖Ax0 − b‖ = min
x∈Rn
‖Ax− b‖

(C) Ax0 = b0

(D) Ax0 = b

where b0 represents the projection of b onto the column space of

A.
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37. Consider the system of linear equations
(

10 10

20 20

)(
x

y

)
=

(
300

50

)
.

Which of the following sets represents the least square solutions of

the system?

(A)

{(
x

y

)
: x + y = 8

}

(B)

{(
x

y

)
: x + y = 16

}

(C)

{(
x

y

)
: x + y = 32

}

(D)

{(
x

y

)
: x + y = 64

}
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38. Let α, β, γ be real nonzero constants, such that α2+β2 = γ2.

Consider the system of linear equations


α α

β β

γ γ



(
x

y

)
= (α2 + β2 + γ2)



α

β

γ


 .

Which of the following is the least square solution of the system of

equations?

(A)

{(
x

y

)
: x + y = 1

}

(B)

{(
x

y

)
: x + y = α2 + β2 + γ2

}

(C)

{(
x

y

)
: x + y = (α2 + β2 + γ2)2

}

(D)

{(
x

y

)
: x + y = −α2 − β2 − γ2

}
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Chapter 7
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39. Let

A =
1

2




1 1 1 1

1 1 −1 −1
1 −1 −1 1

1 −1 1 −1


 .

Which of the following is the best, complete description of this

matrix?

(A) It is a real square matrix.

(B) It is a real symmetric matrix.

(C) It is a real symmetric, orthonormal matrix and A2 = I .

(D) It is a real symmetric, orthonormal matrix and A2 = A.
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40. LetA be a real n×n constant matrix. Which of the following

statements is true about the matrix AAT − ATA?

(A) All eigenvalues of AAT − ATA are positive.

(B) All eigenvalues of AAT − ATA are negative.

(C) The matrix AAT − ATA is skew-symmetric.

(D) The matrix AAT − ATA is symmetric.
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41. Let A be a real m× n matrix. Let λ and µ be real distinct

eigenvalues of the matrix ATA, let ξ and η be eigenvectors of ATA

corresponding to the eigenvalues λ and µ, respectively, that is,

ATAξ = λξ, ATAη = µη, λ 6= µ.

Which of the following statements is true?

(A) ξ · η > 0

(B) ξ · η = 0

(C) ξ · η < 0

(D) ξ = rη

for some real nonzero constant r 6= 0.
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42. Which of the following is an orthonormal matrix?

(A) U1 =
1

6




3
√
2
√
6 2

√
3

3
√
2
√
6 2

√
3

0 −2
√
6 2
√
3




(B) U2 =
1

6




3
√
2
√
6 2
√
3

−3
√
2
√
6 2
√
3

0 2
√
6 2
√
3




(C) U3 =
1

6




3
√
2

√
6 2

√
3

−3
√
2
√
6 2

√
3

0 −2
√
6 2
√
3




(D) U4 =
1

6




3
√
2

√
6 2

√
3

−3
√
2
√
6 2

√
3

0 −2
√
6 −2

√
3



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43. Let

A =




α2 −β2 −β2 −β2

−β2 α2 −β2 −β2

−β2 −β2 α2 −β2

−β2 −β2 −β2 α2


 ,

U =
1

2




1 1 1 1

−1 −1 1 1

1 −1 −1 1

−1 1 −1 1


 .

Which of the following is correct?

(A) UTAU =




α2 − 3β2 0 0 0

0 α2 + β2 0 0

0 0 α2 + β2 0

0 0 0 α2 + β2




(B) UTAU =




α2 + β2 0 0 0

0 α2 − 3β2 0 0

0 0 α2 + β2 0

0 0 0 α2 + β2




(C) UTAU =




α2 + β2 0 0 0

0 α2 + β2 0 0

0 0 α2 − 3β2 0

0 0 0 α2 + β2




(D) UTAU =




α2 + β2 0 0 0

0 α2 + β2 0 0

0 0 α2 + β2 0

0 0 0 α2 − 3β2



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44. Let

A =




α2 −β2 α2 −β2

−β2 α2 −β2 α2

α2 −β2 α2 −β2

−β2 α2 −β2 α2


 ,

U =
1

2




1 1 1 1

1 1 −1 −1
1 −1 −1 1

1 −1 1 −1


 .

Which of the following diagonalizations is true?

(A) UTAU =




2α2 + 2β2 0 0 0

0 0 0 0

0 0 0 0

0 0 0 2α2 − 2β2




(B) UTAU =




2α2 − 2β2 0 0 0

0 0 0 0

0 0 0 0

0 0 0 2α2 + 2β2




(C) UTAU =




0 0 0 0

0 2α2 + 2β2 0 0

0 0 2α2 − 2β2 0

0 0 0 0




(D) UTAU =




0 0 0 0

0 2α2 − 2β2 0 0

0 0 2α2 + 2β2 0

0 0 0 0



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45. Given that the real symmetric matrix

A =




α2 −β2 −β2

−β2 α2 −β2

−β2 −β2 α2




is positively definite. Which of the following conditions must be

true?

(A) α2 + β2 > 0, −α2 − 2β2 > 0

(B) α2 + β2 > 0, −2α2 − β2 > 0

(C) α2 + β2 > 0, α2 − 2β2 > 0

(D) α2 + β2 > 0, α2 − 2β2 < 0
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46. Given that the real symmetric matrix

A =




α2 −β2 −β2 −β2

−β2 α2 −β2 −β2

−β2 −β2 α2 −β2

−β2 −β2 −β2 α2




is positively definite. Which of the following conditions must be

true?

(A) α2 + β2 > 0, −α2 − 3β2 > 0

(B) α2 + β2 > 0, −α2 − 3β2 > 0

(C) α2 + β2 > 0, α2 − 3β2 < 0

(D) α2 + β2 > 0, α2 − 3β2 > 0
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47. Let α > 0 and β > 0 be positive constants. Given that the

real symmetric matrix

A =




α −β −β −β
−β α −β −β
−β −β α −β
−β −β −β α




is indefinite. Which of the following conditions must be true?

(A) α + β > 0, α− 3β > 0

(B) α + β > 0, α− 3β < 0

(C) α + β < 0, α− 3β > 0

(D) α + β < 0, α− 2β < 0
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48. Let α > 0 and β > 0 be positive constants. Let

A =




α2 −β2 −β2 −β2

−β2 α2 −β2 −β2

−β2 −β2 α2 −β2

−β2 −β2 −β2 α2


 .

Let

Q(x) = xTAx.

Which of the following statements is true?

(A) max
x∈R4,‖x‖=1

Q(x) = α2 + 3β2, min
x∈R4,‖x‖=1

Q(x) = α2 + β2

(B) max
x∈R4,‖x‖=1

Q(x) = α2 + 3β2, min
x∈R4,‖x‖=1

Q(x) = α2 − β2

(C) max
x∈R4,‖x‖=1

Q(x) = α2 + β2, min
x∈R4,‖x‖=1

Q(x) = α2 − 3β2

(D) max
x∈R4,‖x‖=1

Q(x) = α2 + β2, min
x∈R4,‖x‖=1

Q(x) = α2 + 3β2

152



49. Let α and β be real nonzero constants. Let

A =




α2 −β2 −β2

−β2 α2 −β2

−β2 −β2 α2


 .

Define

Q(x) = xTAx.

Which of the following statements is true?

(A) max
x∈R3,‖x‖=1

Q(x) = α2 + 2β2, min
x∈R3,‖x‖=1

Q(x) = α2 + β2

(B) max
x∈R3,‖x‖=1

Q(x) = α2 + 2β2, min
x∈R3,‖x‖=1

Q(x) = α2 − β2

(C) max
x∈R3,‖x‖=1

Q(x) = α2 + β2, min
x∈R3,‖x‖=1

Q(x) = α2 + 2β2

(D) max
x∈R3,‖x‖=1

Q(x) = α2 + β2, min
x∈R3,‖x‖=1

Q(x) = α2 − 2β2
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50. Let α and β be positive constants, such that 2α2 + 2β2 > 0

and 2α2 − 2β2 < 0. Let

A =




α2 −β2 α2 −β2

−β2 α2 −β2 α2

α2 −β2 α2 −β2

−β2 α2 −β2 α2


 .

Define

Q(x) = xTAx.

Which of the following statements is true?

(A) max
x∈R3,‖x‖=1

Q(x) = 2α2 + 2β2, min
x∈R3,‖x‖=1

Q(x) = 2α2 − 2β2

(B) max
x∈R3,‖x‖=1

Q(x) = 2α2 + 2β2, min
x∈R3,‖x‖=1

Q(x) = 2α2 + 2β2

(C) max
x∈R3,‖x‖=1

Q(x) = 2α2 − 2β2, min
x∈R3,‖x‖=1

Q(x) = 2α2 + 2β2

(D) max
x∈R3,‖x‖=1

Q(x) = 2α2 − 2β2, min
x∈R3,‖x‖=1

Q(x) = 2α2 − 2β2
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Bonus Problem 1: Let U be a real n×n constant, orthonor-

mal matrix, that is

UTU = I.

Compute

‖Ux‖2 − ‖x‖2

for all x ∈ R
n. Show important supporting work to receive credits.
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Bonus Problem 2: Let α > 0 and β > 0 be positive con-

stants. Let

A =




α2 −β2 −β2 −β2

−β2 α2 −β2 −β2

−β2 −β2 α2 −β2

−β2 −β2 −β2 α2


 ,

B =




α2 −β2 α2 −β2

−β2 α2 −β2 α2

α2 −β2 α2 −β2

−β2 α2 −β2 α2


 .

Define

U =
1

2




1 1 1 1

1 1 −1 −1
1 −1 −1 1

1 −1 1 −1


 .
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Which of the following computations is correct?

(A) UTAU + UTBU =




α2 + β2 0 0 0

0 3α2 − 5β2 0 0

0 0 3α2 + 3α2 0

0 0 0 α2 + β2




(B) UTAU + UTBU =




3α2 − 5β2 0 0 0

0 α2 + β2 0 0

0 0 α2 + β2 0

0 0 0 3α2 + 3β2




(C) UTAU + UTBU =




α2 − 3β2 0 0 0

0 α2 + β2 0 0

0 0 α2 + β2 0

0 0 0 α2 + β2




(D) UTAU + UTBU =




2α2 − 2β2 0 0 0

0 0 0 0

0 0 0 0

0 0 0 2α2 + 2β2



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Bonus Problem 3: Let α > 0 and β > 0 be positive con-

stants. Let

A =




α2 −β2 −β2 −β2

−β2 α2 −β2 −β2

−β2 −β2 α2 −β2

−β2 −β2 −β2 α2


 ,

B =




α2 −β2 α2 −β2

−β2 α2 −β2 α2

α2 −β2 α2 −β2

−β2 α2 −β2 α2


 .

Let

U =
1

2




1 1 1 1

1 −1 −1 1

1 −1 1 −1
1 1 −1 −1


 .

Evaluate/Compute

UT (AB)mU,

where m ≫ 1 is a sufficiently large positive integer. Show impor-

tant supporting work to receive credits.

This is the end of the Final Exam of Linear Algebra.
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Mathematics 43 - The First Midterm Examination - 2023

There are twenty-five multiple choice problems in the First Midterm

Exam. There are five bonus problems (they are not mandatory to

solve). Each problem is worth four points. The total is 100 points

(it is 120 points if the bonus problems are included). The exam is

75 minutes. In each problem, there are four choices marked (A),

(B), (C) and (D). Only one choice is correct. Choose the one you

think is correct. If you do not know the answer to a problem, you

may make a reasonable, best possible guess. No supporting work

is necessary. In the exam, we use α 6= 0, β 6= 0, γ 6= 0 and λ 6= 0

to represent various real nonzero constants or positive constants.

No calculators, computers, cell phones, i-pads, i-touches or any

other electronic devices are allowed in the exam. Students are not

allowed to ask for assistance from anybody else. Students are not

allowed to use any websites for assistance. Any student who cheats

will receive an F as the Final Grade. This is Absolutely Firm!

Therefore, be honest and solve all problems by yourself.

The First Midterm Exam: 100 points

The Second Midterm Exam: 100 points

The Final Exam: 200 points

The Homework Assignments: 100 points

Total Score: 500 points
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Chapter 1: Linear Systems of Equations and Inverse

Matrix. There are 13 problems in Chapter 1.

1. Let

A =




1 1 1 1

1 −1 1 −1
1 1 −1 −1
1 −1 −1 1


 .

Which of the following matrices is the reduced row echelon form of

A?

(A)




1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 1




(B)




1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 0




(C)




1 0 0 0

0 1 0 0

0 0 0 0

0 0 0 0




(D)




1 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0



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2. Let the matrix

A =




2 0 2 3

2 0 2 3

2 0 2 3

2 0 2 3


 .

Which of the following integers is equal to the rank of the matrix

A?

(A) 0.

(B) 1.

(C) 2.

(D) 3.
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3. The reduced row echelon form of the augmented matrix of the

linear system of equations Ax = b is given below



1 1 0 0 0 0 0 0

0 0 1 1 0 0 0 0

0 0 0 0 1 1 0 0

0 0 0 0 0 0 1 1


 .

How many free variables are there in the solutions?

(A) 1.

(B) 2.

(C) 3.

(D) 4.
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4. The reduced row echelon form of the augmented matrix of the

linear system of equations Ax = b is given below



1 0 0 0 0 1

0 1 0 0 0 2

0 0 1 0 0 3

0 0 0 1 0 4

0 0 0 0 1 5



.

How many free variables are there in the solutions?

(A) 0.

(B) 1.

(C) 2.

(D) 5.
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5. The augmented matrix of the linear system of equations Ax =

b is given below



10 20 30 40 50 60

10 20 30 40 50 120

10 20 30 40 50 600


 .

How many solutions are there to the system of equations?

(A) ∞.

(B) 0.

(C) 1.

(D) 2.
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6. The reduced row echelon form of the augmented matrix of the

linear system of equations Ax = b is given below



0 0 1 1 0 0 0 0

0 0 0 0 1 1 0 0

0 0 0 0 0 0 1 1

0 0 0 0 0 0 0 0


 .

How many solutions are there to the system of equations?

(A) 0.

(B) 1.

(C) ∞.

(D) 2.
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7. Consider the linear system of equations



1 0 0 0

1 2 0 0

1 2 3 0

1 2 3 4







x1
x2
x3
x4


 =




1

5

14

30


 .

Which of the following is the solution of the system?

(A)




x1
x2
x3
x4


 =




2

2

2

2




(B)




x1
x2
x3
x4


 =




4

4

4

4




(C)




x1
x2
x3
x4


 =




1

1

1

1




(D)




x1
x2
x3
x4


 =




1

2

3

4



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8. Consider the linear system of equations



α −α α

−α α α

α α α





x

y

z


 = 2α



x

y

z


 .

Which of the following is a solution of the system?

(A)




1

2

3




(B)




2

4

8




(C)




3

6

5




(D)




7

8

9



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9. Let

A =
1

16




1 1 1 1

1 1 −1 −1
1 −1 −1 1

1 −1 1 −1


 .

Which of the following matrices is equal to the inverse matrix A−1?

(A) A−1 = 2




1 1 1 1

1 1 −1 −1
1 −1 −1 1

1 −1 1 −1




(B) A−1 = 4




1 1 1 1

1 1 −1 −1
1 −1 −1 1

1 −1 1 −1




(C) A−1 = 8




1 1 1 1

1 1 −1 −1
1 −1 −1 1

1 −1 1 −1




(D) A−1 = 16




1 1 1 1

1 1 −1 −1
1 −1 −1 1

1 −1 1 −1



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10. Which of the following statements is NOT true?

(A)

(
a b

c d

)−1
=

1

ad− bc

(
d −b
−c a

)
,

(B)

(
1 1

1 −1

)−1
=

1

2

(
1 1

1 −1

)
,

(C)




α −α α

−α α α

α α α



−1

=
1

2α




0 1 1

1 0 1

1 1 0


 ,

(D)




1 1 1 1

1 1 −1 −1
1 −1 −1 1

1 −1 1 −1




−1

=
1

4




1 1 1 1

1 1 −1 −1
1 −1 −1 1

1 −1 1 −1




In this problem, a, b, c and d are real constants, such that ad 6= bc.

Additionally, α 6= 0 is a real nonzero constant.
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11. LetA be a real n×n constant matrix. Which of the following

statements is NOT equivalent to the others?

(A) There exists a unique solution to the linear system of equations

Ax = b, for each fixed constant vector b ∈ R
n.

(B) The inverse matrix A−1 does not exist.

(C) The determinant det(A) 6= 0.

(D) The rank of A is precisely equal to n.
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12. LetA be a real n×n constant matrix. Which of the following

statements is NOT equivalent to the others?

(A) The rank of A is less than n.

(B) The inverse matrix A−1 does not exist.

(C) There exists a unique solution to the linear system of equations

Ax = b, for each fixed constant vector b ∈ R
n.

(D) The determinant det(A) = 0.
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13. Let A be a real m × n constant matrix, let b ∈ R
n be

a real constant vector, let A# represent the augmented matrix of

the linear system of equations Ax = b. Which of the following

statements is NOT true?

(A) There exists a unique solution to the linear system Ax = b,

if both the rank of A# and the rank of A are equal to n.

(B) There exist infinitely many solutions to the system Ax = b,

if both the rank of A# and the rank of A are equal to k and

k < n.

(C) There exists no solution to the linear system of equations

Ax = b, if the rank of A is less than the rank of A#.

(D) There exists no solution to the homogeneous system Ax = 0,

if the rank of A is less than n.
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Chapter 2: Determinants. There are 12 problems in

Chapter 2.

14. Which of the following statements is true?

(A) det




λ α β

−α λ γ

−β −γ λ


 = λ3 + (α2 + β2 + γ2)λ

(B) det




λ α β

−α λ γ

−β −γ λ


 = λ2 + (α2 + β2 + γ2)λ2

(C) det




λ α β

−α λ γ

−β −γ λ


 = λ2 − (α2 + β2 + γ2)λ2

(D) det




λ α β

−α λ γ

−β −γ λ


 = λ3 − (α2 + β2 + γ2)λ
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15. Let

A =




1 1 1 1

1 −1 1 −1
1 1 −1 −1
1 −1 −1 1


 .

Which of the following statements is true?

(A) det(A) = 32

(B) det(A) = 16

(C) det(A) = 4

(D) det(A) = 1

175



16. Let

A =



λ− α α −α
α λ− α −α
−α −α λ− α


 .

Which of the following statements is true?

(A) det(A) = (λ + 2α)(λ− α)2
(B) det(A) = (λ + 2α)2(λ− α)
(C) det(A) = (λ + α)(λ− 2α)2

(D) det(A) = (λ + α)2(λ− 2α)
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17. Let

A =




λ− α β β β

β λ− α β β

β β λ− α β

β β β λ− α


 .

Which of the following statements is true?

(A) det(A) = (λ− α− β)3(λ− α + 2β)

(B) det(A) = (λ− α− β)(λ− α + 2β)3

(C) det(A) = (λ− α− β)(λ− α + 3β)3

(D) det(A) = (λ− α− β)3(λ− α + 3β)
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18. Let

A =




α2 −β2 −β2 −β2

−β2 α2 −β2 −β2

−β2 −β2 α2 −β2

−β2 −β2 −β2 α2


 .

Which of the following statements is true?

(A) det(λI − A) = (λ− α2 − β2)(λ− α2 + 3β2)3

(B) det(λI − A) = (λ− α2 − β2)3(λ− α2 + 3β2)

(C) det(λI − A) = (λ− α2 − β2)3(λ− α2 − 3β2)

(D) det(λI − A) = (λ− α2 − β2)(λ− α2 − 3β2)3
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19. Let A = (aij) be a real n × n constant matrix. Let Cij
represent the cofactor of the element aij, for all i = 1, 2, 3, · · · , n
and j = 1, 2, 3, · · · , n. Which of the following statements is NOT

true?

(A)

n∑

k=1

aikCik = det(A), for all i = 1, 2, 3, · · · , n

(B)

n∑

k=1

akjCkj = det(A), for all j = 1, 2, 3, · · · , n

(C)

n∑

k=1

aikCjk = 1, for all i 6= j, i = 1, 2, 3, · · · , n; j = 1, 2, 3, · · · , n

(D)

n∑

k=1

akiCkj = 0, for all i 6= j, i = 1, 2, 3, · · · , n; j = 1, 2, 3, · · · , n
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20. Which of the following statements is NOT true?

(A) det




α β γ δ

λ µ ν ξ

a b c d

0 0 0 0


 = 0

(B) det




α β γ δ

α β γ δ

a b c d

p q r s


 = 0

(C) det




α β γ δ

a b c d

12 24 36 48

−6 −12 −18 −24


 = 0

(D) det




α β γ δ

λ µ ν ξ

a b c d

p q r s


 = 0

In this problem, α, β, γ, δ, λ, µ, ν, ξ, a, b, c, d, p, q, r, s represent

various real constants.
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21. Let A = (aij), B = (bij) and C = (Cij) be three real

n × n constant matrices, where B = CT represents the adjoint

matrix of A, Cij represents the cofactor of the element aij, for all

i = 1, 2, 3, · · · , n and j = 1, 2, 3, · · · , n. Which of the following

statements is NOT true?

(A) C10A10 = A10C10 = [det(A)]10I

(B) A10B15 = B15A10 = [det(A)]10B5

(C) A25B20 = B20A25 = [det(A)]20A5

(D) AB = BA = [det(A)]I
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22. Let A = (aij), B = (bij) and C = (Cij) be three real

n × n constant matrices, where B = CT represents the adjoint

matrix of A, Cij represents the cofactor of the element aij, for all

i = 1, 2, 3, · · · , n and j = 1, 2, 3, · · · , n. Which of the following

statements is NOT true?

(A) det(AB) = det(BA) = [det(A)]n

(B) det(A) = det(B) = det(C)

(C) det(A) 6= 0, if and only if the inverse matrix A−1 exists

(D) det(B) = det(C) = [det(A)]n−1
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23. Which of the following statements is NOT true?

(A) det




λ1 a12 a13 · · · a1n
0 λ2 a23 · · · a2n
0 0 λ3 · · · a3n
· · · · · · · · · · · · · · ·
0 0 0 · · · λn




= λ1λ2λ3 · · ·λn

(B) det




λ1 0 0 · · · 0

a21 λ2 0 · · · 0

a31 a32 λ3 · · · 0

· · · · · · · · · · · · · · ·
an1 an2 an3 · · · λn




= λ1λ2λ3 · · ·λn

(C) det




λ1 λ2 λ3 · · · λn
λ1 λ2 λ3 · · · λn
λ1 λ2 λ3 · · · λn
· · · · · · · · · · · · · · ·
λ1 λ2 λ3 · · · λn




= λ1λ2λ3 · · ·λn

(D) det




λ1 0 0 · · · 0

0 λ2 0 · · · 0

0 0 λ3 · · · 0

· · · · · · · · · · · · · · ·
0 0 0 · · · λn




= λ1λ2λ3 · · ·λn

In this problem, λ1, λ2, λ3, · · · , λn, a11, a12, a13, · · · , a1n, a21, a22,
a23, · · · , a2n, · · · , an1, · · · , ann represent various real constants.
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24. Which of the following statements is NOT true?

(A) det




a11 a12 a13 a14
a21 a22 a23 a24
a31 a32 a33 a34
a41 a42 a43 a44


 = det




a21 a22 a23 a24
a11 a12 a13 a14
a41 a42 a43 a44
a31 a32 a33 a34




(B) det




α




a11 a12 a13 a14
a21 a22 a23 a24
a31 a32 a33 a34
a41 a42 a43 a44








= α4 det




a11 a12 a13 a14
a21 a22 a23 a24
a31 a32 a33 a34
a41 a42 a43 a44




(C) det




a11 a12 a13 a14
a21 a22 a23 a24
a31 a32 a33 a34
a41 a42 a43 a44




= det




a11 a12 a13 a14
a21 a22 a23 a24
a31 a32 a33 a34

a41 + λa11 a42 + λa12 a43 + λa13 a44 + λa14




(D) det




a11 a12 a13 a14
a21 a22 a23 a24
a31 a32 a33 a34
a41 a42 a43 a44


 = − det




a41 a42 a43 a44
a31 a32 a33 a34
a21 a22 a23 a24
a11 a12 a13 a14




In this problem, λ represents a real constant, aij represent various

real constants, where i = 1, 2, 3, · · · , n and j = 1, 2, 3, · · · , n.
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25. Which of the following statements is NOT true?

(A) det(AB−1) = [det(A)][det(B)]−n

(B) det(AT ) = det(A)

(C) det(A−1) =
1

det(A)
, if det(A) 6= 0

(D) det(AB) = [det(A)][det(B)]
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Problems 26 - 30 are Bonus Problems, with 4 points

each.

26. Let α 6= 0 and β 6= 0 be real nonzero constants. Which of

the following computations is NOT true?

(A)




α2 −β2 −β2 −β2

−β2 α2 −β2 −β2

−β2 −β2 α2 −β2

−β2 −β2 −β2 α2







1

1

−1
−1


 = (α2 + 2β2)




1

1

−1
−1




(B)




α2 −β2 −β2 −β2

−β2 α2 −β2 −β2

−β2 −β2 α2 −β2

−β2 −β2 −β2 α2







1

−1
−1
1


 = (α2 + β2)




1

−1
−1
1




(C)




α2 −β2 −β2 −β2

−β2 α2 −β2 −β2

−β2 −β2 α2 −β2

−β2 −β2 −β2 α2







1

−1
1

−1


 = (α2 + β2)




1

−1
1

−1




(D)




α2 −β2 −β2 −β2

−β2 α2 −β2 −β2

−β2 −β2 α2 −β2

−β2 −β2 −β2 α2







1

1

1

1


 = (α2 − 3β2)




1

1

1

1



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27. Let α 6= 0 and β 6= 0 be real nonzero constants. Which of

the following computations is NOT true?

(A)




α2 −β2 α2 −β2

−β2 α2 −β2 α2

α2 −β2 α2 −β2

−β2 α2 −β2 α2







1

−1
−1
1


 = (α2 + β2)




1

−1
−1
1




(B)




α2 −β2 α2 −β2

−β2 α2 −β2 α2

α2 −β2 α2 −β2

−β2 α2 −β2 α2







1

1

−1
−1


 = 0 ·




1

1

−1
−1




(C)




α2 −β2 α2 −β2

−β2 α2 −β2 α2

α2 −β2 α2 −β2

−β2 α2 −β2 α2







1

−1
1

−1


 = (2α2 + 2β2)




1

−1
1

−1




(D)




α2 −β2 α2 −β2

−β2 α2 −β2 α2

α2 −β2 α2 −β2

−β2 α2 −β2 α2







1

1

1

1


 = (2α2 − 2β2)




1

1

1

1



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28. Let α 6= 0 be a real nonzero constant. Let

A =




α2 α2 α2 α2

α2 α2 −α2 −α2

α2 −α2 −α2 α2

α2 −α2 α2 −α2


 .

What is the rank of the matrix A2023?

(A) 4.

(B) 3.

(C) 2.

(D) 1.
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29. Let α 6= 0 and β 6= 0 be real nonzero constants, such that

α2 > β2 > 0. Let

A =




α2 −β2 α2 −β2

−β2 α2 −β2 α2

α2 −β2 α2 −β2

−β2 α2 −β2 α2


 .

What is the rank of the matrix A2468?

(A) 2.

(B) 4.

(C) 6.

(D) 8.

189



30. Let

A =



λ− α β β

β λ− α β

β β λ− α


 .

Suppose that the real nonzero constants α, β and λ satisfy these

conditions: λ 6= α + β and λ 6= α − 2β. Which of the following

statements is true?

(A) A−1 =
1

(λ− α− β)(λ− α + 2β)

·



λ− α + β −β −β
−β λ− α + β −β
−β −β λ− α + β




(B) A−1 =
1

(λ− α− β)(λ− α + 2β)

·



λ− α + β β β

β λ− α + β β

β β λ− α + β




(C) A−1 =
1

(λ− α− β)(λ− α + 2β)

·



λ + α + β β β

β λ + α + β β

β β λ + α + β




(D) A−1 =
1

(λ− α− β)(λ− α + 2β)

·



λ + α + β −β −β
−β λ + α + β −β
−β −β λ + α + β




190



Mathematics 43 - The Second Midterm Examination - 2023

There are twenty-five multiple choice problems in the SecondMidterm

Exam. There are five bonus problems (they are not mandatory to

solve). Each problem is worth four points. The total is 100 points

(it is 120 points if the bonus problems are included). The exam is

75 minutes. In each problem, there are four choices marked (A),

(B), (C) and (D). Only one choice is correct. Choose the one you

think is correct. If you do not know the answer to a problem, you

may make a reasonable, best possible guess. No supporting work

is necessary. In the exam, we use α 6= 0, β 6= 0, γ 6= 0 and λ 6= 0

to represent various real nonzero constants or positive constants.

No calculators, computers, cell phones, i-pads, i-touches or any

other electronic devices are allowed in the exam. Students are not

allowed to ask for assistance from anybody else. Students are not

allowed to use any websites for assistance. Any student who cheats

will receive an F as the Final Grade. This is Absolutely Firm!

Therefore, be honest and solve all problems by yourself.

The First Midterm Exam: 100 points

The Second Midterm Exam: 100 points

The Final Exam: 200 points

The Homework Assignments: 100 points

Total Score: 500 points
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Chapter 3: Vector Spaces. There are 10 problems in

Chapter 3.

1. Which of the following subsets is a subspace of Mn(R)?

(A) A =
{
A ∈Mn(R) : A

T = A
}

(B) B =
{
A ∈Mn(R) : A

T = A2
}

(C) C =
{
A ∈Mn(R) : A

T = −A2
}

(D) D =
{
A ∈Mn(R) : A

T = A4
}
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2. Let α 6= 0, β 6= 0 and λ 6= 0 be real constants, such that

α + β 6= 0, α− 2β 6= 0, λ 6= α + β, λ 6= α− 2β.

Which of the following vector sets is NOT a spanning set of R3?

(A) A =








+22α

−11α
−11α


 ,



−11α
+22α

−11α


 ,



−11α
−11α
+22α







(B) B =








α

−α
α


 ,



−α
α

α


 ,



α

α

α







(C) C =








α

−β
−β


 ,



−β
α

−β


 ,



−β
−β
α







(D) D =







λ− α
β

β


 ,




β

λ− α
β


 ,




β

β

λ− α






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3. Let α, β and λ be real constants. Define the vector set

B =








λ− α
β

β

β


 ,




β

λ− α
β

β


 ,




β

β

λ− α
β


 ,




β

β

β

λ− α







.

Given that the set B is a spanning set of the vector spaceR4. Which

of the following conditions must be true?

(A) λ = α + β, λ = α− 3β

(B) λ = α + β, λ 6= α− 3β

(C) λ 6= α + β, λ 6= α− 3β

(D) λ 6= α + β, λ = α− 3β
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4. Let α and β be real constants, such that α + β > 0 and

α− 3β > 0. Define the vector set

B =








α

−β
−β
−β


 ,




−β
α

−β
−β


 ,




−β
−β
α

−β


 ,




−β
−β
−β
α








Which of the following statements is NOT true?

(A) The set B is linearly independent.

(B) The set B is linearly dependent and is a spanning set.

(C) The set B is a spanning set.

(D) The set B is a basis.
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5. Let α 6= 0 and β 6= 0 be real nonzero constants, such that

α2 > β2. Define the vector set

S =








α

−β
α

−β


 ,




−β
α

−β
α


 ,




α

−β
α

−β


 ,




−β
α

−β
α








Which of the following statements is true?

(A) The set S is a basis of R4.

(B) The set S is a spanning set of R4.

(C) The set S is linearly independent in R
4.

(D) The set S is linearly dependent in R
4.
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6. Let

S =
{
v1, v2, v3, · · · · · · , vn

}

be a vector set of linearly dependent vectors in the vector space Rn.

Let A = (v1 v2 v3 · · · vn) be the matrix made by using all the

vectors in S . Which of the following statements is true?

(A) There exist infinitely many solutions to the homogeneous sys-

tem of equations Ax = 0.

(B) The inverse matrix A−1 exists.

(C) The rank of the matrix A is n.

(D) The determinant det(A) 6= 0.
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7. Which of the following statements is NOT true?

(A) A =
{
1, x, x2, x3, · · · · · · , xn, · · · · · ·

}

is a basis of C(R) and the dimension of C(R) is ∞.

(B) B =
{
1, x, x2, x3, · · · · · · , x100

}

is a basis of P100(R) and the dimension of P100(R) is 100.

(C) C =








1

0

0

0


 ,




0

1

0

0


 ,




0

0

1

0


 ,




0

0

0

1








is a basis of R4 and the dimension of R4 is 4.

(D) D =

{(
100 0

0 0

)
,

(
0 100

0 0

)
,

(
0 0

100 0

)
,

(
0 0

0 100

)}

is a basis of M2(R) and the dimension of M2(R) is 4.
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8. Given that

B =








1

1

1

1


 ,




1

1

−1
−1


 ,




1

−1
−1
1


 ,




1

−1
1

−1








is a basis of the vector space R4. Let v =




a

b

c

d


 ∈ R

4. Which of

the following is the component vector of v relative to the basis B?

(A) −1
2




1 1 1 1

1 1 −1 −1
1 −1 −1 1

1 −1 1 −1







a

b

c

d




(B)
1

2




1 1 1 1

1 1 −1 −1
1 −1 −1 1

1 −1 1 −1







a

b

c

d




(C)
1

4




1 1 1 1

1 1 −1 −1
1 −1 −1 1

1 −1 1 −1







a

b

c

d




(D)
1

8




1 1 1 1

1 1 −1 −1
1 −1 −1 1

1 −1 1 −1







a

b

c

d



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9. Given the following two bases of R4:

B =








α

−α
−α
−α


 ,




α

−α
−α
−α


 ,




α

−α
−α
−α


 ,




α

−α
−α
−α








and

C =








1

1

1

1


 ,




1

−1
−1
1


 ,




1

−1
1

−1


 ,




1

1

−1
−1








where α > 0 is a positive constant. Which of the following is the

change-of-basis-matrix PC←B from the basis B to the basis C?
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(A) PC←B =




+α −α −α −α
−α +α −α −α
−α −α +α −α
−α −α −α +α







1 1 1 1

1 −1 −1 1

1 −1 1 −1
1 1 −1 −1




−1

(B) PC←B =




+α −α −α −α
−α +α −α −α
−α −α +α −α
−α −α −α +α




−1


1 1 1 1

1 −1 −1 1

1 −1 1 −1
1 1 −1 −1




(C) PC←B =




1 1 1 1

1 −1 −1 1

1 −1 1 −1
1 1 −1 −1







+α −α −α −α
−α +α −α −α
−α −α +α −α
−α −α −α +α




−1

(D) PC←B =




1 1 1 1

1 −1 −1 1

1 −1 1 −1
1 1 −1 −1




−1


+α −α −α −α
−α +α −α −α
−α −α +α −α
−α −α −α +α



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10. Which of the following statements is true?

(A) dim[Pn(R)] = n + 1

(B) dim(Rn) = n + 1

(C) dim[Mn(R)] = n + 1

(D) dim[C(R)] = n + 1
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Chapter 4: Linear Transformation. There are 7 prob-

lems in Chapter 4.

11. Let T : P3(R)→ P3(R) be a linear transformation, given by

P (a + bx + cx2 + dx3) = 10a + 20bx + 30cx2 + 40dx3.

Which of the following statements is NOT true?

(A) The inverse linear transformation T−1 does exists.

(B) The inverse linear transformation T−1 does not exist.

(C) The linear transformation is one-to-one because the kernel is

Ker(T ) = {0}.
(D) The linear transformation is onto because the range is Rng(T ) =

P3(R).
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12. Let T : Rn → R
n be a linear transformation, given by

T (x) = Ax, x ∈ R
n,

where A is a real symmetric matrix. All eigenvalues of A are posi-

tive. Which of the following statements is NOT true?

(A) The determinant det(A) < 0.

(B) The linear transformation T is one-to-one and onto.

(C) The linear transformation T is one-to-one because the kernel

is Ker (T ) = {0}.
(D) The linear transformation T is onto because the range is Rng

(T ) = R
n.
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13. Let T : M3(R) → M3(R) be a linear transformation, given

by

T (A) = AT − A, A ∈M3(R).

Which of the following vector sets is a basis of the range of the

linear transformation?

(A) A =








0 1 0

−1 0 0

0 0 0


 ,




0 0 1

0 0 0

−1 0 0


 ,




0 0 0

0 0 1

0 1 0







(B) B =








0 1 0

−1 0 0

0 0 0


 ,




0 0 1

0 0 0

1 0 0


 ,




0 0 0

0 0 1

0 −1 0







(C) C =








0 1 0

−1 0 0

0 0 0


 ,




0 0 1

0 0 0

−1 0 0


 ,




0 0 0

0 0 1

0 −1 0







(D) D =








0 1 0

1 0 0

0 0 0


 ,




0 0 1

0 0 0

−1 0 0


 ,




0 0 0

0 0 1

0 −1 0






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14. Which of the following linear transformations is NOT an

isomorphism?

(A) T : R4 → P3(R),

T




a

b

c

d


 = a + 2bx + 3cx2 + 4dx3.

(B) T : R4 → R
4,

T




a

b

c

d


 =




α2 −β2 α2 −β2

−β2 α2 −β2 α2

α2 −β2 α2 −β2

−β2 α2 −β2 α2







a

b

c

d


 .

(C) T : R4 →M2(R),

T




a

b

c

d


 =

(
10a 10b

10c 10d

)
.

(D) T :M2(R)→ P3(R),

T

(
a b

c d

)
= 10a + 20bx + 30cx2 + 40dx3.
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15. Let T : V →W be a linear transformation, where V and

W are vector spaces. Which of the following statements is NOT

true?

(A) The kernel Ker(T ) is a subspace of the vector space V.

(B) The range Rng(T ) is a subspace of the vector space W.

(C) The inverse linear transformation T−1 exists if T is one-to-one

and onto.

(D) The sum of the dimension of the kernel and the dimension

of the range is equal to the dimension of the vector space W.

That is

dim[ Ker (T )] + dim[ Rng (T )] = dimW.
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16. Let T : R10 → R
5 be a linear transformation. Given that

the dimension of the kernel is dim[ Ker (T )] = 5. Which of the

following statements is true?

(A) The linear transformation T is onto.

(B) The linear transformation T is one-to-one.

(C) The inverse linear transformation T−1 exists.

(D) The linear transformation T is one-to-one and onto.
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17. Let T : P3(R)→ P3(R) be a linear transformation, given by

T (a + bx + cx2 + dx3) = (a + b) + (b + c)x + (c + d)x2 + (d + a)x3.

Which of the following sets is the basis of the kernel Ker(T )?

(A) {1 + x + x2 + x3}
(B) {1− x + x2 − x3}
(C) {1− x, x2 − x3}
(D) {1 + x2, x + x3}
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Chapter 5: Eigenvalues and Eigenvectors. There are

8 problems in Chapter 5.

18. Let α and β be real nonzero constants, such that α2 > β2.

Let

A =




α2 −β2 α2 −β2

−β2 α2 −β2 α2

α2 −β2 α2 −β2

−β2 α2 −β2 α2




There are three real eigenvalues to the matrix A. Which of the

following choices are the eigenvalues?

(A) λ = 0, λ = α2 + β2, λ = α2 − β2

(B) λ = 0, λ = α2 + β2, λ = α2 − 2β2

(C) λ = 0, λ = 2α2 + 2β2, λ = 2α2 − 2β2

(D) λ = 0, λ = 2α2 + 2β2, λ = 2α2 − 3β2
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19. Let α and β be real nonzero constants, such that α2 > 3β2.

Let

A =




α2 −β2 −β2 −β2

−β2 α2 −β2 −β2

−β2 −β2 α2 −β2

−β2 −β2 −β2 α2




There are two eigenvalues to the matrix A. Which of the following

are the eigenvalues of the matrix A?

(A) λ1 = 2α2 + 2β2, λ2 = α2 + 2β2

(B) λ1 = 2α2 + 2β2, λ2 = α2 + 3β2

(C) λ1 = α2 + β2, λ2 = α2 − 2β2

(D) λ1 = α2 + β2, λ2 = α2 − 3β2
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20. Let A be a real n× n constant matrix. Let

λ1, λ2, λ3, · · · · · · λn,

represent all the eigenvalues of A. Which of the following state-

ments about the determinant and the trace of the matrix A2 is

true?

(A) det(A2) = +(λ1λ2λ3 · · ·λn)2,
Tr (A2) = −(λ21 + λ22 + λ23 + · · · + λ2n)

(B) det(A2) = +(λ1λ2λ3 · · ·λn)2,
Tr (A2) = +(λ21 + λ22 + λ23 + · · · + λ2n)

(C) det(A2) = +(λ1λ2λ3 · · ·λn)2,
Tr (A2) = −(λ1 + λ2 + λ3 + · · · + λn)

2,

(D) det(A2) = +(λ1λ2λ3 · · ·λn)2,
Tr (A2) = +(λ1 + λ2 + λ3 + · · · + λn)

2,
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21. Let A be a real 4× 4 matrix. Two complex eigenvalues are

given

λ1 = 10− 5i, λ2 = 20i

What are the other complex eigenvalues of A?

(A) λ3 = 10− 5i, λ4 = +20i

(B) λ3 = 10− 5i, λ4 = −20i
(C) λ3 = 10 + 5i, λ4 = −20i
(D) λ3 = 10 + 5i, λ4 = +20i
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22. LetA be a real n×n constants diagonalizable matrix. Which

of the following statements is true?

(A) The algebraic multiplicity is equal to the geometric multiplic-

ity, for every eigenvalue λi of A.

(B) The algebraic multiplicity is equal to the geometric multiplic-

ity, for one eigenvalue λi of A.

(C) The algebraic multiplicity is larger than the geometric multi-

plicity, for each eigenvalue λi of A.

(D) The algebraic multiplicity is less than the geometric multiplic-

ity, for some eigenvalue λi of A.
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23. Let A be a real n× n constant matrix, let

λ1, λ2, λ3, · · · , λn

be the eigenvalues of the matrix A. Define

B = (λnI + A)(λnI − A).

Which of the following statements about the matrix B is true?

(A) The eigenvalues of A are the same as the eigenvalues of B.

(B) The determinant det(B) = λ21λ
2
2λ

2
3 · · ·λ2n.

(C) There exists at least one zero eigenvalue λ = 0 for the matrix

B.

(D) The trace Tr (B) = λ21 + λ22 + λ23 + · · · + λ2n.
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24. Let α 6= 0 and β 6= 0 be real nonzero constants, such that

α2 > 3β2. Consider the system of differential equations

d

dt
u =




α2 −β2 −β2 −β2

−β2 α2 −β2 −β2

−β2 −β2 α2 −β2

−β2 −β2 −β2 α2


u

Which of the following is the solution of the system of differential

equations?

(A) u(t) = C1 exp[(α
2 + β2)t]




1

1

1

1


 + C2 exp[(α

2 + β2)t]




1

1

−1
−1




+ C3 exp[(α
2 + β2)t]




1

−1
−1
1


 + C4 exp[(α

2 − 3β2)t]




1

−1
1

−1




(B) u(t) = C1 exp[(α
2 − 3β2)t]




1

1

1

1


 + C2 exp[(α

2 + β2)t]




1

1

−1
−1




+ C3 exp[(α
2 + β2)t]




1

−1
−1
1


 + C4 exp[(α

2 + β2)t]




1

−1
1

−1



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(C) u(t) = C1 exp[(α
2 + β2)t]




1

1

1

1


 + C2 exp[(α

2 − 3β2)t]




1

1

−1
−1




+ C3 exp[(α
2 + β2)t]




1

−1
−1
1


 + C4 exp[(α

2 + β2)t]




1

−1
1

−1




(D) u(t) = C1 exp[(α
2 + β2)t]




1

1

1

1


 + C2 exp[(α

2 + β2)t]




1

1

−1
−1




+ C3 exp[(α
2 − 3β2)t]




1

−1
−1
1


 + C4 exp[(α

2 + β2)t]




1

−1
1

−1



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25. Let α 6= 0 and β 6= 0 be real nonzero constants, such that

α2 > β2. Consider the system of differential equations

d

dt
u =




α2 −β2 α2 −β2

−β2 α2 −β2 α2

α2 −β2 α2 −β2

−β2 α2 −β2 α2


u

Which of the following is the solution of the system of differential

equations?

(A) u(t) = C1




1

1

1

1


 + C2 exp[(2α

2 + 2β2)t]




1

−1
−1
1




+ C3




1

1

−1
−1


 + C4 exp[(2α

2 − 2β2)t]




1

−1
1

−1




(B) u(t) = C1 exp[(2α
2 + 2β2)t]




1

1

1

1


 + C2




1

−1
−1
1




+ C3 exp[(2α
2 − 2β2)t]




1

1

−1
−1


 + C4




1

−1
1

−1



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(C) u(t) = C1




1

1

1

1


 + C2 exp[(2α

2 − 2β2)t]




1

1

−1
−1




+ C3 exp[(2α
2 + 2β2)t]




1

−1
−1
1


 + C4




1

−1
1

−1




(D) u(t) = C1 exp[(2α
2 − 2β2)t]




1

1

1

1


 + C2




1

1

−1
−1




+ C3




1

−1
−1
1


 + C4 exp[(2α

2 + 2β2)t]




1

−1
1

−1



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26. Which of the following vector sets is NOT a basis ofM2(R)?

(A) A =

{(
1 2

3 4

)
,

(
3 1

4 2

)
,

(
2 4

1 3

)
,

(
4 3

2 1

)}

(B) B =

{(
1 0

0 0

)
,

(
0 1

0 0

)
,

(
0 0

1 0

)
,

(
0 0

0 1

)}

(C) C =
{(

1 0

0 0

)
,

(
1 1

0 0

)
,

(
1 1

1 0

)
,

(
1 1

1 1

)}

(D) D =

{(
1 0

0 0

)
,

(
1 2

0 0

)
,

(
1 2

3 0

)
,

(
1 2

3 4

)}
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27. Let α > 0, β > 0, γ > 0, δ > 0 and λ > 0 be positive

constants, such that α > β > γ > δ, α > 3β, λ > α + β and

λ > α − 3β. Which of the following vector sets is NOT a basis of

the vector space R4?

(A) B =








−α
α

α

α


 ,




α

−α
α

α


 ,




α

α

−α
α


 ,




α

α

α

−α








(B) C =








α

−α
α

−α


 ,




α

−α
α

α


 ,




α

α

−α
α


 ,




−α
α

−α
α








(C) C =








α

−β
−β
−β


 ,




−β
α

−β
−β


 ,




−β
−β
α

−β


 ,




−β
−β
−β
α








(D) D =








λ− α
β

β

β


 ,




β

λ− α
β

β


 ,




β

β

λ− α
β


 ,




β

β

β

λ− α







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28. Let α > 0 be a positive constant. Define

A =




α −α α −α
−α α −α α

α −α α −α
−α α −α α




Which of the following is a basis of the nullspace of A?

(A)








1

1

0

0


 ,




1

0

1

0


 ,




1

0

0

−1








(B)








1

−1
0

0


 ,




1

0

1

0


 ,




1

0

0

1








(C)








1

1

0

0


 ,




1

0

−1
0


 ,




1

0

0

1








(D)








1

−1
0

0


 ,




1

0

−1
0


 ,




1

0

0

−1







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29. Let V and W be vector spaces and let T : V → W be a

linear transformation. Let

C =
{
v1,v2,v3, · · · · · · ,vk

}

be a basis of the kernel Ker (T ), let

B =
{
v1, · · · · · · ,vk,vk+1, · · · · · · ,vn

}

be a basis of the vector spaceV, where k and n are positive integers,

1 < k < n. Define the vector set

A =
{
T (vk+1), T (vk+2), T (vk+3), · · · · · · , T (vn)

}
.

Which of the following statements is true?

(A) A is a spanning set of the space W.

(B) A is a basis of the vector space W.

(C) A is linearly dependent.

(D) A is linearly independent.

223



30. Let A be a real n× n constant matrix, let

λ1, λ2, λ3, · · · · · · , λn

represent all the eigenvalues of the matrix A. Consider the matrix

B
def
= I + 2A + A2 − (λ1 + 1)2I

Which of the following statements about the matrix B is true?

(A) Tr (B) = λ21 + λ22 + λ23 + · · · + λ2n
(B) det(B) = (λ1λ2λ3 · · ·λn)2
(C) The eigenvectors of the matrix B

are exactly the same as the eigenvectors of A

(D) The eigenvalues of the matrix B are

(λ1 − 1)2, (λ2 − 1)2, (λ3 − 1)2, · · · , (λn − 1)2
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Mathematics 43 - The Final Examination - 2023

There are 50 multiple choice problems in the Final Examination.

Each problem is worth 4 points. The Final Exam is 200 points

and it is 3 hours. In each problem, there are four choices, marked

with (A), (B), (C) and (D). Only one choice is correct in every

problem. On the answer sheet, write down the answer you think

is correct. If you do not know the answer to a problem, you may

make the possible, best guess. No supporting work is necessary for

any problem.

There are eight bonus problems at the end of the Final Exam.

Each problem is worth 4 points as well.

In this exam, A, B, C,M represent real matrices; AT represents

the transposed matrix of A; α 6= 0, β 6= 0, γ 6= 0, λ 6= 0, µ 6= 0

represent real nonzero constants; m ≥ 1 and n ≥ 1 represent

positive integers; a, b, c, u, v, w, ξ and η represent real vectors.

R
n, Mn(R), Pn(R) and C(R) represent the popular vector spaces,

V and W represent any vector spaces, T : V →W represents a

linear transformation.
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Hint 1: Let

T =
1

2




1 1 1 1

1 1 −1 −1
1 −1 −1 1

1 −1 1 −1




Then

T 2 = I.

226



Hint 2: Let α 6= 0 and β 6= 0 be real nonzero constants. Let

A =




α −β −β −β
−β α −β −β
−β −β α −β
−β −β −β α




B =




α −β α −β
−β α −β α

α −β α −β
−β α −β α




Then

det(λI − A) = (λ− α− β)3(λ− α + 3β),

det(λI − B) = λ2(λ− 2α + 2β)(λ− 2α− 2β).
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Hint 3: Let α 6= 0 and β 6= 0 be real nonzero constants. Let

A =




α −β −β −β
−β α −β −β
−β −β α −β
−β −β −β α


 ,

B =




α −β α −β
−β α −β α

α −β α −β
−β α −β α


 ,

T =
1

2




1 1 1 1

1 1 −1 −1
1 −1 −1 1

1 −1 1 −1


 .

Then

T−1AT =




α− 3β 0 0 0

0 α + β 0 0

0 0 α + β 0

0 0 0 α + β


 ,

T−1BT =




2α− 2β 0 0 0

0 0 0 0

0 0 0 0

0 0 0 2α + 2β


 .
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Chapter 1: System of Linear Equations and Inverse

Matrices. There are 5 problems in Chapter 1.

1. The reduced row echelon form of the augmented matrix of the

system of equations Ax = b is a zero matrix:



0 0 0 0 0 0 0

0 0 0 0 0 0 0

0 0 0 0 0 0 0




How many free variables are there in the solutions?

(A) 6. (B) 4. (C) 2. (D) 0.
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2. Let α > 0 be a positive constant. Let

A =
1

2
α




1 1 1 1

1 1 −1 −1
1 −1 −1 1

1 −1 1 −1




Which of the following statements is true?

(A) A−1 =
1

2
α




1 1 1 1

1 1 −1 −1
1 −1 −1 1

1 −1 1 −1




(B) A−1 =
1

2α




1 1 1 1

1 1 −1 −1
1 −1 −1 1

1 −1 1 −1




(C) A−1 =
1

4
α




1 1 1 1

1 1 −1 −1
1 −1 −1 1

1 −1 1 −1




(D) A−1 =
1

4α




1 1 1 1

1 1 −1 −1
1 −1 −1 1

1 −1 1 −1



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3. Let A be a real m× n constant matrix, let b ∈ R
m be a real

constant vector and let A# represent the augmented matrix of the

system Ax = b. Which of the following statements is NOT true?

(A) There exists a unique solution to the system Ax = b, if

both the rank of the coefficient matrix A and the rank of the

augmented matrix A# are equal to n.

(B) There exist infinitely many solutions to the system Ax = b,

if both the rank of the coefficient matrix A and the rank of the

augmented matrix A# are equal to r, and r < n.

(C) There exists one solution to the system Ax = b, if the rank

of the augmented matrix A# is larger than the rank of the

coefficient matrix A.

(D) There exists a unique solution to the homogeneous system

Ax = 0, if the rank of the coefficient matrix A is equal to n.
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4. Let the positive constants α > 0 and β > 0 satisfy the

condition α2 > 3β2. Let

A =




α2 −β2 −β2 −β2

−β2 α2 −β2 −β2

−β2 −β2 α2 −β2

−β2 −β2 −β2 α2




Which of the following statements is NOT true?

(A) There is a zero eigenvalue λ = 0.

(B) The rank of A is 4.

(C) The inverse matrix A−1 exists.

(D) There exists a unique solution to the system of equationsAx =

b, for each vector b ∈ R
4.
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5. Let α > 0 be a positive constant. Which of the following

statements is true?

(A)




−α α α α

α −α α α

α α −α α

α α α −α




−1

=
1

4




−α α α α

α −α α α

α α −α α

α α α −α




(B)




−α α α α

α −α α α

α α −α α

α α α −α




−1

=
1

4α2




−α α α α

α −α α α

α α −α α

α α α −α




(C)




−α α α α

α −α α α

α α −α α

α α α −α




−1

=
1

16




−α α α α

α −α α α

α α −α α

α α α −α




(D)




−α α α α

α −α α α

α α −α α

α α α −α




−1

=
1

16α2




−α α α α

α −α α α

α α −α α

α α α −α



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Chapter 2: Determinant. There are 5 problems in

Chapter 2.

6. Let α, β, γ be real constants. Which of the following state-

ments is true?

(A) det




λ α β

−α λ γ

−β −γ λ


 = λ3 + (α2 + β2 + γ2)

(B) det




λ α β

−α λ γ

−β −γ λ


 = λ3 − (α2 + β2 + γ2)

(C) det




λ α β

−α λ γ

−β −γ λ


 = λ3 + (α2 + β2 + γ2)λ

(D) det




λ α β

−α λ γ

−β −γ λ


 = λ3 − (α2 + β2 + γ2)λ
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7. Let A be a real n × n constant matrix, det(A) > 0. Which

of the following statements is NOT true?

(A) det(A−1) =
1

det(A)

(B) det(A2) = [det(A)]2 > 0

(C) det(αA) = αn det(A)

(D) det(ATA) = [det(A)]n

where α represents any real constant.
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8. Let A and B be real n × n constant matrices, and B is the

adjoint matrix of A. Which of the following statements is NOT

true?

(A) A2B2 = B2A2 = [det(AB)]I

(B) A10B20 = B20A10 = [det(A)]10B10

(C) A−1 =
1

det(A)
B, if det(A) 6= 0

(D) det(A) 6= 0, if and only if det(B) 6= 0

236



9. Let

A =




α2 −β2 −β2 −β2

−β2 α2 −β2 −β2

−β2 −β2 α2 −β2

−β2 −β2 −β2 α2




Which of the following statements is true?

(A) det(λI − A) = (λ− α2 − β2)2(λ− α2 − 3β2)

(B) det(λI − A) = (λ− α2 − β2)2(λ− α2 + 3β2)

(C) det(λI − A) = (λ + α2 + β2)2(λ + α2 + 3β2)

(D) det(λI − A) = (λ + α2 + β2)2(λ + α2 − 3β2)
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10. Let

A =




α2 −β2 α2 −β2

−β2 α2 −β2 α2

α2 −β2 α2 −β2

−β2 α2 −β2 α2




Which of the following statements is true?

(A) det(λI − A) = λ(λ + α2 − β2)(λ− α2 + β2)

(B) det(λI − A) = λ(λ + α2 − β2)(λ− α2 − β2)

(C) det(λI − A) = λ2(λ− 2α2 − 2β2)(λ− 2α2 + 2β2)

(D) det(λI − A) = λ2(λ + 2α2 − 2β2)(λ− 2α2 + 2β2)
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Chapter 3: Vector Spaces. There are 10 problems in

Chapter 3.

11. Let

S =
{
x + x2 + x3 + x4, 1 + x2 + x3 + x4, 1 + x + x3 + x4,

1 + x + x2 + x4, 1 + x + x2 + x3
}
⊂ P5(R).

Which of the following statements is true about the set S?
(A) S is linearly independent.

(B) S is a basis of C(R).

(C) S is a spanning set of P5(R).

(D) S is a basis of P5(R).
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12. Let the real nonzero constants α and β satisfy the condition

α = 3β. Which of the following vector sets is NOT a basis of the

vector space R4?

(A) A =








1

1

1

1


 ,




1

−1
−1
1


 ,




1

−1
1

−1


 ,




1

1

−1
−1








(B) B =








α

−β
−β
−β


 ,




−β
α

−β
−β


 ,




−β
−β
α

−β


 ,




−β
−β
−β
α








(C) C =








+2

−2
−2
−2


 ,




−2
+2

−2
−2


 ,




−2
−2
+2

−2


 ,




−2
−2
−2
+2








(D) D =








−α
+α

+α

+α


 ,




+α

−α
+α

+α


 ,




+α

+α

−α
+α


 ,




+α

+α

+α

−α








240



13. Let the positive constants α > 0, β > 0 and λ > 0 satisfy

the following conditions

α + β > 0, α > 2β, λ > α + β, λ > α− 2β.

Which of the following vector sets is NOT a spanning set of R3?

(A) A =








α

−α
α


 ,



−α
α

α


 ,



α

α

α







(B) B =








α

−β
−β


 ,



−β
α

−β


 ,



−β
−β
α







(C) C =








+α

−α
+α


 ,



−α
+α

−α


 ,




+α

−α
+α







(D) D =







λ− α
β

β


 ,




β

λ− α
β


 ,




β

β

λ− α






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14. Let the positive constants α > 0, β > 0, γ > 0 satisfy the

conditions α > β > γ. Let the positive integer n > 10. Which of

the following sets is NOT linearly independent?

(A) A =
{
cos x, sin x

}

(B) B =
{
1, x, x2, x3, · · · · · · , xn

}

(C) C =
{
exp(αx), exp(βx), exp(γx)

}

(D) D =
{
1 + x, x + x2, 1 + 2x + x2

}
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15. Let the positive constants α > 0, β > 0, γ > 0 satisfy

the conditions α > β > γ > 0. Let W = W [f1, f2, f3, · · · , fn]
represent the Wronskian of the functions inside the parenthesis.

Which of the following computations is wrong?

(A) W [1 + x, x + x2, 1 + 2x + x2]

= det




1 + x x + x2 1 + 2x + x2

1 1 + 2x 2 + 2x

0 2 2


 = 1 > 0

(B) W [cos x, sin x] = det

(
cos x sin x

− sin x cos x

)
= 1

(C) W [exp(αx), exp(βx), exp(γx)]

= det




exp(αx) exp(βx) exp(γx)

α exp(αx) β exp(βx) γ exp(γx)

α2 exp(αx) β2 exp(βx) γ2 exp(γx)




= (α− β)(β − γ)(γ − α) exp[(α + β + γ)x] 6= 0

(D) W [1, x, x2, x3, x4] = det




1 x x2 x3 x4

0 1 2x 3x2 4x3

0 0 2 6x 12x2

0 0 0 6 24x

0 0 0 0 24



> 0
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16. Define the following vector spaces

V =
{
A ∈M2(R) : AT = A

}

W =
{
A ∈M2(R) : AT = −A

}
.

Let us use B and C to represent the possible basis for V and W,

respectively. Which of the following sets are the bases of the vector

spaces?

(A) B =

{(
1 0

0 0

)
,

(
0 0

0 1

)}

C =
{(

0 1

1 0

)
,

(
0 1

−1 0

)}

(B) B =

{(
1 0

0 0

)
,

(
0 1

1 0

)
,

(
0 0

0 1

)}
,

C =
{(

0 1

−1 0

)}

(C) B =

{(
1 0

0 0

)
,

(
0 1

1 0

)}

C =
{(

0 0

0 1

)
,

(
0 1

−1 0

)}

(D) B =

{(
0 1

1 0

)
,

(
0 0

0 1

)}

C =
{(

1 0

0 0

)
,

(
0 1

−1 0

)}
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17. Let A be a real 100 × 100 constant matrix. The rank of A

is equal 50. What is the dimension of the nullspace NS(A)?

(A) 30. (B) 40. (C) 50. (D) 60.
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18. Let A and B be real n× n constant matrices. Suppose that

the rank of A is n and the rank of B is 0. Which of the following

statements is true?

(A) NS(A) = R
n, NS(B) = R

n

(B) NS(A) = R
n, NS(B) =

{
0
}

(C) CS(A) = R
n, CS(B) = R

n

(D) CS(A) = R
n, CS(B) =

{
0
}
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19. Let B and C be two bases of the vector space Rn. Which of

the following statements is NOT true?

(A) PC←BPB←C = I
(B) PB←CPC←B = I
(C) [PC←B]

−1 = +PB←C
(D) [PB←C]

−1 = −PC←B
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20. Let the positive constants α > 0 and β > 0 satisfy the

condition α2 > 2β2. Let

A =




α2 −β2 α2 −β2

−β2 α2 −β2 α2

α2 −β2 α2 −β2

−β2 α2 −β2 α2




Which of the following statements is NOT true?

(A) The determinant det(A) = 0.

(B) There exists a zero eigenvalue λ = 0.

(C) The vector set

S =








α2

−β2

α2

−β2


 ,




−β2

α2

−β2

α2








is a basis of the column space CS(A).

(D) The trace of the matrix A is 4β2.
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Chapter 4: Linear Transformation. There are 5 prob-

lems in Chapter 5.

21. Let T : P3(R)→ P3(R) be a linear transformation, given by

T (a + bx + cx2 + dx3)

= (b + c + d) + (a + c + d)x + (a + b + d)x2 + (a + b + c)x3.

Which of the following statements is true?

(A) Ker(T ) = {0}, Rng(T ) = P3(R)

(B) Ker(T ) = {0}, Rng(T ) = {0}
(C) Ker(T ) = P3(R), Rng(T ) = {0}
(D) Ker(T ) = P3(R), Rng(T ) = P3(R)

249



22. Let T : R4 → R
4 be a linear transformation, given by

T




a

b

c

d


 =




a + b

c + d

a + c

b + d


 .

Which of the following statements is true?

(A) The linear transformation T is not one-to-one but is onto,

because the dimension of the kernel is dim[ Ker (T )] = 1 > 0

and the range Rng(T ) = R
4.

(B) The linear transformation T is neither one-to-one nor onto,

because the dimension of the kernel is dim[ Ker (T )] = 1 > 0

and the dimension of the range is dim[ Rng (T )] = 3 < 4.

(C) The linear transformation T is one-to-one but not onto, be-

cause the kernel Ker(T ) = {0} and the dimension of the range

is dim[ Rng (T )] = 3 < 4.

(D) The linear transformation T is one-to-one and onto, because

the kernel Ker(T ) = {0} and the range Rng(T ) = R
4.
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23. Let T : V → V be a linear transformation, where V

is an n-dimensional real vector space. Suppose that the kernel

Ker(T ) = {0}. Which of the following statements is NOT true?

(A) The linear transformation T is one-to-one.

(B) The linear transformation T is onto.

(C) The inverse linear transformation T−1 does not exist.

(D) The linear transformation T is an isomorphism.
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24. Let α > 0, β > 0, γ > 0 be positive constants. Which of

the following linear transformations is NOT an isomorphism?

(A) T : R3 → R
3

T



a

b

c


 =




0 α β

−α 0 γ

−β −γ 0





a

b

c




(B) T : R4 →M2(R),

T




a

b

c

d


 =

(
a b

c d

)

(C) T : R4 → P3(R),

T




a

b

c

d


 = a + bx + cx2 + dx3

(D) T :M2(R)→ P3(R),

T

(
a b

c d

)
= a + bx + cx2 + cx3
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25. Let T : R4 → R
4 be a linear transformation, given by

T (x) =




−α +α +α +α

+α −α +α +α

+α +α −α +α

+α +α +α −α


x, x ∈ R

4,

where α > 0 is a positive constant. Which of the following state-

ments is NOT true?

(A) The inverse linear transformation T−1 exist.

(B) The inverse linear transformation T−1 does not exist.

(C) The linear transformation T is one-to-one.

(D) The linear transformation T is onto.

253



Chapter 5: Eigenvalues and Eigenvectors. There are

5 problems in Chapter 5.

26. Let A, B and T be real n × n constant matrices, and the

inverse matrix T−1 exists, such that B = T−1AT . Which of the

following statements is NOT true?

(A) det(λI − A) = det(λI − B).

(B) det(λI − AB) = det(λI − BA).
(C) The eigenvectors of A and the eigenvectors of B are the same.

(D) The eigenvalues of A and the eigenvalues of B are the same.
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27. Let A be a real 4×4 constant matrix. There are two complex

eigenvalues, given by

λ1 = α + βi, λ2 = α2 + β2i,

where α > 0 and β > 0 are positive constants. What are the other

complex eigenvalues of A?

(A) λ3 = α + βi, λ4 = α2 + β2i

(B) λ3 = α + βi, λ4 = α2 − β2i

(C) λ3 = α− βi, λ4 = α2 + β2i

(D) λ3 = α− βi, λ4 = α2 − β2i
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28. Let α > 0 be a positive constant. Let

A =




α2 −α2 α2

−α2 α2 α2

α2 α2 α2




There are two eigenvalues λ1 = 2α2 and λ2 = −α2 to the matrix

A. Which of the following statements is true?

(A) The algebraic multiplicity and the geometric multiplicity of

the eigenvalue λ1 = 2α2 is equal to 2.

(B) The algebraic multiplicity and the geometric multiplicity of

the eigenvalue λ1 = 2α2 is equal to 1.

(C) The algebraic multiplicity and the geometric multiplicity of

the eigenvalue λ2 = −α2 is equal to 2.

(D) The algebraic multiplicity and the geometric multiplicity of

the eigenvalue λ2 = −α2 is equal to 0.
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29. Let A be a real n× n constant matrix. Let

λ1 > 0, λ2 > 0, λ3 > 0, · · · · · · , λn > 0

represent all the positive eigenvalues of A. Which of the following

statements is NOT true?

(A) det(A2024) = (λ1λ2λ3 · · · · · ·λn)2024
(B) det[(A−1)2024] = [det(A)]−2024 = (λ1λ2λ3 · · ·λn)2024
(C) (A2024)−1 = (A−1)2024

(D) Tr (A2024) = λ20241 + λ20242 + λ20243 + · · · + λ2024n
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30. Let the positive constants α > 0 and β > 0 satisfy the

condition α2 > 2β2. Let

A =




α2 −β2 −β2

−β2 α2 −β2

−β2 −β2 α2




Which of the following is the solution of the system of differential

equations d
dtu = Au?
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(A) u(t) = C1 exp[(α
2 + β2)t]




1

1

1




+ C2 exp[(α
2 + β2)t]




1

−1
0


 + C3 exp[(α

2 − 2β2)t]




0

−1
1




(B) u(t) = C1 exp[(α
2 + β2)t]




1

1

1




+ C2 exp[(α
2 − 2β2)t]




1

−1
0


 + C3 exp[(α

2 + β2)t]




0

−1
1




(C) u(t) = C1 exp[(α
2 − 3β2)t]




1

1

1




+ C2 exp[(α
2 + β2)t]




1

−1
0


 + C3 exp[(α

2 + β2)t]




0

−1
1




(D) u(t) = C1 exp[(α
2 + β2)t]




1

1

1




+ C2 exp[(α
2 + β2)t]




1

1

1


 + C3 exp[(α

2 − 2β2)t]




1

1

1



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Chapter 6: Scalar Product Spaces. There are 10

problems in Chapter 6.

31. Let the positive constants α > 0, β > 0 and γ > 0 satisfy

the condition α2 + β2 = γ2. Define

a =



α

β

γ


 , b =




α

β

−γ




What is the scalar product of the vectors a and b?

(A) a · b = 0.

(B) a · b = α2.

(C) a · b = β2.

(D) a · b = γ2.
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32. Let the positive constants m > 0, n > 0, α > 0 and β > 0.

Define the vectors

a =




+αm

+αm

−αm
−αm


 , b =




−βn
−βn
+βn

+βn


 .

What is the angle between the two vectors?

(A) θ = 2π. (B) θ = π. (C) θ = 1
2π. (D) θ =

1
4π.
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33. Let the positive integers m and p satisfy m > p > 1. Let

S =
{
a1, a2, a3, · · · , ap

}
⊂ R

m,

be a nontrivial orthonormal set. Define the m×m matrix

A =
(
a1 a2 a3 · · · ap

)(
a1 a2 a3 · · · ap

)T
.

Which of the following statements is NOT true?

(A) The rank of A is less than m.

(B) The matrix A is a projection matrix, i.e. A2 = A.

(C) The inverse matrix A−1 exists.

(D) There exists a zero eigenvalue: λ = 0.

262



34. Let the positive constants α > 0 and β > 0 satisfy the con-

dition α > 3β. Which of the following sets is NOT an orthogonal

basis of the vector space R4?

(A)








1

1

1

1


 ,




1

1

−1
−1


 ,




1

−1
−1
1


 ,




1

−1
1

−1








(B)








+2

−2
−2
−2


 ,




−2
+2

−2
−2


 ,




−2
−2
+2

−2


 ,




−2
−2
−2
+2








(C)








−α
+α

+α

+α


 ,




+α

−α
+α

+α


 ,




+α

+α

−α
+α


 ,




+α

+α

+α

−α








(D)








α

−β
−β
−β


 ,




−β
α

−β
−β


 ,




−β
−β
α

−β


 ,




−β
−β
−β
α







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35. Given that

B =
{
a1, a2, a3, · · · , an

}

is an orthonormal basis of Rn. Let a ∈ R
n. Which of the following

is the projection of the vector a onto the vector space Rn?

(A) +a

(B) −a
(C) +

1

2
a

(D) −1
2
a
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36. Let B =
{
a1, a2, a3, · · · , ap

}
be an orthogonal basis of the

subspace E of the vector space R
n. Let the vector a ∈ R

n, but

a /∈ E . The projection of a onto E is given by

a0 =
a · a1
a1 · a1

a1 +
a · a2
a2 · a2

a2 +
a · a3
a3 · a3

a3 + · · · +
a · ap
ap · ap

ap

Which of the following statements is NOT true?

(A) a0 ∈ span
{
a1, a2, a3, · · · , ap

}

(B) a− a0 ∈ span
{
a1, a2, a3, · · · , ap

}

(C) a0 ⊥ (a− a0)

(D) ‖a‖2 = ‖a0‖2 + ‖a− a0‖2
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37. Let the positive constants α > 0, β > 0 and γ > 0 satisfy

the conditions

α2 + β2 + γ2 = 1, α2 + β2 = γ2.

Consider the system of linear equations


α α

β β

γ −γ



(
x

y

)
=



α

β

γ


 .

Which of the following is the least square solution of the system?

(A)

(
x

y

)
=

(
1

1

)

(B)

(
x

y

)
=

(
0

1

)

(C)

(
x

y

)
=

(
1

0

)

(D)

(
x

y

)
=

(
0

0

)
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38. Let x0 ∈ R
n be a least square solution of the system of

equations

Ax = b.

Let b0 represent the projection of b onto the column space of A.

Which of the following statements is NOT true?

(A) ATAx0 = ATb

(B) ‖Ax0 − b‖ = min
x∈Rn
‖Ax− b‖

(C) Ax0 = b0

(D) Ax0 = b
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39. Which of the following matrices is NOT a projection matrix?

(A)




0 0 0 0

0 0 0 0

0 0 1 0

0 0 0 1




(B)




1 0 0 0

0 1 0 0

0 0 0 0

0 0 0 0




(C)
1

2




1 −1 0 0

−1 1 0 0

0 0 1 −1
0 0 −1 1




(D)




1 0 0 0

0 1 −1 0

0 −1 1 0

0 0 0 1



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40. Let the positive constants α > 0 and β > 0. Define the real

vectors

a =




+α10

+α10

−α10

−α10


 , b =




−β5

−β5

+β5

β5


 .

Which of the following is the projection of b onto a?

(A) −a. (B) +a. (C) −b. (D) +b.
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Chapter 7: Real Symmetric Matrices. There are 10

problems in Chapter 7.

41. Let A be a real n× n constant matrix, such that

ATA = AAT = I.

Which of the following statements is NOT true?

(A) Ax = x, for all x ∈ R
n

(B) ‖Ax‖2 = ‖x‖2, for all x ∈ R
n

(C) (Ax) · (Ay) = x · y, for all x ∈ R
n,y ∈ R

n

(D) (Ax) · (Ay) = 0 if x · y = 0,

for all x ∈ R
n, y ∈ R

n
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42. Let A be a real n × n constant matrix, not necessarily

symmetric. Which of the following statements about the matrix

AAT − ATA is NOT true?

(A) The determinant det(AAT − ATA) = 0.

(B) There exists no zero eigenvalue to AAT − ATA.

(C) The matrix AAT − ATA is symmetric.

(D) The trace of AAT − ATA is 0.
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43. Let the positive constants α > 0 and β > 0. Let

A =




α2 −β2 −β2 −β2

−β2 α2 −β2 −β2

−β2 −β2 α2 −β2

−β2 −β2 −β2 α2




There are two eigenvalues λ1 = α2+β2 and λ2 = α2−3β2. Which

of the following statements about the eigenspaces is NOT true?

(A) dim(Eλ1=α2+β2
) = 3.

(B) dim(Eλ2=α2−3β2) = 1.

(C) Eλ1=α2+β2
∩ Eλ2=α2−3β2 = ∅, the empty set.

(D) Eλ1=α2+β2
⊥ Eλ2=α2−3β2.
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44. Let the positive constants α > 0 and β > 0 satisfy the

condition α2 > β2. Let

A =




α2 −β2 α2 −β2

−β2 α2 −β2 α2

α2 −β2 α2 −β2

−β2 α2 −β2 α2




There are three eigenvalues to this matrix: λ0 = 0, λ1 = 2α2− 2β2

and λ2 = 2α2 + 2β2. Which of the following statements about the

eigenspaces of A is NOT true?

(A) Eλ1=2α2−2β2 ∩ Eλ2=2α2+2β2 = ∅, the empty set.

(B) Eλ1=2α2−2β2 ⊥ Eλ2=2α2+2β2.

(C) Eλ0=0 ⊥ Eλ2=2α2+2β2 and dim(Eλ2=2α2+2β2) = 1.

(D) Eλ0=0 ⊥ Eλ1=2α2−2β2 and dim(Eλ1=2α2−2β2) = 1.
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45. Let

A =




α2 −β2 −β2 −β2

−β2 α2 −β2 −β2

−β2 −β2 α2 −β2

−β2 −β2 −β2 α2




T =
1

2




1 1 1 1

1 1 −1 −1
1 −1 −1 1

1 −1 1 −1




Which of the following statements is true?

(A) T−1AT =




α2 + β2 0 0 0

0 α2 + β2 0 0

0 0 α2 + β2 0

0 0 0 α2 − 3β2




(B) T−1AT =




α2 − 3β2 0 0 0

0 α2 + β2 0 0

0 0 α2 + β2 0

0 0 0 α2 + β2




(C) T−1AT =




α2 + β2 0 0 0

0 α2 − 3β2 0 0

0 0 α2 + β2 0

0 0 0 α2 + β2




(D) T−1AT =




α2 + β2 0 0 0

0 α2 + β2 0 0

0 0 α2 − 3β2 0

0 0 0 α2 + β2



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46. Let

A =




α2 −β2 α2 −β2

−β2 α2 −β2 α2

α2 −β2 α2 −β2

−β2 α2 −β2 α2




T =
1

2




1 1 1 1

1 1 −1 −1
1 −1 −1 1

1 −1 1 −1




Which of the following statements is true?

(A) T−1AT =




0 0 0 0

0 2α2 + 2β2 0 0

0 0 2α2 − 2β2 0

0 0 0 0




(B) T−1AT =




2α2 + 2β2 0 0 0

0 0 0 0

0 0 0 0

0 0 0 2α2 − 2β2




(C) T−1AT =




2α2 − 2β2 0 0 0

0 0 0 0

0 0 0 0

0 0 0 2α2 + 2β2




(D) T−1AT =




0 0 0 0

0 2α2 − 2β2 0 0

0 0 2α2 + 2β2 0

0 0 0 0



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47. Let α > 0 and β > 0 be positive constants. Let

A =




α2 −β2 −β2 −β2

−β2 α2 −β2 −β2

−β2 −β2 α2 −β2

−β2 −β2 −β2 α2




B =




α2 −β2 α2 −β2

−β2 α2 −β2 α2

α2 −β2 α2 −β2

−β2 α2 −β2 α2




Suppose that the matrix A+B is positively definite. Which of the

following statements is true?

(A) 3α2 + 5β2 > 0

(B) 3α2 + 5β2 < 0

(C) 3α2 − 5β2 < 0

(D) 3α2 − 5β2 > 0
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48. Let the positive constants α > 0 and β > 0. Define

A =




α2 −β2 −β2 −β2

−β2 α2 −β2 −β2

−β2 −β2 α2 −β2

−β2 −β2 −β2 α2




B =




α2 −β2 α2 −β2

−β2 α2 −β2 α2

α2 −β2 α2 −β2

−β2 α2 −β2 α2




Which of the following statements about the matrix A−B is true?

(A) The matrix is indefinite.

(B) The matrix is negatively definite.

(C) The matrix is positively definite.

(D) The matrix is skew-symmetric.
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49. Let the positive constants α > 0 and β > 0 satisfy the

condition α2 < 3β2. Let

A =




α2 −β2 −β2 −β2

−β2 α2 −β2 −β2

−β2 −β2 α2 −β2

−β2 −β2 −β2 α2




B =




α2 −β2 α2 −β2

−β2 α2 −β2 α2

α2 −β2 α2 −β2

−β2 α2 −β2 α2




Let

Q(x) = xT (A + B)x, x ∈ R
n.

Which of the following statements is true?

(A) max
x∈R4,‖x‖=1

Q(x) = 3α2 + 3β2, min
x∈R4,‖x‖=1

Q(x) = −α2 − β2

(B) max
x∈R4,‖x‖=1

Q(x) = 3α2 + 3β2, min
x∈R4,‖x‖=1

Q(x) = 3α2 − 5β2

(C) max
x∈R4,‖x‖=1

Q(x) = 2α2 + 2β2, min
x∈R4,‖x‖=1

Q(x) = 3α2 − 5β2

(D) max
x∈R4,‖x‖=1

Q(x) = 2α2 + 2β2, min
x∈R4,‖x‖=1

Q(x) = −α2 − β2

278



50. Let

A =




α2 −β2 −β2 −β2

−β2 α2 −β2 −β2

−β2 −β2 α2 −β2

−β2 −β2 −β2 α2




B =




α2 −β2 α2 −β2

−β2 α2 −β2 α2

α2 −β2 α2 −β2

−β2 α2 −β2 α2




Let

Q(x) = xT (A− B)x, x ∈ R
n.

Which of the following statements is true?

(A) max
x∈R4,‖x‖=1

Q(x) = 2α2 + 2β2, min
x∈R4,‖x‖=1

Q(x) = −2α2 − 2β2

(B) max
x∈R4,‖x‖=1

Q(x) = α2 + β2, min
x∈R4,‖x‖=1

Q(x) = α2 − β2

(C) max
x∈R4,‖x‖=1

Q(x) = α2 + β2, min
x∈R4,‖x‖=1

Q(x) = −α2 − β2

(D) max
x∈R4,‖x‖=1

Q(x) = 2α2 + 2β2, min
x∈R4,‖x‖=1

Q(x) = 2α2 − 2β2
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Bonus Problems: There are 8 problems.

51. Let

S =
{
f1, f2, f3, · · · · · · , fn

}
⊂ Pn(R).

Suppose that the Wronskian W [f1, f2, f3, · · · , fn] = 1. Which of

the following statements is true?

(A) S is linearly independent.

(B) S is a spanning set of Pn(R).

(C) S is a basis of Pn(R).

(D) S is linearly dependent.
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52. Let A be a real m × n constant matrix. Suppose that the

rank of A is n, where m > n. Which of the following statements

about the matrix AATA is true?

(A) The rank of AATA is m.

(B) The rank of AATA is n.

(C) The rank of AATA is 2m2.

(D) The rank of AATA is 2n2.
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53. Let A be a real n × n constant matrix. Suppose that all

eigenvalues are positive, that is,

λ1 > 0, λ2 > 0, λ3 > 0, · · · · · · , λn > 0.

Let

M = (I + 2A + A2)−1.

Which of the following statements about the matrix M is NOT

true?

(A) The rank of M is n.

(B) The determinant det(M) > 0.

(C) The trace of M is λ21 + λ22 + λ23 + · · · + λ2n.

(D) The eigenvalues of M are

(λ1 + 1)−2, (λ2 + 1)−2, (λ3 + 1)−2, · · · , (λn + 1)−2

282



54. Let A and B be any real n×n constant matrices. Which of

the following statements is NOT true?

(A) The eigenvalues of AB coincide with the eigenvalues of BA.

(B) The determinants det(AB) = det(BA).

(C) The trace of AB is equal to the trace of BA.

(D) The eigenvectors of AB coincide with the eigenvectors of BA.
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55. Let A be a real (2n+ 1)× (2n+ 1) skew-symmetric matrix,

that is, AT = −A, where n > 1 is a positive integer. Which of the

following statements is NOT true?

(A) There exists one positive eigenvalue λ > 0.

(B) All nonzero eigenvalues are pure imaginary.

(C) xTAx = 0, for all real vectors x ∈ R
2n+1

(D) det(A) = 0
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56. Let

A =




α2 −β2 −β2 −β2

−β2 α2 −β2 −β2

−β2 −β2 α2 −β2

−β2 −β2 −β2 α2




B =




α2 −β2 α2 −β2

−β2 α2 −β2 α2

α2 −β2 α2 −β2

−β2 α2 −β2 α2




T =
1

2




1 1 1 1

1 1 −1 −1
1 −1 −1 1

1 −1 1 −1




Which of the following statements is true?

(A) T−1(A− B)2024T

=




(α2 − β2)2024 0 0 0

0 (α2 + β2)2024 0 0

0 0 (α2 + β2)2024 0

0 0 0 (α2 − β2)2024




(B) T−1(A− B)2024T

=




(α2 + β2)2024 0 0 0

0 (α2 + β2)2024 0 0

0 0 (α2 + β2)2024 0

0 0 0 (α2 + β2)2024




(C) [T−1(A−B)T ]2024 = T−1(A + B)2024T

(D) [T−1AT − T−1BT ]2024 = T−1(A + B)2024T
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57. Let A be a real n × n constant matrix, not necessarily

symmetric, with the rank being equal to n. Let

B = ATA.

Which of the following statements is NOT true?

(A) The determinant det(ATA) > 0.

(B) All eigenvalues of ATA are positive.

(C) There exists a zero eigenvalue λ = 0 to the matrix ATA.

(D) The matrix ATA is positively definite.
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58. Let A be a real constant matrix, not necessarily symmetric,

with the rank being smaller than n. Let

B = εI + ATA,

where 0 < ε ≪ 1 is a sufficiently small positive constant. Which

of the following statements is NOT true?

(A) The matrix B is positively definite.

(B) All eigenvalues of B are positive.

(C) There exists a sufficiently small positive eigenvalue λ = ε to

the matrix B.

(D) There exists a zero eigenvalue λ = 0 to B.
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31. Let

A = 2




1 1 1 1

1 1 −1 −1
1 −1 −1 1

1 −1 1 −1


 , B =

1

2




1 1 1 1

1 −1 −1 1

1 −1 1 −1
1 1 −1 −1


 .

Which of the following statements is true?

(A) (AB)2024 = 42024I

(B) (AB)2024 = (16)2024I

(C) (AB)2024 = (32)2024A

(D) (AB)2024 = (64)2024B
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(A) 1.

(B) 2.

(C) 3.

(D) 4.

(A) 0.

(B) 0.

(C) 0.

(D) 0.

Let

A =



λ λ λ

λ λ λ

λ λ λ


 .

Let α > 0 and β > 0 be positive constants. Let

A =




0 0 α β

0 0 0 β

0 0 0 0

0 0 0 0


 .

Which of the following integers is equal to the rank of the matrix

A?
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Mathematics 22 - Calculus Two - 2022

Evaluate the following integrals

(1)

∫
arcsin xdx

(2)

∫
e12x cos(5x)dx

Evaluate the following integrals

(A)

∫
(arcsin x)2dx

(B)

∫
(2x + 2) arctan xdx

(C)

∫
(cos x)4dx

The integral
∫

ln(x +
√
x2 + α2)dx

is equal to which of the following functions?

(A) x ln(x +
√
x2 + α2) + x

√
x2 + α2 + C.

(B) x ln(x +
√
x2 + α2)− x

√
x2 + α2 + C.

(C) x ln(x +
√
x2 + α2) +

√
x2 + α2 + C.

(D) x ln(x +
√
x2 + α2)−

√
x2 + α2 + C.

Determine if the improper integral
∫ ∞

0

30

(x2 + 15x + 50)(x2 + 15x + 56)
dx
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is convergent. Find the precise value if it is convergent.

Evaluate the following integrals

(A)

∫
2 tan x(sec x)2

(tan x)2[1 + (tan x)4]
dx

(B)

∫
(sin x)6(cos x)3dx

(C)

∫ √
x2 + α2dx

Find the volume of the solid generated by rotating about the

x-axis the region below the following curve

f (x) = arcsin x, 0 ≤ x ≤ 1.

Let R > 0 be a positive constant. Find the arclength of the

smooth curve

f (x) =
1

2
(ex + e−x), −R ≤ x ≤ R.

Evaluate the following integrals

(1)

∫
2 arctan x

x3
dx.

(2)

∫
200

x(100 + x4)
dx.

(3)

∫
x2

(x2 + α2)(x2 + β2)
dx,where the constants satisfyα2 > β2 > 0.

(4)

∫
1

x3
√
x2 − 25

dx.

Below Are the Multiple Choice Problems
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Chapter 7:

The integral
∫

ln xdx

is equal to which of the following functions

(A) x ln x + x + C.

(B) x ln x− x + C.

(C) x2 ln x + x2 + C.

(D) x2 ln x− x2 + C.
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The integral
∫

(arcsin x)2dx

is equal to which of the following functions?

(A) x(arcsin x)2 + 2
√

1− x2 arcsin x + 2x + C.

(B) x(arcsin x)2 + 2
√

1− x2 arcsin x− 2x + C.

(C) x(arcsin x)2 − 2
√

1− x2 arcsin x + 2x + C.

(D) x(arcsin x)2 − 2
√

1− x2 arcsin x− 2x + C.

The integral
∫

(arccos x)2dx

is equal to which of the following functions

(A) x(arccos x)2 + 2
√

1− x2 arccos x + 2x + C.

(B) x(arccos x)2 + 2
√

1− x2 arccos x− 2x + C.

(C) x(arccos x)2 − 2
√

1− x2 arccos x + 2x + C.

(D) x(arccos x)2 − 2
√

1− x2 arccos x− 2x + C.
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The integral
∫

4(sin x)3 cos xdx

is equal to which of the following functions

(A) (sin x)4 + C.

(B) (cos x)4 + C.

(C) 4(sin x)4 + C.

(D) 4(cos x)4 + C.
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The integral
∫

15(tan x)3(sec x)3dx

is equal to which of the following functions

(A) 5(sec x)5 + 3(sec x)3 + C.

(B) 5(sec x)5 − 3(sec x)3 + C.

(C) 3(sec x)5 + 5(sec x)3 + C.

(D) 3(sec x)5 − 5(sec x)3 + C.
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The integral
∫

35(tan x)4(sec x)4dx

is equal to which of the following functions

(A) 5(tan x)5 + 7(tan x)7 + C.

(B) 5(tan x)5 − 7(tan x)7 + C.

(C) 7(tan x)5 + 5(tan x)7 + C.

(D) 7(tan x)5 − 7(tan x)7 + C.
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The integral
∫

3[(tan x)2 + (tan x)4]dx

is equal to which of the following functions

(A) (tan x)3 + C.

(B) 2(tan x)3 + C.

(C) 3(tan x)3 + C.

(D) 4(tan x)3 + C.
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The integral
∫

2
√
x2 + α2dx

is equal to which of the following functions

(A) x
√
x2 + α2 + α2 ln(x +

√
x2 + α2) + C.

(B) x
√
x2 + α2 − α2 ln(x +

√
x2 + α2) + C.

(C) 2x
√
x2 + α2 + 2α2 ln(x +

√
x2 + α2) + C.

(D) 2x
√
x2 + α2 − 2α2 ln(x +

√
x2 + α2) + C.

298



The integral
∫

2
√
α2 − x2dx

is equal to which of the following functions

(A) x
√
α2 − x2 + α2 arcsin

(x
α

)
+ C.

(B) x
√
α2 − x2 − α2 arcsin

(x
α

)
+ C.

(C) x
√
α2 − x2 + α2 arcsin

(x
α

)
+ C.

(D) x
√
α2 − x2 − α2 arcsin

(x
α

)
+ C.
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The integral
∫

12

x(1 + x2)
dx

is equal to which of the following functions

(A) −2 ln
(

x2

1 + x2

)
+ C.

(B) 2 ln

(
x2

1 + x2

)
+ C.

(C) −6 ln
(

x2

1 + x2

)
+ C.

(D) 6 ln

(
x2

1 + x2

)
+ C.
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The integral
∫

αβ(β2 − α2)

(x2 + α2)(x2 + β2)
dx

is equal to which of the following functions

(A) arctan
(x
α

)
+ arctan

(
x

β

)
+ C.

(B) arctan
(x
α

)
− arctan

(
x

β

)
+ C.

(C) β arctan
(x
α

)
+ α arctan

(
x

β

)
+ C.

(D) β arctan
(x
α

)
− α arctan

(
x

β

)
+ C.
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Which of the following improper integrals is divergent?

(A)

∫ ∞

0

2 arctan x

1 + x2
dx.

(B)

∫ ∞

1

ln x

x
dx.

(C)

∫ 1

−1

2 arcsin x√
1− x2

dx.

(D)

∫ 1

−1

2 arccos x√
1− x2

dx.
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Which of the following improper integrals is not only convergent

but also has exact value 1?

(A)

∫ ∞

e

2

x ln x[1 + (ln x)2]
dx.

(B)

∫ ∞

−∞

3x2

100 + x6
dx.

(C)

∫ ∞

0

2x3e−x
2
dx

(D)

∫ 1

0

ln xdx.
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The integral
∫

3x(cos x)2 sin xdx

is equal to which of the following functions

(A) x(cos x)3 + sin x +
1

3
(sin x)3 + C.

(B) x(cos x)3 + sin x− 1

3
(sin x)3 + C.

(C) −x(cos x)3 − sin x− 1

3
(sin x)3 + C.

(D) −x(cos x)3 + sin x− 1

3
(sin x)3 + C.
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The integral
∫

4x arctan x

(1 + x2)2
dx

is equal to which of the following functions

(A) arctan x +
x

1 + x2
+ C.

(B) − 2

1 + x2
arctan x +

x

1 + x2
+ C.

(C) − 2

1 + x2
arctan x + arctan x + C.

(D) − 2

1 + x2
arctan x + arctan x +

x

1 + x2
+ C.
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The integral
∫
eαx cos(βx)dx

is equal to which of the following functions

(A) eαx[cos(βx) + sin(βx)] + C.

(B) eαx[α cos(βx) + β sin(βx)] + C.

(C)
1

α2 + β2
eαx[cos(βx) + sin(βx)] + C.

(D)
1

α2 + β2
eαx[α cos(βx) + β sin(βx)] + C.
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Chapter 6:

Chapter 8:

Chapter 9:
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Consider the separable differential equation

eydy = (arccos x)2dx.

Which of the following functions is equal to the general implicit

solution?

(A) ey = x(arccos x)2 + 2
√

1− x2 arccos x + 2x + C.

(B) ey = x(arccos x)2 + 2
√

1− x2 arccos x− 2x + C.

(C) ey = x(arccos x)2 − 2
√

1− x2 arccos x + 2x + C.

(D) ey = x(arccos x)2 − 2
√

1− x2 arccos x− 2x + C.
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Consider the separable differential equation

− sin ydy = ln(x +
√
x2 + α2)dx.

Which of the following is the general implicit solution?

(A) cos y =
√
x2 + α2 + C.

(B) cos y = x ln(x +
√
x2 + α2) + C.

(C) cos y = x ln(x +
√
x2 + α2) +

√
x2 + α2.

(D) cos y = x ln(x +
√
x2 + α2)−

√
x2 + α2 + C.
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Consider the separable differential equation

(2y + ey) cos(y2 + ey)dy = 2x[cos(x2)− sin(x2)]esin(x
2)+cos(x2)dx.

Which of the following functions is equal to the general implicit

solution?

(A) cos(y2 + ey) = esin(x
2)+cos(x2) + C.

(B) sin(y2 + ey) = esin(x
2)+cos(x2) + C.

(C) cos(y + ey) = esin(x)+cos(x) + C.

(D) sin(y + ey) = esin(x)+cos(x) + C.
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The function µ(x) = ex
2
is an integrating factor of which of the

following differential equations?

(A) y′ + y = 4x3e−x.

(B) y′ + 2xy = 2xe−x
2
.

(C) y′ − 2xy = 2xex
2
.

(D) xy′ + y = 2x.
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Chapter 10:

Given the parametric curve

f (θ) = θ − sin θ, g(θ) = 1− cos θ, 0 ≤ θ ≤ 2π.

Which of the following gives the area of the surface generated by

rotating the parametric curve about the x-aixs?

(A)

∫ 2π

0

√
2− 2 cos θdθ.

(B)

∫ 2π

0

2π
√
2− 2 cos θdθ.

(C)

∫ 2π

0

2π(θ − sin θ)
√
2− 2 cos θdθ.

(D)

∫ 2π

0

2π(1− cos θ)
√
2− 2 cos θdθ.
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Chapter 11:

Which of the following series is absolutely convergent?

(1)

∞∑

n=1

n

n

(2)

∞∑

n=1

n

n

(3)

∞∑

n=1

n

n

(A)

(B)

(C)

(D)

(1)

∞∑

n=1

n

n

(2)

∞∑

n=1

n

n

(3)

∞∑

n=1

n

n
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(A)

(B)

(C)

(D)

(C)

(D)

(1)

∞∑

n=1

n

n

(2)

∞∑

n=1

n

n

(3)

∞∑

n=1

n

n

(A)

(B)

(C)

(D)
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(1)

∞∑

n=1

n

n

(2)

∞∑

n=1

n

n

(3)

∞∑

n=1

n

n

(A)

(B)

(C)

(D)

(1)

∞∑

n=1

n

n

(2)

∞∑

n=1

n

n

(3)

∞∑

n=1

n

n

(A)

(B)

(C)

(D)
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(3)

∞∑

n=1

n

n

(A)

(B)

(C)

(D)

(A)

(B)

(C)

(D)

(1)

∞∑

n=1

n

n

(2)

∞∑

n=1

n

n

(3)

∞∑

n=1

n

n

(A)

(B)

(C)

(D)
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(A)

(B)

(C)

(D)
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The Final Exam - Mathematics 205 - 2020

There are fifty multiple choice problems in the Final Exam. Each

problem is worth four points. The total is 200 points. The exam is

three hours long. In each problem, there are four choices marked

(A), (B), (C) and (D). Only one choice is correct. Choose the one

you think is correct. If you do not know the answer to a problem,

you may make a reasonable, best possible guess. No supporting

work is necessary. No calculators, computers, cell phones, i-pads,

i-touches or any other electronic devices are allowed in the exam.

You are not allowed to ask for assistance from anybody else. You

are not allowed to use any websites for assistance. Any student

who cheats will receive an F as the Final Grade. This is Absolutely

Firm! Therefore, be honest and solve all problems by yourself. The

First Midterm Exam 100 points

The Second Midterm Exam 100 points

The Final Exam 200 points

The Quizzes 100 points

Total 500 points
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1. The reduced row echelon form of the augmented matrix of the

system of equations Ax = b is



1 2 3 4 5 6 7

0 0 0 0 0 0 0

0 0 0 0 0 0 0


 .

How many free variables are there in the solutions?

(A) 3. (B) 4. (C) 5. (D) 6.

319



2. The reduced row echelon form of the augmented matrix of the

system of equations Ax = b is



1 0 0 4 5 6 7

0 1 1 1 2 3 4

0 0 0 0 0 0 1


 .

How many solutions are there to the system of equations?

(A) 0. (B) 1. (C) 2. (D) ∞.
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3. Let A be an n×n real matrix with the rank of A being equal

to n. Which of the following statements is true?

(A) There exists infinitely many solutions to the system of equa-

tions Ax = b, for every vector b ∈ R
n.

(B) There exists a unique solution to the system of equations Ax =

b, for every vector b ∈ R
n.

(C) There exists a solution to the system of equations Ax = b,

only for some vector b ∈ R
n.

(D) There exists no solution to the system of equations Ax = b,

for every vector b ∈ R
n.
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4. Let A =




1 1 1 1

1 2 2 3

2 3 3 4

3 4 4 5


. What is the rank of A?

(A) 1. (B) 2. (C) 3. (D) 4.
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5. Let A be an n × n real constant matrix with det(A) 6= 0.

Then which of the following statements is NOT equivalent to the

others?

(A) The rank of A is equal to n.

(B) The inverse matrix A−1 exists.

(C) There exists a unique solution to the system of equations

Ax = b, for every vector b ∈ R
n.

(D) There exists no solution to the system of equations Ax = b,

for some vector b ∈ R
n.
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6. Let A be an n × n real constant matrix with det(A) = 0.

Then which of the following statements is NOT equivalent to the

others?

(A) The rank of A is less than n.

(B) The inverse matrix A−1 does not exist.

(C) There exists infinitely many solutions to the system of equa-

tions Ax = 0.

(D) There exists a solution to the system of equations Ax = b,

for every vector b ∈ R
n.
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7. Let

A = p




1 1 1 1

1 1 −1 −1
1 −1 −1 1

1 −1 1 −1


 .p = 1,

1

2
,
1

4
,
1

8
.

Which of the following is equal to the inverse matrix of A?

(A)




1 1 1 1

1 1 −1 −1
1 −1 −1 1

1 −1 1 −1


 .

(B) 2




1 1 1 1

1 1 −1 −1
1 −1 −1 1

1 −1 1 −1


 .

(C)
1

2




1 1 1 1

1 1 −1 −1
1 −1 −1 1

1 −1 1 −1


 .

(D)
1

4




1 1 1 1

1 1 −1 −1
1 −1 −1 1

1 −1 1 −1


 .
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8. Let A and B be n× n real matrices. Let α be a real nonzero

constant. Which of the following is wrong?

(A) det[(A−1)T ] = det(A−1).

(B) det(A−1) =
1

det(A)
.

(C) det(αA) = α2 det(A).

(D) det(A2B2) = det(A) det(B).
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9. Let A = (aij) be an n×n real matrix. Let Cij be the cofactor

of the element aij, for all i = 1, 2, 3, · · · , n and j = 1, 2, 3, · · · , n.
Which of the following is wrong?

(A)

n∑

k=1

aikCik = det(A), for all i = 1, 2, 3, · · · , n.

(B)

n∑

k=1

akjCkj = det(A), for all j = 1, 2, 3, · · · , n.

(C)
n∑

k=1

aikCjk = 0, for all i 6= j, i = 1, 2, 3, · · · , n; j = 1, 2, 3, · · · , n.

(D)

n∑

k=1

akiCkj = 0, for all i 6= j, i = 1, 2, 3, · · · , n; j = 1, 2, 3, · · · , n.
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10. Let A = (aij) and C = (Cij) be n× n real matrices, where

Cij represents the cofactor of the element aij, i = 1, 2, 3, · · · , n and

j = 1, 2, 3, · · · , n, let B = CT . Which of the following is wrong?

(A) A2B2 = [det(A)]2I.

(B) A3B3 = [det(A)]3I.

(C) A4B4 = [det(A)]4I.

(D) AC = [det(A)]I.
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11. Let A = (aij) and C = (Cij) be n × n real matrices

with det(A) 6= 0, where Cij represents the cofactor of aij, i =

1, 2, 3, · · · , n and j = 1, 2, 3, · · · , n. Let B = CT . Which of the

following is NOT true?

(A) det(B) = [det(A)]n−1.

(B) det(C) = [det(A)]n−1.

(C) A−1 =
1

det(A)
B.

(D) A−1 =
1

det(A)
C.
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12. Let ai, bi, ci be real constants, where i = 1, 2, 3. Which of

the following computations is NOT correct?

(A) det



a1(λ + 1) b1(λ + 1) c1(λ + 1)

a2(λ + 2) b2(λ + 2) c2(λ + 2)

a3(λ + 3) b3(λ + 3) c3(λ + 3)




= (λ + 1)(λ + 2)(λ + 3) det



a1 b1 c1
a2 b2 c2
a3 b3 c3


 .

(B) det



a1(λ− 1) a2(λ− 2) a3(λ− 3)

b1(λ− 1) b2(λ− 2) b3(λ− 3)

c1(λ− 1) c2(λ− 2) c3(λ− 3)




= (λ− 1)(λ− 2)(λ− 3) det



a1 a2 a3
b1 b2 b3
c1 c2 c3


 .

(C) det



λ− 2 2 −2
2 λ− 2 −2
−2 −2 λ− 2


 = det



λ− 2 2 −2
4− λ λ− 4 0

λ− 4 0 λ− 4




= (λ− 4)k det



λ− 2 2 −2
−1 1 0

1 0 1


 .

(D) det



λ− 10 5 5

5 λ− 10 5

5 5 λ− 10


 = det



λ− 10 5 5

15− λ λ− 15 0

15− λ 0 λ− 15




= (λ− 15)k det



λ− 10 5 5

−1 1 0

−1 0 1


 .
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13. Which of the following computations is NOT correct?

(A) det




0 0 λ− 1 0

0 λ− 2 0 0

0 0 0 λ− 3

λ− 4 0 0 0




= (λ− 1)(λ− 2)(λ− 3)(λ− 4).

(B) det




0 (λ− 1)2 0 0

0 0 (λ− 2)2 0

(λ− 3)2 0 0 0

0 0 0 (λ− 4)2




= (λ− 1)2(λ− 2)2(λ− 3)2(λ− 4)2.

(C) det




0 0 0 (λ− 1)3

0 0 (λ− 2)3 0

0 (λ− 3)3 0 0

(λ− 4)3 0 0 0




= (λ− 1)3(λ− 2)3(λ− 3)3(λ− 4)3.

(D) det




0 0 (λ− 1)4 0

0 0 0 (λ− 2)4

(λ− 3)4 0 0 0

0 (λ− 4)4 0 0




= −(λ− 1)4(λ− 2)4(λ− 3)4(λ− 4)4.
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(A) ()

(B) ()

(C) ()

(D) ()
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14. Which of the following subsets is NOT a subspace of the

vector space Mn(R)?

(A) {A ∈Mn(R) : The transposed matrix AT = A}.

(B) {A ∈Mn(R) : The transposed matrix AT = −A}.

(C) {A ∈Mn(R) : A
2 = A}.

(D) {A ∈Mn(A) : det(A
T ) = det(A)}.
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15. Let

B =








1

2

3


 ,




2

4

6


 ,




3

6

9


 ,




4

5

6


 ,




7

8

9 + k





 .

Which of the following statements about B is true?

(A) B is linearly dependent.

(B) B is linearly independent.

(C) B is a spanning set of R3.

(D) B is a basis of R3.
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16. Let

B = {v1, v2, v3, · · · , vn}

be a set of vectors in R
n. Let A = (v1 v2 v3 · · · vn) be the matrix

made by using all vectors in B. Given that det(A) 6= 0. Which of

the following statements is NOT equivalent to the others?

(A) B is a spanning set of Rn.

(B) B is linearly independent.

(C) B is a basis of Rn.

(D) B is linearly independent but it is not a spanning set of Rn.
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17. Let

B =








α

−β
−β
−β


 ,




−β
α

−β
−β


 ,




−β
−β
α

−β


 ,




−β
−β
−β
α








be a basis of R4. Which of the following conditions must be true?

(A) α + β = 0, α− 3β 6= 0.

(B) α + β 6= 0, α− 3β = 0.

(C) α + β = 0, α− 3β = 0.

(D) α + β 6= 0, α− 3β 6= 0.
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18. Which of the following statements is NOT true?

(A) ex, e2x, e3x and e4x are linearly independent.

(B) cos x, sin x, cos(2x), sin(2x) are linearly independent.

(C) 1, x, x2, x3, · · · , x10 are linearly independent.

(D) cos(2x), (cos x)2, (sin x)2 are linearly independent.
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19. Which of the following statements about the vector space

C(R) is NOT true?

(A) C(R) is an infinite-dimensional vector space.

(B) B = {1, x, x2, x3, · · · · · · } is a basis of C(R).

(C) C = {1, cos(x), sin(x), cos(2x), sin(2x), cos(3x), sin(3x), · · · · · · }
is a basis of C(R).

(D) C(R) is a finite-dimensional vector space.
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20. Given the following basis of R4

B =








1

1

1

1


 ,




1

−1
−1
1


 ,




1

−1
1

−1


 ,




1

1

−1
−1







.

What is the component vector [v]B of v =




1

2

3

4


 relative to the

basis B equal to?
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(A) [v]B =




1 1 1 1

1 −1 −1 1

1 −1 1 −1
1 1 −1 −1




−1


1

2

3

4


 .

(B) [v]B =




1 1 1 1

1 −1 −1 1

1 −1 1 −1
1 1 −1 −1







1

2

3

4


 .

(C) [v]B = −




1 1 1 1

1 −1 −1 1

1 −1 1 −1
1 1 −1 −1




−1


1

2

3

4


 .

(D) [v]B = −




1 1 1 1

1 −1 −1 1

1 −1 1 −1
1 1 −1 −1







1

2

3

4


 .
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21. Let

B =








1

1

1

1


 ,




1

1

−1
−1


 ,




1

−1
−1
1


 ,




1

−1
1

−1







,

and

C =








1

1

1

1


 ,




1

1

−1
−1


 ,




1

−1
1

−1


 ,




1

−1
−1
1








be two bases of the vector space R4. Which of the following prod-
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ucts gives the change-of-basis-matrix PC←B?

(A)




1 1 1 1

1 1 −1 −1
1 −1 −1 1

1 −1 1 −1




−1


1 1 1 1

1 1 −1 −1
1 −1 1 −1
1 −1 −1 1


 ,

(B)




1 1 1 1

1 1 −1 −1
1 −1 −1 1

1 −1 1 −1







1 1 1 1

1 1 −1 −1
1 −1 1 −1
1 −1 −1 1




−1

,

(C)




1 1 1 1

1 1 −1 −1
1 −1 1 −1
1 −1 −1 1




−1


1 1 1 1

1 1 −1 −1
1 −1 −1 1

1 −1 1 −1


 ,

(D)




1 1 1 1

1 1 −1 −1
1 −1 1 −1
1 −1 −1 1







1 1 1 1

1 1 −1 −1
1 −1 −1 1

1 −1 1 −1




−1

.
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22. Let

A =




1 −4 −9
−3 12 27

−5 20 45


 .

Which of the following is a basis of the nullspace of A?

(A)








4

1

0


 ,




9

0

1





 .

(B)








1

4

0


 ,




1

9

0





 .

(C)








1

0

4


 ,




1

0

9





 .

(D)








4

0

1


 ,




9

1

0





 .
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23. Let A be a real m × n matrix with m = 9 and n = 10.

Given that the rank of A is k = 4. What is the dimension of the

nullspace of A?

(A) 3. (B) 4. (C) 5. (D) 6.

344



24. Let T : P3(R)→ P3(R) be a linear transformation, given by

T (a + bx + cx2 + dx3)

= 4[(2a− b) + (4c− d)] + 4[(2a− b)− (4c− d)]x
+ [(2a− b) + (4c− d)]x2 + [(2a− b)− (4c− d)]x3.

Which of the following are the basis of the kernel and the basis of

the range of the linear transformation T , respectively?

(A) {1 + x, x2 + 4x3}, {1 + x2, x + x3},

(B) {1 + 2x, x2 + 4x3}, {4 + x2, 4x + x3},

(C) {1 + 3x, x2 + 4x3}, {2 + x2, 2x + x3},

(D) {1 + 4x, x2 + 4x3}, {3 + x2, 3x + x3}.
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25. Let T : M3(R) → M3(R) be a linear transformation, given

by T (A) = A−AT . Which of the following is a basis of the range

of the linear transformation T ?

(A)








0 1 0

−1 0 0

0 0 0


 ,




0 0 1

0 0 0

−1 0 0


 ,




0 0 0

0 0 1

0 −1 0





 ,

(B)








0 1 0

−1 0 0

0 0 0


 ,




0 0 1

0 0 0

−1 0 0


 ,




1 0 0

0 0 1

0 −1 0





 ,

(C)








0 1 0

1 0 0

0 0 0


 ,




0 0 1

0 0 0

1 0 0


 ,




0 0 0

0 0 1

0 1 0





 ,

(D)







−1 0 0

0 0 0

0 0 0


 ,




0 0 0

0 −1 0

0 0 0


 ,




0 0 0

0 0 0

0 0 −1





 .
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26. Let T : Rn → R
m be a linear transformation, given by

T (x) = Ax, where A is a real m × n matrix, m > 2 and n > 2

are positive integers. Given that the rank of A is less than both m

and n. Which of the following statements is true?

(A) The linear transformation T is one-to-one.

(B) The linear transformation T is onto.

(C) The inverse linear transformation T−1 exists.

(D) The linear transformation T is neither one-to-one nor onto.

The inverse linear transformation T−1 does not exist.
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27. Which of the following linear transformations is NOT an

isomorphism?

(A) T : R3 → P2(R),

T



a

b

c


 = a + bx + cx2,

(B) T : R4 →M2(R),

T




a

b

c

d


 =

(
a b

c d

)
,

(C) T :M2(R)→ P3(R),

T

(
a b

c d

)
= a + bx + cx2 + dx3,

(D) T : R3 → R
3,

T



a

b

c


 =




0 −9 9

9 0 −9
−9 9 0





a

b

c


 .

348



28. Let T : V → W be a linear transformation. Given that

dim[ Ker (T )] = 5, dim[ Rng (T )] = k = 5.

What is the dimension of the space V ?

(A) 7. (B) 8. (C) 9. (D) 10.
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29. Let T : Rn → R
n be a linear transformation, give by

T (x) = Ax, x ∈ R
n,

where A is an n×n real matrix and det(A) 6= 0. Which of the fol-

lowing statements about the linear transformation T is NOT true?

(A) The linear transformation T is one-to-one.

(B) The linear transformation T is onto.

(C) The inverse linear transformation T−1 exists.

(D) The inverse linear transformation T−1 does not exist.
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


0 0 1

0 0 0

1 0 0


 ,




0 0 0

0 0 1

0 1 0




{} , {}

{} {}
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30. Let A be a 4×4 real matrix. Given two complex eigenvalues

λ1 = 10i and λ2 = 8 + 5i of the matrix A. What are the other

complex eigenvalues of A?

(A) λ3 = 10i, λ4 = 8 + 5i,

(B) λ3 = 10i, λ4 = 8− 5i,

(C) λ3 = −10i, λ4 = 8 + 5i,

(D) λ3 = −10i, λ4 = 8− 5i.
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31. Let A =




α3 −β3 −β3

−β3 α3 −β3

−β3 −β3 α3


, where α and β are positive

constants. Which of the following statements is true for the eigen-

values and their algebraic multiplicities?

(A) The first eigenvalue is λ1 = α3 + β3 and the algebraic mul-

tiplicity is 1; the second eigenvalue is λ2 = α3 − 2β3 and the

algebraic multiplicity is 1.

(B) The first eigenvalue is λ1 = α3+β3 and the algebraic multiplic-

ity is 1; the second eigenvalue is λ2 = α3 − 2β3 and the algebraic

multiplicity is 2.

(C) The first eigenvalue is λ1 = α3+β3 and the algebraic multiplic-

ity is 2; the second eigenvalue is λ2 = α3 − 2β3 and the algebraic

multiplicity is 1.

(D) The first eigenvalue is λ1 = α3 + β3 and the algebraic mul-

tiplicity is 2; the second eigenvalue is λ2 = α3 − 2β3 and the

algebraic multiplicity is 2.

353



32. Let

A =




α2 −β2 −β2 −β2

−β2 α2 −β2 −β2

−β2 −β2 α2 −β2

−β2 −β2 −β2 α2


 ,

where α and β are positive constants. There are two real eigenval-

ues λ1 = α2 + β2 and λ2 = α2 − 3β2 to the matrix A. Which of

the following statements is true?

(A) Both the algebraic multiplicity and the geometric multiplic-

ity of the eigenvalue λ1 = α2 + β2 are equal to one.

(B) Both the algebraic multiplicity and the geometric multiplic-

ity of the eigenvalue λ1 = α2 + β2 are equal to two.

(C) Both the algebraic multiplicity and the geometric multiplic-

ity of the eigenvalue λ1 = α2 + β2 are equal to three.

(D) Both the algebraic multiplicity and the geometric multiplic-

ity of the eigenvalue λ2 = α2 − 3β2 are equal to three.
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33. Let A, B and T be n × n real matrices, such that B =

T−1AT . Also let A and B be diagonalizable matrices. Let T 6= I ,

where I represents the identity matrix. Which of the following

statements about A and B is correct?

(A) The matrices have the same eigenvalues, but the eigenvectors

may be different.

(B) The matrices have the same eigenvectors, but the eigenval-

ues may be different.

(C) The matrices have the same eigenvalues and the same eigen-

vectors.

(D) The matrices have different eigenvalues and different eigen-

vectors.
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34. Let A be an n× n real matrix. Then A is diagonalizable if

which of the following conditions is true?

(A) The algebraic multiplicity is larger than the geometric mul-

tiplicity, for each fixed eigenvalue of A.

(B) The algebraic multiplicity is less than the geometric multiplic-

ity, for each fixed eigenvalue of A.

(C) The algebraic multiplicity is equal to the geometric multiplicity,

for some eigenvalue of A.

(D) The algebraic multiplicity is equal to the geometric multiplicity,

for each fixed eigenvalue of A.

356



35. Let A be a 4× 4 real matrix. Let the eigenvalues λi and the

corresponding eigenvectors ξi satisfy the equations

Aξ1 = λ1ξ1,

Aξ2 = λ2ξ2,

Aξ3 = λ3ξ3,

Aξ4 = λ4ξ4.

To diagonalize the matrix A, a student uses the eigenvectors to

define the matrix T = (ξ4 ξ3 ξ2 ξ1). Then what is the product

T−1AT equal to?

(A)




λ4 0 0 0

0 λ3 0 0

0 0 λ2 0

0 0 0 λ1


 .

(B)




λ1 0 0 0

0 λ2 0 0

0 0 λ3 0

0 0 0 λ4


 .

(C)




λ1 0 0 0

0 λ2 0 0

0 0 λ4 0

0 0 0 λ3


 .

(D)




λ4 0 0 0

0 λ3 0 0

0 0 λ1 0

0 0 0 λ2


 .

357



36. Let A be an n× n real matrix, let λ and ξ be an eigenvalue

and an eigenvector, respectively, that is, Aξ = λξ. Which of the

following equations is wrong?

(A) A20ξ = λ20ξ,

(B) A300ξ = λ300ξ,

(C) A4000ξ = λ4000ξ,

(D) A50000ξ = λ50000ξ50000.

358



() () () () () () ()

359



37. Consider the differential equation

y′′ + y = 2x + 4.

Which of the following is the general solution of the differential

equation?

(A) y(x) = C1 cos x + C2 sin x + 2x.

(B) y(x) = C1 cos x + C1 sin x + 4.

(C) y(x) = C1 cos x + C2 sin x + 2x + 4.

(D) y(x) = C1 cos x + C2 sin x− 2x− 4.
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38. The auxiliary equation of the differential equation

y′′′′ − 32y′′′ + 384y′′ − 2048y′ + 4096y = 0

is

(λ− 8)4 = 0.

Which of the following is the solution of the differential equation?

(A) y(x) = C1e
4x + C2xe

4x + C3x
2e4x + C4x

3e4x.

(B) y(x) = C1e
8x + C2xe

8x + C3x
2e8x + C4x

3e8x.

(C) y(x) = C1e
5x + C2e

6x + C3e
7x + C4e

8x.

(D) y(x) = C1e
3x + C2e

4x + C3e
5x + C4e

6x.
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39. Consider the differential equation

y′′ + 100y = 36c[cos(8x) + sin(8x)].

c =
1

2
,
1

3
,
1

4
,
1

9
.36c = 4, 9, 12, 18.

Which of the following is a particular solution of the differential

equation?

(A) yp(x) =
1

2
[cos(8x) + sin(8x)].

(B) yp(x) =
1

3
[cos(8x) + sin(8x)].

(C) yp(x) =
1

4
[cos(8x) + sin(8x)].

(D) yp(x) =
1

9
[cos(8x) + sin(8x)].
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40. Consider the differential equation

y′′ − 15y′ + 56y = 6ce5x.

c =
1

6
,
1

3
,
1

2
, 1.6c = 1, 2, 3, 6.

Which of the following is a particular solution of the differential

equation?

(A) yp(x) =
1

6
e5x.

(B) yp(x) =
1

3
e5x.

(C) yp(x) =
1

2
e5x.

(D) yp(x) = e5x.
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41. Consider the differential equation

y′′ + 25y = 10c[cos(5x)− sin(5x)].

c =
1

10
,
1

20
,
1

40
,
1

50
.10c = 1,

1

2
,
1

4
,
1

5
.

Which of the following is a particular solution of the differential

equation?

(A) yp(x) =
x

10
[cos(5x) + sin(5x)].

(B) yp(x) =
x

20
[cos(5x) + sin(5x)].

(C) yp(x) =
x

40
[cos(5x) + sin(5x)].

(D) yp(x) =
x

50
[cos(5x) + sin(5x)].
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42. Consider the differential equation

y′′ − 15y′ + 56y = 2c(1 + x)e8x.

c =
1

2
,
1

4
,
1

8
,
1

32
.2c = 1,

1

2
,
1

4
,
1

16
.

Which of the following is the general solution of the differential

equation?

(A) y(x) = C1e
7x + C2e

8x +
1

2
x2e8x.

(B) y(x) = C1e
7x + C2e

8x +
1

4
x2e8x.

(C) y(x) = C1e
7x + C2e

8x +
1

8
x2e8x.

(D) y(x) = C1e
7x + C2e

8x +
1

32
x2e8x.
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43. Consider the differential equation

y′′ − 20y′ + 100y = 6cxe10x.

c =
1

6
,
1

12
,
1

36
,
1

60
.6c = 1,

1

2
,
1

6
,
1

10
.

Which of the following is a particular solution of the differential

equation?

(A) yp(x) =
1

6
x3e10x.

(B) yp(x) =
1

12
x3e10x.

(C) yp(x) =
1

36
x3e10x.

(D) yp(x) =
1

60
x3e10x.
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44. Let t be a real variable. The matrix



10e3t −5e6t −5e9t
−5e3t 10e6t −5e9t
−5e3t −5e6t 10e9t




is equal to which of the following products?

(A)




10 −5 −5
−5 10 −5
−5 −5 10





e3t 0 0

0 e6t 0

0 0 e9t


 .

(B)




10 −5 −5
−5 10 −5
−5 −5 10





e−3t 0 0

0 e−6t 0

0 0 e−9t


 .

(C)



e3t 0 0

0 e6t 0

0 0 e9t






10 −5 −5
−5 10 −5
−5 −5 10


 .

(D)



e−3t 0 0

0 e−6t 0

0 0 e−9t






10 −5 −5
−5 10 −5
−5 −5 10


 .
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45. Let t be a real variable. The inverse matrix of the product


1 1 1 1

1 1 −1 −1
1 −1 −1 1

1 −1 1 −1







e−2t 0 0 0

0 e−4t 0 0

0 0 e−6t 0

0 0 0 e−8t




is equal to which of the following products?

(A)




1 1 1 1

1 1 −1 −1
1 −1 −1 1

1 −1 1 −1







e2t 0 0 0

0 e4t 0 0

0 0 e6t 0

0 0 0 e8t


 .

(B)




1 1 1 1

1 1 −1 −1
1 −1 −1 1

1 −1 1 −1




−1


e2t 0 0 0

0 e4t 0 0

0 0 e6t 0

0 0 0 e8t


 .

(C)




e2t 0 0 0

0 e4t 0 0

0 0 e6t 0

0 0 0 e8t







1 1 1 1

1 1 −1 −1
1 −1 −1 1

1 −1 1 −1


 .

(D)




e2t 0 0 0

0 e4t 0 0

0 0 e6t 0

0 0 0 e8t







1 1 1 1

1 1 −1 −1
1 −1 −1 1

1 −1 1 −1




−1

.
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46. Consider the system of differential equations

d

dt
x =

(
α2 β2

−β2 α2

)
x,

where α and β are positive constants. Which of the following is the

general solution of the system of differential equations?

(A) x(t) = C1e
α2t

(
cos(β2t)

sin(β2t)

)
+ C2e

α2t

(
sin(β2t)

cos(β2t)

)
.

(B) x(t) = C1e
α2t

(
cos(β2t)

− sin(β2t)

)
+ C2e

α2t

(
sin(β2t)

cos(β2t)

)
.

(C) x(t) = C1e
α2t

(
cos(β2t)

sin(β2t)

)
+ C2e

α2t

(
− sin(β2t)

cos(β2t)

)
.

(D) x(t) = C1e
α2t

(
cos(β2t)

sin(β2t)

)
+ C2e

α2t

(
sin(β2t)

− cos(β2t)

)
.
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47. Consider the homogeneous system of differential equations

d

dt
x =




α2 −β2 −β2

−β2 α2 −β2

−β2 −β2 α2


x,

where α and β are positive constants. Which of the following is the

general solution of the system?

(A) x(t) = C1e
(α2+β2)t




1

−1
0


 + C2e

(α2+β2)t




0

−1
1


 + C3e

(α2−2β2)t




1

1

1




(B) x(t) = C1e
(α2+β2)t




1

−1
0


 + C2te

(α2+β2)t




0

−1
1


 + C3e

(α2−2β2)t




1

1

1

(C) x(t) = C1e
(α2+β2)t




1

−1
0


 + C2e

(α2−2β2)t




0

−1
1


 + C3e

(α2−2β2)t




1

1

1

(D) x(t) = C1e
(α2+β2)t




1

−1
0


 + C2te

(α2−2β2)t




0

−1
1


 + C3e

(α2−2β2)t




1

1

1
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48. Consider the nonhomogeneous linear system of differential

equations

d

dt
x =




1 −1 1

−1 1 1

1 1 1


x− α2




2

4

6


 .

Which of the following is a particular solution of the nonhomoge-

neous linear system of differential equations?

(A) xp(t) = α




1

2

3


 .

(B) xp(t) = α




2

4

6


 .

(C) xp(t) = α2




1

2

3


 .

(D) xp(t) = α2




2

4

6


 .
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49. Consider the nonhomogeneous linear system of differential

equations

d

dt
x =




α −α α

−α α α

α α α


x− α124




1

2

3


 eαt,

where α > 0 is a positive constant. Which of the following is a

particular solution of the system?

(A) xp(t) = α123eαt




1

2

3


 .

(B) xp(t) = α123eαt




2

4

6


 .

(C) xp(t) = eαt




1

2

3


 .

(D) xp(t) = eαt




2

4

6


 .
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50. Consider the nonhomogeneous linear system of differential

equations

d

dt
x =

(
α2 β2

−β2 α2

)
x

+ 8t7eα
2t

(
cos(β2t)

− sin(β2t)

)
+ 10t9eα

2t

(
sin(β2t)

cos(β2t)

)
,

where α and β are positive constants. Which of the following is the

general solution of the nonhomogeneous linear system of differential

equations?

(A) x(t) = C1e
α2t

(
cos(β2t)

− sin(β2t)

)
+ C2e

α2t

(
sin(β2t)

cos(β2t)

)

+ t8eα
2t

(
cos(β2t)

− sin(β2t)

)
+ t10eα

2t

(
sin(β2t)

cos(β2t)

)
.

(B) x(t) = C1e
α2t

(
cos(β2t)

− sin(β2t)

)
+ C2e

α2t

(
sin(β2t)

cos(β2t)

)

+ 8t7eα
2t

(
cos(β2t)

− sin(β2t)

)
+ 10t9eα

2t

(
sin(β2t)

cos(β2t)

)
.

(C) x(t) = C1e
α2t

(
cos(β2t)

− sin(β2t)

)
+ C2e

α2t

(
sin(β2t)

cos(β2t)

)

+ t10eα
2t

(
cos(β2t)

− sin(β2t)

)
+ t8eα

2t

(
sin(β2t)

cos(β2t)

)
.

(D) x(t) = C1e
α2t

(
cos(β2t)

− sin(β2t)

)
+ C2e

α2t

(
sin(β2t)

cos(β2t)

)

+ e8teα
2t

(
cos(β2t)

− sin(β2t)

)
+ e10teα

2t

(
sin(β2t)

cos(β2t)

)
.
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Homework Assignment 1Chapter 2 - Everyday Quizzes

1. Let

A =
1

2




1 1 1 1

1 1 −1 −1
1 −1 −1 1

1 −1 1 −1


 , B =

1

2




1 1 1 1

1 1 −1 −1
1 −1 1 −1
1 −1 −1 1


 .

Compute (1) A2. (2) B2. (3) AB. (4) BA.

2. Let α 6= 0 be a real nonzero constant. Define the matrices

A =




α α α α

α α −α −α
α −α −α α

α −α α −α


 ,

B =
1

4α2




α α α α

α α −α −α
α −α −α α

α −α α −α


 .

(1) ComputeA2. (2) ComputeB2. (3) ComputeAB. (4) Compute

BA.
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3. Let β 6= 0 be a real nonzero constant. Define the matrices

A =




β β β β

β −β β −β
β β −β −β
β −β −β β


 ,

B =
1

4β2




β β β β

β −β β −β
β β −β −β
β −β −β β


 .

Compute (1) A2. (2) B2. (3) AB. (4) BA.

4. Let

A =




1 1 −1 1

1 0 −3 4

3 2 −5 2


 , B =




1 −1 2 3

3 −1 4 2

7 −1 8 0


 .

Find the reduced row echelon form and the rank of each matrix.

5. Solve the following systems of equations

(1)




1 1 1

1 1 −2
1 −1 1





x

y

z


 =




3

0

1




(2)




1 1 1 1

1 1 −1 −1
1 −1 −1 1

1 −1 1 −1







x1
x2
x3
x4


 =




10

−4
0

−2


 .

6. Let

A =

(
2 3

1 2

)
, b =

(
5

3

)
.
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(1) Find the inverse matrix A−1.
(2) Solve the system of linear equations Ax = b.

7. Let

A =




1 −1 1

−1 1 1

1 1 1


 , b =




2

4

6


 .

(1) Find the inverse matrix A−1.
(2) Solve the system of linear equations Ax = b.

8. Let

A =
1

2




1 1 1 1

1 −1 −1 1

1 −1 1 −1
1 1 −1 −1


 , b =




5

0

−1
−2


 .

(1) Compute A2.

(2) Find the inverse matrix A−1.
(3) Solve the system of linear equations Ax = b.

9. Let λ1, λ2, λ3, λ4 and λ5 be real nonzero constants. Define

A =




λ1 0 0 0 0

0 λ2 0 0 0

0 0 λ3 0 0

0 0 0 λ4 0

0 0 0 0 λ5



, b =




λ1
λ2
λ3
λ4
λ5



.

(1) Find the inverse matrix A−1.
(2) Solve the system of linear equations Ax = b.

In the next two problems, let A be an n×n real constant matrix.

10. Which of the following statements is not equivalent to the

others?
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(A) The rank of the matrix A is equal to n.

(B) The inverse matrix A−1 exists.
(C) There exists a unique solution to the system of equations

Ax = b, for each fixed vector b ∈ R
n.

(D) There exist infinitely many solutions to the homogeneous sys-

tem of equations Ax = 0.

11. Which of the following statements is not equivalent to other

statements?

(A) The rank of the matrix A is less than n.

(B) The inverse matrix A−1 does not exist.
(C) There exist infinitely many solutions to the homogeneous sys-

tem of equations Ax = 0.

(D) There exists a unique solution to the system of linear equations

Ax = b, for each fixed b ∈ R
n.
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The Final Answers to Homework Problems

Chapter 1

1.

(1) A2 = I

(2) B2 = I

(3) AB =




1 0 0 0

0 1 0 0

0 0 0 1

0 0 1 0




(4) BA =




1 0 0 0

0 1 0 0

0 0 0 1

0 0 1 0




2.

(1) A2 = 4α2I = 4α2




1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 1




(2) B2 =
1

4α2
I =

1

4α2




1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 1



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(3) AB = I

(4) BA = I

3.

(1) A2 = 4β2I = 4β2




1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 1




(2) B2 =
1

4β2
I =

1

4β2




1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 1




(3) AB = I

(4) BA = I

4. The reduced echelon forms are, respectively

A→




1 0 −3 0

0 1 2 0

0 0 0 1




B →




1 0 1 −1/2
0 1 −1 −7/2
0 0 0 0




5. There exists a unique solution to (1):


x

y

z


 =




1

1

1



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There exists a unique solution to (2):



x1
x2
x3
x4


 =




1

2

3

4




6.

A−1 =

(
2 −3
−1 2

)
, x = A−1b =

(
1

1

)
.

7.

A−1 =
1

2




0 −1 1

−1 0 1

1 1 0


 ,

x = A−1b =




1

2

3


 .

8.

A2 = I, A−1 = A =
1

2




1 1 1 1

1 −1 −1 1

1 −1 1 −1
1 1 −1 −1


 ,

x = A−1b =




1

2

3

4



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9.

A−1 =




1
λ1

0 0 0 0

0 1
λ2

0 0 0

0 0 1
λ3

0 0

0 0 0 1
λ4

0

0 0 0 0 1
λ5



,x = A−1b =




1

1

1

1

1




10. (D)

11. (D)

λ {} {} {}

1

2




1 1 1 1

1 1 −1 −1
1 −1 −1 1

1 −1 1 −1




1

ccccccccc

0v =, , ., ,v =,v =, , ,v =,v =,v =,v =,





 ,










v =,v =,v =,v =, {}
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



 ,










v =,v =,v =,v =, {}ααααββββ





 ,










v =,v =,v =,v =, {}ααααββββ





 ,










v =,v =,v =,v =, {}ααααββββ





 ,










v =,v =,v =,v =, {}ααααββββ





 ,










v =,v =,v =,v =, {}ααααββββ





 ,










v =,v =,v =,v =, {}ααααββββ
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Chapter 2 - Determinants - Everyday Quizzes

Let α 6= 0, β 6= 0 and γ 6= 0 be real nonzero constants.

1. Let

A =




2 −2 2

−2 2 2

2 2 2


 .

Use properties to compute the determinant of A.

2. Let

A =




α −β −β
−β α −β
−β −β α


 .

Use properties to compute the determinant of A.

3. Let

A =




1 1 1 1

1 −1 −1 1

1 −1 1 −1
1 1 −1 −1


 .

Use properties to compute the determinant of A.

4. Let

A =




α −β −β −β
−β α −β −β
−β −β α −β
−β −β −β α


 .

Use properties to compute the determinant of A.
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5. Let

A =




2 −2 2

−2 2 2

2 2 2


 .

Use properties to compute the determinant of λI − A.
6. Let

A =




α −β −β
−β α −β
−β −β α


 .

Use properties to compute the determinant of λI − A.
7. Let

A =




α2 −β2 −β2

−β2 α2 −β2

−β2 −β2 α2


 .

Use properties to compute the determinant of λI − A.
8. Let

A =




α −β −β −β
−β α −β −β
−β −β α −β
−β −β −β α


 .

Use properties to compute the determinant of λI − A.
9. Let α+β 6= 0 and α−2β 6= 0. Use properties of determinant

and adjoint matrix to find the inverse matrix of λI − A, where

A =




α −β −β
−β α −β
−β −β α


 .
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10. Let α+β 6= 0 and α−3β 6= 0. Use properties of determinant

and adjoint matrix to find the inverse matrix of λI − A, where

A =




α −β −β −β
−β α −β −β
−β −β α −β
−β −β −β α


 .

11. Let α 6= 0 and β 6= 0 be real nonzero constants. Solve the

following equations for solutions (for λ).

(1) det



λ− 2 2 −2
2 λ− 2 −2
−2 −2 λ− 2


 = 0.

(2) det



λ− 10 5 5

5 λ− 10 5

5 5 λ− 10


 = 0.

(3) det



λ− α β β

β λ− α β

β β λ− α


 = 0.

(4) det



λ− α α −α
α λ− α −α
−α −α λ− α


 = 0.

(5) det




λ− α β β β

β λ− α β β

β β λ− α β

β β β λ− α


 = 0.
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(6) det




λ− α β −α β

β λ− α β −α
−α β λ− α β

β −α β λ− α


 = 0.
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Answers

(1) −32
(2) (α + β)2(α− 2β)

(3) 16

(4) (α + β)3(α− 3β)

(5) (λ− 4)2(λ + 2)

(6) (λ− α− β)2(λ− α + 2β)

(7) (λ− α2 − β2)(λ− α2 + 2β2)

(8) (λ− α− β)3(λ− α + 3β)

ααααααααααααβββ {} {} {} {}
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Go to the Homework of 2023 Math 434343023

390



Compute the determinants

(1) det




−1 −1 −1 −1
−1 −1 −1 −1
−1 −1 −1 −1
−1 −1 −1 −1




(2) det




1 1 1 1

1 1 −1 −1
1 −1 −1 1

1 −1 1 −1




(3) det




1 1 1 1

1 1 −1 −1
1 −1 1 −1
1 −1 −1 1




(4) det




1 1 1 1

1 −1 1 −1
1 1 −1 −1
1 −1 −1 1




Let α 6= 0, β 6= 0 and λ 6= 0 be real nonzero constants, such

that λ + α− β 6= 0 and λ + α + 3β 6= 0. Show that the set

S =








λ + α

β

β

β


 ,




β

λ + α

β

β


 ,




β

β

λ + α

β


 ,




β

β

β

λ + α








is a spanning set of the space R4.

Let α 6= 0, β 6= 0 and λ 6= 0 be real nonzero constants. Given
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that the set

S =








λ− α
β

β

β


 ,




β

λ− α
β

β


 ,




β

β

λ− α
β


 ,




β

β

β

λ− α








is linearly independent in R
4. Find the conditions satisfied by the

constants.

Let α, β and γ be sufficiently large positive integers, such that

α > β > γ ≫ 1. Show that the set

S = {xα, xβ, xγ}

is linearly independent.

Let α 6= 0, β 6= 0 and λ 6= 0 be real nonzero constants, such

that λ 6= α + β and λ 6= α− β.
Let α 6= 0, β 6= 0 and λ 6= 0 be real nonzero constants, such

that λ 6= α + β and λ 6= α− β.
Let α 6= 0, β 6= 0 and λ 6= 0 be real nonzero constants, such

that λ 6= α + β and λ 6= α− β.
real nonzero constants, such that λ 6= α + β and λ 6= α− β.
Solve the following second order linear differential equations

(1) y′′ + 9y′ + 20y = 0

(2) y′′ + 12y′ + 36y = 0

(3) y′′ + 48y′ + 625y = 0

(4) y′′ + 900y = 0
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1. Let α 6= 0 and β 6= 0 be real nonzero constants. Let

A =




α −β −β −β
−β α −β −β
−β −β α −β
−β −β −β α


 .

Find the eigenvalues, eigenvectors, eigenspaces of the matrix A.

Find a matrix T , such that T−1AT is a diagonal matrix.

Solution: Let us perform elementary row operations to the matrix

λI − A. We have

λI − A =




λ− α β β β

β λ− α β β

β β λ− α β

β β β λ− α




→




λ− α β β β

α + β − λ λ− α− β 0 0

0 α + β − λ λ− α− β 0

0 0 α + β − λ λ− α− β


 .

Now let us compute the determinant of the matrix λI − A. We

will use some properties of determinants and perform a few more
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elementary row operations. We have

det(λI − A)

= (λ− α− β)3 det




λ− α β β β

−1 1 0 0

0 −1 1 0

0 0 −1 1




= (λ− α− β)3 det




λ− α + 3β 0 0 0

−1 1 0 0

0 −1 1 0

0 0 −1 1




= (λ− α− β)3(λ− α + 3β).

Therefore, there are two eigenvalues to the matrix A: λ = α + β

and λ = α−3β. The eigenvectors corresponding to the eigenvalues
are given below




1

1

1

1


 , λ = α− 3β;




1

1

−1
−1


 ,




1

−1
−1
1


 ,




1

−1
1

−1


 , λ = α + β.
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The eigenspaces are

Eλ=α−3β = span








1

1

1

1







,

Eλ=α+β = span








1

1

−1
−1







1

−1
−1
1


 ,




1

−1
1

−1







.

Let

D =




α− 3β 0 0 0

0 α + β 0 0

0 0 α + β 0

0 0 0 α + β


 ,

T =
1

2




1 1 1 1

1 1 −1 −1
1 −1 −1 1

1 −1 1 −1


 .

Then

T−1AT = D.
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2. Let α 6= 0 and β 6= 0 be real nonzero constants. Let

A =




α −β α −β
−β α −β α

α −β α −β
−β α −β α


 .

Find the eigenvalues, eigenvectors and eigenspaces of the matrix A.

Find a matrix T , such that T−1AT is a diagonal matrix.

Solution: Let us perform elementary row operations to the matrix

λI − A. We have

λI − A =




λ− α β −α β

β λ− α β −α
−α β λ− α β

β −α β λ− α




→




λ− 2α + 2β λ− 2α + 2β λ− 2α + 2β λ− 2α + 2β

β λ− α β −α
−α β λ− α β

β −α β λ− α


 .

Now let us compute the determinant of the matrix λI−A. We will

use elementary properties of determinants and perform a few more
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elementary row operations. We have the following computations

det(λI − A)

= (λ− 2α + 2β) det




1 1 1 1

β λ− α β −α
−α β λ− α β

β −α β λ− α




= (λ− 2α + 2β) det




1 1 1 1

0 λ− α− β 0 −α− β
−α− β 0 λ− α− β 0

0 −α− β 0 λ− α− β




= (λ− 2α + 2β) det




1 1 1 1

0 λ− α− β 0 −α− β
−α− β 0 λ− α− β 0

0 λ− 2α− 2β 0 λ− 2α− 2β




= (λ− 2α− 2β)(λ− 2α + 2β) det




1 1 1

0 λ− α− β 0 −α
−α− β 0 λ− α− β

0 1 0
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= (λ− 2α− 2β)(λ− 2α + 2β) det




1 0 1 0

0 λ 0 0

−α− β 0 λ− α− β 0

0 1 0 1




= (λ− 2α− 2β)(λ− 2α + 2β) det




1 0 1 0

0 λ 0 0

0 0 λ 0

0 1 0 1




= λ2(λ− 2α− 2β)(λ− 2α + 2β) det




1 0 1 0

0 1 0 0

0 0 1 0

0 1 0 1




= λ2(λ− 2α− 2β)(λ− 2α + 2β) det




1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 1




= λ2(λ− 2α− 2β)(λ− 2α + 2β).

Therefore, there are three eigenvalues to the matrixA: λ = 2α+2β,

λ = 2α − 2β, λ = 0. The eigenvectors corresponding to the
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eigenvalues are given below:



1

1

1

1


 , λ = 2α− 2β,




1

1

−1
−1


 ,




1

−1
−1
1


 , λ = 0,




1

−1
1

−1


 , λ = 2α + 2β.

The eigenspaces are

Eλ=2α−2β = span








1

1

1

1







,

Eλ=0 =








1

1

−1
−1


 ,




1

−1
−1
1







,

Eλ=2α+2β = span








1

−1
1

−1







.
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Let

D =




2α− 2β 0 0 0

0 0 0 0

0 0 0 0

0 0 0 2α + 2β




T =
1

2




1 1 1 1

1 1 −1 −1
1 −1 −1 1

1 −1 1 −1


 .

Then

T−1AT = D.




α

α

α

α







α

α

α

α







α

α

α

α







α

α

α

α




αααα

Chapter 14.

Chapter 15.
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Chapter 16.2023

Chapter 3 - Vector Spaces - Everyday Quizzes

1. Let

W =








5x + 6y

7x + 8y

9x + 10y


 : x ∈ R, y ∈ R



 .

Show that W is a vector subspace of the vector space R3.

2. Let

W =








5x + 6y + 1

7x + 8y + 2

9x + 10y + 3


 : x ∈ R, y ∈ R



 .

Show that W is NOT a vector subspace of the vector space R3.
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3. Is the set of vectors







1

−1
1


 ,



−1
1

1


 ,




1

1

1







linearly independent? Justify your solution.
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4. Is the set of vectors







1

1

1

1


 ,




1

1

−1
−1


 ,




1

−1
−1
1


 ,




1

−1
1

−1








linearly independent? Justify your solution.

5. Let α and β be real constants, such that α + β 6= 0 and

α− 3β 6= 0. Is the set of vectors







α

−β
−β
−β


 ,




−β
α

−β
−β


 ,




−β
−β
α

−β


 ,




−β
−β
−β
α








linearly independent? Justify your solutions.

6. Let α and β be real constants. Is the set of vectors







α

−β
α

−β


 ,




−β
α

−β
α


 ,




α

−β
α

−β


 ,




−β
α

−β
α








a spanning set of R4? Justify your solutions.
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7. Let α 6= 0, β 6= 0 and λ 6= 0 be real nonzero constants, such

that λ 6= α + β and λ 6= α− 3β. Is the set of vectors







λ− α
β

β

β


 ,




β

λ− α
β

β


 ,




β

β

λ− α
β


 ,




β

β

β

λ− α








a spanning set of R4? Justify your solutions.

8. Find a basis and dimension of the vector space R3.

9. Find a basis and dimension of the vector space M2(R).

10. Find a basis and dimension of the vector space P5(R).

11. Let

A =




1 −2 3 −4
−2 4 −6 8

3 −6 9 −12
−4 8 −12 16


 .

(1) Find the nullspace NS(A), a basis and the dimension.

(2) Find the column space CS(A), a basis and the dimension.

(3) Find the row space RS(A), a basis and the dimension.
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12. Let

A =
1

2




1 1 1 1

1 1 −1 −1
1 −1 −1 1

1 −1 1 −1


 .

(1) Find the nullspace NS(A), a basis and the dimension.

(2) Find the column space CS(A), a basis and the dimension.

(3) Find the row space RS(A), a basis and the dimension.

13. Let α and β be real constants, such that α2 > β2. Let

A =




α −β α −β
−β α −β α

α −β α −β
−β α −β α


 .

Find the dimension of the nullspace NS(A), the dimension of the

column space CS(A) and the dimension of the row space RS(A).

14. Given a basis

B =








1

1

1

1


 ,




1

−1
−1
1


 .




1

−1
1

−1


 ,




1

1

−1
−1








and a vector v =




1

2

3

4


 in R

4. Find the component vector [v]B.
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15. Given a basis

B =








1

−1
1


 ,



−1
1

1


 .




1

1

1





 ,

and the vector v =




1

2

3


. Find the component vector [v]B.

16. Let

B =








1

1

1

1


 .




1

1

−1
−1


 ,




1

−1
−1
1


 ,




1

−1
1

−1








and

C =








1

1

1

1


 ,




1

1

−1
−1


 ,




1

−1
1

−1


 .




1

−1
−1
1








be two bases of R4. Find the change-of-basis-matrices

PC←B, PB←C.
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17. Let

B =








1

−1
1


 ,



−1
1

1


 ,




1

1

1







and

C =








1

0

0


 ,




0

1

0


 ,




0

0

1







be two bases of R3. Find the change-of-basis-matrices

PC←B, PB←C.

1. The addition is closed in W and the scalar multiplication is

closed in W. Therefore, W is a subspace of R3.

2. The addition is not closed W. The scalar multiplication is

not closed in W either. Therefore, W is not a subspace of R3.

3. The set of vectors is linearly independent, because the deter-

minant

det




1 −1 1

−1 1 1

1 1 1


 = −4 6= 0.

4. The determinant

det




1 1 1 1

1 1 −1 −1
1 −1 −1 1

1 −1 1 −1


 = 16 > 0.
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Therefore, the set of vectors is linearly independent in R
4.

5. The determinant

det




α −β −β −β
−β α −β −β
−β −β α −β
−β −β −β α


 = (α + β)3(α− 3β) 6= 0.

Therefore, the set of vectors is linearly independent.

6. The determinant

det




α −β α −β
−β α −β α

α −β α −β
−β α −β α


 = 0.

Therefore, the set of vectors is not a spanning set.

7. The determinant

det




λ− α β β β

β λ− α β β

β β λ− α β

β β β λ− α


 = (λ− α− β)3(λ− α + 3β) 6= 0.

Therefore, the set of vectors is a spanning set of R4.

8. Here is a basis for R3:

B =








1

0

0


 ,




0

1

0


 ,




0

0

1





 .

The dimension dim(R3) = 3.

9. Here is a basis for M2(R):

B =

{(
1 0

0 0

)
,

(
0 1

0 0

)
,

(
0 0

1 0

)
,

(
0 0

0 1

)}
.
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The dimension dim[M2(R)] = 4.

10. Here is a basis for P5(R):

B =
{
1, x, x2, x3, x4, x5

}
.

The dimension dim[P5(R)] = 6.

11. Let us perform elementary row operations to the matrix A.

We have


1 −2 3 −4
−2 4 −6 8

3 −6 9 −12
−4 8 −12 16


→




1 −2 3 −4
0 0 0 0

0 0 0 0

0 0 0 0




Here is a basis for the nullspace NS(A):







2

1

0

0


 ,




−3
0

1

0


 ,




4

0

0

1








The dimension dim[NS(A)] = 3.

Here is the information for the row space RS(A):

RS(A) = span
{(

1 −2 3 −4
)}
,

Here is a basis B =
{(

1 −2 3 −4
)}

dim[RS(A)] = 1

Now let us perform elementary column operations to the matrix A.

We have


1 −2 3 −4
−2 4 −6 8

3 −6 9 −12
−4 8 −12 16


→




1 0 0 0

−2 0 0 0

3 0 0 0

−4 0 0 0



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Here is the information for the column space CS(A):

CS(A) = span








1

−2
3

−4







,

A basis is B =








1

−2
3

−4








dim[CS(A)] = 1

12. Note that

A2 = I, A−1 = A.

For the nullspace NS(A):

NS(A) = {0},
dim[NS(A)] = 0.

For the column space CS(A):

CS(A) = R
4,

dim[CS(A)] = 4.

Here is a basis

B =








1

1

1

1


 ,




1

1

−1
−1


 ,




1

−1
−1
1


 ,




1

−1
1

−1







.

For the row space RS(A):

RS(A) = R
4

dim[RS(A)] = 4
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Here is a basis

B =
{(

1 1 1 1
)
,
(
1 1 −1 −1

)
,
(
1 −1 −1 1

)
,
(
1 −1 1 −1

)}

13. Note that A is a symmetric matrix. The first row is the same

as the third row, and the second row is the same as the fourth row.

Here is a basis for the nullspace NS(A):







1

1

−1
−1


 ,




1

−1
−1
1








Here is a basis for the column space CS(A):







α

−β
α

−β


 ,




−β
α

−β
α








Here is a basis for the row space RS(A):
{(

α −β α −β
)
,
(
−β α −β α

)}

Therefore, the dimension of the nullspace NS(A), the dimension

of the column space CS(A) and the dimension of the row space

RS(A) are all equal to 2.
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14. The component vector is

[v]B =




1 1 1 1

1 −1 −1 1

1 −1 1 −1
1 1 −1 −1




−1


1

2

3

4




=
1

4




1 1 1 1

1 −1 −1 1

1 −1 1 −1
1 1 −1 −1







1

2

3

4


 =

1

4




10

0

−2
−4


 .

15. The component vector is

[v]B =




1 −1 1

−1 1 1

1 1 1



−1


1

2

3




=
1

2




0 −1 1

−1 0 1

1 1 0






1

2

3


 =

1

2




1

2

3


 .
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16. The change-of-basis-matrices are

PC←B = C−1B =




1 1 1 1

1 1 −1 −1
1 −1 1 −1
1 −1 −1 1




−1


1 1 1 1

1 1 −1 −1
1 −1 −1 1

1 −1 1 −1




=
1

4




1 1 1 1

1 1 −1 −1
1 −1 1 −1
1 −1 −1 1







1 1 1 1

1 1 −1 −1
1 −1 −1 1

1 −1 1 −1




=
1

4




4 0 0 0

0 4 0 0

0 0 0 4

0 0 4 0


 =




1 0 0 0

0 1 0 0

0 0 0 1

0 0 1 0


 .

PB←C =




1 1 1 1

1 1 −1 −1
1 −1 −1 1

1 −1 1 −1







1 1 1 1

1 1 −1 −1
1 −1 1 −1
1 −1 −1 1




=
1

4




1 1 1 1

1 1 −1 −1
1 −1 −1 1

1 −1 1 −1







1 1 1 1

1 1 −1 −1
1 −1 1 −1
1 −1 −1 1




=
1

4




4 0 0 0

0 4 0 0

0 0 0 4

0 0 4 0


 =




1 0 0 0

0 1 0 0

0 0 0 1

0 0 1 0


 .
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17. The change-of-basis-matrices are

PC←B = C−1B =




1 −1 1

−1 1 1

1 1 1


 ,

PB←C = B−1C =
1

2




0 −1 1

−1 0 1

1 1 0


 .
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Chapter 4 - Linear Transformations - Everyday Quizzes

Let α 6= 0, β 6= 0 and λ 6= 0 be real nonzero constants, such

that α2 > β2.

For each of the following linear transformations:

(1) Find the kernel Ker(T ), a basis and the dimension of Ker(T ).

(2) Find the range Rng(T ), a basis and the dimension of Rng(T ).

1. T : R4 → R
4,

T (x) =




α −β α −β
−β α −β α

α −β α −β
−β α −β α


x.

2. T :M2(R)→M2(R),

T

(
a b

c d

)
=

(
d −b
−c a

)
.

3. T : P2(R)→ P2(R),

T (a + bx + cx2) = (a + b) + (b + c)x + (c + a)x2.

4. T : R4 →M2(R),

T




a

b

c

d


 =

(
a b

c d

)
.
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Show work to determine if each of the following linear transfor-

mations is one-to-one, onto, both or neither.

5. T : R4 → R
4,

T




a

b

c

d


 =




1 1 1 1

1 1 −1 −1
1 −1 −1 1

1 −1 1 −1







a

b

c

d


 .

6. T :M3(R)→M3(R),

T (A) = AT − A.

7. T : P3(R)→ P3(R),

T (a + bx + cx2 + dx3)

= a + (a + b)x + (a + b + c)x2 + (a + b + c + d)x3.

8. T :M2(R)→ R
4

T

(
a b

c d

)
=




a + b

b + c

c + d

d + a


 .

9. Under what conditions on the parameters α, β and λ, is the
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following linear transformation

T : R4 → R
4,

T




a

b

c

d


 =




λ− α β β β

β λ− α β β

β β λ− α β

β β β λ− α







a

b

c

d




an isomorphism? Justify your answer.
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11. Let T : Rn → R
n be a linear transformation, given by

T (x) = Ax, x ∈ R
n,

where A is an n × n real matrix and det(A) 6= 0. Which of the

following statements is wrong?

(A) The linear transformation is one-to-one.

(B) The linear transformation is onto.

(C) The inverse linear transformation T−1 exists and it is given

by

T−1(x) = A−1x, x ∈ R
n.

(D) None of the above.

12. Let T : Rn → R
n be a linear transformation, given by

T (x) = Ax, x ∈ R
n,

where A is an n × n real matrix and det(A) = 0. Which of the

following statements is true?

(A) The linear transformation is one-to-one.

(B) The linear transformation is onto.

(C) The inverse linear transformation T−1 exists.

(D) None of the above.

13. Let T : Rn → R
m be a linear transformation, given by

T (x) = Ax, x ∈ R
n,
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where A is an m × n real matrix, m > 2 and n > 2 are positive

integers. Let the rank of A be less than both m − 1 and n − 1.

Which of the following statements is true?

(A) The linear transformation is one-to-one.

(B) The linear transformation is onto.

(C) The inverse linear transformation T−1 exists.

(D) None of the above.

14. Let T : P3(R)→ P3(R) be a linear transformation, given by

T (a + bx + cx2 + dx3)

= 9[(4a− 2b) + (9c− 3d)] + 16[(4a− 2b)− (9c− 3d)]x

+ [(4a− 2b) + (9c− 3d)]x2 + [(4a− 2b)− (9c− 3d)]x3.

Which of the following sets of vectors represent the basis of the

kernel and the basis of the range of the linear transformation T ?

(A) {1 + 2x, x2 + x3}, {x2 + 3, 12x + x3}.

(B) {1 + 2x, x2 + 2x3}, {x2 + 6, 14x + x3}.

(C) {1 + 2x, x2 + 3x3}, {x2 + 9, 16x + x3}.

(D) {1 + 2x, x2 + 4x3}, {x2 + 12, 18x + x3}.

15. Which of the following linear transformations is NOT an
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isomorphism?

(A) T : R3 →M3(R)( Only Skew Symmetric Matrices ),

T



a

b

c


 =




0 −a c

a 0 −b
−c b 0


 .

(B) T : P5(R)→M3(R)( Only Symmetric Matrices ),

T (a + bx + cx2 + αx3 + βx4 + γx5) =



α a c

a β b

c b γ


 .

(C) T :M2(R)→ P3(R),

T

(
a b

c d

)
= a + bx + cx2 + dx3.

(D) T : R3 → R
3,

T



a

b

c


 =




0 −2 2

2 0 −2
−2 2 0





a

b

c


 .
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1. The kernel, a basis of the kernel and the dimension of the

kernel are given by

Ker (T ) = span








1

−1
−1
1


 ,




1

1

−1
−1







,

B =








1

−1
−1
1


 ,




1

1

−1
−1







,

dim[ Ker (T )] = 2.

The range, a basis of the range and the dimension of the range are

Rng (T ) = span








α

−β
α

−β


 ,




−β
α

−β
α







,

B =








α

−β
α

−β


 ,




−β
α

−β
α







,

dim[ Rng (T )] = 2.

2. The kernel is the trivial space

Ker (T ) =

{(
0 0

0 0

)}
.

The range, a basis of the range and the dimension of the range are
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given by

Rng (T ) = span

{(
1 0

0 0

)
,

(
0 1

0 0

)
,

(
0 0

1 0

)
,

(
0 0

0 1

)}

B =

{(
1 0

0 0

)
,

(
0 1

0 0

)
,

(
0 0

1 0

)
,

(
0 0

0 1

)}

dim[ Rng (T )] = 4

3. The kernel is the trivial space and it is given by

Ker (T ) = {0}

The range, a basis of the range and the dimension of the range are

given by

Rng (T ) = span {1, x, x2}
B = {1, x, x2}
dim[ Rng (T )] = 3

4. The kernel is the trivial space and it is given by

Ker (T ) =

{(
0 0

0 0

)}
.

The range, a basis of the range and the dimension of the range are

given by

Rng (T ) = span

{(
1 0

0 0

)
,

(
0 1

0 0

)
,

(
0 0

1 0

)
,

(
0 0

0 1

)}
,

B =

{(
1 0

0 0

)
,

(
0 1

0 0

)
,

(
0 0

1 0

)
,

(
0 0

0 1

)}
,

dim[ Rng (T )] = 4.

5. The linear transformation is one-to-one and onto.
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6. The linear transformation is neither one-to-one nor onto.

7. The linear transformation is one-to-one and onto.

8. The linear transformation is neither one-to-one nor onto.

9. The conditions are

λ 6= α + β, λ 6= α− 3β.

11 (D). 12 (D). 13 (D). 14 (C). 15 (D).
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Chapter 5 - Eigenvalues, Eigenvectors and Diagonalizations - Ev

Let α 6= 0, β 6= 0 and γ 6= 0 be real nonzero constants. Find the

eigenvalues and eigenvectors of the following matrices.

1. A =




3 −2 −2
−3 −2 −6
3 6 10


 .

2. A =




2 2 1

2 5 2

1 2 2




3. A =




5 2 2

−5 12 2

5 −2 8




4. A =




5 12 −6
−3 −10 6

−3 −12 8


 .

5. A =




1 1 −1
−1 3 −1
−1 1 1


 .

6. A =




9 6 −6
3 12 −6
−3 −6 12


 .
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7. A =




2 −2 2

−2 2 2

2 2 2


 .

8. A =




α −β −β
−β α −β
−β −β α


 .

9. A =




α −β −β −β
−β α −β −β
−β −β α −β
−β −β −β α


 .

10. A =




α −β α −β
−β α −β α

α −β α −β
−β α −β α


 .

11. For each of the following five matrices, find a diagonal matrix

D and a matrix T , such that

T−1AT = D.
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(1) A =




α −β −β
−β α −β
−β −β α




(2) A =




1 −1 1

−1 1 1

1 1 1




(3) A =



α α α

α α α

α α α




(4) A =




α −β −β −β
−β α −β −β
−β −β α −β
−β −β −β α




(5) A =




α −β α −β
−β α −β α

α −β α −β
−β α −β α




12. Let

A =




α −β α −β
−β α −β α

α −β α −β
−β α −β α


 .
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Define the following matrices

T1 =




1 1 1 1

1 1 −1 −1
1 −1 −1 1

1 −1 1 −1


 ,

T2 =




1 1 1 1

1 1 −1 −1
1 −1 1 −1
1 −1 −1 1


 ,

T3 =




1 1 1 1

1 −1 −1 1

1 −1 1 −1
1 1 −1 −1


 ,

T4 =




1 1 1 1

1 −1 1 −1
1 1 −1 −1
1 −1 −1 1


 .

Compute the following matrices

(1) T 2
1

(2) T 2
2

(3) T 2
3

(4) T 2
4
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and

(5) T−11 AT1

(6) T−12 AT2

(7) T−13 AT3

(8) T−14 AT4
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13. Let

A =




α −β −β
−β α −β
−β −β α


 .

Which of the following statements about the algebraic multiplicty

and the geometric multiplicity of the eigenvalues is true?

(A) Both the algebraic multiplicity and the geometric multiplicity

of the eigenvalue λ1 = α− 2β are 1. Both the algebraic multiplic-

ity and the geometric multiplicity of the eigenvalue λ2 = α+β are 1.

(B) Both the algebraic multiplicity and the geometric multiplicity

of the eigenvalue λ1 = α− 2β are 2. Both the algebraic multiplic-

ity and the geometric multiplicty of the eigenvalue λ2 = α+β are 2.

(C) Both the algebraic multiplicity and the geometric multiplicty

of the eigenvalue λ1 = α− 2β are 1. Both the algebraic multiplic-

ity and the geometric multiplicity of the eigenvalue λ2 = α+β are 2.

(D) Both the algebraic multiplicity and the geometric multiplicity

of the eigenvalue λ1 = α−2β are 2. Both the algebraic multiplicity

and the geometric multiplicity of the eigenvalue λ2 = α + β are 1.
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14. Let

A =




α −β −β −β
−β α −β −β
−β −β α −β
−β −β −β α


 ,

where α and β are real nonzero constants. Which of the following

statements about the eigenvalues and their algebraic multiplicities

is true?

(A) The first eigenvalue is λ1 = α − 3β and the algebraic multi-

plicity is 1. The second eigenvalue is λ2 = α+ β and the algebraic

multiplicity is 1.

(B) The first eigenvalue is λ1 = α − 3β and the algebraic multi-

plicity is 3. The second eigenvalue is λ2 = α+ β and the algebraic

multiplicity is 3.

(C) The first eigenvalue is λ1 = α − 3β and the algebraic multi-

plicity is 1. The second eigenvalue is λ2 = α+ β and the algebraic

multiplicity is 3.

(D) The first eigenvalue is λ = α − 3β and the algebraic multi-

plicity is 3. The second eigenvalue is λ = α + β and the algebraic

multiplicity is 1.
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15. Let A be a 3 × 3 matrix. Let λi and ξi be the eigenvalue

and eigenvector, respectively, that is,

Aξ1 = λ1ξ1,

Aξ2 = λ2ξ2,

Aξ3 = λ3ξ3.

Define T =
(
ξ1 ξ2 ξ3

)
. Which of the following is T−1AT equal

to?

(A)



λ1 0 0

0 λ2 0

0 0 λ3


 .

(B)



λ2 0 0

0 λ3 0

0 0 λ1


 .

(C)



λ3 0 0

0 λ1 0

0 0 λ2


 .

(D)



λ3 0 0

0 λ2 0

0 0 λ1


 .
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16. Let A be an n × n matrix. Let Aξ = λξ. Which of the

following is NOT true?

(A) A2ξ = λ2ξ.

(B) A3ξ = λ3ξ.

(C) A4ξ = λ4ξ.

(D) Amξ = λmξm.

17. Let B = T−1AT , where A, B and T are real n × n matri-

ces. Which of the following statements about the eigenvalues and

eigenvectors of A and B is true?

(A) Both the eigenvalues and eigenvectors of A and B are the same.

(B) Both the eigenvalues and the eigenvectors of A and B are

different.

(C) The eigenvalues of A and B are the same. The eigenvectors

may be different.

(D) The eigenvectors of A and B are the same. The eigenvalues

may be different.
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18. Let A be a 4 × 4 real matrix. Two complex eigenvalues of

A are given: λ1 = 10 − 5i and λ2 = −9i. What are the other

complex eigenvalues?

(A) λ3 = 10 + 5i, λ4 = 9i.

(B) λ3 = 10 + 5i, λ4 = −9i.
(C) λ3 = 10− 5i, λ4 = 9i.

(D) λ3 = 10− 5i, λ4 = −9i.
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1. First of all, let us perform elementary row operations to the

matrix λI − A. We have

λI − A =



λ− 3 2 2

3 λ + 2 6

−3 −6 λ− 10




→




λ− 3 2 2

12− 3λ λ− 4 0

3λ− 12 0 λ− 4


 .

Secondly, the characteristic polynomial of A is

det(λI − A) = (λ− 4)2(λ− 3).

There are two eigenvalues λ1 = 4 and λ2 = 3. The linearly in-

dependent eigenvectors corresponding to the two eigenvalues are

given by

λ1 = 4,




2

−1
0


 ,




2

0

−1


 ,

λ2 = 3,




1

3

−3


 .
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2. First of all, let us perform elementary row operations to the

matrix λI − A. We have

λI − A =



λ− 2 −2 −1
−2 λ− 5 −2
−1 −2 λ− 2




→




λ− 2 −2 −1
2− 2λ λ− 1 0

1− λ 0 λ− 1


 .

Secondly, the characteristic polynomial of A is

det(λI − A) = (λ− 1)2(λ− 7).

There are two eigenvalues λ1 = 1 and λ2 = 7. The linearly in-

dependent eigenvectors corresponding to the two eigenvalues are

given by

λ1 = 1,




2

−1
0


 ,




0

−1
2


 ,

λ2 = 7,




1

2

1


 .
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3. First of all, let us perform elementary row operations to the

matrix λI − A. We have

λI − A =



λ− 5 −2 −2
5 λ− 12 −2
−5 2 λ− 8




→




λ− 5 −2 −2
10− λ λ− 10 0

λ− 10 0 λ− 10


 .

Secondly, the characteristic polynomial of A is

det(λI − A) = (λ− 10)2(λ− 5).

There are two eigenvalues λ1 = 10 and λ2 = 5. The linearly

independent eigenvectors corresponding to the two eigenvalues are

given by

λ1 = 10,




2

5

0


 ,




2

0

5


 ,

λ2 = 5,




1

1

−1


 .
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4. First of all, let us perform elementary row operations to the

matrix λI − A. We have

λI − A =



λ− 5 −12 6

3 λ + 10 −6
3 12 λ− 8




→



λ− 5 −12 6

λ− 2 λ− 2 0

λ− 2 0 λ− 2


 .

Secondly, the characteristic polynomial of A is

det(λI − A) = (λ− 2)2(λ + 1).

There are two eigenvalues λ1 = 2 and λ2 = −1. The linearly

independent eigenvectors corresponding to the two eigenvalues are

given by

λ1 = 2,




2

0

1


 ,




0

1

2


 ,

λ2 = −1,



−1
1

1


 .
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5. First of all, let us perform elementary row operations to the

matrix λI − A. We have

λI − A =



λ− 1 −1 1

1 λ− 3 1

1 −1 λ− 1




→



λ− 1 −1 1

2− λ λ− 2 0

2− λ 0 λ− 2


 .

Secondly, the characteristic polynomial of A is

det(λI − A) = (λ− 2)2(λ− 1).

There are two eigenvalues λ1 = 2 and λ2 = 1. The linearly in-

dependent eigenvectors corresponding to the two eigenvalues are

given by

λ1 = 2,




1

1

0


 ,




0

1

1


 ,

λ2 = 1,




1

1

1


 .
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6. First of all, let us perform elementary row operations to the

matrix λI − A. We have

λI − A =



λ− 9 −6 6

−3 λ− 12 6

3 6 λ− 12




→



λ− 9 −6 6

6− λ λ− 6 0

λ− 6 0 λ− 6


 .

Secondly, the characteristic polynomial of A is

det(λI − A) = (λ− 6)2(λ− 21).

There are two eigenvalues λ1 = 6 and λ2 = 21. The linearly

independent eigenvectors corresponding to the two eigenvalues are

given by

λ1 = 6,




2

0

1


 ,




0

1

1


 ,

λ2 = 21,




1

1

−1


 .
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7. First of all, let us perform elementary row operations to the

matrix λI − A. We have

λI − A =



λ− 2 2 −2
2 λ− 2 −2
−2 −2 λ− 2




→



λ− 2 2 −2
4− λ λ− 4 0

λ− 4 0 λ− 4


 .

Secondly, the characteristic polynomial of A is

det(λI − A) = (λ− 4)2(λ + 2).

There are two eigenvalues λ1 = 4 and λ2 = −2. The linearly

independent eigenvectors corresponding to the two eigenvalues are

given by

λ1 = 4,




1

0

1


 ,




0

1

1


 ,

λ2 = −2,




1

1

−1


 .
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8. First of all, let us perform elementary row operations to the

matrix λI − A. We have

λI − A =



λ− α β β

β λ− α β

β β λ− α




→




λ− α β β

α + β − λ λ− α− β 0

0 α + β − λ λ− α− β


 .

Secondly, the characteristic polynomial of A is

det(λI − A) = (λ− α− β)2(λ− α + 2β).

There are two eigenvalues λ1 = α+β and λ2 = α−2β. The linearly
independent eigenvectors corresponding to the two eigenvalues are

given by

λ1 = α + β,




1

−1
0


 ,




0

−1
1


 ,

λ2 = α− 2β,




1

1

1


 .
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9. First of all, let us perform elementary row operations to the

matrix λI − A. We have

λI − A =




λ− α β β β

β λ− α β β

β β λ− α β

β β β λ− α




→




λ− α β β β

α + β − λ λ− α− β 0 0

0 α + β − λ λ− α− β 0

0 0 α + β − λ λ− α− β


 .

Secondly, the characteristic polynomial of A is

det(λI − A) = (λ− α− β)3(λ− α + 3β).

There are two eigenvalues λ1 = α+β and λ2 = α−3β. The linearly
independent eigenvectors corresponding to the two eigenvalues are

given by

λ1 = α + β,




1

1

−1
−1


 ,




1

−1
−1
1


 ,




1

−1
1

−1


 ,

λ2 = α− 3β,




1

1

1

1


 .
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10. First of all, let us perform elementary row operations to the

matrix λI − A. We have

λI − A =




λ− α β −α β

β λ− α β −α
−α β λ− α β

β −α β λ− α




→




λ− 2α + 2β λ− 2α + 2β λ− 2α + 2β λ− 2α + 2β

β λ− α β −α
−α β λ− α β

β −α β λ− α


 .

Secondly, the characteristic polynomial of A is

det(λI − A) = (λ− 2α− 2β)λ2(λ− 2α + 2β).

There are three eigenvalues λ1 = 2α − 2β, λ2 = 0 and λ3 =

2α + 2β. The linearly independent eigenvectors corresponding to

the two eigenvalues are given by

λ1 = 2α− 2β,




1

1

1

1


 ,

λ2 = 0,




1

1

−1
−1


 ,




1

−1
−1
1


 ,

λ3 = 2α + 2β,




1

−1
1

−1


 .
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11 (1). First of all, let us define the matrices D and T . Define

D =



α− 2β 0 0

0 α + β 0

0 0 α + β


 , T =




1 1 1

1 −1 0

1 0 −1


 .

Then

T−1AT = D.
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11 (2). First of all, let us define the matrices D and T . Define

D =




2 0 0

0 2 0

0 0 −1


 , T =




1 0 1

0 1 1

1 1 −1


 .

Then

T−1AT = D.
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11 (3). First of all, let us perform elementary row operations to

the matrix λI − A. We have

λI − A =



λ− α −α −α
−α λ− α −α
−α −α λ− α




→



λ− α −α −α
−λ λ 0

0 −λ λ


 .

Secondly, the characteristic polynomial of A is

det(λI − A) = λ2(λ− 3α).

There are two eigenvalues λ1 = 0 and λ2 = 3α. The linearly

independent eigenvectors corresponding to the two eigenvalues are

given by

λ1 = 0,




1

−1
0


 ,




1

0

−1


 ,

λ2 = 3α,




1

1

1


 .

Define

D =




3α 0 0

0 0

0 0 0


 , T =




1 1 1

1 −1 0

1 0 −1


 .

Then

T−1AT = D.
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11 (4). First of all, let us define the matrices D and T . Define

D =




α− 3β 0 0 0

0 α + β 0 0

0 0 α + β 0

0 0 0 α + β


 , T =




1 1 1 1

1 1 −1 −1
1 −1 −1 1

1 −1 1 −1


 .

Then

T−1AT = D.
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11 (5). First of all, let us define the matrices D and T . Define

D =




2α− 2β 0 0 0

0 0 0 0

0 0 0 0

0 0 0 2α + 2β


 , T =




1 1 1 1

1 1 −1 −1
1 −1 −1 1

1 −1 1 −1


 .

Then

T−1AT = D.
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Let

A =




α −β α −β
−β α −β α

α −β α −β
−β α −β α


 ,

where α 6= 0 and β 6= 0 are real nonzero constants, such that

α2 > β2.

Let us perform some very simple elementary row operations to

the matrix λI − A and then compute the determinant. We have

λI − A =




λ− α β −α β

β λ− α β −α
−α β λ− α β

β −α β λ− α




→




λ− α β −α β

β λ− α β −α
−λ 0 λ 0

0 −λ 0 λ


 .

Now let us use some simple properties of determinants to compute

449



det(λI − A). We have

det(λI − A)

= det




λ− α β −α β

β λ− α β −α
−λ 0 λ 0

0 −λ 0 λ




= λ2 det




λ− α β −α β

β λ− α β −α
−1 0 1 0

0 −1 0 1




= λ2 det




λ− 2α 2β 0 0

2β λ− 2α 0 0

−1 0 1 0

0 −1 0 1




= λ2 det

(
λ− 2α 2β

2β λ− 2α

)

= λ2(λ− 2α + 2β)(λ− 2α− 2β).

Therefore, there are four eigenvalues to the matrix A:

λ1 = λ2 = 0, λ3 = 2α + 2β, λ4 = 2α− 2β.
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The eigenvectors corresponding to these eigenvalues are



1

0

−1
0


 ,




0

−1
0

1


 , for the eigenvalue λ = 0,




1

−1
1

−1


 , for the eigenvalue λ = 2α + 2β,




1

1

1

1


 , for the eigenvalue λ = 2α− 2β.

Define the following matrices

T =




1 0 1 1

0 −1 −1 1

−1 0 1 1

0 1 −1 1


 , D =




0 0 0 0

0 0 0 0

0 0 2α + 2β 0

0 0 0 2α− 2β


 .

Then we have

T−1AT = D.
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Chapter 8 - Everyday Quizzes

1. The auxiliary equation of the differential equation

y′′′′ − 20y′′′ + 150y′′ − 500y′ + 625y = 0

is (λ− 5)4 = 0. What is the solution of the differential equation?

(A) y(x) = C1e
3x + C2e

4x + C3e
5x + C4e

6x.

(B) y(x) = C1e
7x + C2e

8x + C3e
9x + C4e

10x.

(C) y(x) = C1e
5x + C2xe

5x + C3x
2e5x + C4x

3e5x.

(D) y(x) = C1e
4x + C2xe

4x + C3x
2e4x + C4x

3e4x.

2. Consider the differential equation

y′′ + 4y = 16x + 16.

Which of the following is the general solution of the differential

equation?

(A) y(x) = C1 cos(2x) + C2 sin(2x) + 2x + 2.

(B) y(x) = C1 cos(2x) + C2 sin(2x) + 4x + 4.

(C) y(x) = C1e
2x + C2e

−2x + 4x + 4.

(D) y(x) = C1e
2x + C2e

−2x + 2x + 2.
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3. Consider the differential equation

y′′ − 11y′ + 30y = 14e7x.

Which of the following is the general solution of the differential

equation?

(A) y(x) = C1e
5x + C2e

6x + 7e7x.

(B) y(x) = C1e
5x + C2e

6x + 7xe7x.

(C) y(x) = C1e
5x + C2e

6x + 7x2e7x.

(D) y(x) = C1e
5x + C2e

6x + 7x3e7x.

4. Consider the differential equation

y′′ + α2y = (α2 − β2) cos(βx) + (α2 − β2) sin(βx),

where α > 0 and β > 0 are positive constants, and α > β. Which

of the following is the general solution of the differential equation?

(A) y(x) = C1 cos(αx) + C2 sin(αx) + α cos(βx) + α sin(βx).

(B) y(x) = C1 cos(αx) + C2 sin(αx) + β cos(βx) + β sin(βx).

(C) y(x) = C1 cos(αx) + C2 sin(αx) + x cos(βx) + x sin(βx).

(D) y(x) = C1 cos(αx) + C2 sin(αx) + cos(βx) + sin(βx).
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5. Consider the differential equation

y′′ + 100y = 20 cos(10x)− 20 sin(10x).

Which of the following is the general solution of the differential

equation?

(A) y(x) = C1e
2x + C2e

−2x + cos(10x) + sin(10x).

(B) y(x) = C1e
2x + C2e

−2x + x cos(10x) + x sin(10x).

(C) y(x) = C1 cos(10x) + C2 sin(10x) + cos(10x) + sin(10x).

(D) y(x) = C1 cos(10x) + C2 sin(10x) + x cos(10x) + x sin(10x).

6. Consider the differential equation

y′′ − 7y′ + 12y = 8(1 + x)e4x.

Which of the following is the general solution of the differential

equation?

(A) y(x) = C1e
3x + C2e

4x + 4e4x.

(B) y(x) = C1e
3x + C2e

4x + 4xe4x.

(C) y(x) = C1e
3x + C2e

4x + 4x2e4x.

(D) y(x) = C1e
3x + C2e

4x + 4x3e4x.
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7. Consider the differential equation

y′′ − 2αy′ + α2y = β(m + 2)(m + 1)xmeαx,

where α > 0, β > 0 and m > 0 are positive constants. Which of

the following is the general solution of the differential equation?

(A) y(x) = C1e
αx + C2xe

αx + βxmeαx.

(B) y(x) = C1e
αx + C2xe

αx + βxm+1eαx.

(C) y(x) = C1e
αx + C2xe

αx + βxm+2eαx.

(D) y(x) = C1e
αx + C2xe

αx + βxm+3eαx.

8. Consider the differential equation

y′′ − 2αy′ + α2y = β(m + 2)(m + 1)xmeαx + γ(n + 4)(n + 3)xn+2eαx,

where α > 0, β > 0, γ > 0, m > 0 and n > 0 are positive

constants. Which of the following is the general solution of the

differential equation?

(A) y(x) = C1e
αx + C2xe

αx + βxm−1eαx + γxn+1eαx.

(B) y(x) = C1e
αx + C2xe

αx + βemeαx + γxn+2eαx.

(C) y(x) = C1e
αx + C2xe

αx + βxm+1eαx + γxn+3eαx.

(D) y(x) = C1e
αx + C2xe

αx + βxm+2eαx + γxn+4eαx.
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9.

10.
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11. Consider the differential equation

y′′ − 2y′ + y = 2ex.

Which of the following is the general solution?

(A) y(x) = C1e
x + C2xe

x + xex.

(B) y(x) = C1e
x + C2xe

x + x2ex.

(C) y(x) = C1e
x + C2xe

x + x3ex.

(D) y(x) = C1e
x + C2xe

x + x4ex.

12. Consider the differential equation

y′′ − 10y′ + 25y = 12xe5x.

Which of the following is the general solution of the differential

equation?

(A) y(x) = C1e
5x + C2xe

5x + x2e5x.

(B) y(x) = C1e
5x + C2xe

5x + x3e5x.

(C) y(x) = C1e
5x + C2xe

5x + 2x2e5x.

(D) y(x) = C1e
5x + C2xe

5x + 2x3e5x.
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13. Consider the differential equation

y′′ + 2y′ + y = 2e−x.

Which of the following is the general solution of the differential

equation?

(A) y(x) = C1e
−x + C2xe

−x + e−x.

(B) y(x) = C1e
−x + C2xe

−x + xe−x.

(C) y(x) = C1e
−x + C2xe

−x + x2e−x.

(D) y(x) = C1e
−x + C2xe

−x + x3e−x.

14. Consider the differential equation

y′′ + 4y′ + 4y = 14 cos x− 2 sin x.

Which of the following is the general solution of the differential

equation?

(A) y(x) = C1e
−2x + C2xe

−2x + x cos x + x sin x.

(B) y(x) = C1e
−2x + C2xe

−2x + 2 cos x + 2 sin x.

(C) y(x) = C1e
−2x + C2xe

−2x + 3 cos x + 3 sin x.

(D) y(x) = C1e
−2x + C2xe

−2x + 4 cos x + 4 sin x.

459



15. Consider the differential equation

y′′ + 4y = 8 cos(2x)− 8 sin(2x).

Which of the following is the general solution of the differential

equation?

(A) y(x) = C1 cos(2x) + C2 sin(2x) + 2x cos(2x) + 2x sin(2x).

(B) y(x) = C1 cos(2x) + C2 sin(2x)− 2x cos(2x)− 2x sin(2x).

(C) y(x) = C1 cos(2x) + C2 sin(2x) + x2 cos(2x) + x2 sin(2x).

(D) y(x) = C1 cos(2x) + C2 sin(2x)− x2 cos(2x)− x2 sin(2x).
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Chapter 9 - Everyday Quizzes

Let α 6= 0, β 6= 0 and γ 6= 0 be real nonzero constants, such

that α2 > β2.

1. Solve the system of differential equations

d

dt
u =




α −β −β
−β α −β
−β −β α


u.

2. Solve the system of differential equations

d

dt
u =




α −β −β −β
−β α −β −β
−β −β α −β
−β −β −β α


u.

3. Solve the system of differential equations

d

dt
u =




α −β α −β
−β α −β α

α −β α −β
−β α −β α


u

4. Let α and β be real nonzero constants, such that α2 > β2.

Solve the system of differential equations

d

dt
u =




α −β α −β
−β α −β α

α −β α −β
−β α −β α


u.
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5. Consider the homogeneous linear system of differential equa-

tions

d

dt
u =




α2 −β2 −β2

−β2 α2 −β2

−β2 −β2 α2


u,

where α and β are real nonzero constant. Which of the following

is the solution of the system of equations?

(A) u(t) = C1e
(α2+β2)t




1

−1
0


 + C2e

(α2+β2)t




0

−1
1


 + C3e

(α2−2β2)t




1

1

1




(B) u(t) = C1e
(α2+β2)t




1

−1
0


 + C2te

(α2+β2)t




0

−1
1


 + C3e

(α2−2β2)t




1

1

1

(C) u(t) = C1e
(α2+β2)t




1

−1
0


 + C2e

(α2−2β2)t




0

−1
1


 + C3e

(α2−2β2)t




1

1

1

(D) u(t) = C1e
(α2+β2)t




1

−1
0


 + C2te

(α2−2β2)t




0

−1
1


 + C3e

(α2−2β2)t




1

1

1
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6. Consider the system of differential equations

d

dt
u =

(
α2 β2

−β2 α2

)
u,

where α and β are real nonzero constants. Which of the following

is the solution of the differential equation?

(A) u(t) = C1e
α2t

(
cos(β2t)

sin(β2t)

)
+ C2e

α2t

(
sin(β2t)

cos(β2t)

)
.

(B) u(t) = C1e
α2t

(
cos(β2t)

− sin(β2t)

)
+ C2e

α2t

(
sin(β2t)

cos(β2t)

)
.

(C) u(t) = C1e
α2t

(
cos(β2t)

sin(β2t)

)
+ C2e

α2t

(
− sin(β2t)

cos(β2t)

)
.

(D) u(t) = C1e
α2t

(
cos(β2t)

sin(β2t)

)
+ C2e

α2t

(
sin(β2t)

− cos(β2t)

)
.
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7. Consider the nonhomogeneous system of differential equations

d

dt
u =




2 −2 2

−2 2 2

2 2 2


u−




4

8

12


 .

Which of the following is the general solution of the system of

differential equations?

(A) u(t) = C1e
4t




1

0

1


 + C2e

4t




0

1

1


 + C3e

−2t




1

1

−1


 +




1

2

3


 .

(B) u(t) = C1e
4t




1

0

1


 + C2e

4t




0

1

1


 + C3e

−2t




1

1

−1


 +




2

4

6


 .

(C) u(t) = C1e
4t




1

0

1


 + C2e

4t




0

1

1


 + C3e

−2t




1

1

−1


−




1

2

3


 .

(D) u(t) = C1e
4t




1

0

1


 + C2e

4t




0

1

1


 + C3e

−2t




1

1

−1


−




2

4

6


 .
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8. Consider the system of differential equations

d

dt
u =

(
α β

−β α

)
u

+ β cos(βt)eαt
(

cos(βt)

− sin(βt)

)
− β sin(βt)eβt

(
sin(βt)

cos(βt)

)
,

where α and β are real nonzero constants. Which of the following

is the general solution of the system of differential equations?

(A) u(t) = C1e
αt

(
cos(βt)

− sin(βt)

)
+ C2e

αt

(
sin(βt)

cos(βt)

)

+ sin(βt)eαt
(

cos(βt)

− sin(βt)

)
+ β cos(βt)eαt

(
sin(βt)

cos(βt)

)
.

(B) u(t) = C1e
αt

(
cos(βt)

− sin(βt)

)
+ C2e

αt

(
sin(βt)

cos(βt)

)

+ β sin(βt)eαt
(

cos(βt)

− sin(βt)

)
+ cos(βt)eαt

(
sin(βt)

cos(βt)

)
.

(C) u(t) = C1e
αt

(
cos(βt)

− sin(βt)

)
+ C2e

αt

(
sin(βt)

cos(βt)

)

+ β sin(βt)eαt
(

cos(βt)

− sin(βt)

)
+ β cos(βt)eαt

(
sin(βt)

cos(βt)

)
.

(D) u(t) = C1e
αt

(
cos(βt)

− sin(βt)

)
+ C2e

αt

(
sin(βt)

cos(βt)

)

+ sin(βt)eαt
(

cos(βt)

− sin(βt)

)
+ cos(βt)eαt

(
sin(βt)

cos(βt)

)
.
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9. Consider the system of differential equations

d

dt
u =




β −β β

−β β β

β β β


u

− β




2

4

6


− βeβt




1

2

3


 ,

where β is a real nonzero constant. Which of the following is the
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general solution of the system of equations?

(A) u(t) = C1e
2βt




1

0

1


 + C2e

2βt




0

1

1


 + C3e

−βt




1

1

−1




+ β




1

2

3


 + eβt




1

2

3


 .

(B) u(t) = C1e
2βt




1

0

1


 + C2e

2βt




0

1

1


 + C3e

−βt




1

1

−1




+




1

2

3


 + βeβt




1

2

3


 .

(C) u(t) = C1e
2βt




1

0

1


 + C2e

2βt




0

1

1


 + C3e

−βt




1

1

−1




+ β




1

2

3


 + βeβt




1

2

3


 .

(D) u(t) = C1e
2βt




1

0

1


 + C2e

2βt




0

1

1


 + C3e

−βt




1

1

−1




+




1

2

3


 + eβt




1

2

3


 .
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Chapter 10 - Everyday Quizzes

1. Let

f (t) = eαt cos(βt).

Which of the following is the Laplace transform of f?

(A)
α

(λ− α)2 + β2
.

(B)
β

(λ− α)2 + β2
.

(C)
λ− α

(λ− α)2 + β2
.

(D)
λ− β

(λ− α)2 + β2
.

2. Let

f (t) = eαt sin(βt).

Which of the following is the Laplace transform of f?

(A)
α

(λ− α)2 + β2
.

(B)
β

(λ− α)2 + β2
.

(C)
λ− α

(λ− α)2 + β2
.

(D)
λ− β

(λ− α)2 + β2
.
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3. Let

f (t) = tmeαt.

Which of the following is the Laplace transform of f?

(A)
m!

(λ− α)m .

(B)
m!

(λ− α)m+1
.

(C)
(m + 1)!

(λ− α)m .

(B)
(m + 1)!

(λ− α)m+1
.

4. Let

f (t) =
1

t1/2
.

Which of the following is the Lapalce transform of f?

(A)
(π
λ

)1/2
.

(B)
(π
λ

)1/4
.

(C)
(π
λ

)2
.

(D)
(π
λ

)3
.
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Chapter 6 - Everyday Quizzes

1. Let a ∈ R
n and b ∈ R

n be vectors. Show that

‖a + b‖2 = ‖a‖2 + ‖b‖2,
if and only if a · b = 0.

2. Let a ∈ R
n and b ∈ R

n be any real vectors. Show that

‖a + b‖2 + ‖a− b‖2 = 2‖a‖2 + 2‖b‖2.
3. Let v1 ∈ R

n and v2 ∈ R
n be linearly independent vectors.

Define

a1 = v1,

a2 = v2 −
a1 · v2

a1 · a1
a1.

Show that

{a1, a2}
is an orthogonal set in R

n.

4. Let

a =




25

24

−7


 , b =




25

−24
7


 .

Show that a ⊥ b.

5. Let

a =




13

12

−5


 , b =




13

−12
5


 .
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What is the angle θ between a and b?

6. Let

S = {a1, a2, a3, a4},

where

a1 =
1

2




1

1

1

1


 , a2 =

1

2




1

1

−1
−1


 , a3 =

1

2




1

−1
−1
1


 , a4 =

1

2




1

−
1

−

Show that S is an orthonormal set inR4. Is S linearly independent?

7. Let

a1 =




1

1

1

1

0



, a2 =




1

1

−1
−1
0



, a3 =




1

−1
−1
1

0



, a4 =




1

−1
1

−1
0



.

Let

v =




1

2

3

4

5



.

Find the projection of the vector v onto the subspace

span {a1, a2, a3, a4}.

8. Let v ∈ R
n be a real nonzero column vector. Let vT be

the row vector by taking the transpose of the vector v. Define the
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matrix

P =
vvT

v · v .

Prove that P is a projection matrix. Namely, prove that P 2 = P .

9. Let

P =
1

2




1 0 0 1

0 1 1 0

0 1 1 0

1 0 0 1


 .

Prove that P is a projection matrix.

10. Let

v1 =




1

1

1

1


 , v2 =




1

1

−1
−1


 , v3 =




1

−1
1

1


 , v4 =




1

1

1

−1


 .

Use the set of vectors

{v1,v2,v3,v4}
and the Gram-Schmidt process to find an orthogonal set

{a1, a2, a3, a4}.
11. Let α 6= 0 and β 6= 0 be real nonzero constants. Solve the

system of equations for a least square solution



α α −β
−β −β α

α α −β
−β −β α






x

y

z


 =




β

α

β

α


 .
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Chapter 7 - Erevyday Quizzes

Let α 6= 0 and β 6= 0 be real nonzero constants, such that

α2 > β2. For each of the following matrices (1) - (6), find an

orthonormal matrix U , such that

UTU = I, UTAU = a diagonal matrix

where the eigenvalues on the main diagonal are increasing as the
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index increases.

(1) A =

(
α −β
−β α

)

(2) A =




1 −1 1

−1 1 1

1 1 1




(3) A =




α −β −β
−β α −β
−β −β α




(4) A =




α β β β

β α β β

β β α β

β β β α




(5) A =




α −β α −β
−β α −β α

α −β α −β
−β α −β α




(6) A =




1 1 1 1

1 1 −1 −1
1 −1 −1 1

1 −1 1 −1




Let α 6= 0 and β 6= 0 be real nonzero constants. For each of the

following matrices, find conditions on α and β, so that the matrix

475



A is positively definite.

(7) A =




α −β −β −β
−β α −β −β
−β −β α −β
−β −β −β α




(8) A =




α −β α −β
−β α −β α

α −β α −β
−β α −β α




(9) A =




α −β −β
−β α −β
−β −β α



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()

()

()

()

()

{} {} {} {} {} {} {} {}
{} {} {} {} {} {} {} {}

{}α2 + β2 {} {} {} {} {} {}
{} {} {} {} {} {}

λ = i, λ = iv =,v =, λ = i,= iv =,v =,v =,v =,

The first eigenvalue is and the The second eigenvalue is The first

eigenvalue is The second eigenvalue is and the

The linear transformation T is The T The linear transformation

T is The linear transformation T is The linear transformation T is

The linear transformation T is The linear transformation T is The

linear transformation T is The linear transformation T is

(+)tαααααα(2α2 + 2β2)tαγγγλ1 · · ·λ1 · · ·
λnλn





 ,










v =,v =,v =,v =, {}ααααββββ





 ,










v =,v =,v =,v =, {}ααααββββ
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



 ,










v =,v =,v =,v =, {}ααααββββ





 ,










v =,v =,v =,v =, {}ααααββββ





 ,










v =,v =,v =,v =, {}ααααββββ





 ,










v =,v =,v =,v =, {}ααααββββ





 ,










v =,v =,v =,v =, {}ααααββββ





 ,










v =,v =,v =,v =, {}ααααββββ





 ,










v =,v =,v =,v =, {}ααααββββ
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() ,










v =,v =,v =,v =, {}ααααββββ

() ()

v =,v =,v =,v =, {}ααααββββ,

(A) u(t) = C1e
βt + C2e

βt + C3e
βt + eβt.

Mathematics 23

Answers of Mathematics 205:

(A) (B) (C) (A) (B) (C) (D) (A) (B) (C) 01 - 10

(B) (C) (D) (A) (B) (C) (D) (B) (C) (D) 11 - 20

(A) (B) (C) (A) (B) (C) (D) (A) (B) (C) 21 - 30

(B) (C) (D) (A) (B) (C) (D) (B) (C) (D) 31 - 40

(A) (A) (A) (A) (A) (D) (D) (D) (D) (D) 41 - 50

()

()

() () ()
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Let

(1) a =




7

24

25


 , b =




7

24

−25


 ,

(2) a =




3

4

5


 , b =




3

4

−5


 .

Compute the dot product a ·b and the cross product a×b in each

case.

Which of the following statements is true?

(A) |a · b|2 = |a|2|b|2
(B) |a + b|2 = |a|2 + |b|2
(C) |a + b|2 ≤ |a|2 + |b|2, |a− b|2 ≤ |a|2 + |b|2
(D) |a + b|2 ≤ 2|a|2 + 2|b|2, |a− b|2 ≤ 2|a|2 + 2|b|2

Define the function

f (x, y) = −(x2 + y2 − 4)(x2 + y2 − 100),

on

1 ≤ x2 + y2 ≤ 900.

Find the absolute maximum and the absolute minimum of the func-

tion f .

Let m > 2 be a positive constant. Define the function

f (x, y) = (x2 + y2)2me−(x
2+y2),

on

m ≤ x2 + y2 ≤ 10m.
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Find the absolute maximum and the absolute minimum of the func-

tion f .

Find the maximum and minimum of the function

f (x, y, z) = x + y + z,

subject to the condition

x2 + y2 + z2 = 300.

1. Let R > 0 be a positive constant. Solve the following triple

integrals by using cylindrical coordinates

(1)

∫ R

0

∫ 0

−
√
R2−x2

∫ √x2+y2

0

2ze−(x
2+y2)dzdydx

(2)

∫ 0

−R

∫ 0

−
√
R2−x2

∫ 10

0

2ze−(x
2+y2)dzdydx

2. Let R > 0 be a positive constant. Solve the following triple

integrals by using spherical coordinates

(1)

∫ R

0

∫ √R2−x2

0

∫ √R2−x2−y2

0

2(x2 + y2 + z2)1/2e−(x
2+y2+z2)dzdydx

(2)

∫ 0

−R

∫ 0

−
√
R2−x2

∫ 0

−
√
R2−x2−y2

2(x2 + y2 + z2)3/2e−(x
2+y2+z2)dzdydx

() () ()

Go to Teaching Materials 202343434343

() () ()

() () ()
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() () ()

() () ()

() () ()

() () ()

() () ()

() () ()

() () () () () () () ()

() () ()

() () ()

() () ()
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() () ()

() () ()

() () ()

() () ()

() () ()

() () () () () ()

() () () () () () () () ()
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Mathematics 320 - Ordinary Differential Equations - 2021

Example 1. Consider the system of differential equations

d

dt

(
u

v

)
=

(
f (u, v)

g(u, v)

)
,

where f (u, v) and g(u, v) are continuous functions of u and v.

Suppose that

f (0, 0) = 0, g(0, 0) = 0,

2uf (u, v) + 2vg(u, v) ≤ −C(|u|2 + |v|2)m+1,

for all (u, v) ∈ R
2, where C > 0 and m > 0 are fixed positive con-

stants. Show that the fixed point (u, v) = (0, 0) is asymptotically

stable. Multiplying the first equation by 2u and multiplying the

second equation by 2v, adding the results together, we have

d

dt
{[u(t)]2 + [v(t)]2} = 2u(t)f (u(t), v(t)) + 2v(t)g(u(t), v(t))

≤ −C{[u(t)]2 + [v(t)]2}m+1,

for all t. Define

E(t) = |u(t)|2 + |v(t)|2,

on (0,∞). Then

E ′(t) ≤ −C[E(t)]m+1.

It is easy to show that if E(t0) = 0, then E(t) = 0, for all t > t0,

where t0 ≥ 0 is a constant. Without loss of generality, let

E(t) = |u(t)|2 + |v(t)|2 > 0.
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The above inequality is equivalent to

− mE ′(t)

[E(t)]m+1
≥ mC.

That is

d

dt

{
1

[E(t)]m

}
≥ mC.

Integrating this inequality with respect to t gives

1

[E(t)]m
≥ 1

[E(0)]m
+mCt.

In another word, we have

E(t) ≤
{

[E(0)]m

1 + [E(0)]mmCt

}1/m

,

for all t > 0. Therefore, we have

lim
t→∞

E(t) = 0.

This completes the proof that the fixed point (u, v) = (0, 0) is

asymptotically stable. ✷

Example 2. Consider the real system of differential equations

d

dt

(
u

v

)
=

(
f (u, v)

g(u, v)

)
,

where f (u, v) and g(u, v) are continuous functions of (u, v), such

that

f (0, 0) = 0, g(0, 0) = 0,

2uf (u, v) + 2vg(u, v) ≤ −C(|u|2m+2 + |v|2m+2),

for all (u, v) ∈ R
2, where C > 0 and m > 0 are fixed positive con-

stants. Prove that the fixed point (u, v) = (0, 0) is asymptotically

stable.
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Proof. Multiplying the first equation by 2u and multiplying

the second equation by 2v, adding the results together, we have

d

dt
{[u(t)]2 + [v(t)]2} = 2u(t)f (u(t), v(t)) + 2v(t)g(u(t), v(t))

≤ −C{[u(t)]2m+2 + [v(t)]2m+2}
≤ −C0{[u(t)]2 + [v(t)]2}m+1,

for all t > 0, where C0 > 0 is a positive constant.

Let

E(t) = |u(t)|2 + |v(t)|2.
Then

E ′(t) ≤ −C0[E(t)]
m+1.

It is very easy to show that if E(t0) = 0, then E(t) = 0, for all

t > t0, for some constant t0 ≥ 0. Without loss of generality, let

E(t) > 0, for all t > 0. Now we have

− mE ′(t)

[E(t)]m+1
≥ mC0.

Equivalently

d

dt

{
1

[E(t)]m

}
≥ mC0.

Integrating this inequality with respect to t, we have

1

[E(t)]m
≥ 1

[E(0)]m
+mC0t.

That is

E(t) ≤
{

[E(0)]m

1 + [E(0)]mmC0t

}1/m

,

486



for all t > 0. Therefore, we have the limit

lim
t→∞

E(t) = 0.

The stability of the fixed point (u, v) = (0, 0) is completed. ✷

Due November 4

1. Find two examples of continuous functions f (u, v) and g(u, v),

such that

2uf (u, v) + 2vg(u, v) ≤ −C(|u|2 + |v|2)m+1,

for all (u, v) ∈ R
2, where m > 0 and C > 0 fixed are positive

constants.

2. Find two examples of continuous functions f (u, v) and g(u, v),

such that

2uf (u, v) + 2vg(u, v) ≤ −C(|u|2m+2 + |v|2m+2),

for all (u, v) ∈ R
2, where m > 0 and C > 0 are fixed positive

constants.

3. Let m > 0 be a fixed positive constant. Find a positive

constant C = C(m) > 0, such that

|u|2m+2 + |v|2m+2 ≥ C(|u|2 + |v|2)m+1,

for all (u, v) ∈ R
2.

4. Show that the fixed point u = 0 of the differential equation

d

dt
u + u = u2 + sin(u4) + ln(1 + u8)

is exponentially stable.

5. Consider the real system of differential equations

d

dt

(
u

v

)
=

(
0 A

−A 0

)(
u

v

)
+ B[R2 − (u2 + v2)]

(
u

v

)
,
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where A 6= 0, B 6= 0 and R 6= 0 are real constants. Find the fixed

point of the system and determine its stability or instability.

6. Let

A =




α 1 0 0 0

0 α 1 0 0

0 0 α 1 0

0 0 0 α 1

0 0 0 0 α



, B =




β 1 0 0 0

0 β 1 0 0

0 0 β 1 0

0 0 0 β 1

0 0 0 0 β



,

where α and β are real constants.

(1) Let α = −2− ε + 5i and β = −1− ε + 10i, where 0 < ε≪ 1

is a sufficiently small positive constant. Show that

‖ exp(At)‖ ≤ C exp(−2t),
‖ exp(Bt)‖ ≤ C exp(−t),

for all t > 0, where C > 0 is a positive constant.

(2) Let α = 1 + ε− 4i and β = 2 + ε− 8i, where 0 < ε≪ 1 is

a sufficiently small positive constant. Show that

‖ exp(At)‖ ≤ C exp(t),

‖ exp(Bt)‖ ≤ C exp(2t),

for all t < 0, where C > 0 is a positive constant.

Can you find the minimum value of the constant C in each of

the above four estimates?

Let A, B and R be real nonzero constants. Consider the initial

value problem for the nonlinear system of differential equations

d

dt

(
u

v

)
= A

(
0 1

−1 0

)
+ B[R2 − u2 − v2]

(
u

v

)
,

(
u(t0)

v(t0)

)
=

(
u0
v0

)
.
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Show that if

(
u(t1)

v(t1)

)
=

(
0

0

)
for some t1, then

(
u(t)

v(t)

)
=

(
0

0

)
,

for all t.

Show that if A, B, then there exists a unique stable periodic

solution to the system of differential equations.
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The Final Exam of Mathematics 22 - 2022

The Final Exam is Three Hours long. The Final Exam is worth 200

points. There are fifty multiple choice problems. Each problem is

worth four points. In each problem, there are four choices marked

with (A), (B), (C) and (D). Only one choice is correct. Pick up the

one you think is correct and put the answer inside ( ). If you do not

know the answer to a problem, you may make a reasonable best

possible choice. No supporting work is necessary for any problem.

In the Final Exam, α > 0, β > 0, R > 0 are positive constants.

They may satisfy some conditions in certain problems.

No calculator, cell phone, computer, i-pad or i-touch is allowed

in this exam. You are not allowed to use the assistance of anybody,

any website, any resources. Anybody who cheats in the Final Exam

will receive an F as the Final Grade! Firm!

490



1. Given the smooth function y = f (x), where a ≤ x ≤ b

and the region R below the graph of the function. Which of the

following formulas represents the volume V of the solid generated

by rotating about the x-axis the region R?

(A) V =

∫ b

a

√
1 + [f ′(x)]2dx.

(B) V =

∫ b

a

2πf (x)
√

1 + [f ′(x)]2dx.

(C) V =

∫ b

a

π[f (x)]2dx.

(D) V =

∫ b

a

2πxf (x)dx.
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2. Given the smooth function f (x) = arctan x, where 0 ≤ x ≤ 1,

and the region R below the graph of the function. Which of the

following quantities represents the volume V of the solid generated

by rotating about the y-axis the region R?

(A) V =

∫ 1

0

π(arctan x)2dx.

(B) V =

∫ 1

0

π arctan xdx.

(C) V =

∫ 1

0

2π arctan xdx.

(D) V =

∫ 1

0

2πx arctan xdx.
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3. Given the smooth curve y = f (x), where a ≤ x ≤ b. Which

of the following formulas represents the arclength L of the curve?

(A) L =

∫ b

a

π[f (x)]2dx.

(B) L =

∫ b

a

2πxf (x)dx.

(C) L =

∫ b

a

√
1 + [f ′(x)]2dx.

(D) L =

∫ b

a

2πf (x)
√

1 + [f ′(x)]2dx.

493



4. Which of the following formulas represents the area S of the

surface generated by rotating the smooth curve y = f (x), where

a ≤ x ≤ b, about the x-axis?

(A) S =

∫ b

a

π[f (x)]2dx.

(B) S =

∫ b

a

2πxf (x)dx.

(C) S =

∫ b

a

√
1 + [f ′(x)]2dx

(D) S =

∫ b

a

2πf (x)
√

1 + [f ′(x)]2dx.
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5. Consider the separable differential equation

y cos ydy = ln(x +
√
x2 + α2)dx.

Which of the following is the general implicit solution?

(A) y sin y + cos y = +x ln(x +
√
x2 + α2) +

√
x2 + α2 + C.

(B) y sin y + cos y = +x ln(x +
√
x2 + α2)−

√
x2 + α2 + C.

(C) y sin y + cos y = −x ln(x +
√
x2 + α2) +

√
x2 + α2 + C.

(D) y sin y + cos y = −x ln(x +
√
x2 + α2)−

√
x2 + α2 + C.
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6. Which of the following differential equations has the general

solution y = e−x
2
(x2 + C)?

(A) y′ + y = 4x3e−x.

(B) y′ + 2xy = 2xe−x
2
.

(C) y′ − 2xy = 2xex
2
.

(D) xy′ + y = 2x.
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1. The integral
∫
x cos xdx

is equal to which of the following functions?

(A) x sin(x) + cos x + C.

(B) x sin(x)− cos x + C.

(C) x cos(x) + sin x + C.

(D) x cos(x)− sin x + C.
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2. The integral
∫

arcsin xdx

is equal to which of the following functions?

(A) x arcsin x +
√

1− x2 + C.

(B) x arcsin x−
√

1− x2 + C.

(C) x arcsin x + arcsin x + C.

(D) x arcsin x− arcsin x + C.
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3. The integral
∫
xexdx

is equal to which of the following functions?

(A) xex + ex + C.

(B) xex − ex + C.

(C) xex + x + C.

(D) xex − x + C.
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4. The integral
∫

ln xdx

is equal to which of the following functions?

(A) x ln x + ln x + C.

(B) x ln x− ln x + C.

(C) x ln x + x + C.

(D) x ln x− x + C.
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5. The integral
∫

arctan xdx

is equal to which of the following functions?

(A) x arctan x + 2 ln(1 + x2) + C.

(B) x arctan x− 2 ln(1 + x2) + C.

(C) x arctan x +
1

2
ln(1 + x2) + C.

(D) x arctan x− 1

2
ln(1 + x2) + C.
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6. The integral
∫
− 1

x2
ln xdx

is equal to which of the following functions?

(A)
1

x
ln x +

1

x
+ C.

(B)
1

x
ln x− 1

x
+ C.

(C)
1

x2
ln x +

1

x2
+ C.

(D)
1

x2
ln x− 1

x2
+ C.
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7. The integral
∫

(2 + 2x) arctan xdx

is equal to which of the following functions?

(A) (1 + 2x + x2) arctan x + ln(1 + x2) + x + C.

(B) (1 + 2x + x2) arctan x + ln(1 + x2)− x + C.

(C) (1 + 2x + x2) arctan x− ln(1 + x2) + x + C.

(D) (1 + 2x + x2) arctan x− ln(1 + x2)− x + C.

503



8. The integral
∫
−3x(cos x)2 sin xdx

is equal to which of the following functions?

(A) x(cos x)3 +
1

3
(sin x)3 + sin x + C.

(B) x(cos x)3 +
1

3
(sin x)3 − sin x + C.

(C) x(cos x)3 − 1

3
(sin x)3 + sin x + C.

(D) x(cos x)3 − 1

3
(sin x)3 − sin x + C.
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9. Let m ≥ 1 be any positive integer. The integral
∫

(sin x)m+2dx

is equal to which of the following functions?

(A)
m + 1

m + 2

∫
(sin x)mdx +

m + 1

m + 2
(sin x)m+1 cos x.

(B)
m + 1

m + 2

∫
(sin x)mdx− m + 1

m + 2
(sin x)m+1 cos x.

(C)
m + 1

m + 2

∫
(sin x)mdx +

1

m + 2
(sin x)m+1 cos x.

(D)
m + 1

m + 2

∫
(sin x)mdx− 1

m + 2
(sin x)m+1 cos x.
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Let m ≥ 1 be any positive integer. Which of the following is

true?
∫

(cos x)m+2dx =
m + 1

m + 2

∫
(cos x)mdx +

1

m + 2
(cos x)m+1 sin x.

∫
(sec x)m+2dx =

m

m + 1

∫
(sec x)mdx +

1

m + 1
(sec x)m tan x.

∫
(tan x)m+2dx = −

∫
(tan x)mdx +

1

m + 1
(tan x)m+1.

∫
xm+1e−x

2
dx = −1

2
xme−x

2
+
m

2

∫
xm−1e−x

2
dx.
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10. The integral
∫
− 2

x3
arctan xdx

is equal to which of the following functions?

(A)
1

x2
arctan x + arctan x +

1

x
+ C.

(B)
1

x2
arctan x + arctan x− 1

x
+ C.

(C)
1

x2
arctan x− arctan x +

1

x
+ C.

(D)
1

x2
arctan x− arctan x− 1

x
+ C.
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11. The integral
∫

2

(1 + x2)2
dx

is equal to which of the following functions?

(A) + arctan x +
x

1 + x2
+ C.

(B) + arctan x− x

1 + x2
+ C.

(C) − arctan x +
x

1 + x2
+ C.

(D) − arctan x− x

1 + x2
+ C.
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12. The integral
∫ √

x2 + α2dx

is equal to which of the following functions?

(A) 2x
√
x2 + α2 + 2 ln(x +

√
x2 + α2) + C.

(B) 2x
√
x2 + α2 − 2 ln(x +

√
x2 + α2) + C.

(C)
1

2
x
√
x2 + α2 +

1

2
α2 ln(x +

√
x2 + α2) + C.

(D)
1

2
x
√
x2 + α2 − 1

2
α2 ln(x +

√
x2 + α2) + C.
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13. Let α > 0 be any positive constant. The integral
∫

(x2 + α2)
√
x2 + α2dx

is equal to which of the following functions?

(A)
1

4
x(x2 + α2)

√
x2 + α2 +

3

8
α2x
√
x2 + α2 +

3

8
α4 ln(x +

√
x2 + α2) + C.

(B)
1

4
x(x2 + α2)

√
x2 + α2 +

3

8
α2x
√
x2 + α2 − 3

8
α4 ln(x +

√
x2 + α2) + C.

(C)
1

4
x(x2 + α2)

√
x2 + α2 − 3

8
α2x
√
x2 + α2 +

3

8
α4 ln(x +

√
x2 + α2) + C.

(D)
1

4
x(x2 + α2)

√
x2 + α2 − 3

8
α2x
√
x2 + α2 − 3

8
α4 ln(x +

√
x2 + α2) + C.
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14. The integral
∫ √

α2 − x2dx

is equal to which of the following functions?

(A) 2x
√
α2 − x2 + 2α2 arcsin

(x
α

)
+ C.

(B) 2x
√
α2 − x2 − 2α2 arcsin

(x
α

)
+ C.

(C)
1

2
x
√
α2 − x2 + 1

2
α2 arcsin

(x
α

)
+ C.

(D)
1

2
x
√
α2 − x2 − 1

2
α2 arcsin

(x
α

)
+ C.
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15. The integral
∫

6

(x2 + 15x + 50)(x2 + 15x + 56)
dx

is equal to which of the following functions?

(A) ln

∣∣∣∣
x + 5

x + 10

∣∣∣∣ +
1

5
ln

∣∣∣∣
x + 7

x + 8

∣∣∣∣ + C.

(B) ln

∣∣∣∣
x + 5

x + 10

∣∣∣∣−
1

5
ln

∣∣∣∣
x + 7

x + 8

∣∣∣∣ + C.

(C)
1

5
ln

∣∣∣∣
x + 5

x + 10

∣∣∣∣ + ln

∣∣∣∣
x + 7

x + 8

∣∣∣∣ + C.

(D)
1

5
ln

∣∣∣∣
x + 5

x + 10

∣∣∣∣− ln

∣∣∣∣
x + 7

x + 8

∣∣∣∣ + C.
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16. The integral
∫ [

2

x(1 + x2)
− 1

x2(1 + x2)

]
dx

is equal to which of the following functions?

(A) ln
x2

1 + x2
+ arctan x +

1

x
+ C.

(B) ln
x2

1 + x2
+ arctan x− 1

x
+ C.

(C) ln
x2

1 + x2
− arctan x +

1

x
+ C.

(D) ln
x2

1 + x2
− arctan x− 1

x
+ C.
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17. The integral
∫
eαx cos(βx)dx

is equal to which of the following functions?

(A) (α2 + β2)eαx[α cos(βx) + β sin(βx)] + C.

(B) (α2 + β2)eαx[α cos(βx)− β sin(βx)] + C.

(C)
1

α2 + β2
eαx[α cos(βx) + β sin(βx)] + C.

(D)
1

α2 + β2
eαx[α cos(βx)− β sin(βx)] + C.
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18. The integral
∫
eαx sin(βx)dx

is equal to which of the following functions?

(A) (α2 + β2)eαx[α sin(βx) + β cos(βx)] + C.

(B) (α2 + β2)eαx[α sin(βx)− β cos(βx)] + C.

(C)
1

α2 + β2
eαx[α sin(βx) + β cos(βx)] + C.

(D)
1

α2 + β2
eαx[α sin(βx)− β cos(βx)] + C.
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19. The integral
∫

(arcsin x)2dx

is equal to which of the following functions?

(A) x(arcsin x)2 + 2
√

1− x2 arcsin x + 2x + C.

(B) x(arcsin x)2 + 2
√

1− x2 arcsin x− 2x + C.

(C) x(arcsin x)2 − 2
√

1− x2 arcsin x + 2x + C.

(D) x(arcsin x)2 − 2
√

1− x2 arcsin x− 2x + C.
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20. The integral
∫

(arccos x)2dx

is equal to which of the following functions?

(A) x(arccos x)2 + 2
√

1− x2 arccos x + 2x + C.

(B) x(arccos x)2 + 2
√

1− x2 arccos x− 2x + C.

(C) x(arccos x)2 − 2
√

1− x2 arccos x + 2x + C.

(D) x(arccos x)2 − 2
√

1− x2 arccos x− 2x + C.
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21. The integral
∫

(arcsin x)(arccos x)dx

is equal to which of the following functions?

(A) x(arcsin x)(arccos x) +
√

1− x2(arcsin x− arccos x) + 2x + C.

(B) x(arcsin x)(arccos x) +
√

1− x2(arcsin x− arccos x)− 2x + C.

(C) x(arcsin x)(arccos x)−
√

1− x2(arcsin x− arccos x) + 2x + C.

(D) x(arcsin x)(arccos x)−
√

1− x2(arcsin x− arccos x)− 2x + C.
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22. The integral
∫
− 1

x2
(ln x)2dx

is equal to which of the following functions?

(A)
1

x
(ln x)2 +

2

x
ln x +

2

x
+ C.

(B)
1

x
(ln x)2 +

2

x
ln x− 2

x
+ C.

(C)
1

x
(ln x)2 − 2

x
ln x +

2

x
+ C.

(D)
1

x
(ln x)2 − 2

x
ln x− 2

x
+ C.
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23. Consider the parametric equations

x = R(θ − sin θ), y = R(1− cos θ), 0 ≤ θ ≤ 2π.

What is the arclength L of the parametric curve equal to?

(A) L = 2R. (B) L = 4R. (C) L = 6R. (D) L = 8R.
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24. Given the smooth parametric equations

x = f (θ), y = g(θ), α ≤ θ ≤ β.

Which of the following formulas represents the area of the surface

S generated by rotating the parametric curve about the x-axis?

(A) S =

∫ β

α

√
[f ′(θ)]2 + [g′(θ)]2dθ.

(B) S =

∫ β

α

2πg(θ)
√

[f ′(θ)]2 + [g′(θ)]2dθ.

(C) S =

∫ β

α

√
[f (θ)]2 + [f ′(θ)]2dθ.

(D) S =

∫ β

α

1

2
π[f (θ)]2dθ.
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25. Given the polar curve

r = 10(1 + cos θ), 0 ≤ θ ≤ 2π.

Which of the following is equal to the arclength L of the curve?

(A) L = 10

∫ 2π

0

√
2 + 2 sin θdθ.

(B) L = 10

∫ 2π

0

√
2− 2 sin θdθ.

(C) L = 10

∫ 2π

0

√
2 + 2 cos θdθ.

(D) L = 10

∫ 2π

0

√
2− 2 cos θdθ.
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26. Given the polar equations of two circles

r = 20 cos θ, r = 20 sin θ.

Which of the following is equal to the area A of the region inside

both circles?

(A) A =
1

2

∫ π/4

0

(20 cos θ)2dθ +
1

2

∫ π/4

0

(20 sin θ)2dθ.

(B) A =
1

2

∫ π/2

0

(20 cos θ)2dθ +
1

2

∫ π/2

0

(20 sin θ)2dθ.

(C) A =
1

2

∫ π/2

π/4

(20 cos θ)2dθ +
1

2

∫ π/4

0

(20 sin θ)2dθ.

(D) A =
1

2

∫ π/4

0

(20 cos θ)2dθ +
1

2

∫ π/2

π/4

(20 sin θ)2dθ.
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27. Consider the positive sequence
{(

1 +
1

n2

)n2
: n = 1, 2, 3, · · · · · ·

}
.

Which of the following statements is NOT true?

(A) The sequence is bounded and increasing.

(B) The sequence is convergent.

(C) The limit of the sequence is e.

(D) The sequence is divergent.
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28. Consider the positive sequence
{(

1 +
1

n4

)n2
: n = 1, 2, 3, · · · · · ·

}

Which of the following is the limit L of the sequence, as n→∞?

(A) L = 0. (B) L = 1. (C) L = 2. (D) L = e.
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29. Consider the geometric series

∞∑

n=0

a2(r2)n,

where a and r are real constants. Which of the following statements

is NOT true?

(A) The series is convergent, if |r| < 1.

(B) The series is divergent, if |r| ≥ 1.

(C) The sum is a2/(1− r2), if |r| < 1.

(D) The series is convergent for all r.
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30. Consider the p-series

∞∑

n=1

1

np
,

where p is a real parameter. Which of the following statements is

NOT true?

(A) The p-series is convergent, if p > 1.

(B) The p-series is divergent, if p ≤ 1.

(C) The p-series is convergent for all real p.

(D) The convergence of the p-series may be determined by the

integral test.
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31. Consider the positive series

∞∑

n=1

(
1 +

1

n4

)n4
.

Which of the following statements is true?

(A) The series is a geometric series and it is convergent.

(B) The series is a p-series and it is convergent.

(C) The series is divergent by the divergence test.

(D) The series is convergent by using the comparison test.
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32. Consider the positive series

∞∑

n=2

(lnn)2

n2
.

Which of the following tests is the best idea to determine the con-

vergence of the series?

(A) The divergence test.

(B) The integral test.

(C) The comparison test.

(D) The ratio test.

529



33. Consider the positive series

∞∑

n=1

3n + 5n

7n + 9n

Which of the following tests is the best idea to determine the con-

vergence of the series?

(A) The divergence test.

(B) The integral test.

(C) The comparison test.

(D) The ratio test.
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34. Consider the series
∞∑

n=2

(−1)n
(lnn)2

.

Which of the following tests is the best idea to determine the con-

vergence of the series?

(A) The integral test.

(B) The comparison test.

(C) The alternating series test.

(D) The ratio test.
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35. Consider the series
∞∑

n=1

n!

nn
.

Which of the following tests is the best idea to determine the con-

vergence of the series?

(A) The divergence test.

(B) The integral test.

(C) The comparison test.

(D) The ratio test.
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36. Consider the series
∞∑

n=1

(
5n + 6n

7n + 8n

)n
.

Which of the following tests is the best idea to determine the con-

vergence of the series?

(A) The integral test.

(B) The comparison test.

(C) The ratio test.

(D) The root test.
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37. Which of the following series is absolutely convergent?

(A)
∞∑

n=1

(−1)n n!
nn
.

(B)

∞∑

n=1

(−1)n lnn
n
.

(C)

∞∑

n=1

1 + (sinn)2

n
.

(D)

∞∑

n=1

1.
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38. Consider the series
∞∑

n=1

(−1)n arcsin
(

7n + 8n

9n + 10n

)
.

Which of the following statements is true?

(A) The series is absolutely convergent.

(B) The series is conditionally convergent.

(C) The series is divergent.

(D) The convergence of the series cannot be determined by any

known tests in calculus.
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39. Which of the following series is conditionally convergent?

(A)
∞∑

n=2

(−1)n 1

n lnn
.

(B)

∞∑

n=2

(−1)n 1

n(lnn)2
.

(C)

∞∑

n=1

3n + 4n

5n + 6n
.

(D)

∞∑

n=1

(
1 +

1

n

)n
.
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40. Which of the following series is divergent?

(A)
∞∑

n=1

1

n2 + 2n
.

(B)

∞∑

n=1

3n + 7n

5n + 9n
.

(C)

∞∑

n=1

1

(1 + 1
n)
n2
.

(D)

∞∑

n=1

(−1)n arccos
(

1

n2

)
.
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41. Consider the series

∞∑

n=1

(−1)n
{
1 + n2 arcsin( 1

n2
)

1 + 2 arccos( 1
n2
)

}n

.

Which of the following statements is true?

(A) The series is absolutely convergent.

(B) The series is conditionally convergent.

(C) The series is divergent.

(D) The convergence or divergence of the series cannot be deter-

mined by any known test in calculus.
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42. Which of the following power series is absolutely convergent

on the interval I = (−∞,∞)?

(A)

∞∑

n=0

(−1)n x
2n

(2n)!
.

(B)

∞∑

n=0

(−1)n(x− 8)n

n2 + 2n
.

(C)
∞∑

n=0

(−1)n
2n + 1

x2n+1.

(D)

∞∑

n=0

1 + (−1)n
n + 1

x2n+2.
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43. Consider the power series

∞∑

n=0

(−1)n x2n+1

(2n + 1)!
.

Which of the following is the radius R of convergence of the power

series?

(A) R = 1. (B) R = 2. (C) R = e. (D) R =∞.
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44. Consider the power series

∞∑

n=0

(−1)n
n!

x2n.

Which of the following intervals is the interval of convergence of

this series?

(A) I = (−5, 5).
(B) I = (−8, 8).
(C) I = (−10, 10).
(D) I = (−∞,∞).
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45. Consider the power series

∞∑

n=1

n!

nn
(x− 10)n.

Which of the following statements is true?

(A) The radius of convergence is R = 1 and the interval of conver-

gence is I = (−1, 1).
(B) The radius of convergence is R = 2 and the interval of conver-

gence is I = (−2, 2).
(C) The radius of convergence is R = e and the interval of conver-

gence is I = (10− e, 10 + e).

(D) The radius of convergence is R = π and the interval of conver-

gence is I = (−π, π).
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46. Consider the power series

∞∑

n=0

(−1)n
(2n)!

x4n+2.

Which of the following is equal to the sum S of the power series?

(A) S = cos(x).

(B) S = cos(x2).

(C) S = x2 cos(x).

(D) S = x2 cos(x2).
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47. Which of the following is the power series representation of

the function f (x) = x2 arctan(x2)?

(A) x2 arctan(x2) =

∞∑

n=0

(−1)n
2n + 1

x2n+1.

(B) x2 arctan(x2) =

∞∑

n=0

(−1)n
2n + 1

x2n+2.

(C) x2 arctan(x2) =
∞∑

n=0

(−1)n
2n + 1

x4n+2.

(D) x2 arctan(x2) =

∞∑

n=0

(−1)n
2n + 1

x4n+4.
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48. Which of the following is the MacLaurin series of the function

f (x) = x2e−x
2
?

(A) x2e−x
2
=

∞∑

n=0

(−1)n
n!

x2n+1.

(B) x2e−x
2
=

∞∑

n=0

(−1)n
n!

x2n+2.

(C) x2e−x
2
=

∞∑

n=0

(−1)n
n!

x2n+3.

(D) x2e−x
2
=

∞∑

n=0

(−1)n
n!

x2n+4.
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49. Consider the following power series representation

ln

(
1 + x

1− x

)
=

∞∑

n=0

1 + (−1)n
n + 1

xn+1.

On which of the following intervals is the representation of the

power series valid?

(A) I = (−∞,∞).

(B) I = (−∞, 0).
(C) I = (0,∞).

(D) I = (−1, 1).
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50. Consider the power series

∞∑

n=0

(−1)nxn
[
sin

(
5n + 6n

7n + 8n

)]n
.

Which of the following statements about the series is true?

(A) The series is absolutely convergent on the interval I = (−1, 1).
(B) The series is absolutely convergent on the interval I = (−2, 2).
(C) The series is absolutely convergent on the interval I = (−10, 10).
(D) The series is absolutely convergent on the interval I = (−∞,∞).

51. Consider the power series

∞∑

n=0

(−1)nxn
{
arccos

(
1

n

)
+ arccos

(
1

n2

)}n

.

Which of the following statements is true?

(A) The series is absolutely convergent on the interval I = (−1, 1).
(B) The series is absolutely convergent on the interval I = (0, 2).

(C) The series is absolutely convergent on the interval I = (0, π).

(D) The series is absolutely convergent on the interval I = (−1/π, 1/π).
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Mathematics 320 - Ordinary Differential Equations - 2021

Example 1. Consider the system of differential equations

d

dt

(
u

v

)
=

(
f (u, v)

g(u, v)

)
,

where f (u, v) and g(u, v) are continuous functions of u and v.

Suppose that

f (0, 0) = 0, g(0, 0) = 0,

2uf (u, v) + 2vg(u, v) ≤ −C(|u|2 + |v|2)m+1,

for all (u, v) ∈ R
2, where C > 0 and m > 0 are fixed positive con-

stants. Show that the fixed point (u, v) = (0, 0) is asymptotically

stable. Multiplying the first equation by 2u and multiplying the

second equation by 2v, adding the results together, we have

d

dt
{[u(t)]2 + [v(t)]2} = 2u(t)f (u(t), v(t)) + 2v(t)g(u(t), v(t))

≤ −C{[u(t)]2 + [v(t)]2}m+1,

for all t. Define

E(t) = |u(t)|2 + |v(t)|2,

on (0,∞). Then

E ′(t) ≤ −C[E(t)]m+1.

It is easy to show that if E(t0) = 0, then E(t) = 0, for all t > t0,

where t0 ≥ 0 is a constant. Without loss of generality, let

E(t) = |u(t)|2 + |v(t)|2 > 0.
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The above inequality is equivalent to

− mE ′(t)

[E(t)]m+1
≥ mC.

That is

d

dt

{
1

[E(t)]m

}
≥ mC.

Integrating this inequality with respect to t gives

1

[E(t)]m
≥ 1

[E(0)]m
+mCt.

In another word, we have

E(t) ≤
{

[E(0)]m

1 + [E(0)]mmCt

}1/m

,

for all t > 0. Therefore, we have

lim
t→∞

E(t) = 0.

This completes the proof that the fixed point (u, v) = (0, 0) is

asymptotically stable. ✷

Example 2. Consider the real system of differential equations

d

dt

(
u

v

)
=

(
f (u, v)

g(u, v)

)
,

where f (u, v) and g(u, v) are continuous functions of (u, v), such

that

f (0, 0) = 0, g(0, 0) = 0,

2uf (u, v) + 2vg(u, v) ≤ −C(|u|2m+2 + |v|2m+2),

for all (u, v) ∈ R
2, where C > 0 and m > 0 are fixed positive con-

stants. Prove that the fixed point (u, v) = (0, 0) is asymptotically

stable.
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Proof. Multiplying the first equation by 2u and multiplying

the second equation by 2v, adding the results together, we have

d

dt
{[u(t)]2 + [v(t)]2} = 2u(t)f (u(t), v(t)) + 2v(t)g(u(t), v(t))

≤ −C{[u(t)]2m+2 + [v(t)]2m+2}
≤ −C0{[u(t)]2 + [v(t)]2}m+1,

for all t > 0, where C0 > 0 is a positive constant.

Let

E(t) = |u(t)|2 + |v(t)|2.
Then

E ′(t) ≤ −C0[E(t)]
m+1.

It is very easy to show that if E(t0) = 0, then E(t) = 0, for all

t > t0, for some constant t0 ≥ 0. Without loss of generality, let

E(t) > 0, for all t > 0. Now we have

− mE ′(t)

[E(t)]m+1
≥ mC0.

Equivalently

d

dt

{
1

[E(t)]m

}
≥ mC0.

Integrating this inequality with respect to t, we have

1

[E(t)]m
≥ 1

[E(0)]m
+mC0t.

That is

E(t) ≤
{

[E(0)]m

1 + [E(0)]mmC0t

}1/m

,
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for all t > 0. Therefore, we have the limit

lim
t→∞

E(t) = 0.

The stability of the fixed point (u, v) = (0, 0) is completed. ✷

Due November 4

1. Find two examples of continuous functions f (u, v) and g(u, v),

such that

2uf (u, v) + 2vg(u, v) ≤ −C(|u|2 + |v|2)m+1,

for all (u, v) ∈ R
2, where m > 0 and C > 0 fixed are positive

constants.

2. Find two examples of continuous functions f (u, v) and g(u, v),

such that

2uf (u, v) + 2vg(u, v) ≤ −C(|u|2m+2 + |v|2m+2),

for all (u, v) ∈ R
2, where m > 0 and C > 0 are fixed positive

constants.

3. Let m > 0 be a fixed positive constant. Find a positive

constant C = C(m) > 0, such that

|u|2m+2 + |v|2m+2 ≥ C(|u|2 + |v|2)m+1,

for all (u, v) ∈ R
2.

4. Show that the fixed point u = 0 of the differential equation

d

dt
u + u = u2 + sin(u4) + ln(1 + u8)

is exponentially stable.

5. Consider the real system of differential equations

d

dt

(
u

v

)
=

(
0 A

−A 0

)(
u

v

)
+ B[R2 − (u2 + v2)]

(
u

v

)
,
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where A 6= 0, B 6= 0 and R 6= 0 are real constants. Find the fixed

point of the system and determine its stability or instability.

6. Let

A =




α 1 0 0 0

0 α 1 0 0

0 0 α 1 0

0 0 0 α 1

0 0 0 0 α



, B =




β 1 0 0 0

0 β 1 0 0

0 0 β 1 0

0 0 0 β 1

0 0 0 0 β



,

where α and β are real constants.

(1) Let α = −2− ε + 5i and β = −1− ε + 10i, where 0 < ε≪ 1

is a sufficiently small positive constant. Show that

‖ exp(At)‖ ≤ C exp(−2t),
‖ exp(Bt)‖ ≤ C exp(−t),

for all t > 0, where C > 0 is a positive constant.

(2) Let α = 1 + ε− 4i and β = 2 + ε− 8i, where 0 < ε≪ 1 is

a sufficiently small positive constant. Show that

‖ exp(At)‖ ≤ C exp(t),

‖ exp(Bt)‖ ≤ C exp(2t),

for all t < 0, where C > 0 is a positive constant.

Can you find the minimum value of the constant C in each of

the above four estimates?

Let A, B and R be real nonzero constants. Consider the initial

value problem for the nonlinear system of differential equations

d

dt

(
u

v

)
= A

(
0 1

−1 0

)
+ B[R2 − u2 − v2]

(
u

v

)
,

(
u(t0)

v(t0)

)
=

(
u0
v0

)
.

552



Show that if

(
u(t1)

v(t1)

)
=

(
0

0

)
for some t1, then

(
u(t)

v(t)

)
=

(
0

0

)
,

for all t.

Show that if A, B, then there exists a unique stable periodic

solution to the system of differential equations.

Homework 1 - Due September 2

Let α and β be real nonzero constants. Solve the following scalar

differential equations

(1)
dy

dx
= y(α− βy)

(2)
dy

dx
+ xy = e

1
2x

2
y2

(3) 4x2
d2y

dx2
+ y = 8

√
x + 8

√
x ln x, x > 0

(4) x2
d2y

dx2
− 3x

dy

dx
+ 4y = x2 ln x, x > 0

(5) 2xeydx + (x2ey + cos y)dy = 0

(6) [sin(xy) + xy cos(xy) + 2x]dx + [x2 cos(xy) + 2y]dy = 0

(7)
dy

dx
=
x− 2y

2x− y
(8)

dy

dx
=
x + 2y

2x + y

(9)
d2y

d2x
=

1

x

(
dy

dx
+ x2 cos x

)
, x > 0

(10) y
d2y

dx2
= 2

(
dy

dx

)2

+ y2
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Let α, β, γ, δ, ε be real nonzero constants.

1. Let P1, P2, P3, · · · , Pm be n×n real constant matrices, such

that

P1 + P2 + P3 + · · · · · · + Pm = I,

PiPj = PjPi = O, i = 1, 2, 3, · · · ,m; j = 1, 2, 3, · · · ,m; i 6= j

Compute

eP1teP2teP3t · · · · · · ePmt.

Solutions:

eP1teP2teP3t · · · ePmt = e(P1+P2+P3+···+Pm)t = eIt = etI.

2. Let

A =




λ 1 0 0 0 0

0 λ 1 0 0 0

0 0 λ 1 0 0

0 0 0 λ 1 0

0 0 0 0 λ 1

0 0 0 0 0 λ




.

(1) Compute eAt.

(2) Solve the system of differential equations d
dtu = Au, where you

may let n = 5.

Solutions:

A = λI + C.

eAt = e(λt)IeCt = eλt
{
I + Ct +

1

2!
C2t2 +

1

3!
C3t3 +

1

4!
C4t4 +

1

5!
C5t5

}
,

where Cm = O, for all positive integers m > 5.

554



The solution of the system of differential equations is given by

u(t) = eAtc = eλt
{
I + Ct +

1

2!
C2t2 +

1

3!
C3t3 +

1

4!
C4t4 +

1

5!
C5t5

}
c,

where c is any real constant vector.

3. Let

A =

(
1 1

1 −1

)
.

Compute eAt.

Solutions: Note that

A2 = 2I, A3 = 2A, A4 = 4I, · · · · · · , A2m = 2mI, A2m+1 = 2mA,

By definition, we have

eAt = I + At +
1

2!
A2t2 +

1

3!
A3t3 +

1

4!
A4t4 +

1

5!
A5t5 + · · · · · ·

+
1

(2m)!
A2mt2m +

1

(2m + 1)!
A2m+1t2m+1 + · · · · · ·

=
1

2

{
e
√
2t + e−

√
2t
}
I +

1

2
√
2

{
e
√
2t − e−

√
2t
}
A.

4. Let

f (x) = 1 + x + x2 + x3 + · · · · · · + x10,

and

A =




α −β −β
−β α −β
−β −β α


 .

Find all eigenvalues and the corresponding eigenvectors of f (A).
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Solutions: The eigenvalues and the corresponding eigenvectors

of A are

λ1 = α + β,




1

0

1


 ,




0

1

1




λ2 = α− 2β,




1

1

1


 .

Therefore, the eigenvalues and the corresponding eigenvectors are

f (λ1) = f (α + β),




1

0

1


 ,




0

1

1




f (λ2) = f (α− 2β),




1

1

1


 .

5. Let

A =




α −β −β −β
−β α −β −β
−β −β α −β
−β −β −β α


 .

Compute eAt.

Solutions: Let

T =
1

2




1 1 1 1

1 1 −1 −1
1 −1 −1 1

1 −1 1 −1


 .
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Then T−1 = T and

T−1AT =




α− 3β 0 0 0

0 α + β 0 0

0 0 α + β 0

0 0 0 α + β


 .

Now

e(T
−1AT )t =




e(α−3β)t 0 0 0

0 e(α+βt 0 0

0 0 e(α+β)t 0

0 0 0 e(α+β)t


 .

Therefore we have

eAt =
1

4
e(α−3β)t




3 −1 −1 −1
−1 3 −1 −1
−1 −1 3 −1
−1 −1 −1 3


 +

1

4
e(α+β)t




1 1 1 1

1 1 1 1

1 1 1 1

1 1 1 1


 .

6. Let

A =




α β γ δ ε

0 α β γ δ

0 0 α β γ

0 0 0 α β

0 0 0 0 α



.

Compute eAt.
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A = αI + βC + γC2 + δC3 + εC4,

C =




0 1 0 0 0

0 0 1 0 0

0 0 0 1 0

0 0 0 0 1

0 0 0 0 0



.

eAt = e(αt)Ie(βt)Ce(γt)C
2
e(δt)C

3
e(εt)C

4

= eαt[I + (βt)C +
1

2!
(βt)2C2 +

1

3!
(βt)3C3 +

1

4!
(βt)4C4]

· [I + (γt)C2 +
1

2
(γt)2C4][I + (δt)C3][I + (εt)C4].

1. Let

A =
1

2




1 1 1 1

1 1 −1 −1
1 −1 −1 1

1 −1 1 −1


 .

Compute eAt. Express the final result as the linear combination of

mutually perpendicular projection matrices with exponential func-

tions as the coefficients. Hint A2 = A.

2. Let

A =




α −β −β −β
−β α −β −β
−β −β α −β
−β −β −β α


 .

Compute eAt. Express your final result as the linear combination

of two mutually orthogonal projection matrices with exponential

functions as the coefficients.
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A general hint for the following eigenvalue problems: You may

multiply each given eigenvalue problem by some appropriate func-

tion to transform it back to the standard eigenvalue problem f ′′ +
λf = 0 on (0, L), with some simple boundary conditions.

3. Solve the following eigenvalue problems

f ′′ + 2f ′ + (λ + 1)f = 0, on (0, L),

f (0) = 0, f (L) = 0.

4. Solve the following eigenvalue problems

f ′′ + 2f ′ + (λ + 1)f = 0, on (0, L),

f (0) + f ′(0) = 0, f (L) + f ′(L) = 0.

5. Solve the following eigenvalue problems

f ′′ + 4xf ′ + (λ + 2 + 4x2)f = 0, on (0, L),

f (0) = 0, f (L) = 0.

6. Solve the following eigenvalue problems

f ′′ + 4xf ′ + (λ + 2 + 4x2)f = 0, on (0, L),

f ′(0) = 0, 2Lf (L) + f ′(L) = 0.

7. Solve the following eigenvalue problems

(1 + x2)f ′′ + 4xf ′ + [2 + λ(1 + x2)]f = 0, on (0, L),

f (0) = 0, f (L) = 0.

8. Solve the following eigenvalue problems

(1 + x2)f ′′ + 4xf ′ + [2 + λ(1 + x2)]f = 0, on (0, L),

f ′(0) = 0, 2Lf (L) + (1 + L2)f ′(L) = 0.
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9. Solve the following eigenvalue problems

f ′′ + 2f ′ + (λ + 1)f = 0, on (0, L),

f (0) + f ′(0) = 0, f (L) = 0.

10. Solve the following eigenvalue problems

f ′′ + 2f ′ + (λ + 1)f = 0, on (0, L),

f (0) = 0, f (L) + f ′(L) = 0.

Due Thursday September 23 Let α and β be real nonzero con-

stants.

Use the method of Laplace transform to solve the following in-

tegral equations

1 y(t) = 4t + 4

∫ t

0

(t− τ )y(τ )dτ.

[Ly](λ) = 4

λ2 − 4
, y(t) = e2t − e−2t.

2 y(t) = exp(αt) + β

∫ t

0

exp(αt− ατ )y(τ )dτ.

[Ly](λ) = 1

λ− α− β , y(t) = e(α+β)t.

3 y(t) = 2βt exp(αt) + β2

∫ t

0

(t− τ ) exp(αt− ατ )y(τ )dτ.

[Ly](λ) = 1

λ− α− β −
1

λ− α + β
, y(t) = exp[(α + β)t]− exp[(α−

4 y(t) = 2 cos(βt) + 2β

∫ t

0

sin(βt− βτ )y(τ )dτ.

[Ly](λ) = 1

λ− β +
1

λ + β
, y(t) = exp(βt) + exp(−βt).
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5 y(t) = cos(βt)− 3β

∫ t

0

sin(βt− βτ )y(τ )dτ.

[Ly](λ) = λ

λ2 + 4β2
, y(t) = cos(2βt).

6 y(t) = sin(βt) + 2β

∫ t

0

cos(βt− βτ )y(τ )dτ.

[Ly](λ) = β

(λ− β)2 , y(t) = βt exp(βt).

7 y(t) = cos(βt) + 2β

∫ t

0

cos(βt− βτ )y(τ )dτ.

[Ly](λ) = λ

(λ− β)2 , y(t) = exp(βt) + βt exp(βt).

8 y(t) = 2 sin(βt) + 2β

∫ t

0

sin(βt− βτ )y(τ )dτ.

[Ly](λ) = 1

λ− β −
1

λ + β
, y(t) = exp(βt)− exp(−βt).

9. Solve the eigenvalue problem

[Lf ](λ) = µf (λ).

µ =
√
π, f (t) =

1

t1/2
.

That is, find a real constant µ and a nontrivial function f = f (t),

such that [Lf ](λ) = µf (λ), for all λ > 0.

10. Find the Laplace transform of the following functions

(1) f (t) = exp(αt)[a cos(βt) + b sin(βt)],

(2) g(t) = t exp(αt)[a cos(βt) + b sin(βt)].
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Let m ≥ 0 be an integer. Define the function

ψm(x) = exp

(
1

2
x2
)

dm

dxm
exp(−x2).

(1) Show that if the integer m is even, then the function ψm(x) is

an even function of x.

(2) Show that if the integer m is odd, then the function ψm(x) is

an odd function of x.

(3) Show that it is a solution of the differential equation

d2

dx2
y = (x2 − 2m− 1)y.

1. Let m1 ≥ 0, m2 ≥ 0, m3 ≥ 0, · · · , mn ≥ 0 be nonnegative

integers, let m = (m1,m2,m3, · · · ,mn) and |m| = m1 + m2 +

m3 + · · · +mn. For example, if m = (1, 2, 3, · · · , n), then |m| =
1 + 2 + 3 + · · · + n. Let x = (x1, x2, x3, · · · , xn) ∈ R

n and
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|x|2 = |x1|2 + |x2|2 + |x3|2 + · · · + |xn|2. Define the function

f (m,x) = exp

(
1

2
|x|2
)
∂m1

∂xm1
1

∂m2

∂xm2
2

∂m3

∂xm3
3

· · · ∂
mn

∂xmn
n

exp(−|x|2)

= exp

(
1

2
|x1|2

)
∂m1

∂xm1
1

exp(−|x1|2)

· exp

(
1

2
|x2|2

)
∂m2

∂xm2
2

exp(−|x2|2)

· exp

(
1

2
|x3|2

)
∂m3

∂xm3
3

exp(−|x3|2) · · · · · ·

· exp

(
1

2
|xn|2

)
∂mn

∂xm4
n

exp(−|xn|2)

Show that

△f (m,x) = (|x|2 − 2|m| − n)f (m,x).

Suppose that m = 10 and n = 10. Find as many as possible

solutions of the partial differential equation given above.

2. Let α > 0 be a positive constant. Use the method of Fourier

transform to solve the Cauchy problem for the differential equation

∂u

∂t
− α△u = 0, u(x, 0) =

β

(4πα)n/2
exp

(
−|x|

2

4α

)
.

3. Let α > 0 be a positive constant. Use the method of Fourier

transform to solve the Cauchy problem for the differential equation

∂u

∂t
− α△u = f (x, t), u(x, 0) = u0(x),

u(x, 0) =
β

(4πα)n/2
exp

(
−|x|

2

4α

)
,

f (x, t) = γ ln(1 + t)
1

[4πα(1 + t)]n/2
exp

[
− |x|2
4α(1 + t)

]
.
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4. Let α > 0 be a positive constant. Use the method of Fourier

transform to solve the Cauchy problem for the differential equation

∂u

∂t
− α△u = f (x, t), u(x, 0) = u0(x),

u(x, 0) =
1

(4πα)n/2
exp

(
−|x|

2

4α

)
,

f (x, t) =
γ

[4πα(1 + t)]n/2
exp

[
− |x|2
4α(1 + t)

]
.

5. Let α > 0 be a positive constant. Use the method of Fourier

transform to solve the Cauchy problem for the differential equation

∂u

∂t
− α△u = f (x, t), u(x, 0) = u0(x),

u(x, 0) =
1

(4πα)n/2
exp

(
−|x|

2

4α

)
,

f (x, t) =
γ

1 + t

1

[4πα(1 + t)]n/2
exp

[
− |x|2
4α(1 + t)

]
.

6. Let α > 0 be a positive constant. Use the method of Fourier

transform to solve the Cauchy problem for the differential equation

∂u

∂t
− α△u = f (x, t), u(x, 0) = u0(x),

u(x, 0) =
1

(4πα)n/2
exp

(
−|x|

2

4α

)
,

f (x, t) =
γ

(1 + t)2
1

[4πα(1 + t)]n/2
exp

[
− |x|2
4α(1 + t)

]
.

7. Let α > 0 be a positive constant. Use the method of Fourier
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transform to solve the Cauchy problem for the differential equation

∂u

∂t
− α△u = f (x, t), u(x, 0) = u0(x),

u(x, 0) =
1

(4πα)n/2
exp

(
−|x|

2

4α

)
,

f (x, t) =
γ

(e + t)[ln(e + t)]2
1

[4πα(1 + t)]n/2
exp

[
− |x|2
4α(1 + t)

]
.

8. Let α > 0 be a positive constant. Use the method of Fourier

transform to solve the Cauchy problem for the differential equation

∂u

∂t
− α△u = f (x, t), u(x, 0) = u0(x),

u(x, 0) =
1

(4πα)n/2
exp

(
−|x|

2

4α

)
,

f (x, t) =
ln(1 + t)

1 + t

1

[4πα(1 + t)]n/2
exp

[
− |x|2
4α(1 + t)

]
.

Exam. Let α > 0 be a positive constant. Use the method of

Fourier transform to solve the Cauchy problem for the differential

equation

∂u

∂t
− α△u = f (x, t), u(x, 0) = u0(x),

u(x, 0) =
1

(4πα)n/2
exp

(
−|x|

2

4α

)
,

f (x, t) =
1

[4πα(1 + t)]n/2
exp

[
− |x|2
4α(1 + t)

]
.

Consider the initial value problem y(t0) = y0 to each of the
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following differential equations

(1)
dy

dt
= sin(y + t).

(2)
dy

dt
= cos(y2 + t2).

(3)
dy

dt
= ln(1 + t2 + y2).

(4)
dy

dt
= − 1

y2
.

(5)
dy

dt
=

1

(y − 5)4
.

(6)
dy

dt
= y3.

Which differential equations satisfy the Lipschitz continuity condi-

tion?

Which differential equations always have a global solution on (−∞,∞)?

Which differential equations may only have a local solution?

Which differential equations may have more than one solutions?

Justify your solutions.

Let

x =




x1
x2
x3
· · ·
xn



, y =




y1
y2
y3
· · ·
yn



,
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be vectors with n components, let

A =




a11 a12 a13 · · · a1n
a21 a22 a23 · · · a2n
a31 a32 a33 · · · a3n
· · · · · · · · · · · · · · ·
an1 an2 an3 · · · ann



, B =




b11 b12 b13 · · · b1n
b21 b22 b23 · · · b2n
b31 b32 b33 · · · b3n
· · · · · · · · · · · · · · ·
bn1 bn2 bn3 · · · bnn



,

be n× n matrices. Define the norm of v and the norm of A by

‖x‖ = {|x1|2 + |x2|2 + |x3|2 + · · · + |xn|2}1/2,

‖A‖ =





n∑

i=1

n∑

j=1

|aij|2




1/2

.

Prove that there hold the following estimates

(1) ‖x + y‖ ≤ ‖x‖ + ‖y‖
(2) ‖A + B‖ ≤ ‖A‖ + ‖B‖
(3) ‖Ax‖ ≤ ‖A‖‖x‖
(4) ‖A(x + y)‖ ≤ ‖A‖‖x‖ + ‖A‖‖y‖
(5) ‖(A + B)x‖ ≤ ‖A‖‖x‖ + ‖B‖‖x‖
(6) ‖ABx‖ ≤ ‖A‖‖B‖‖x‖
(7) ‖AB‖ ≤ ‖A‖‖B‖

for all vectors x and y, for all matrices A and B.
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Mathematics 405 - Second Order Linear Elliptic Equations - 2022

A Summary of the Properties of Harmonic Functions

Let u ∈ C2(Ω) ∩ C(Ω) be a solution of the Laplace’s equation

△u = 0 in Ω.

The Mean Value Formula.

The Strong Maximum Principle.

The Smoothness u ∈ C∞(Ω).
The Estimates of All Order Derivatives.

The Analyticity.

The Harnack Inequality.

If Ω = R
n and u is bounded, then u is a constant func-

tion.

Dirichlet’s Principle

Define the admissible set

A = {v ∈ C2(Ω) : v = φ on ∂Ω}.
Define the energy functional

E(v) =
1

2

∫

Ω

|∇v(x)|2dx−
∫

Ω

f (x)v(x),

for all v ∈ A.
Dirichlet’s Principle: Let

u ∈ C2(Ω), u = φ on ∂Ω.
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Then the smooth function u is a solution of the boundary value

problem

−△u = f, in Ω,

u = φ, on ∂Ω,

if and only if

E[u] = min
v∈A

E[v].

Proof. Let u ∈ C2(Ω) be the solution of the boundary value

problem

−△u = f (x), in Ω,

u = φ, on ∂Ω.

The purpose of this step is to show that

E[u] ≤ E[v],

for all v ∈ A.
Let v ∈ A. Then u− v ∈ H1

0 (Ω). Now∫

Ω

[−△u(x)− f (x)][u(x)− v(x)]dx = 0.

By using integration by parts, we get
∫

Ω

∇u(x) · ∇[u(x)− v(x)]dx−
∫

Ω

f (x)[u(x)− v(x)]dx = 0.

Rearranging terms and using Cauchy-Schwartz’s inequality, we have
∫

Ω

|∇u(x)|2dx−
∫

Ω

f (x)u(x)dx

≤ 1

2

∫

Ω

|∇u(x)|2dx +
1

2

∫

Ω

|∇v(x)|2dx−
∫

Ω

f (x)v(x)dx.
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That is

1

2

∫

Ω

|∇u(x)|2dx−
∫

Ω

f (x)u(x)dx

≤ 1

2

∫

Ω

|∇v(x)|2dx−
∫

Ω

f (x)v(x)dx.

Therefore, we see that

1

2

∫

Ω

|∇u(x)|2dx−
∫

Ω

f (x)u(x)dx

= min
v∈H1

0 (Ω)

{∫

Ω

|∇v(x)|2dx−
∫

Ω

f (x)v(x)dx

}
.

On the other hand, let u ∈ C2(Ω), such that

1

2

∫

Ω

|∇u(x)|2dx−
∫

Ω

f (x)u(x)dx

= min
v∈A

{
1

2

∫

Ω

|∇v(x)|2dx−
∫

Ω

f (x)v(x)dx

}
.

Let λ ∈ R and let a ∈ C∞0 (Ω). Then v = u + λa ∈ A. Note that

E(u + λa) =
1

2

∫

Ω

|∇u(x) + λa(x)|2dx−
∫

Ω

f (x)[u(x) + λa(x)]dx

=
1

2

∫

Ω

|∇u(x)|2dx−
∫

Ω

f (x)u(x)dx

+ λ

[∫

Ω

∇u(x) · ∇a(x)dx−
∫

Ω

f (x)a(x)dx

]

+
1

2
λ2
∫

Ω

|∇a(x)|2dx.

We may view this as a function of λ and we know that it attains a
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local minimum at λ = 0.

d

dλ
E(u + λa) = λ

∫

Ω

|∇a(x)|2dx

+

∫

Ω

∇u(x) · ∇a(x)dx−
∫

Ω

f (x)a(x)dx.

The derivative at λ = 0 must be zero. That is
∫

Ω

∇u(x) · ∇a(x)dx−
∫

Ω

f (x)a(x)dx = 0.

Using integration by parts leads to
∫

Ω

[−△u− f (x)]a(x)dx = 0.

Note that this is true for all a ∈ C∞0 (Ω), we must have

−△u = f, in Ω.

Note: Here u is called a minimizer of the energy functional.

Dirichlet’s principle is an example of the calculus of variations ap-

plied to Laplace’s equation.

Theorem. There exists a unique function

u ∈ C2(Ω),

such that

E[u] = min
v∈A

E[v].

Therefore, u ∈ C2(Ω) is the unique solution of the boundary value

problem.

Proof. First of all, let us show that the infimum of the energy

functional exists. By using the Poincare’s inequality, we have the
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following estimates

1

2

∫

Ω

|∇u(x)|2dx−
∫

Ω

f (x)u(x)dx

≥ 1

2

∫

Ω

|∇u(x)|2dx

− ε

2

∫

Ω

|u(x)|2dx− 2

ε

∫

Ω

|f (x)|2dx

≥ 1

2

∫

Ω

|∇u(x)|2dx

− C
ε

2

∫

Ω

|∇u(x)|2dx− 2

ε

∫

Ω

|f (x)|2dx

≥ −2
ε

∫

Ω

|f (x)|2dx,

for all functions u ∈ H1
0 (Ω), where C > 0 is a positive constant,

independent of u, ε > 0 is a small positive constant. We let Cε = 1.

Therefore, the infimum

I
def
= inf

u∈H1
0 (Ω)

{
1

2

∫

Ω

|∇u(x)|2dx−
∫

Ω

f (x)u(x)dx

}
> −∞,

exists.

Now by definition, for any positive integer k ≥ 1, there exists a

function uk ∈ H1
0 (Ω), such that

I ≤ 1

2

∫

Ω

|∇uk(x)|2dx−
∫

Ω

f (x)uk(x)dx < I +
1

22k+3
,

for all k = 1, 2, 3, · · · · · · .
Below, we will show that the sequence of functions {uk : k =

1, 2, 3, · · · · · · } is a Cauchy sequence in H1
0 (Ω).
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There holds the following identity
∫

Ω

∣∣∣∣∇
u(x)− v(x)

2

∣∣∣∣
2

dx +

∫

Ω

∣∣∣∣∇
u(x) + v(x)

2

∣∣∣∣
2

dx

− 2

∫

Ω

f (x)
u(x) + v(x)

2
dx

=
1

2

∫

Ω

|∇u(x)|2dx−
∫

Ω

f (x)u(x)dx

+
1

2

∫

Ω

|∇v(x)|2dx−
∫

Ω

f (x)v(x)dx,

for all functions u ∈ H1
0 (Ω) and v ∈ H1

0 (Ω).

If we let u = uk and v = ul, then we have
∫

Ω

∣∣∣∣∇
uk(x)− ul(x)

2

∣∣∣∣
2

dx +

∫

Ω

∣∣∣∣∇
uk(x) + ul(x)

2

∣∣∣∣
2

dx

− 2

∫

Ω

f (x)
uk(x) + ul(x)

2
dx

=
1

2

∫

Ω

|∇uk(x)|2dx−
∫

Ω

f (x)uk(x)dx

+
1

2

∫

Ω

|∇ul(x)|2dx−
∫

Ω

f (x)ul(x)dx,

for all positive integers k ≥ 1 and l ≥ 1.

Recall that there hold the following estimates

I ≤ 1

2

∫

Ω

∣∣∣∣∇
uk(x) + ul(x)

2

∣∣∣∣
2

dx−
∫

Ω

f (x)
u(x) + ul(x)

2
dx,

1

2

∫

Ω

|∇uk(x)|2dx−
∫

Ω

f (x)uk(x)dx ≤ I +
1

22k+3
,

1

2

∫

Ω

|∇ul(x)|2dx−
∫

Ω

f (x)ul(x)dx ≤ I +
1

22l+3
,
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for all positive integers k ≥ 1 and l ≥ 1.

Therefore, we obtain the important estimate
∫

Ω

∣∣∣∣∇
uk(x)− ul(x)

2

∣∣∣∣
2

dx ≤ 1

22k+3
+

1

22l+3
,

for all k ≥ 1 and l ≥ 1.

Furthermore, by using the Poincare’s inequality, we have
∫

Ω

|uk(x)− ul(x)|2dx ≤ C

∫

Ω

|∇[uk(x)− ul(x)]|2dx ≤ C

(
1

22k+3
+

1

22l+3

)
,

for all k ≥ 1 and l ≥ 1.

Now it is easy to see that the sequence {uk : k = 1, 2, 3, · · · · · · }
is a Cauchy sequence inH1

0 (Ω). Note thatH
1
0 (Ω) is a Hilbert space.

Therefore, there exists a unique function u0 ∈ H1
0 (Ω), such that

lim
k→∞

{∫

Ω

|uk(x)− u0(x)|2dx +

∫

Ω

|∇[uk(x)− u0(x)]|2dx
}

= 0.

Letting k →∞ in the estimates

I ≤ 1

2

∫

Ω

|∇uk(x)|2dx−
∫

Ω

f (x)uk(x)dx < I +
1

22k+3
,

we get

lim
k→∞

{
1

2

∫

Ω

|∇uk(x)|2dx−
∫

Ω

f (x)uk(x)dx

}

=
1

2

∫

Ω

|∇u0(x)|2dx−
∫

Ω

f (x)u0(x)dx

= inf
u∈H1

0 (Ω)

{
1

2

∫

Ω

|∇u(x)|2dx−
∫

Ω

f (x)u(x)dx

}

= min
u∈H1

0 (Ω)

{
1

2

∫

Ω

|∇u(x)|2dx−
∫

Ω

f (x)u(x)dx

}
.
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The Existence and Uniqueness of a Weak Solution

The Lax-Milgram Theorem. Let H be a real Hilbert space,

with the inner product (·, ·) and the norm ‖ · ‖. Let
B : H×H→ R,

be a bilinear mapping. Suppose that there exist positive constants

C1 > 0 and C2 > 0, such that

B[u,u] ≥ C1‖u‖2,
for all vectors u ∈ H;

|B[u,v]| ≤ C2‖u‖‖v‖,
for all u ∈ H and v ∈ H.

For any continuous linear functional

f ∈ H∗,

there exists a unique vector v0 ∈ H, such that

B[u,v0] = f (u),

for all u ∈ H.

The key point in the proof of the Lax-Milgram theorem is that

by using the Riesz representation theorem, there exists an operator

A : H→ H, such that

B[u,v] = (u, Av),

for all u ∈ H and v ∈ H.

We can prove that the operator A : H→ H enjoys the following

properties:
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(1) A is linear.

(2) A is bounded.

(3) C1 ≤ ‖A‖ ≤ C2, where C1 > 0 and C2 > 0 are positive

constants.

A is one-to-one.

(4) A is onto.

(5) AH is closed in H.

(6) AH = H.

The proof of the Lax-Milgram theorem is completed by using the

Riesz representation theorem again.

Let Ω be a bounded open set inRn, and the boundary ∂Ω satisfies

interior ball condition. Let αij, βi and γ be bounded continuous

functions defined in Ω, such that αij(x) = αji(x), for all i =

1, 2, 3, · · · , n, j = 1, 2, 3, · · · , n and x ∈ Ω. Suppose that there

exists a positive constant Λ > 0, such that

n∑

i=1

n∑

j=1

αij(x)ξiξj ≥ Λ|ξ|2,

for all vectors ξ ∈ R
n and for all x ∈ Ω.

This condition is called the uniform ellipticity.
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Define the following linear differential operators

L0u = γ(x)u,

L1u =

n∑

i=1

βi(x)
∂

∂xi
u,

L2u = −
n∑

i=1

n∑

j=1

∂

∂xj

[
αij(x)

∂

∂xi
u

]
.

Define the second order elliptic linear differential operator

Lu = −
n∑

i=1

n∑

j=1

∂

∂xj

[
αij(x)

∂

∂xi
u

]
+

n∑

i=1

βi(x)
∂

∂xi
u + γ(x)u.

Obviously

Lu = L0u + L1u + L2u,

for all functions u ∈ C2(Ω) ∩ C(Ω).
Define the following bilinear functionals

B0[u, v] =

∫

Ω

γ(x)u(x)v(x)dx,

B1[u, v] =

n∑

i=1

∫

Ω

βi(x)
∂

∂xi
u(x)v(x)dx,

B2[u, v] =
n∑

i=1

n∑

j=1

∫

Ω

αij(x)
∂

∂xi
u(x)

∂

∂xj
v(x)dx,

and

B[u, v] =

n∑

i=1

n∑

j=1

∫

Ω

αij(x)
∂

∂xi
u(x)

∂

∂xj
v(x)

+

n∑

i=1

∫

Ω

βi(x)
∂

∂xi
u(x)v(x)dx +

∫

Ω

γ(x)u(x)v(x)dx,
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for all functions u ∈ H1
0 (Ω).

Obviously, there holds

B[u, v] = B0[u, v] + B1[u, v] + B2[u, v],

for all functions u ∈ H1
0 (Ω) and v ∈ H1

0 (Ω).
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The elementary estimates for the bilinear function-

als: There hold the following estimates

(1)

B0[u, u] ≥ −‖γ‖L∞(Ω)

∫

Ω

|u(x)|2dx,

|B0[u, v]| ≤ ‖γ‖L∞(Ω)

{∫

Ω

|u(x)|2dx
}1/2{∫

Ω

|v(x)|2dx
}1/2

,

(2)

B1[u, u]

≥ −
{

n∑

i=1

‖βi‖2L∞(Ω)

}1/2{∫

Ω

|∇u(x)|2dx
}1/2{∫

Ω

|u(x)|2dx
}1/2

,

|B1[u, v]|

≤
{

n∑

i=1

‖βi‖2L∞(Ω)

}1/2{∫

Ω

|∇u(x)|2dx
}1/2{∫

Ω

|v(x)|2dx
}1/2

,

(3)

B2[u, u] ≥ Λ

∫

Ω

|∇u(x)|2dx,
|B2[u, v]|

≤





n∑

i=1

n∑

j=1

‖αij‖2L∞(Ω)





1/2{∫

Ω

|∇u(x)|2dx
}1/2{∫

Ω

|∇v(x)|2dx
}1/2

,

579



(4)

B[u, u] ≥



Λ−

[
C

n∑

i=1

‖βi‖2L∞(Ω)

]1/2
− C‖γ‖L∞(Ω)





·
{∫

Ω

|∇u(x)|2dx
}1/2

,

B[u, v] ≤



2

n∑

i=1

n∑

j=1

‖αij‖2L∞(Ω) + 2

n∑

i=1

‖βi‖2L∞(Ω) + ‖γ‖L∞(Ω)





·
{∫

Ω

|u(x)|2dx +

∫

Ω

|∇u(x)|2dx
}1/2

·
{∫

Ω

|v(x)|2dx +

∫

Ω

|∇v(x)|2dx
}1/2

,

for all functions u ∈ H1
0 (Ω) and v ∈ H1

0 (Ω), where we have used

the Poincare’s inequality
∫

Ω

|u(x)|2dx ≤ C

∫

Ω

|∇u(x)|2dx,

for all functions u ∈ H1
0 (Ω), where C > 0 is a positive constant,

independent of u.

There exists a positive constant λ0 > 0, such that

B[u, u] + λ0

∫

Ω

|u(x)|2dx ≥ 1

2
Λ

∫

Ω

|∇u(x)|2dx,

for all functions u ∈ H1
0 (Ω).

In other words, the inverse operator (L + λ0I)
−1 of the second

order linear differential operator L + λ0I exists. Moreover, the

inverse (L + λ0I)
−1 : L2(Ω) → L2(Ω) is a compact operator, by

using the above estimate.
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Consider the boundary value problem for the second order linear

elliptic equation

−
n∑

i=1

n∑

j=1

∂

∂xj

[
αij(x)

∂

∂xi
u

]
+

n∑

i=1

βi(x)
∂

∂xi
u + γ(x)u = f (x), in Ω,

u(x) = 0, on ∂Ω.

Either the inverse operator L−1 of L exists and is a compact

operator, or the inverse of L does not exist. Note that for the

second choice, λ = 0 is an eigenvalue of the operator L.
Either there exists a unique weak solution u ∈ H1

0 (Ω), for each

f ∈ L2(Ω).

Or, there exist nontrivial solutions to the homogeneous equation

−
n∑

i=1

n∑

j=1

∂

∂xj

[
αij(x)

∂u

∂xi

]
+

n∑

i=1

βi(x)
∂

∂xi
+ γ(x)u = 0, in Ω,

u(x) = 0, on ∂Ω.

The Maximum Principle

Let Ω be a bounded connected open set in R
n. Let αij, βi and γ

be bounded continuous functions defined in Ω, such that αij(x) =

αji(x), for all i = 1, 2, 3, · · · , n, j = 1, 2, 3, · · · , n and for all

x ∈ Ω.

Suppose that there exists a positive constant Λ > 0, such that

n∑

i=1

n∑

j=1

αij(x)ξiξj ≥ Λ|ξ|2,

for all vectors ξ ∈ R
n and for all x ∈ Ω.
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Let u ∈ C2(Ω) ∩ C(Ω), or simply let u ∈ C2(Ω). Define the

following differential operators

L0u = γ(x)u,

L1u =

n∑

i=1

βi(x)
∂

∂xi
u,

L2u = −
n∑

i=1

n∑

j=1

αij(x)
∂2

∂xi∂xj
u,

Lu = −
n∑

i=1

n∑

j=1

αij(x)
∂2

∂xi∂xj
u +

n∑

i=1

βi(x)
∂

∂xi
u + γ(x)u,

These operators are linear transformations from C2(Ω) to C(Ω).

Clearly

L = L0 + L1 + L2.

TheWeak Maximum Principle: If the function u ∈ C2(Ω)∩
C(Ω) satisfies the conditions

−
n∑

i=1

n∑

j=1

αij(x)
∂2

∂xi∂xj
u +

n∑

i=1

βi(x)
∂

∂xi
u + γ(x)u ≤ 0, in Ω,

γ(x)u(x) ≥ 0, in Ω,

then

max
Ω
u(x) = max

∂Ω
u(x).

One of the key points in the proof is to construct a few auxiliary

functions a and w:

a(λ, a,x) = exp[λ(a1x1 + a2x2 + a3x3 + · · · · · · + anxn)],
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and

w(x) = u(x) + εa(λ, a,x),

for all x ∈ Ω, where a1, a2, a3, · · · , an and λ are real nonzero

constants, 0 < ε≪ 1 is a positive, but sufficiently small constant.

Let us compute the partial derivatives of a. We have

∂

∂xi
a(λ, a,x) = aiλ exp[λ(a1x1 + a2x2 + a3x3 + · · · · · · + anxn)],

∂2

∂xi∂xj
a(λ, a,x) = aiajλ

2 exp[λ(a1x1 + a2x2 + a3x3 + · · · · · · + anxn)].

Now

−
n∑

i=1

n∑

j=1

αij(x)
∂2

∂xi∂xj
a(x) +

n∑

i=1

βi(x)
∂

∂xi
a(x) + γ(x)a(x)

=



−λ

2
n∑

i=1

n∑

j=1

αij(x)aiaj + λ

n∑

i=1

βi(x)ai + γ(x)





· exp[λ(a1x1 + a2x2 + a3x3 + · · · · · · + anxn)]

≤



−Λ(|λa|)

2 + (|λa|)
[

n∑

i=1

‖βi‖2L∞(Ω)

]1/2
+ ‖γ‖L∞(Ω)





· exp[λ(a1x1 + a2x2 + a3x3 + · · · · · · + anxn)] < 0,

for all x ∈ Ω, where |λa| ≫ 1.

The Hopf Lemma: Let the function u ∈ C2(Ω) satisfy the

following conditions

−
n∑

i=1

n∑

j=1

αij(x)
∂2

∂xi∂xj
u(x) +

n∑

i=1

βi(x)
∂

∂xi
u(x) + γ(x)u(x) ≤ 0, in Ω,

γ(x)u(x) ≥ 0, in Ω.
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Suppose that there exists a ball B(x0, R) ⊂ Ω and there is a point

x1 ∈ ∂Ω, such that

|x1 − x0| = R,

u(x) < u(x1),

for all x ∈ B(x0, R). Then

∂

∂n
u(x1) =

x1 − x0

R
· ∇u(x1) > 0,

where the outward unit normal vector n = 1
R(x1 − x0).

The key points in the proof are to construct the auxiliary func-

tions a(λ,x) and w(λ,x):

a(λ,x) = exp(−λ|x− x0|2)− exp(−λR2),

and

w(λ,x) = u(x)− u(x0) + εa(λ,x),

in the annular open region

ΩA =

{
x ∈ R

n :
1

2
R < |x− x0| < R

}
.

We can easily show that

−
n∑

i=1

n∑

j=1

αij(x)
∂2

∂xi∂xj
a(x)

+

n∑

i=1

βi(x)a(x) + γ(x)a(x) < 0, in ΩA,

a(x) > 0, on |x− x0| =
1

2
R,

a(x) = 0, on |x− x0| = R,
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for all sufficiently large λ≫ 1. Moreover

−
n∑

i=1

n∑

j=1

αij(x)
∂2

∂xi∂xj
w(x)

+

n∑

i=1

βi(x)
∂

∂xi
w(x) + γ(x)w(x) ≤ 0, in ΩA,

w(x) ≤ 0, on |x− x0| =
1

2
R,

w(x) ≤ 0, on |x− x0| = R,

for all sufficiently large λ ≫ 1 and for all sufficiently small 0 <

ε≪ 1.

By using the weak maximum principle, we see that

u(x) + εa(λ,x) ≤ 0,

in ΩA. Note that u(x1) + εa(λ,x1) = 0. Note that the outward

unit normal vector is n = 1
R(x1 − x0). Therefore

∂

∂n
w(x1) =

1

R
(x1 − x0) · ∇w(x1) ≥ 0.

Let us compute the gradient of the function a:

∇a(λ,x) = −2λ(x− x0) exp(−λ|x− x0|2).

Finally, we obtain

∂

∂n
u(x1) =

1

R
(x1 − x0) · ∇u(x1)

>
2λε

R
|x1 − x0|2 exp(−λ|x1 − x0|2) > 0.

The Strong Maximum Principle: Let the function u ∈
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C2(Ω) ∩ C(Ω) satisfy the following conditions

−
n∑

i=1

n∑

j=1

αij(x)
∂2

∂xi∂xj
u +

n∑

i=1

βi(x)
∂

∂xi
u + γ(x)u ≤ 0, in Ω,

γ(x)u(x) ≥ 0, in Ω.

Let Ω ⊂ R
n be connected. If there exists a point x0 ∈ Ω, such that

u(x0) = max
Ω
u(x),

then u is a constant function.

The Eigenvalue Problems of a Differential Operator

Let Ω be a bounded connected open set in R
n, with smooth bound-

ary ∂Ω. Let αij and γ be bounded smooth functions defined

in Ω, such that αij(x) = αji(x), for all i = 1, 2, 3, · · · , n and

j = 1, 2, 3, · · · , n and for all x ∈ Ω. Suppose that there exists a

positive constant Λ > 0, such that
n∑

i=1

n∑

j=1

αij(x)ξiξj ≥ Λ|ξ|2,

for all ξ ∈ R
n and for all x ∈ Ω. Suppose that γ(x) ≥ 0, for all

x ∈ Ω.

Define the linear differential operator

Lu = −
n∑

i=1

n∑

j=1

∂

∂xj

[
αij(x)

∂

∂xi
u

]
+ γ(x)u,

for all u ∈ C2(Ω).

Define the bilinear functional

B[u, v] =

n∑

i=1

n∑

j=1

∫

Ω

αij(x)
∂

∂xi
u(x)

∂

∂xj
v(x)dx +

∫

Ω

γ(x)u(x)v(x)dx,
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for all functions u ∈ H1
0 (Ω) and v ∈ H1

0 (Ω).

Clearly, L is a linear differential operator. The inverse operator

L−1 : L2(Ω) → L2(Ω) exists and it is a bounded linear compact

operator. Any nonzero complex number µ ∈ σ(L−1) must be an

eigenvalue of L−1. Consequently, λ must be an eigenvalue of L,
where λµ = 1. Obviously

∫

Ω

v(x)Lu(x)dx =

∫

Ω

u(x)Lv(x)dx,

for all u ∈ C2(Ω)∩H1
0 (Ω) and v ∈ C2(Ω)∩H1

0 (Ω). Hence, L is a

self-adjoint operator. Therefore, all eigenvalues of L must be real.

Moreover

B[u, v] = B[v, u],

for all u ∈ H1
0 (Ω) and v ∈ H1

0 (Ω).

Theorem 1.

(1) All eigenvalues of the differential operator L are real.

(2) The eigenvalues of the operator L are positive. They may be

arranged in the following increasing way

0 < λ1 < λ2 ≤ λ3 ≤ · · · · · · ≤ λk ≤ · · · · · ·
lim
k→∞

λk =∞.

(3) The dimension of the eigenspace N (λkI −L) is finite. That is,
the number of linearly independent solutions of

−
n∑

i=1

n∑

j=1

∂

∂xj

[
αij(x)

∂

∂xi
ψ

]

+γψ(x) = λkψ, in Ω,

ψ = 0, on ∂Ω,
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is finite.

(4) There exists an orthonormal basis

B = {ψ1, ψ2, ψ3, · · · · · · , ψk, · · · · · · } ⊂ H1
0 (Ω),

for the vector space L2(Ω), where ψk is an eigenfunction of the

operator L associated with the eigenvalue λk:

−
n∑

i=1

n∑

j=1

∂

∂xj

[
αij(x)

∂

∂xi
ψk

]

+γ(x)ψk = λkψk, in Ω,

ψk = 0, on ∂Ω,

for all k = 1, 2, 3, · · · · · · .
That is ∫

Ω

|ψk(x)|2dx = 1,
∫

Ω

ψk(x)ψl(x)dx = 0,

for all k = 1, 2, 3, · · · · · · and l = 1, 2, 3, · · · · · · , with k 6= l.

For any function u ∈ L2(Ω), the series

u =

∞∑

k=1

akψk,

is convergent in L2(Ω), where

ak =

∫

Ω

u(x)ψk(x)dx,

where k = 1, 2, 3, · · · · · · .
Note: The eigenfunctions

ψk ∈ C∞(Ω),
588



for all k = 1, 2, 3, · · · · · · , if

αij ∈ C∞(Ω), γ ∈ C∞(Ω),

for all i = 1, 2, 3, · · · · · · , n and j = 1, 2, 3, · · · · · · , n.
Definition: The eigenvalue λ1 > 0 is called the principal eigen-

value of the operator L.
The Variational Principle for the Principal Eigen-

value

(1) There holds

λ1 = min
u∈H1

0 (Ω)

{
B[u, u] :

∫

Ω

|u(x)|2dx = 1

}
.

(2) There exists a positive eigenfunction ψ1 ∈ C∞(Ω) ∩ H1
0 (Ω)

associated with the eigenvalue λ1, such that

−
n∑

i=1

n∑

j=1

∂

∂xj

[
αij(x)

∂

∂xi
ψ1

]

+γ(x)ψ1 = λ1ψ1, in Ω,

ψ1 > 0, in Ω,

ψ1 = 0, on ∂Ω,∫

Ω

|ψ1(x)|2dx = 1,

λ1 = B[ψ1, ψ1].

(3) If the function ψ ∈ H1
0 (Ω) is a solution of the boundary value

problem

−
n∑

i=1

n∑

j=1

∂

∂xj

[
αij(x)

∂

∂xi
ψ

]
+ γ(x)ψ = λ1ψ, in Ω,

ψ = 0, on ∂Ω,
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then

ψ(x) = cψ1(x),

for all x ∈ Ω and for some real constant c ∈ R.

Therefore, without loss of generality, we may claim that the

eigenfunction ψ corresponding to the first eigenvalue is positive.

Proof. Recall that the set

B = {ψ1, ψ2, ψ3, · · · · · · , ψk · · · · · · }

of eigenfunctions is an orthonormal basis of L2(Ω), that is,

−
n∑

i=1

n∑

j=1

∂

∂xj

[
αij(x)

∂

∂xi
ψk

]

+γ(x)ψk = λkψk, in Ω,

ψk = 0, on ∂Ω,∫

Ω

|ψk(x)|2dx = 1,
∫

Ω

ψk(x)ψl(x)dx = 0,

for all k = 1, 2, 3, · · · · · · and l = 1, 2, 3, · · · · · · . Thus we have

B[ψk, ψk] = λk, B[ψk, ψl] = 0,

for all k = 1, 2, 3, · · · · and l = 1, 2, 3, · · · · · · , with k 6= l.

Obviously

λ1 = B[ψ1, ψ1] ≥ min
u∈H1

0 (Ω)

{
B[u, u] :

∫

Ω

|u(x)|2dx = 1

}
.
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For all functions u ∈ L2(Ω), with
∫
Ω |u(x)|2dx = 1, we may write

u(x) =
∞∑

k=1

akψk(x),

∫

Ω

|u(x)|2dx =

∞∑

k=1

|ak|2 = 1,

ak =

∫

Ω

u(x)ψk(x)dx, k = 1, 2, 3, · · · · · ·

Now we have the following computations

B[u, u] =

∞∑

k=1

∞∑

l=1

akalB[ψk, ψl]

=

∞∑

k=1

λk|ak|2 ≥ λ1

∞∑

k=1

|ak|2 = λ1.

Note that H1
0 (Ω) is a subspace of L2(Ω). Hence

min
u∈H1

0 (Ω)

{
B[u, u] :

∫

Ω

|u(x)|2dx = 1

}
≥ λ1.

Now we have proved that

λ1 = min
u∈H1

0 (Ω)

{
B[u, u] :

∫

Ω

|u(x)|2dx = 1

}
.

Now let

u ∈ H1
0 (Ω),

∫

Ω

|u(x)|2dx = 1.

Let us prove that u is a weak solution of the boundary value problem

−
n∑

i=1

n∑

j=1

∂

∂xj

[
αij(x)

∂

∂xi
u

]

+γ(x)u = λ1u, in Ω,

u = 0, on ∂Ω,
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if and only if

λ1 = B[u, u].

This is not hard, because we have obtained the equality

B[u, u] =

∞∑

k=1

λk|ak|2.

Let u be a nontrivial weak solution of the boundary value problem

−
n∑

i=1

n∑

j=1

∂

∂xj

[
αij(x)

∂

∂xi
u

]

+γ(x)u = λ1u, in Ω,

u = 0, on ∂Ω.

Let

u+(x) = max{+u(x), 0},
u−(x) = max{−u(x), 0},

for all x ∈ Ω. Then

u(x) = u+(x)− u−(x), u+(x)u−(x) = 0,

and

∂

∂xi
u(x) =

∂

∂xi
u+(x)− ∂

∂xi
u−(x),

∂

∂xi
u+(x)

∂

∂xi
u−(x) = 0,

for all x ∈ Ω. Moreover
∫

Ω

|u(x)|2dx =

∫

Ω

|u+(x)|2dx +

∫

Ω

|u−(x)|2dx = 1.
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Now we have

B[u+, u−] =

n∑

i=1

n∑

j=1

∫

Ω

αij(x)
∂

∂xi
u+(x)

∂

∂xj
u−(x)dx

+

∫

Ω

γ(x)u+(x)u−(x)dx = 0.

The following estimates are very interesting and important. There
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hold the estimates

λ1 = B[u, u]

=

n∑

i=1

n∑

j=1

∫

Ω

αij(x)
∂

∂xi
u(x)

∂

∂xj
u(x)dx

+

∫

Ω

γ(x)|u(x)|2dx

=

n∑

i=1

n∑

j=1

∫

Ω

αij(x)

[
∂

∂xi
u+(x)− ∂

∂xi
u−(x)

] [
∂

∂xj
u+(x)− ∂

∂xi
u−(x)

]
dx

+

∫

Ω

γ(x)|u+(x)− u−(x)|2dx

=

n∑

i=1

n∑

j=1

∫

Ω

αij(x)
∂

∂xi
u+(x)

∂

∂xj
u+(x)dx

+

n∑

i=1

n∑

j=1

∫

Ω

αij(x)
∂

∂xi
u−(x)

∂

∂xj
u−(x)dx

+

∫

Ω

γ(x)|u+(x)|2dx

+

∫

Ω

γ(x)|u−(x)|2dx

≥ λ1

∫

Ω

|u+(x)|2dx

+ λ1

∫

Ω

|u−(x)|2dx = λ1.
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n∑

i=1

n∑

j=1

∫

Ω

αij(x)
∂

∂xi
u(x)

∂

∂xj
u(x)dx +

∫

Ω

γ(x)dx

n∑

i=1

n∑

j=1

∫

Ω

αij(x)
∂

∂xi
u(x)

∂

∂xj
u(x)dx +

∫

Ω

γ(x)dx

n∑

i=1

n∑

j=1

∫

Ω

αij(x)
∂

∂xi
u(x)

∂

∂xj
u(x)dx +

∫

Ω

γ(x)dx

B[u, u]B[u+, u+]B[u−, u−] + .

Then

B[u+, u+] = λ1

∫

Ω

|u+(x)|2dx,

B[u−, u−] = λ1

∫

Ω

|u−(x)|2dx.

Therefore, we have

−
n∑

i=1

n∑

j=1

∂

∂xj

[
αij(x)

∂

∂xi
u+(x)

]

+γu+(x) = λ1u
+(x), in Ω,

u+ = 0, on ∂Ω,

and

−
n∑

i=1

n∑

j=1

∂

∂xj

[
αij(x)

∂

∂xi
u−(x)

]

+γu−(x)(x) = λ1u
−(x), in Ω,

u− = 0, on ∂Ω.

Finally, by using the strong maximum principle, we find that

Either u > 0, in Ω,

or u < 0, in Ω.
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Let φ and ψ be nontrivial weak solutions of the boundary value

problem

−
n∑

i=1

n∑

j=1

∂

∂xj

[
αij(x)

∂

∂xi
u

]

+γ(x)u = λ1u,

u = 0, on ∂Ω.

Note that
∫

Ω

φ(x)dx 6= 0,

∫

Ω

ψ(x)dx 6= 0.

There exists a real constant c, such that
∫

Ω

[φ(x)− cψ(x)]dx = 0.

Note that u = φ− cψ is also a weak solution of

−
n∑

i=1

n∑

j=1

∂

∂xj

[
αij(x)

∂

∂xi
u

]

+γ(x)u = λ1u, in Ω,

u = 0, on ∂Ω.

Therefore, we get φ = cψ. The proof of Theorem is finished now.

✷
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Lu = −
n∑

i=1

n∑

j=1

αij(x)
∂2

∂xi∂xj
u +

n∑

i=1

βi(x)
∂

∂xi
u + γ(x)u.

(t−1/2η), (t−1/2η), (t−1/2η), (t−1/2η), · · · · · · · · · · · · , 1.
λ1

∂
∂xi
ψ = 0. With respect to the inner product, the set of eigen-

functions is an orthonormal basis of the space. ψ1, ψ2, ψ3, · · · , ψk
+ exp[λ(a1x1 + a2x2 + a3x3 + · · · · · · + anxn)]

+ exp[λ(a1x1 + a2x2 + a3x3 + · · · · · · + anxn)]

+ exp[λ(a1x1 + a2x2 + a3x3 + · · · · · · + anxn)]

+ exp[λ(a1x1 + a2x2 + a3x3 + · · · · · · + anxn)]

+ exp[λ](a1x1 + a2x2 + a3x3 + · · · · · · + anxn)

+ exp[λ(a1x1 + a2x2 + a3x3 + · · · · · · + anxn)]

+ exp[λ(a1x1 + a2x2 + a3x3 + · · · · · · + anxn)]

+ exp[λ(a1x1 + a2x2 + a3x3 + · · · · · · + anxn)]

+ exp[λ(a1x1 + a2x2 + a3x3 + · · · · · · + anxn)]

+ exp[λ(a1x1 + a2x2 + a3x3 + · · · · · · + anxn)]

+ exp[λ(a1x1 + a2x2 + a3x3 + · · · · · · + anxn)]
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Applications of the method of Fourier transforma-

tion to a hyperbolic equation

Theorem 1. Consider the Cauchy problems for the one-dimensional

nonhomogeneous hyperbolic equation

∂2

∂t2
u− α2 ∂

2

∂x2
u = f (x, t),

u(x, 0) = u0(x),
∂

∂t
u(x, 0) = v0(x).

In this problem, α > 0 is a positive constant, the initial functions

u0 ∈ C2(R) and v0 ∈ C1(R), the external force f ∈ C1(R× R
+).

There exists a unique global classical solution u ∈ C2(R × R
+),

given explicitly by

u(x, t) =
1

2
[u0(x + αt) + u0(x− αt)] +

1

2α

∫ x+αt

x−αt
v0(ξ)dξ

+
1

2α

∫ t

0

∫ x+α(t−τ)

x+α(t−τ)
f (ξ, τ )dξdτ,

for all (x, t) ∈ R× R
+.

Proof. Performing the Fourier transformation to the initial value

problems leads to

∂2

∂t2
û(ξ, t) + α2|ξ|2û(ξ, t) = f̂ (ξ, t),

û(ξ, 0) = û0(ξ),
∂

∂t
û(ξ, 0) = v̂0(ξ).

Solving the initial value problems by using the method of variation

of parameters, we have the explicit representation of the Fourier
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transformation

û(ξ, t) =
1

2

[
û0(ξ) +

1

iαξ
v̂0(ξ)

]
exp(+itαξ)

+
1

2

[
û0(ξ)−

1

iαξ
v̂0(ξ)

]
exp(−itαξ)

+
1

2iαξ

∫ t

0

exp[+iαξ(t− τ )]f̂ (ξ, τ )dτ

− 1

2iαξ

∫ t

0

exp[−iαξ(t− τ )]f̂ (ξ, τ )dτ,

for all (ξ, t) ∈ R× R
+.

Recall that

φ(x) =
1

2π

∫

R

exp(+ixξ)φ̂(ξ)dξ,

for all ξ ∈ R, where the function φ ∈ S(R). Now if we perform the

inverse Fourier transformation to the representation and use some

elementary property, then we obtain the solution representation

u(x, t) =
1

2
[u0(x− αt) + u0(x + αt)] +

1

2α

∫ x+αt

x−αt
v0(η)dη

+
1

2α

∫ t

0

∫ x+α(t−τ)

x−α(t−τ)
f (η, τ )dηdτ,

for all (x, t) ∈ R× R
+.

∂

∂x
u,

∂

∂y
u, û(ξ, t)(t−)(t−)(t− τ )(t− τ )
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Sobolev Spaces

Theorem 1. Let the positive integer n ≥ 2, let the positive

constant p ≥ 1, such that 1 ≤ p < n. Then W 1,p(Rn) ⊂ Lp
∗
(Rn),

where p∗ > p and 1
p∗ =

1
p − 1

n. Moreover, there holds the following

estimate
{∫

Rn

|u(x)|p∗dx
} 1

p∗

≤ 1

2

{∫

Rn

|∇u(x)|pdx
}1

p

,

for all functions u ∈ C∞0 (Rn).

Proof. First of all, by using fundamental theorem of calculus,

it is easy to show that

|u(x)| ≤ 1

2

∫

R

∣∣∣∣
∂

∂xi
u(x)

∣∣∣∣ dxi,

for all functions u ∈ C∞0 (Rn), where i = 1, 2, 3, · · · , n, the vector
x = (x1, x2, x3, · · · , xn). Now

|u(x)| n
n−1 ≤

n∏

i=1

{
1

2

∫

R

∣∣∣∣
∂

∂xi
u(x)

∣∣∣∣ dxi
} 1

n−1
,

for all functions u ∈ C∞0 (Rn).

Let us integrate this inequality step by step with respect to the

variables x1, x2, x3, · · · , xn, respectively. In each step, we will use

the general Hölder’s inequality.
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Step 1: The integration with respect to x1 leads to the estimate
∫

R

|u(x)| n
n−1dx1

≤
{
1

2

∫

R

∣∣∣∣
∂

∂x1
u(x)

∣∣∣∣ dx1
} 1

n−1

·
n∏

i=2

{
1

2

∫

R2

∣∣∣∣
∂

∂xi
u(x)

∣∣∣∣ dx1dxi
} 1

n−1
.

Step 2: The integration with respect to x2 leads to the estimate
∫

R2
|u(x)| n

n−1dx1dx2

≤
{
1

2

∫

R2

∣∣∣∣
∂

∂x1
u(x)

∣∣∣∣ dx1dx2
} 1

n−1

·
{
1

2

∫

R2

∣∣∣∣
∂

∂x2
u(x)

∣∣∣∣ dx1dx2
} 1

n−1

·
n∏

i=3

{
1

2

∫

R3

∣∣∣∣
∂

∂xi
u(x)

∣∣∣∣ dx1dx2dxi
} 1

n−1
.
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Step 3: The integration with respect to x3 leads to the estimate
∫

R3
|u(x)| n

n−1dx1dx2dx3

≤
{
1

2

∫

R3

∣∣∣∣
∂

∂x1
u(x)

∣∣∣∣ dx1dx2dx3
} 1

n−1

·
{
1

2

∫

R3

∣∣∣∣
∂

∂x2
u(x)

∣∣∣∣ dx1dx2dx3
} 1

n−1

·
{
1

2

∫

R3

∣∣∣∣
∂

∂x3
u(x)

∣∣∣∣ dx1dx2dx3
} 1

n−1

·
n∏

i=4

{
1

2

∫

R4

∣∣∣∣
∂

∂xi
u(x)

∣∣∣∣ dx1dx2dx3dxi
} 1

n−1
.

Step 4: The integration with respect to x4 leads to the estimate
∫

R4
|u(x)| n

n−1dx1dx2dx3dx4

≤
{
1

2

∫

R4

∣∣∣∣
∂

∂x1
u(x)

∣∣∣∣ dx1dx2dx3dx4
} 1

n−1

·
{
1

2

∫

R4

∣∣∣∣
∂

∂x2
u(x)

∣∣∣∣ dx1dx2dx3dx4
} 1

n−1

·
{
1

2

∫

R4

∣∣∣∣
∂

∂x3
u(x)

∣∣∣∣ dx1dx2dx3dx4
} 1

n−1

·
{
1

2

∫

R4

∣∣∣∣
∂

∂x4
u(x)

∣∣∣∣ dx1dx2dx3dx4
} 1

n−1

·
n∏

i=5

{
1

2

∫

R5

∣∣∣∣
∂

∂xi
u(x)

∣∣∣∣ dx1dx2dx3dx4dxi
} 1

n−1
.
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Step 5: The integration with respect to xk leads to the estimate
∫

Rk

|u(x)| n
n−1dx1dx2dx3 · · · dxk

≤
{
1

2

∫

Rk

∣∣∣∣
∂

∂x1
u(x)

∣∣∣∣ dx1dx2dx3 · · · dxk
} n

n−1

·
{
1

2

∫

Rk

∣∣∣∣
∂

∂x2
u(x)

∣∣∣∣ dx1dx2dx3 · · · dxk
} n

n−1

·
{
1

2

∫

Rk

∣∣∣∣
∂

∂x3
u(x)

∣∣∣∣ dx1dx2dx3 · · · dxk
} n

n−1

· · · · · · ·
·
{
1

2

∫

Rk

∣∣∣∣
∂

∂xk
u(x)

∣∣∣∣ dx1dx2dx3 · · · dxk
} n

n−1

· · · · · · ·
·
{
1

2

∫

Rk+1

∣∣∣∣
∂

∂xi
u(x)

∣∣∣∣ dx1dx2dx3 · · · dxkdxi
} n

n−1
.

Step 6: The integration with respect to xn leads to the estimate
∫

Rn

|u(x)| n
n−1dx

≤
n∏

i=1

{
1

2

∫

Rn

∣∣∣∣
∂

∂xi
u(x)

∣∣∣∣ dx
} 1

n−1
.

Now let 1 < p < n and define r = (n−1)p
n−p . Then nr

n−1 = np
n−p and

n
n−1

r
r−1 =

p
p−1. Let w(x) = |u(x)|r, where u ∈ C∞0 (Rn). Then

∫

Rn

|w(x)| n
n−1dx

≤
n∏

i=1

{
1

2

∫

Rn

∣∣∣∣
∂

∂xi
w(x)

∣∣∣∣ dx
} 1

n−1
.
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That is
∫

Rn

|u(x)| nrn−1dx

≤
n∏

i=1

{
r

2

∫

Rn

|u(x)|r−1
∣∣∣∣
∂

∂xi
u(x)

∣∣∣∣ dx
} 1

n−1
.

By using Hölder’s inequality, we have the following estimate
∫

Rn

|u(x)|r−1
∣∣∣∣
∂

∂xi
u(x)

∣∣∣∣ dx

≤
{∫

Rn

|u(x)| nrn−1dx

}p−1
p

·
{∫

Rn

∣∣∣∣
∂

∂xi
u(x)

∣∣∣∣
p

dx

}1
p

.

Now we have
∫

Rn

|u(x)| nrn−1dx

≤
n∏

i=1

{
r

2

∫

Rn

|u(x)| nrn−1dx

} p−1
(n−1)p

·
{∫

Rn

∣∣∣∣
∂

∂xi
u(x)

∣∣∣∣
p

dx

} 1
(n−1)p

.

Simplifying, we have

{∫

Rn

|u(x)|
np
n−pdx

} n−p
(n−1)p

≤
n∏

i=1

{
r

2

∫

Rn

∣∣∣∣
∂

∂xi
u(x)

∣∣∣∣
p

dx

} 1
(n−1)p

.
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Finally, we obtain the desired estimate

{∫

Rn

|u(x)|
np
n−pdx

}n−p
np

≤ (n− 1)p

2(n− p)
n∏

i=1

{∫

Rn

∣∣∣∣
∂

∂xi
u(x)

∣∣∣∣
p

dx

} 1
np

,

for all functions u ∈ C∞0 (Rn).r
n

n−1r
n

n−12
n

n−12
n

n−1

Theorem 2. Let the positive integersm ≥ 1 and n ≥ 2, let the

positive constant p ≥ 1, such that mp < n. Consider the Sobolev

space Wm,p(Rn).

Define the positive constants p∗, p∗∗, p∗∗∗, p∗∗∗∗, · · · , p∗∗∗···∗ by
1

p∗
=

1

p
− 1

n
,

1

p∗∗
=

1

p∗
− 1

n
=

1

p
− 2

n
,

1

p∗∗∗
=

1

p∗∗
− 1

n
=

1

p
− 3

n
,

1

p∗∗∗∗
=

1

p∗∗∗
− 1

n
=

1

p
− 4

n
,

· · · · · · · · · · · ·
1

p∗∗∗···∗
=

1

p∗∗···∗
− 1

n
=

1

p
− m

n
.

Then

Wm,p(Rn) ⊂ Wm−1,p∗(Rn) ⊂ Wm−2,p∗∗(Rn)

⊂ Wm−3,p∗∗∗(Rn) ⊂ · · · · · · ⊂ Lp
∗∗∗···∗

(Rn).

Moreover, there hold the following estimates.
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(1)
{∫

Rn

∣∣∣∣
∂α1+α2+α3+···+αn

∂xα11 ∂x
α2
2 ∂x

α3
3 · · · ∂xαnn

u(x)

∣∣∣∣
p∗

dx

} 1
p∗

≤ C1

{∫

Rn

∣∣∣∣∇
∂α1+α2+α3+···+αn

∂xα11 ∂x
α2
2 ∂x

α3
3 · · · ∂xαnn

u(x)

∣∣∣∣
p

dx

}1
p

,

for all u ∈ Wm,p(Rn), where α1 + α2 + α3 + · · · + αn ≤ m− 1.

(2)
{∫

Rn

∣∣∣∣
∂α1+α2+α3+···+αn

∂xα11 ∂x
α2
2 ∂x

α3
3 · · · ∂xαnn

u(x)

∣∣∣∣
p∗∗

dx

} 1
p∗∗

≤ C2

{∫

Rn

∣∣∣∣∇
∂α1+α2+α3+···+αn

∂xα11 ∂x
α2
2 ∂x

α3
3 · · · ∂xαnn

u(x)

∣∣∣∣
p∗

dx

} 1
p∗

,

for all u ∈ Wm−1,p∗(Rn), where α1 + α2 + α3 + · · ·+ αn ≤ m− 2.

(3)
{∫

Rn

∣∣∣∣
∂α1+α2+α3+···+αn

∂xα11 ∂x
α2
2 ∂x

α3
3 · · · ∂xαnn

u(x)

∣∣∣∣
p∗∗∗

dx

} 1
p∗∗∗

≤ C3

{∫

Rn

∣∣∣∣∇
∂α1+α2+α3+···+αn

∂xα11 ∂x
α2
2 ∂x

α3
3 · · · ∂xαnn

u(x)

∣∣∣∣
p∗∗

dx

} 1
p∗∗

,

for all u ∈ Wm−2,p∗∗(Rn), where α1+α2+α3+ · · ·+αn ≤ m− 3.

(4)
{∫

Rn

∣∣∣∣
∂α1+α2+α3+···+αn

∂xα11 ∂x
α2
2 ∂x

α3
3 · · · ∂xαnn

u(x)

∣∣∣∣
p∗∗∗∗

dx

} 1
p∗∗∗∗

≤ C4

{∫

Rn

∣∣∣∣∇
∂α1+α2+α3+···+αn

∂xα11 ∂x
α2
2 ∂x

α3
3 · · · ∂xαnn

u(x)

∣∣∣∣
p∗∗∗

dx

} 1
p∗∗∗

,
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for all u ∈ Wm−3,p∗∗∗(Rn), where α1+α2+α3+ · · ·+αn ≤ m− 4.

(5)

{∫

Rn

|u(x)|p∗∗∗···∗dx
} 1

p∗∗∗···∗

≤ Cm

{∫

Rn

|∇u(x)|p∗∗···∗dx
} 1

p∗∗···∗
,

for all u ∈ W 1,p∗∗···∗(Rn).

Therefore, we obtain the estimate

{∫

Rn

|u(x)|p∗∗∗···∗dx
} 1

p∗∗∗···∗

≤ C

{
∑

α1+α2+α3+···+αn=m

∫

Rn

∣∣∣∣
∂α1+α2+α3+···+αn

∂xα11 ∂x
α2
2 ∂x

α3
3 · · · ∂xαnn

u(x)

∣∣∣∣
p

dx

}1
p

,

for all functions u ∈ Wm,p(Rn).

Lemma 1. There holds the following estimate
∫

B(x0,R)

|u(x)− u(x0)|dx ≤
1

n
R
n

∫

B(x0,R)

|∇u(x)|
|x− x0|n−1

dx,

for all functions u ∈ C1(Rn), for all points x0 ∈ R
n and for all

radius R > 0.
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Lemma 1. Let α > 0, β > 0 and γ > 0 be positive constants,

such that α > β > γ ≥ 1. There holds the following estimate

∫

Rn

|φ(x)|βdx ≤
{∫

Rn

|φ(x)|αdx
}β−γ

α−γ
{∫

Rn

|φ(x)|γdx
}α−β

α−γ
,

for all functions φ ∈ Lα(Rn) ∩ Lγ(Rn).

Proof. Note that α − β > 0, β − γ > 0, α − γ > 0 and

α− γ = α− β + β − γ. Also note that

β − γ
α− γ +

α− β
α− γ = 1, β = α

β − γ
α− γ + γ

α− β
α− γ .

The proof followings from a simple application of Hölder’s inequal-

ity. We have
∫

Rn

|φ(x)|βdx =

∫

Rn

|φ(x)|α
β−γ
α−γ+γ

α−β
α−γdx

≤
{∫

Rn

|φ(x)|αdx
}β−γ

α−γ
{∫

Rn

|φ(x)|γdx
}α−β

α−γ
.

Below there are four simple applications to this inequality.

Now let p > n ≥ 2. By using the above estimate, we have
∫

Rn

|u(x)|pdx

≤
{∫

Rn

|u(x)| n
n−1pdx

} (n−1)(p−n)
(p+1−n)n

{∫

Rn

|u(x)|ndx
} p

(p+1−n)n
.

Note that p > n > 1. Now we have

(p− 1)
n

n− 1
> p > n, (p− 1)

n

n− 1
<

n

n− 1
p.
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Therefore, we have the following estimate
∫

Rn

|u(x)| n
n−1(p−1)dx

≤
{∫

Rn

|u(x)| n
n−1pdx

} p−n
p+1−n

{∫

Rn

|u(x)|ndx
} 1

p+1−n
.

Now let λ > p > n. Note that
n

n− 1
λ >

p

p− 1
(λ− 1) > p > n > 1.

We have the estimates∫

Rn

|u(x)|λdx

≤
{∫

Rn

|u(x)| n
n−1λdx

} (n−1)(λ−p)
p+(λ−p)n

·
{∫

Rn

|u(x)|pdx
} λ

p+(λ−p)n
,

and ∫

Rn

|u(x)|
p

p−1(λ−1)dx

≤
{∫

Rn

|u(x)| n
n−1λdx

} (n−1)(λ−p)p
(p−1)[p+(λ−p)n]

·
{∫

Rn

|u(x)|pdx
} (λ−1)p−(λ−p)n

(p−1)[p+(λ−p)n]
.

Lemma 2. Let the positive integer n ≥ 2. Then

W 1,n(Rn) ⊂ Lp(Rn),

for all positive constants p > n (but not for the case p = ∞).

Moreover, there exists a positive constant C = C(n, p) > 0, such
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that there holds the following estimate

{∫

Rn

|u(x)|pdx
}1

p

≤
(
1

2
p

)p−n
p
{∫

Rn

|u(x)|ndx +

∫

Rn

|∇u(x)|ndx
} 1

n

,

for all functions u ∈ W 1,n(R).

Proof. In the following well-known estimate

∫

Rn

|φ(x)| n
n−1dx ≤

n∏

i=1

{
1

2

∫

Rn

∣∣∣∣
∂

∂xi
φ(x)

∣∣∣∣ dx
} 1

n−1
,

letting φ(x) = |u(x)|p, where u ∈ W 1,n(Rn) and p > n is a positive
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constant, we have
∫

Rn

|u(x)| n
n−1pdx

≤
n∏

i=1

{
1

2

∫

Rn

∣∣∣∣
∂

∂xi

[
|u(x)|p

]∣∣∣∣ dx
} 1

n−1

≤
n∏

i=1

{
1

2
p

∫

Rn

|u(x)|p−1
∣∣∣∣
∂

∂xi
u(x)

∣∣∣∣ dx
} 1

n−1

≤
(
1

2
p

) n
n−1 n∏

i=1

{∫

Rn

|u(x)| n
n−1(p−1)dx

} 1
n

·
n∏

i=1

{∫

Rn

∣∣∣∣
∂

∂xi
u(x)

∣∣∣∣
n

dx

} 1
n(n−1)

≤
(
1

2
p

) n
n−1 n∏

i=1

{∫

Rn

|u(x)|ndx
} 1

(p+1−n)n

·
n∏

i=1

{∫

Rn

|u(x)| n
n−1pdx

} p−n
(p+1−n)n

·
n∏

i=1

{∫

Rn

∣∣∣∣
∂

∂xi
u(x)

∣∣∣∣
n

dx

} 1
n(n−1)

≤
(
1

2
p

) n
n−1
{∫

Rn

|u(x)|ndx
} 1

p+1−n

·
{∫

Rn

|u(x)| n
n−1pdx

} p−n
p+1−n

·
n∏

i=1

{∫

Rn

∣∣∣∣
∂

∂xi
u(x)

∣∣∣∣
n

dx

} 1
n(n−1)

.
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Let us cancel out
{∫

Rn

|u(x)| n
n−1pdx

} p−n
p+1−n

,

then we get the estimate

{∫

Rn

|u(x)| n
n−1pdx

} 1
p+1−n

≤
(
1

2
p

) n
n−1
{∫

Rn

|u(x)|ndx
} 1

p+1−n

·
n∏

i=1

{∫

Rn

∣∣∣∣
∂

∂xi
u(x)

∣∣∣∣
n

dx

} 1
n(n−1)

.

That is
∫

Rn

|u(x)| n
n−1pdx

≤
(
1

2
p

) (p+1−n)n
n−1

{∫

Rn

|u(x)|ndx
}{∫

Rn

|∇u(x)|ndx
}p+1−n

n−1
.
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Finally, we obtain the desired estimate
∫

Rn

|u(x)|pdx

≤
{∫

Rn

|u(x)| n
n−1pdx

} (n−1)(p−n)
(p+1−n)n

{∫

Rn

|u(x)|ndx
} p

(p+1−n)n

≤
(
1

2
p

)p−n{∫

Rn

|∇u(x)|ndx
}p−n

n

·
{∫

Rn

|u(x)|ndx
} (n−1)(p−n)

(p+1−n)n

·
{∫

Rn

|u(x)|ndx
} p

(p+1−n)n

≤
(
1

2
p

)p−n{∫

Rn

|∇u(x)|ndx
}p−n

n
{∫

Rn

|u(x)|ndx
}

≤
(
1

2
p

)p−n{∫

Rn

|u(x)|ndx +

∫

Rn

|∇u(x)|ndx
} p

n

.

The proof of the Theorem is finished now.

Theorem . Let the positive integer n ≥ 2, let the positive

constant p > n. Then

W 1,p(Rn) ⊂ Lλ(Rn),

for all positive constants λ > p > n. Moreover, there exists a

positive constant C(λ, n, p) = (12λ)
(λ−p)n

p > 0, such that there holds

the following estimate

{∫

Rn

|u(x)|λdx
} 1

λ

≤
(
1

2
λ

) (λ−p)n
p
{∫

Rn

|u(x)|pdx +

∫

Rn

|∇u(x)|pdx
}1

p

,

for all functions u ∈ W 1,p(Rn).
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Proof. In the well-known estimate
∫

Rn

|φ(x)| n
n−1dx ≤

n∏

i=1

{
1

2

∫

Rn

∣∣∣∣
∂

∂xi
φ(x)

∣∣∣∣ dx
} 1

n−1
,

letting φ(x) = |u(x)|λ, where u ∈ W 1,p(Rn) and the positive con-
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stants λ > p > n, we have the following estimates
∫

Rn

|u(x)| n
n−1λdx

≤
n∏

i=1

{
1

2

∫

Rn

∣∣∣∣
∂

∂xi

[
|u(x)|λ

]∣∣∣∣ dx
} 1

n−1

≤
n∏

i=1

{
1

2
λ

∫

Rn

|u(x)|λ−1
∣∣∣∣
∂

∂xi
u(x)

∣∣∣∣ dx
} 1

n−1

≤
(
1

2
λ

) n
n−1 n∏

i=1

{∫

Rn

|u(x)|
p

p−1(λ−1)dx

} p−1
(n−1)p

·
n∏

i=1

{∫

Rn

∣∣∣∣
∂

∂xi
u(x)

∣∣∣∣
p

dx

} 1
(n−1)p

≤
(
1

2
λ

) n
n−1 n∏

i=1

{∫

Rn

|u(x)|pdx
} (λ−1)p−(λ−p)n

(n−1)[p+(λ−p)n]p

·
n∏

i=1

{∫

Rn

|u(x)| n
n−1λdx

} λ−p
p+(λ−p)n

·
n∏

i=1

{∫

Rn

∣∣∣∣
∂

∂xi
u(x)

∣∣∣∣
p

dx

} 1
(n−1)p

≤
(
1

2
λ

) n
n−1
{∫

Rn

|u(x)|pdx
} (λ−1)p−(λ−p)n

(n−1)[p+(λ−p)n]pn

·
{∫

Rn

|u(x)| n
n−1λdx

} (λ−p)n
p+(λ−p)n

·
n∏

i=1

{∫

Rn

∣∣∣∣
∂

∂xi
u(x)

∣∣∣∣
p

dx

} 1
(n−1)p

.
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Let us cancel out

{∫

Rn

|u(x)| n
n−1λdx

} (λ−p)n
p+(λ−p)n

,

in the above estimates, then we have

{∫

Rn

|u(x)| n
n−1λdx

} p
p+(λ−p)n

≤
(
1

2
λ

) n
n−1
{∫

Rn

|u(x)|pdx
} (λ−1)p−(λ−p)n

(n−1)[p+(λ−p)n]pn

·
n∏

i=1

{∫

Rn

∣∣∣∣
∂

∂xi
u(x)

∣∣∣∣
p

dx

} 1
(n−1)p

.

That is
∫

Rn

|u(x)| n
n−1λdx

≤
(
1

2
λ

) [p+(λ−p)n]n
(n−1)p

{∫

Rn

|u(x)|pdx
} (λ−1)p−(λ−p)n

(n−1)p2 n

·
{∫

Rn

|∇u(x)|pdx
}p+(λ−p)n

(n−1)p2 n

.

616



Finally, we obtained the following estimates
∫

Rn

|u(x)|λdx

≤
{∫

Rn

|u(x)| n
n−1λdx

} (n−1)(λ−p)
p+(λ−p)n

{∫

Rn

|u(x)|pdx
} λ

p+(λ−p)n

≤
(
1

2
λ

) (λ−p)n
p
{∫

Rn

|∇u(x)|pdx
} (λ−p)n

p2

·
{∫

Rn

|u(x)|pdx
} (λ−p)n

p2
{∫

Rn

|u(x)|pdx
} (λ−p)[(λ−1)p−(λ−p)n]

[p+(λ−p)n]p2 n

≤
(
1

2
λ

) (λ−p)n
p
{∫

Rn

|∇u(x)|pdx
} (λ−p)n

p2
{∫

Rn

|u(x)|pdx
}λλ

≤
(
1

2
λ

) (λ−p)n
p
{∫

Rn

|u(x)|pdx +

∫

Rn

|∇u(x)|pdx
}λ

p

.

The proof of the theorem is finished now. ✷
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Here is the second step. Now let p > n. Note that nnnp(n −
1)2n2p(1+)1+n2(2)

∫
Rn

∣∣∣ ∂∂xiu(x)
∣∣∣
p

dx.|α, ··pλ, Cnp2uφ()β111n∑n
i=1CC

npn2(1+)
∑n

i=1 1nC
1

1+p−n·, ()1n11+np1+ + 11p1+, 2p − n(1+)C1+ + 1 +

· {} 1nn2(1+) · · · +x.arrive a nn− 1n(2p− n)Now we have If we
n
n−1p

p−n
1+p−n, .That is There are two steps in the proof. Here is the

first step. Then

Theorem 3. Let the positive integer n ≥ 1 and let the positive

constant p > 1, such that p > n. Then

W 1,p(Rn) ⊂ C0,1−n
p (Rn).

W 1,p(Rn) ⊂ C0,1−n
p (Rn).

There exists a positive constant C > 0, such that there holds the

following estimate

sup
x∈Rn
|u(x)| + sup

x∈Rn,y∈Rn,x 6=y

|u(x)− u(y)|
|x− y|1−n

p

≤ C

{∫

Rn

|u(x)|pdx +

∫

Rn

|∇u(x)|pdx
}1

p

,

for all functions u ∈ W 1,p(Rn).

Proof. Let x0 ∈ R
n be any point, let R > 0 be any positive

constant. Consider the open ball B(x0, R). First of all, by using

the fundamental theorem of calculus, we have

u(x0 + sz)− u(x0) =

∫ s

0

z · ∇u(x0 + tz)dt,

for all z ∈ R
n and for all positive constant s > 0, where |z| = 1.

Thus

|u(x0 + sz)− u(x0)| ≤
∫ s

0

|∇u(x0 + tz)|dt.
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Integrating this inequality over the unit sphere S(0, 1) yields
∫

S(0,1)

|u(x0 + sz)− u(x0)|dS(z) ≤
∫ s

0

{∫

S(0,1)

|∇u(x0 + tz)|dS(z)
}
dt.

Let us make a change of variables on the right hand side. Let

x = x0 + tz, then dS(x) = tn−1dS(z). Now we have
∫

S(0,1)

|u(x0 + sz)− u(x0)|dS(z) ≤
∫ s

0

{∫

S(x0,t)

|∇u(x)|
|x− x0|n−1

dS(x)

}
dt

≤
∫

B(x0,R)

|∇u(x)|
|x− x0|n−1

dx.

Now multiplying this inequality by sn−1 and integrating the result

with respect to s over [0, R], we get
∫ R

0

{
sn−1

∫

S(0,1)

|u(x0 + sz)− u(x0)|dS(z)
}
ds

≤ 1

n
Rn

∫

B(x0,R)

|∇u(x)|
|x− x0|n−1

dx.

Therefore, we obtain the following elementary estimate
∫

B(x0,R)

|u(x)− u(x0)|dx ≤
1

n
Rn

∫

B(x0,R)

|∇u(x)|
|x− x0|n−1

dx,

for all balls B(x0, R) ⊂ R
n.

Now let x0 ∈ R
n and y0 ∈ R

n be any two distinct points, let

Ω = B(x0, R) ∩ B(y0, R), where R = |x0 − y0| > 0. There hold
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the following estimates

|u(x0)− u(y0)| =
{∫

Ω

|u(x0)− u(y0)|dx
}
/

{∫

Ω

1dx

}

≤
{∫

Ω

|u(x)− u(x0)|dx
}
/

{∫

Ω

1dx

}

+

{∫

Ω

|u(x)− u(y0)|dx
}
/

{∫

Ω

1dx

}

≤ C

{∫

B(x0,R)

|u(x)− u(x0)|dx
}
/

{∫

B(x0,R)

1dx

}

+ C

{∫

B(y0,R)

|u(x)− u(y0)|dx
}
/

{∫

B(y0,R)

1dx

}

≤ C

{
1

n
Rn

∫

B(x0,R)

|∇u(x)|
|x− x0|n−1

dx

}
/

{∫

B(x0,R)

1dx

}

+ C

{
1

n
Rn

∫

B(y0,R)

|∇u(x)|
|x− y0|n−1

dx

}
/

{∫

B(y0,R)

1dx

}

≤ C

{∫

B(x0,R)

1

|x− x0|
p

p−1(n−1)
dx

}p−1
p {∫

B(x0,R)

|∇u(x)|pdx
}1

p

·
{
1

n
Rn

}
/

{∫

B(x0,R)

1dx

}

+ C

{∫

B(y0,R)

1

|x− y0|
p

p−1(n−1)
dx

}p−1
p {∫

B(y0,R)

|∇u(x)|pdx
}1

p

·
{
1

n
Rn

}
/

{∫

B(y0,R)

1dx

}

≤ CR1−n
p

{∫

Rn

|∇u(x)|pdx
}1

p

.
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That is, there holds the following estimate

sup
x0 6=y0

{|u(x0)− u(y0)|
|x0 − y0|1−n/p

}
≤ C

{∫

Rn

|∇u(x)|pdx
}1

p

.

Next, let x0 ∈ R
n be any point and let R > 0 be any positive
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constant. Then we have the following estimates

|u(x0)|
=

{∫

B(x0,R)

|u(x0)|dx
}
/

{∫

B(x0,R)

1dx

}

≤
{∫

B(x0,R)

|u(x)− u(x0)− u(x)|dx
}
/

{∫

B(x0,R)

1dx

}

≤
{∫

B(x0,R)

|u(x)− u(x0)|dx
}
/

{∫

B(x0,R)

1dx

}

+

{∫

B(x0,R)

|u(x)|dx
}
/

{∫

B(x0,R)

1dx

}

≤
{
1

n
Rn

∫

B(x0,R)

|∇u(x)|
|x− x0|n−1

dx

}
/

{∫

B(x0,R)

1dx

}

+

{∫

B(x0,R)

|u(x)|dx
}
/

{∫

B(x0,R)

1dx

}

≤ 1

n
Rn

{∫

B(x0,R)

1

|x− x0|
p

p−1(n−1)
dx

}p−1
p

·
{∫

B(x0,R)

|∇u(x)|pdx
}1

p

/

{∫

B(x0,R)

1dx

}

+

{∫

B(x0,R)

|u(x)|pdx
}1

p
{∫

B(x0,R)

1dx

}p−1
p

/

{∫

B(x0,R)

1dx

}

≤ CRn+1−n
p

{∫

Rn

|∇u(x)|pdx
}1

p

/

{∫

B(x0,R)

1dx

}

+

{∫

Rn

|u(x)|pdx
}1

p

/

{∫

B(x0,R)

1dx

}1
p

≤ C

{∫

Rn

|u(x)|pdx
}1−n

p
{∫

Rn

|∇u(x)|pdx
}n

p

.
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In the last step, we let

(1) R =

{∫

Rn

|u(x)|pdx
}2n−p

p2

/

{∫

Rn

|∇u(x)|pdx
}2n−p

p2

, if p < 2n,

(2) R =

{∫

Rn

|∇u(x)|pdx
}p−2n

p2

/

{∫

Rn

|u(x)|pdx
}p−2n

p2

, if p ≥ 2n.

The proof of the theorem is finished now. ✷

Theorem 4. Let the positive integers m ≥ 1 and n ≥ 1, let

the positive constant p ≥ 1, such that mp > n. Then

Wm,p(Rn) ⊂ Cm−1−[np ],1+[np ]−n
p (Rn),

if np is not an integer. And

Wm,p(Rn) ⊂ Cm−1−[np ],α(Rn),

if np is an integer, where 0 < α < 1 is any positive constant.

Proof. Let k = [np ]. Then m ≥ 1 + k and k < n
p < k + 1, if np

is not an integer.

Define the positive constants p∗, p∗∗, · · · , p∗∗∗···∗ by
1

p∗
=

1

p
− 1

n
,

1

p∗∗
=

1

p∗
− 1

n
=

1

p
− 2

n
,

1

p∗∗∗
=

1

p∗∗
− 1

n
=

1

p
− 3

n
,

· · · · · · · · · · · ·
1

p∗∗∗···∗
=

1

p∗∗···∗
− 1

n
=

1

p
− k

n
.

By using the result of Theorem 1, we find that

Wm,p(Rn) ⊂ Wm−1,p∗(Rn) ⊂ Wm−2,p∗∗(Rn)

⊂ Wm−3,p∗∗∗(Rn) ⊂ · · · · · · ⊂ Wm−k,p∗∗∗···∗(Rn).
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In each of the inclusion step, there holds the estimate
{∫

Rn

∣∣∣∣
∂α1+α2+α3+···+αn

∂xα11 ∂x
α2
2 ∂x

α3
3 · · · ∂xαnn

u(x)

∣∣∣∣
p∗···∗

dx

} 1
p∗···∗

≤ C

{∫

Rn

∣∣∣∣∇
∂α1+α2+α3+···+αn

∂xα11 ∂x
α2
2 ∂x

α3
3 · · · ∂xαnn

u(x)

∣∣∣∣
p∗···∗∗

dx

} 1
p∗···∗∗

,

for all α1 + α2 + α3 + · · · + αn ≤ m− i, where i = 1, 2, 3, · · · , k.
Let

r = p∗∗∗···∗.

Then
1

r
=

1

p
− k

n
, r > n.

Now

Wm,p(Rn) ⊂ Wm−k,r(Rn).

Recall that

W 1,r(Rn) ⊂ C0,1−n
r (Rn).

Therefore, we have

Wm,p(Rn) ⊂ Wm−k,r(Rn)

⊂ Cm−k−1,1−n
r (Rn) = Cm−1−[np ],1+[np ]−n

p (Rn).

Now let us consider the case n
p is an integer. As before, we have

Wm,p(Rn) ⊂ Wm−1,p∗(Rn)

⊂ Wm−2,p∗∗(Rn) ⊂ · · · · · · ⊂ Wm−k,p∗∗∗···∗(Rn)

= Wm−k,n(Rn) ⊂ Wm−k−1,λ(Rn)

= Wm−n
p ,λ(Rn) ⊂ Cm−1−n

p ,1−n
λ(Rn)

= Cm−1−n
p ,α(Rn),
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where

k =
n

p
− 1, p∗∗∗···∗ = n.

∂α1+α2+α3+···+αn

∂xα11 ∂x
α2
2 ∂x

α3
3 · · · ∂xαnn

u ∈ Lλ(Rn),

∂α1+α2+α3+···+αn

∂xα11 ∂x
α2
2 ∂x

α3
3 · · · ∂xαnn

u ∈ C0,1−n
λ(Rn),

for all α1 + α2 + α3 + · · · + αn ≤ m− 1− k and for all λ > n.

Therefore, we have

u ∈ Cm−1−n
p ,α(Rn),

for all 0 < α < 1.
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The Gagliardo-Nirenberg Sobolev’s Interpolation In-

equality.

Let m ≥ 1, n ≥ 1 and k ≥ 0 be integers, such that m > k. Let

1 ≤ p ≤ ∞, 1 ≤ q ≤ ∞ and 1 ≤ q ≤ ∞. Let k/m ≤ α < 1 be a

real constant, such that

n

p
− k = α(

n

r
−m) + (1− α)n

q
.

There holds the following Gagliardo-Nirenberg-Sobolev interpola-

tion inequality





∑

β1+β2+β3+···+βn=k

∫

Rn

∣∣∣∣∣
∂β1+β2+β3+···+βn

∂β1x1∂
β2
x2∂

β3
x3 · · · ∂βnxn

f (x)

∣∣∣∣∣

p

dx





1
p

≤ C

{
∑

α1+α2+α3+···+αn=m

∫

Rn

∣∣∣∣
∂α1+α2+α3+···+αn

∂α1x1 ∂
α2
x2 ∂

α3
x3 · · · ∂αnxn

f (x)

∣∣∣∣
r

dx

}α/r

·
{∫

Rn

|f (x)|qdx
}(1−α)/q

,

for all functions f ∈ Wm,r(Rn) ∩ Lq(Rn).

The only exception is that (1) if mr < n, k = 0 and q =∞, we

require that f → 0, as |x| → ∞.

(2) k/m ≤ α < 1, if 1 < r < ∞ and m − k − n
r ≥ 0 is an

integer.
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Mathematics 435 - Introduction to Functional Analysis - 2022

Mathematics 435 - Introduction to Functional Analysis - 2022

Functional Analysis studies the structures and properties (of

compact sets, closed sets, open sets, convex sets) of metric spaces,

Banach spaces and Hilbert spaces and their adjoint spaces. Func-

tional Analysis studies properties of bounded linear operators (in-

cluding adjoint operator, compact operators, projection operators)

and continuous linear functionals, such as eigenvalues, eigenvec-

tors, spectrum, one-to-one, onto, boundedness of inverse operators,

etc. There are many beautiful, powerful, elegant results, such as

the Banach contraction mapping principle, open mapping theorem,

closed graph theorem, uniform bounded theorem, Riesz represen-

tation theorem, Parseval’s identity, etc. There are many important

applications to partial differential equations, differential geometry,

engineering, applied mathematics.

Instructor: Professor Linghai Zhang

Contact Information: liz5@lehigh.edu

Online Office Hours: Tuesday and Thursday, 8 PM - 9:30 PM

and by appointments. The link of the ZOOMmeeting is posted

in the Coursesite.

Homework Assignments: There will be 6 homework assign-

ments. Students will submit their solutions to the Coursesite

before the deadline. 150 points.

Presentations: There will be 10 Presentations on Thursdays

starting from the third week. Prepare your presentations in the
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PDF documents or powerpoint. You may write down all im-

portant details as evidence. However, you will just talk about

the most important ideas and steps. You do not have to talk

about all the details. The presentation is worth 200 points

The Final Exam: Presentations of 45 minutes per student. 150

points.

Total Score: 500 points

A: 451 - 500

B: 401 - 450

C: 351 - 400

For the information in the Future

Chapter 1: Use about 2 weeks. Give about 1 presentation

Chapter 2: Use about 6 weeks. Give about 3 presentations

Chapter 3: Use about 6 weeks. Give about 3 presentations

Every student does 4 problems in any presentation.

There will be a Final Exam - Presentations. Every student will

present 5 - 6 problems.

There will be three homework assignments. There will be 3 prob-

lems in each assignment.

Chapter 2: bounded linear operators (focus on projection operators,

norm-preserving and onto operators, compact operators, general

nilpotent operators) and unbounded linear operators (differential

operators). Chapter 3: bounded linear operators (focus on pro-

jection operators, self-adjoint operators, unitary operators, Cayley
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transformation, Fourier transformation, Hilbert operator, compact

operators) and unbounded linear operators (differential operators).

Students may ask me for ideas and main steps.
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Notations

R
n : the standard Euclidean space,

B : basis of the space Rn,

‖v‖ : norm of a vector in R
n, ‖v‖2 =

n∑

i=1

|vi|2,

‖A‖ : the norm of a square matrix, ‖A‖2 =
n∑

i=1

n∑

j=1

|aij|2,

u,v,w represent vectors

‖u‖, ‖v‖, ‖w‖ represent norms of vectors

M : a metric space

X : a normed linear space, a Banach space

H : a vector space with inner product, a Hilbert space

X ∗ : the adjoint space of X
H∗ : the adjoint space of H
A : a bounded linear operator

A∗ : the adjoint operator of A,
‖A‖ : the norm of bounded linear operator A
‖A∗‖ : the norm of adjoint operator A∗
P : a projection operator

f : a continuous linear functional

‖f‖ : the norm of continuous linear functional

(u,v) : the inner product of two vectors u,v

Λ = {λ ∈ a set},
S a set in a space

630



Chapter 1: Metric Spaces

Chapter 1: Complete Metric Spaces

Definition and elementary properties

Examples of metric spaces: Rn, Cn, Mn(R), L
p(R), lp.

Sequences, Bounded Sequences, Limits, Convergent Sequences

Bounded sets, Open sets, Closed Sets, Convex sets, Dense sets,

Compact sets

Examples of compact sets

Mappings between metric spaces: Continuous mappings, Open

mappings, Closed mappings, Contraction mappings

Complete metric spaces

Banach Contraction Mapping Principle, Applications

Summary

Chapter 2: Banach Spaces and Bounded Linear Operators

Section 1: Bounded Linear Operators

1.1 Boundedness and continuity of linear operators

1.2 The space B(X → Y)
Section 2: Representation and Extension of Continu-

ous Linear Functionals

2.1 Representation of continuous linear functionals

2.2 Extension of continuous linear functionals

2.3 Applications of the extension theorem

Section 3: Adjoint Space and Adjoint Operators
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3.1 Second adjoint space

3.2 Convergence of operator sequences

3.3 Weak compactness

3.4 Adjoint operators

Section 4: Theorem on Inverse Operator and Theorem

on Uniform Bound

4.1 Theorem on inverse operator

4.2 Banach-Steinhaus theorem

Section 5: Spectrum of Bounded Linear Operators, In-

variant Subspaces

5.1 Eigenvalues and eigenvectors

5.2 Resolvent and spectrum of bounded linear operators

5.3 Invariant subspaces

Section 6: Spectrum of Compact Operators

6.1 Definition and properties of compact operators

6.2 Spectrum of compact operators

6.3 Invariant subspaces of compact operators

Chapter 3: Hilbert Spaces and Bounded Linear Operators

Section 1: Hilbert Spaces

1.1 Vector spaces with inner products

1.2 Definition and elementary properties of Hilbert spaces

Section 2: Projection Theorem

2.1 Orthogonality and projection

2.2 Projection theorem

Section 3: Orthogonal Sets

3.1 Orthonormal sets

3.2 Complete orthonormal sets
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3.3 Isomorphisms

Section 4: Adjoint Space and Adjoint Operator

4.1 Representations of continuous linear functionals

4.2 Adjoint space and adjoint operator

4.3 Bounded self-adjoint operators

Section 5: Projection Operators

5.1 Definition and fundamental properties of projection operators

5.2 Operations of projection operators

5.3 Invariant subspaces and projection operators
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Definition 1. LetM be a nonempty set. M is called a metric

space, if there exists a metric ρ, that is, ρ is a function fromM×M
to R, such that

(1) ρ(u,v) ≥ 0,

(2) ρ(u,v) = 0, if and only if u = v,

(3) ρ(u,v) ≤ ρ(u,w) + ρ(v,w),

for all u ∈M and v ∈M.

Example 1. The vector space Rn is a metric space, with the

metric

ρ(x,y)
def
=

{
n∑

i=1

|xi − yi|2
}1/2

.

Example 2. The vector space Mn(R) is a metric space, with the

metric

ρ(A,B)
def
=





n∑

i=1

n∑

j=1

|aij − bij|2




1/2

.

Example 3. The vector space lp is a metric space, with the

metric

lp
def
=

{
(x1, x2, x3, · · · , xn, · · · ) :

∞∑

n=1

|xn|p <∞
}
,

ρ(x,y) =

{ ∞∑

n=1

|xn − yn|p
}1

p

.

Example 4. The vector space Lp(Rn) is a metric space, with the

metric

ρ(f, g)
def
=

{∫

Rn

|f (x)− g(x)|pdx
}1

p
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Definition 2. LetM be a metric space. The subset S ⊂ M
is called bounded, if there exists a point u0 ∈ M and a positive

constant C > 0, such that

ρ(u,u0) ≤ C,

for all u ∈ S .
Definition 3. Let M be a metric space. The set S ⊂ M

is called open, if for every point u0 ∈ S , there exists a positive

number δ > 0, such that

B(u0, δ)
def
= {u ∈M : ρ(u,u0) < δ} ⊂ S.

Definition 4. Let M be a metric space. Let {un : n =

1, 2, 3, · · · · · · } ⊂ S . If

lim
n→∞

ρ(un,u0) = 0,

then we say the sequence un is convergent and we write the limit

lim
n→∞

un = u0.

Definition 5. LetM be a metric space. The set S ⊂ M is

called closed, if the limit of any convergent sequence is also in S ,
i.e. if

lim
n→∞

ρ(un,u0) = 0,

then u0 ∈ S .
Definition 6. LetM be a metric space. The set S ⊂ M is

called convex, if for any points u0 ∈ S and v0 ∈ S , there holds

λu0 + (1− λ)v0 ∈ S,

for any number 0 ≤ λ ≤ 1.
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Definition 7. LetM be a metric space. The set S ⊂ M is

called dense in the metric space, if for every point u0 ∈ M, there

exists a sequence

{u1,u2,u3, · · · · · · ,un, · · · · · · } ⊂ S,
such that

lim
n→∞

ρ(un,u0) = 0.

Definition 8. LetM be a metric space. The set S ⊂ M is

called compact, if every bounded sequence has a convergent subse-

quence.

Theorem 1. LetM be a metric space. Then

ρ(u,v) = ρ(v,u),

for all u ∈ S and v ∈ S .
Theorem 2. Let

{u1,u2,u3, · · · · · · ,un · · · · · · }
be a convergence sequence in the metric spaceM. Then the limit

is unique.

Theorem 3. Let {un : n = 1, 2, 3, · · · } and {vn : n =

1, 2, 3, · · · } be convergent sequences in the metric spaceM, that

is,

lim
n→∞

ρ(un,u0) = 0, lim
n→∞

ρ(vn,v0) = 0,

then

lim
n→∞

ρ(un,vn) = ρ(u0,v0).

Definition 9. Let S ⊂ M and T ⊂ M be subsets, let u0 ∈
M. Define the distance between u0 and S by

ρ(u0,S) def
= inf

u∈S
ρ(u0,u).
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Define the distance between S and T by

ρ(S, T ) def
= inf

u∈S,v∈T
ρ(u,v).

Theorem . Let

{Sλ, λ ∈ Λ}

be a family of open sets. Then
⋃

λ∈Λ
Sλ

is also open.

Let

{Sλ : λ ∈ Λ}

be a family of closed sets. Then
⋂

λ∈Λ
Sλ

is closed.
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Definition 11. Let (M, ρ1) and (N , ρ2) be metric spaces.

The mapping A : (M, ρ1) → (N , ρ2) is called continuous, if for

any point u0 ∈ M and for any positive constant ε > 0, i.e. for

any ball B(A(u0), ε) ⊂ N , there exists another positive constant

δ > 0, i.e. there is another ball B(u0, δ) ⊂M, such that

A(B(u0, δ)) ⊂ B(A(u0), ε).

Definition 12. Let (M, ρ1) and (N , ρ2) be metric spaces. The

mapping A : (M, ρ1)→ (N , ρ2) is called open, if for any u0 ∈M
and for any δ > 0, the image

A(B(u0, δ)) ⊂ N
is open in the space (N , ρ2).

Definition 13. Let (M, ρ1) and (N , ρ2) be metric spaces. The

mapping A : (M, ρ1)→ (N , ρ2) is called closed, if the graph

G(A) def
= {(u,A(u)) : u ∈M}

is closed in the metric space (M, ρ1) × (N , ρ2), where the metric

is defined by

ρ(u,v) =
{
[ρ1(u,v)]

2 + [ρ2(u,v)]
2
}1/2

.

Theorem (Baire) Any complete metric space is of the second

category.

Proof. Suppose that (X , ρ) is a complete metric space and that

X is of the first category. Let

X =

∞⋃

n=1

Sn.

Suppose that all Sn are sparse sets. That is, for every set Sn, for
any closed ball S(yn, ρn), there exists another closed ball S(zn, σn),
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such that

S(zn, σn) ⊂ S(yn, ρn), S(zn, σn) ∩ Sn = ∅.
Let S(x, R) be any closed ball. Then there exists a closed ball

S(x1, R1), such that

S(x1, R1) ⊂ S(x, R), S(x1, R1) ∩ S1 = ∅.
Similarly, there exists a closed ball S(x2, R2), such that

S(x2, R2) ⊂ S(x1, R1), S(x2, R2) ∩ S2 = ∅.
Then there exists a closed ball S(x3, R3), such that

S(x3, R3) ⊂ S(x2, R2), S(x3, R3) ∩ S3 = ∅.
Repeating this process, there exists a sequence of closed balls S(xn, Rn),

such that

S(xn, Rn) ⊂ S(xn−1, Rn−1), S(xn, Rn) ∩ Sn = ∅,
where n = 2, 3, 4, · · · . Without loss of generality, we may let the

radius 0 < Rn <
1
2n . Overall, we obtain

S(x1, R1) ⊃ S(x2, R2) ⊃ S(x3, R3) ⊃ · · · ⊃ S(xn, Rn) ⊃ · · · ,
S(xn, Rn) ∩ Sn = ∅.

Based on Theorem , there exists a unique point x0:

x0 ∈
∞⋂

n=1

S(xn, Rn).

However, x0 /∈ Sn, for all n = 1, 2, 3, · · · . Hence

x0 /∈ X =

∞⋃

n=1

Sn.
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This is a contradiction. Therefore, there exists a set Sn and there

exists an open ball B(y0, R), such that

Sn is dense in S(y0, R).

The proof is finished now. ✷

Definition 14. Let (M, ρ1) and (N , ρ2) be metric spaces. The

mapping A : (M, ρ1) → (N , ρ2) is called a topological mapping,

if A is one-to-one and onto, and both A and A−1 are continuous

mappings.

Definition 15. Let (M, ρ1) and (N , ρ2) be metric spaces. The

mapping A : (M, ρ1)→ (N , ρ2) is called distance-preserving, if

ρ2(A(u),A(v)) = ρ1(u,v),

for all u ∈ M and v ∈ M. Additionally, if A is onto, then it is

called an isomorphism.

Definition 16. Let (M, ρ) be a metric space. The mapping

A(M, ρ)→ (M, ρ) is called a contraction, if there exists a positive

constant 0 ≤ α < 1, such that

ρ(A(u),A(v)) ≤ αρ(u,v),

for all u ∈M and v ∈M.

Banach Contraction Mapping Principle

Theorem 1. Let (M, ρ) be a complete metric space and let

A : (M, ρ)→ (M, ρ) be a contraction mapping. Then there exists

a unique fixed point v0 ∈M, such that

A(v0) = v0.

The key point in the proof is to show that the sequence

{u0,Au0,A2u0,A3u0, · · · · · · ,Anu0,An+1u0, · · · · · · }
640



is convergent, because there holds the following estimate

ρ(Anu0,An+1u0) ≤ αnρ(u0,Au0),

for all n ≥ 1.

Theorem 2. Let (M, ρ) be a complete metric space, let A :

(M, ρ) → (M, ρ) be a mapping, such that An is a contraction

mapping, where n > 1 is a sufficiently large positive integer. Then

there exists a unique point u0 ∈M, such that

A(u0) = u0.

The key point in the proof is to show that

An(u0) = u0 ⇒ A(u0) = u0.

Note that

ρ(u0,A(u0)) = ρ(An(u0),An+1(u0)) ≤ αρ(u0,A(u0)).

Therefore

A(u0) = u0.

Example 1. Let the continuous function f = f (x, y) be de-

fined in

R = {(x, y) : a ≤ x ≤ b, y ∈ R},
such that its partial derivative with respect to y exists. Let C1 > 0

and C2 > 0 be positive constants, such that

C1 ≤
∂

∂y
f (x, y) ≤ C2,

for all (x, y) ∈ R. Then there exists a unique solution y = φ(x) ∈
C[a, b] to the equation

f (x, y) = 0.
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The key point in the proof is to define the mapping

A : C[a, b]→ C[a, b],

A(φ) = φ− 1

C2
f (x, φ).

A(φ)−A(ψ) =
[
φ− 1

C2
f (x, φ)

]
−
[
ψ − 1

C2
f (x,

= (φ− ψ)
{
1− 1

C2

∂

∂y
f (x, )

}
,

|A(φ)−A(ψ)|
≤ |φ− ψ|(1− C1/C2).

The estimate shows that the mapping is a contraction.

Example 2. Let f = f (x) be a continuous function defined

on [a, b], let K = K(x, y) be a continuous function defined on

[a, b]× [a, b], such that

K def
= sup

[a,b]

∫ b

a

|K(x, y)|dy <∞.

Then there exists a unique solution y = φ(x) ∈ C[a, b] to the

integral equation

φ(x) = f (x) + λ

∫ b

a

K(x, y)φ(y)dy,

as long as the constant λ satisfies the condition K|λ| < 1.

Let

A(φ) = f (x) + λ

∫ b

a

K(x, y)φ(y)dy.

The key point in the proof is to establish the estimate

|A(φ)−A(ψ)| ≤ K|λ|‖φ− ψ‖.
642



Example 3. Let f = f (x) be a continuous function defined on

[a, b], let K = K(x, y) be a continuous function defined on

R = {(x, y) : a ≤ x ≤ b, a ≤ y ≤ x}.

Let

K = max
R
|K(x, y)|.

Then, for each constant λ ∈ R, there exists a unique solution

y = φ(x) to the equation

φ = f (x) + λ

∫ x

a

K(x, y)φ(y)dy.

Let

A(φ) = f (x) + λ

∫ x

a

K(x, y)φ(y)dy.

Then

An+1(φ) = f (x) + λ

∫ x

a

K(x, y)[An(φ)](y)dy.

Obviously, we see that

An+1(φ)−An+1(ψ) = λ

∫ x

a

K(x, y)[An(φ)−An(ψ)]dy.

The key point in the proof is to show the estimate

|An+1(φ)−An+1(ψ)| ≤ [(b− a)K|λ|]n+1

(n + 1)!
‖φ− ψ‖.

Example 4. Let the real vector valued, continuous function

f = f(u, t) be defined on

R = R
n × R.
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Given the constant vector u0, let

‖f(u0, t)‖ ≤ C0,

for all t ∈ R, where C0 > 0 is a positive constant. Let L > 0 be a

positive constant, such that

|f(u, t)− f(v, t)| ≤ L|u− v|,
for all u ∈ R

n, v ∈ R
n and for all t ∈ R. Consider the initial value

problem for the first order system of ordinary differential equations

d

dt
u = f(u, t), u(t0) = u0.

The function u = u(t) ∈ C1(R) is a solution to the initial value

problem, if and only if it is a solution to the integral equation

u(t) = u0 +

∫ t

t0

f(u(τ ), τ )dτ.

There exists a unique continuously differentiable solution on R.

Let t0 < T <∞ be a fixed positive constant. Define the operator

A on C[t0, T ] and iterate for infinitely many times

A(u) = u0 +

∫ t

t0

f(u(τ ), τ )dτ,

A2(u) = u0 +

∫ t

t0

f(A(u(τ )), τ )dτ,

A3(u) = u0 +

∫ t

t0

f(A2(u(τ )), τ )dτ,

· · · · · · · · · · · ·
An(u) = u0 +

∫ t

t0

f(An−1(u(τ )), τ )dτ,

An+1(u) = u0 +

∫ t

t0

f(An(u(τ )), τ )dτ,
· · · · · · · · · · · ·
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The key point is to establish the estimates

‖An+1(u)−An+1(v)‖

≤ L

∫ t

t0

‖An(u)−An(v)‖dτ

≤ L2

∫ t

t0

‖An−1(u)−An−1(v)‖dτ

≤ Ln
∫ t

t0

‖A(u)−A(v)‖dτ

≤ Ln+1

∫ t

t0

‖u(τ )− v(τ )‖dτ

≤ (LT )n+1

(n + 1)!
‖u− v‖.

The estimates are true for all n ≥ 1 and for all t0 < t < T .

Note that

lim
n→∞

(LT )n+1

(n + 1)!
= 0.

Therefore, for each fixed T > t0 and for all sufficiently large n, the

mapping An+1 is a contraction. There exists a unique fixed point

u = u(t), such that A(u) = u, that is

u(t) = u0 +

∫ t

t0

f(u(τ ), τ )dτ,

for all t with t0 < t < T . Note that T is arbitrary, namely, the

solution exists on (t0,∞). Very similarly, the solution exists on

(−∞, t0). Therefore, there exists a unique continuously differen-

tiable solution on R.

Complete Metric Spaces

645



Definition 1. Let (M, ρ) be a metric space, let {un : n =

1, 2, 3, · · · } ⊂ M be a sequence of points. We call it a fundamental

sequence or a Cauchy sequence, if for every positive constant ε > 0,

there exists an integer N = N(ε), such that

ρ(um,un) < ε,

for all integers m > N and n > N . The metric space (M, ρ) is

called complete if every Cauchy sequence is convergent in (M, ρ).

Examples of Complete Metric Spaces: Let Ω be a subset

of Rn. Let 1 ≤ p <∞ and m > 0 be positive constants.

R
n, C[a, b]

lp(R), l∞(R)

Lp(Rn), Lp(Ω)

L∞(Rn), L∞(Ω)

Hm(Rn)
def
=

{
φ ∈ L2(Rn) :

∫

Rn

(1 + |ξ|2)m/2|φ̂(ξ)|2dξ <∞
}
.

Theorem 1. Let (M, ρ) be a complete metric space. Let

S1 ⊃ S2 ⊃ S3 ⊃ · · · ⊃ Sn ⊃ · · · ,
Sn = {u ∈M : ρ(u,un) ≤ εn},
lim
n→∞

εn = 0.

Then there exists a unique point u0 ∈M, such that

u0 ∈
∞⋂

n=1

Sn.

The key point in the proof is that the sequence

{un : n = 1, 2, 3, · · · }
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is a Cauchy sequence. It is convergent in (M, ρ).

Theorem 2. Let (M, ρ) be a metric space. If for every se-

quence of closed balls

S1 ⊃ S2 ⊃ S3 ⊃ · · · ⊃ Sn · · · ,
Sn = {u ∈M : ρ(u,un) ≤ εn},
lim
n→∞

εn = 0,

there exists a unique point u0, such that

u0 ∈
n⋂

n=1

Sn,

then (M, ρ) is a complete metric space.

Definition 2. Let (M, ρ) be a metric space. If there exists

a complete metric space (M1, ρ1), and there exists a distance-

preserving isomorphism A : (M, ρ) → (N1, ρ1), then we say

(M1, ρ1) is a completion of the metric space (M, ρ), where N1 ⊂
M1 is a dense subset, i.e

M1 = N 1.

Theorem 3. For any metric space (M, ρ), there exists a com-

pletion (M1, ρ1).

Proof. There are several steps in the proof of the theorem.

The First Step: Define the spaceM1 by

M1 = {Λ : Λ = {un} is a Cauchy sequence inM}.
Define the metric ρ1 by

ρ1(Λ,Γ) = lim
n→∞

ρ(un,vn),

for any two Cauchy sequences Λ = {un} and Γ = {vn}. The above
definition makes sense for the following reasons. Note that

|ρ(um,vm)− ρ(un,vn)| ≤ ρ(um,un) + ρ(vm,vn),
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for all positive integers m ≥ 1 and n ≥ 1. Hence {ρ(un,vn)} is a
Cauchy sequence in R. Therefore, the limit

lim
n→∞

ρ(un,vn)

exists. If two Cauchy sequences Λ = {un} and Γ = {vn} in (M, ρ)

satisfy

lim
n→∞

ρ(un,vn) = 0,

then we say {un} = {vn}.
Moreover, if {un} = {ũn} and {vn} = {ṽn}, then

|ρ(un,vn)− ρ(ũn, ṽn)| ≤ ρ(un, ũn) + ρ(vn, ṽn),

for all positive integers n ≥ 1. Now we have

lim
n→∞

ρ(un,vn) = lim
n→∞

ρ(ũn, ṽn).

Therefore, the definition of the metric ρ1 is independent of the

choices of the Cauchy sequences. Overall, (M1, ρ1) is a metric

space.

The Second Step: Define

N1 = {Λ(u) : Λ(u) = (u,u,u, · · · ,u, · · · ),u ∈M}.

Then N1 is dense in the metric space (M1, ρ1).

In fact, for any Cauchy sequence

Λ = (u1,u2,u3, · · · ,un, · · · ) ∈M1,
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let us define the following sequences

Λ(u1) = (u1,u1,u1, · · · ,u1, · · · ),
Λ(u2) = (u2,u2,u2, · · · ,u2, · · · ),
Λ(u3) = (u3,u3,u3, · · · ,u3, · · · ),
· · · · · ·
Λ(un) = (un,un,un, · · · ,un, · · · ),
· · · · · · ,

in N1. Then

ρ1(Λ,Λ(un)) = lim
m→∞

ρ(um,un) < ε.

The Third Step: The metric space (M1, ρ1) is complete. Let

{Λ1,Λ2,Λ3, · · · ,Λn, · · · }

be any Cauchy sequence in the metric space (M1, ρ1).

For any positive constant ε > 0, there exists a positive integer

N = N(ε), for any positive integers m > N and n > N , there

holds the following estimate

ρ1(Λm,Λn) <
1

3
ε.

Recall that N1 is dense inM1. Therefore, there exists a sequence

Λ(u1) = (u1,u1,u1, · · · ,u1, · · · ),
Λ(u2) = (u2,u2,u2, · · · ,u2, · · · ),
Λ(u3) = (u3,u3,u3, · · · ,u3, · · · ),
· · · · · · ,
Λ(un) = (un,un,un, · · · ,un, · · · ),
· · · · · ·
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in N1, such that

ρ1(Λm,Λ(um)) <
1

3
ε.

Now we have the following estimates

ρ(um,un) = ρ1(Λ(um),Λ(un))

≤ ρ1(Λ(um),Λm) + ρ1(Λm,Λn) + ρ1(Λn,Λ(un))

<
1

3
ε +

1

3
ε +

1

3
ε = ε.

Let

Λ0 = (u1,u2,u3, · · · ,un, · · · ).

Hence Λ0 ∈M1. Moreover,

ρ1(Λn,Λ0) ≤ ρ1(Λn,Λ(un)) + ρ1(Λ(un),Λ0) < ε,

where

ρ1(Λ(un),Λ0) = lim
k→∞

ρ(un,uk) < ε,

for all sufficiently large n≫ 1. The proof of the theorem is finished.

Theorem . Let (M1, ρ1) and (M2, ρ2) be two completions of

the metric space (M, ρ). There must exist a distance-preserving

isomorphism A : (M1, ρ1)→ (M2, ρ2), such that

A(u) = u,

for all u ∈M.

Theorem. A complete metric space is of the second category.

Let us begin here!

Compact Sets in Metric Spaces
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Definition 1. Let (M, ρ) be a metric space. The subset

S ⊂M is called compact, if there exists a convergent subsequence

{un1,un2,un3, · · · ,unk, · · · } in any sequence {u1,u2,u3, · · · ,un, · · · } ⊂
S , such that

lim
k→∞

unk = u0 ∈ S.

The set S ⊂M is called pre-compact, if exists a convergent subse-

quence {un1,un2,un3, · · · ,unk · · · } in any sequence {u1,u2,u3, · · · ,un, · · · },
such that

lim
k→∞

unk = u0 ∈M.

Here the limit u0 is not necessarily in S .
Elementary Properties of Compact Sets:

(1) A is compact, if there are finitely many points.

(2) ∪mk=1Ak is compact, if every Ak is compact.

(3) ∩λ∈ΛAλ is compact, where {Aλ : λ ∈ Λ} is a family of compact

sets.

(4) A = A, if A is compact.

(5) (M, ρ) is a complete metric space, ifM is compact.

Theorem 1. Any bounded closed subset in R
n is compact.

Definition 2. Let (M, ρ) be a metric space and let S ⊂ M
be a set. We call S totally bounded, if for every positive constant

ε > 0, there exist finitely many points {u1,u2,u3, · · · ,um} ⊂ S ,
such that

S ⊂
m⋃

k=1

B(uk, ε).
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Theorem 2. Let S be a set of the metric space (M, ρ). Then S
is totally bounded, if and only if every sequence {u1,u2,u3, · · · ,un, · · · } ⊂
S contains a Cauchy subsequence {un1,un2,un3, · · · ,unk, · · · }.

Theorem 3. (1) Any pre-compact set S in any metric space

(M, ρ) is totally bounded.

(2) Any totally bounded set S in any complete metric space (M, ρ)

is pre-compact.

(3) Any totally bounded set S is bounded. Any compact set S is

bounded.

Theorem 4. Let (M, ρ) be a metric space. If every totally

bounded set S is pre-compact, then (M, ρ) is a complete metric

space.

Theorem 5. Let (M, ρ) be a metric space. Let S be a totally

bounded set or a pre-compact set. Then there exists a subset R,
at most countable, R is dense in S .

Let S be a set in the metric space C[a, b], where −∞ < a < b <

∞. We call S uniformly continuous, if for every positive constant

ε > 0, there exists a positive constant δ = δ(ε) > 0, such that

|f (x)− f (y)| < ε,

for all f ∈ S and for all x, y ∈ [a, b], such that |x− y| < δ.

Theorem 6. Any bounded, uniformly continuous set in C[a, b]

is compact.

Theorem 7. Any compact set in the metric space C[a, b] must

be bounded and uniformly continuous.

Theorem 8. Let S be a set in the metric space lp. Then

S is compact, if and only if S is bounded, and for every positive

constant ε > 0, there exists a natural number N = N(ε), such
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that there holds
∞∑

n=N+1

|xn|p < εp,

for any sequence {u1,u2,u3, · · · ,un, · · · } ⊂ S .
Theorem 9. Let S be a compact set in the metric space

(M, ρ). If there exists a family of open sets O = {Oλ : λ ∈ Λ},
which covers S , that is

S ⊂
⋃

λ∈Λ
Oλ,

then there must be finitely many open sets, such that

S ⊂
n⋃

i=1

Oλi.

For any u ∈ S , there exists an open set Oλ and there exists a

positive constant δ > 0, such that

B(u, δ) ⊂ Oλ.

Let

δ(u) = sup
B(u,δ)⊂Oλ

δ.

Define the Lebesgue’s number

δ+LN = inf
u∈S

δ(u).

We claim that δ+ > 0.

There exists a sequence of points

{u1,u2,u3, · · · ,un, · · · },
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such that

δ+ ≤ δ(un) < δ+ +
1

2n
.

There exists a convergent subsequence

{un1,un2,un3, · · · ,unk, · · · } ⊂ {u1,u2,u3, · · · ,un, · · · },
and there exists a point u0 ∈ S , such that

lim
k→∞

ρ(unk,u0) = 0.

There is a positive constant δ0 > 0 and there exists an open set

Oλ0, such that

B(u0, δ0) ⊂ Oλ0.

ρ(unk,u0) <
1

2
δ0

Note that

B(unk,
1

2
δ0) ⊂ B(u0, δ0) ⊂ Oλ0.

There exist finitely many points u1,u2,u3, · · · ,un ∈ S
n⋃

k=1

B(uk,
1

2
δ0) ⊂ S.

S ⊂
n⋃

k=1

B(uk,
1

2
δ0) ⊂

n⋃

k=1

Oλk.

λλ

Theorem 10. Let S be a set in the metric space (M, ρ). If

there are finitely many open sets in every open cover O = {Oλ :

λ ∈ Λ} of S , such that

S ⊂
n⋃

i=1

Oλi,
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then S is compact. On the other hand, for any positive constant

ε > 0,

{B(w, ε) : w ∈ S}
is an open cover of S . There must be finitely many open balls

B(wk, ε), such that

S ⊂
m⋃

k=1

B(wk, ε).

Let

{u1,u2,u3, · · · ,un, · · · }
be any sequence in S . There must be an open ball B(wk, ε), so

that

{un1,un2,un3, · · · ,unk, · · · } ⊂ B(wk, ε).

Iterating this idea for infinitely many times, each time letting ε =
1
2p , we find a convergent subsequence

{un1,un2,un3, · · · ,unk, · · · }
The limit

u0 = lim
k→∞

unk ∈ S.

Otherwise, without loss of generality, we may assume that all points

in the sequence {un} are distinct. One cannot find a finite open

set in the open cover

{B(u, ε) : u ∈ S} ∪ {B(uk), εk},
B(unk, εk) ∩B(unl, εl) = ∅, k 6= l,

to cover the subsequence {un1,un2,un3, · · · , }.
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Theorem 11. Let S be a compact set in the metric space

(M, ρ). Let A : (M, ρ) → (M, ρ) be a continuous mapping.

Then A(S) is also compact.

Theorem 12. LetY be a closed subspace in the normed linear

space (X, ρ), and X 6= Y. Then for any positive constant 0 < ε <

1, there exists a unit vector u0, such that

ρ(u0,Y) > ε, ‖u0‖ = 1.

Let u1 ∈ X, but u1 /∈ Y. Then

ρ1
def
= ρ(u1,Y) > 0.

There exists a vector u2 ∈ Y, such that

‖u1 − u2‖ <
ρ1
ε
.

Let

u0 =
u1 − u2

‖u1 − u2‖
.

Now for any u ∈ Y,

u2 + ‖u1 − u2‖u ∈ Y.

Hence we have the following estimates

‖u− u0‖ =
1

‖u1 − u2‖
‖(u2 + ‖u1 − u2‖u)− u1‖ > ε.

Since S is compact, S is totally bounded. For any positive con-

stant ε > 0, there exists finitely many points {z1, z2, z3, zp, } ⊂ S ,
such that

S ⊂
p⋃

k=1

B(zk, ε).
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For any linear combination of finitely many vectors

m∑

k=1

αkuk,

where

αk > 0, uk ∈ S,
m∑

k=1

αk,

without loss of generality, we may assume that

u1,u2,u3, · · · ,um1 ∈ B(z1, ε),

um1+1,um1+2,um1+3, · · · ,um2 ∈ B(z2, ε),

um2+1,um2+2,um2+3, · · · ,um3 ∈ B(z3, ε),

· · · · · ·
ump−1+1,ump−1+2,ump−1+3, · · · ,ump ∈ B(zp, ε).

Define

β1 = α1 + α2 + α3 + · · · + αm1,

β2 = αm1+1 + αm1 + αm1 + · · · + αm2,

β3 = αm2+1 + αm2 + αm2 + · · · + αm3,

· · · · · ·
βp = αmp−1+1 + αmp−1+2 + αmp−1+3 + · · · + αmp.

Then
p∑

i=1

βi = 1.
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Moreover, we have the following estimates
∥∥∥∥∥

p∑

i=1

βizi −
m∑

k=1

αkuk

∥∥∥∥∥

=

∥∥∥∥∥

p∑

i=1

(
∑

β0

)
zi −

m∑

k=1

αkuk

∥∥∥∥∥
‖‖ ‖‖

The convex set
{

m∑

k=1

βizi

}

is a bounded subset in a finite-dimensional space. It is totally

bounded. Therefore, the set
{

m∑

k=1

αkuk

}

is totally bounded.

A(S) ⊂ S,
h(A(S)) ⊂ S.

A : h(S)→ h(S),

is a continuous mapping. For any positive constant ε > 0, there

exist finitely many (ρρ)(ρ)ρ)ρ)(ρ)(ρ) ∈ ρ)ρ)ρ)ρ)(ρ)
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Chapter 2: Banach Spaces and Bounded Linear Operators

Section 1: Bounded Linear Operators

1.1 Boundedness and Continuity of Linear Operators

Definition 1. Let X be a vector space, let ‖ · ‖ : X → R be a

function. ‖ · ‖ is called a norm on X , if

‖x‖ ≥ 0, x ∈ X ,
‖x‖ = 0 if x = 0, ‖x‖ > 0 if x 6= 0,

‖αx‖ = |α|‖x‖,
‖x + y‖ ≤ ‖x‖ + ‖y‖,

for any vectors x ∈ X and y ∈ X and for any constants α ∈ R.

The space (X , ‖ · ‖) is called a normed linear space. If the space

(X , ‖ · ‖) is complete, then it is called a Banach space.

Definition 2. Let (X , ‖ · ‖) and (Y , ‖ · ‖) be normed linear

spaces and let A : X → Y be a mapping. A is called a linear

operator, if

A(α1x1 + α2x2 + α3x3 + · · · + αnxn)

= α1Ax1 + α2Ax2 + α3Ax3 + · · · + αnAxn,

for any vectors x1, x2, x3, · · · , xn in X , for any real constants α1,

α2, α3, · · · , αn ∈ R, and for any positive integer n ≥ 1.

Definition 3. Let A : (X , ‖ · ‖) → (Y , ‖ · ‖) be a linear

operator. The mappingA is called bounded, if it maps any bounded

subset in X to a bounded subset in Y .
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Definition 4. The linear operator A : (X , ‖ · ‖) → (Y , ‖ · ‖)
is called continuous at the point x0 ∈ X , if

lim
n→∞
‖Axn −Ax0‖ = 0,

for any convergent sequence {xn} ⊂ X :
lim
n→∞
‖xn − x0‖ = 0.

Theorem 1. LetA : (X , ‖·‖)→ (Y , ‖·‖) be a linear operator.
If A is continuous at some point x0 ∈ X , then it is continuous

everywhere in X .
Theorem 2. LetA : (X , ‖·‖)→ (Y , ‖·‖) be a linear operator.

Then A is bounded, if and only if there exists a positive constant

C > 0, such that

‖Ax‖ ≤ C‖x‖,
for any point x ∈ X .

Definition 5. Let (X , ‖ · ‖) and (Y , ‖ · ‖) be normed linear

spaces, let

A : X → Y
be a bounded linear operator. Define the norm of A by

‖A‖ = sup
x∈X ,‖x‖=1

‖Ax‖

= sup
x∈X ,x 6=0

‖Ax‖
‖x‖ .

Theorem 3. Let

A : (X , ‖ · ‖)→ (Y , ‖ · ‖)
be a linear operator. Then A is bounded, if and only if it is con-

tinuous.
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1.2 The Space B(X → Y)
Definition 6. Let n ≥ 1 be any positive integer, let

Ak : (X , ‖ · ‖)→ (Y , ‖ · ‖)

be bounded linear operators, let α1, α2, α3, · · · , αn be real con-

stants. Define the new operator A by

A = α1A1 + α2A2 + α3A3 + · · · + αnAn :
Ax = (α1A1 + α2A2 + α3A3 + αnAn)(x)

= α1A1x + α2A2x + α3A3x + · · · + αnAnx,

for all x ∈ X .
Theorem 4. Let (X , ‖ · ‖) and (Y , ‖ · ‖) be normed linear

spaces. Then

B(X → Y) def
= {A : A : X → Y is a bounded linear operator },

is a normed linear space. If Y is a Banach space, then B(X → Y)
is a Banach space.

Definition 7. The functional f : (X , ‖·‖)→ R is called linear

and continuous, if f : X → R is a bounded linear operator.

Theorem 5. The linear functional f : X → R is continuous,

if and only if the null space of f :

N (f ) = {x ∈ X : f (x) = 0},

is closed in X.

Theorem 6. The dual space

X ∗ def
= B(X → R),

is a Banach space.
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Theorem 7. Let (X , ‖ · ‖) be a Banach space, let A : X → X
be a bounded linear operator. Then there exists the following limit

lim
n→∞

{
‖An‖1/n

}
= inf

n≥1

{
‖An‖1/n

}
.

Section 2: The Representations and Extensions

of Continuous Linear Functionals

2.1 Representations of Continuous Linear Functions

Definition 1. Let (X , ‖ · ‖) and (Y , ‖ · ‖) be normed linear

spaces, let A : X → Y be a linear mapping. The mapping A
is called a norm-preserving isomorphism, if A is one-to-one, onto,

such that

‖Ax‖ = ‖x‖,
for all x ∈ X . In this case we say the spaces X and Y are iso-

morphic. Roughly speaking, we may regard Ax and x as the same

vector.

Theorem 1. The normed linear spaces (l1)∗ and l∞ are iso-

morphic.

Proof. Define the mapping A : (l1)∗ → l∞ by

A(f ) = (f (e1), f (e2), f (e3), · · · , f (en), · · · ),
for all f ∈ (l1)∗, where

e1 = (1, 0, 0, 0, · · · , 0, · · · ) ∈ l1,
e2 = (0, 1, 0, 0, · · · , 0, · · · ) ∈ l1,
e3 = (0, 0, 1, 0, · · · , 0, · · · ) ∈ l1,
· · · · · ·
en = (0, 0, 0, 0, · · · , 0, 1, 0, · · · ) ∈ l1,
· · · · · ·
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Then the mapping

A : (l1)∗ → l∞

is one-to-one, onto and

‖Af‖ = ‖f‖,

for all f ∈ (l1)∗.
For any vector

x = (x1, x2, x3, · · · , xn, · · · ) ∈ l1,

we know that
∞∑

n=1

|xn| <∞,

x =

∞∑

n=1

xnen.

Moreover

f (x) =
∞∑

n=1

xnf (en).

Obviously

|f (en)| ≤ ‖f‖, n ≥ 1

sup
n≥1
|f (en)| ≤ ‖f‖

‖Af‖ ≤ ‖f‖
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On the other hand

|f (x)| ≤
∞∑

n=1

|xn||f (en)|

|f (x)| ≤ sup
n≥1
|f (en)|

∞∑

n=1

|xn|

‖f‖ ≤ ‖Af‖
‖Af‖ = ‖f‖

Theorem 2. The normed linear spaces (lp)∗ and lq are iso-

morphic, where p > 1 and q > 1 are positive constants, such that
1
p +

1
q = 1.

Proof. Define the mapping A : (lp)∗ → lq by

A(f ) = (f (e1), f (e2), f (e3), · · · , f (en), · · · ),
for all f ∈ (lp)∗, where

e1 = (1, 0, 0, 0, · · · , 0, · · · ) ∈ lp,
e2 = (0, 1, 0, 0, · · · , 0, · · · ) ∈ lp,
e3 = (0, 0, 1, 0, · · · , 0, · · · ) ∈ lp,
· · · · · ·
en = (0, 0, 0, 0, · · · , 0, 1, 0, · · · ) ∈ lp,
· · · · · ·

First of all, the mapping is well defined. Let

xn =
(
|f (e1)|q−1 exp[−i arg f (e1)], |f (e2)|q−1 exp[−i arg f (e2)],

|f (e3)|q−1 exp[−i arg f (e3)], · · · , |f (en)|q−1 exp[−i arg f (en)], 0, · · ·
)
,

for all positive integers n ≥ 1. Then xn ∈ lp. Moreover

‖xn‖plp =
n∑

k=1

|f (ek)|p(q−1) =
n∑

k=1

|f (ek)|q.
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|f (xn)| =
n∑

k=1

|f (ek)|q ≤ ‖f‖‖xn‖lp

n∑

k=1

|f (ek)|q = |f (xn)| ≤ ‖f‖‖xn‖lp = ‖f‖
{

n∑

k=1

|f (ek)|q
}1/p

{
n∑

k=1

|f (ek)|q
}1/q

≤ ‖f‖, n ≥ 1

Therefore
{ ∞∑

n=1

|f (en)|q
}1/q

≤ ‖f‖ <∞, ‖Af‖ ≤ ‖f‖.

Note that for any x ∈ lp,

|f (x)| =
∣∣∣∣∣

∞∑

n=1

xnf (en)

∣∣∣∣∣ ≤
{ ∞∑

n=1

|xn|p
}1/p{ ∞∑

n=1

|f (en)|q
}1/q

‖f‖ ≤ ‖Af‖
‖Af‖ ≤ ‖f‖
‖Af‖ = ‖f‖

For any x ∈ lp and y ∈ lq,
x = (x1, x2, x3, · · · , xn, · · · ),
y = (y1, y2, y3, · · · , yn, · · · ),

let us define the linear functional f ∈ (lp)∗:

f (x) =
∞∑

n=1

xnyn.

Then

Af = (y1, y2, y3, · · · , yn, · · · ).
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Thus the mapping A : (lp)∗ → lq is both one-to-one and onto.

Theorem 3. Either let p > 1 and q > 1 be positive constants,

such that 1
p +

1
q = 1, or let p = 1 and q = ∞. Then the following

statements are true.

(1) The normed linear spaces [Lp(R)]∗ and Lq(R) are isomorphic.

(2) The normed linear spaces [Lp(Rn)]∗ andLq(Rn) are isomorphic.

(3) The normed linear spaces (Lp[a, b])∗ and Lq[a, b] are isomor-

phic.

(4) The normed linear spaces [Lp(Ω)]∗ and Lq(Ω) are isomorphic,

where Ω ⊂ R
n is a bounded open domain.

2.2 Extensions of Continuous Linear Functionals

Definition 1. Let (X , ‖ · ‖) and (Y , ‖ · ‖) be normed linear

spaces. Let A : X → Y be a bounded linear operator and let

A0 : E → Y be a bounded linear operator, where E is a subspace

of X . We say A is an extension of A0, if

(1) ‖A‖ = ‖A0‖,
(2) Ax = A0x,

for all x ∈ E .
Theorem 4. Let (X , ‖·‖) be a normed linear space, let (Y , ‖·‖)

be a Banach space. Let A0 : E → Y be a bounded linear operator,

where E is a dense subspace of X . Then there exists a unique

bounded linear operator A : X → Y , such that

(1) ‖A‖ = ‖A0‖,
(2) Ax = A0x,

for all x ∈ E .
Proof. For any point x0 ∈ X , there exist a sequence of points

{x1,x2,x3, · · · ,xn, · · · } ⊂ E ,
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such that

lim
n→∞
‖xn − x0‖ = 0.

Now {A0xn} is a Cauchy sequence in the Banach space Y . Define
the operator A:

Ax0 = lim
n→∞
A0xn.

Theorem 5. Let (X , ‖ · ‖) be a real normed linear space, let

E ⊂ X be a subspace and let f0 : E → R be a real continuous

linear functional. For any vector x0 ∈ X − E , let

F = span {x0, E}.

Then there exists a continuous linear functional f : F → R, such

that

(1) ‖f‖ = ‖f0‖,
(2) f (x) = f0(x),

for all x ∈ E .
Proof. Let the real constant λ0 satisfy the conditions

sup
x∈E

{
f0(x)− ‖f0‖‖x− x0‖

}
≤ λ0 ≤ inf

x∈E

{
‖f0‖‖x0 + x‖ − f0(x)

}
.

For any point rx0+y ∈ span {x0, E}, we define the linear functional
f :

f (rx0 + y) = rλ0 + f0(y),

for all y ∈ E and for all r ∈ R. Then f is a continuous linear

function on F . The above conditions guarantee that

|rλ0 + f0(y)| ≤ ‖f0‖‖rx0 + y‖,
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for all real constants r ∈ R and for all y ∈ E .
Theorem 6. Let (X , ‖·‖) be a normed linear space, let E ⊂ X

be a subspace. Suppose that there exist finitely many, at most

countable many points

x1,x2,x3, · · · ,xn, · · ·
in X , such that x1 /∈ E ,

xn+1 /∈ span
{
x1,x2,x3, · · · ,xn, E

}
,

for all positive integers n ≥ 1. Moreover, suppose that

X = span {x1,x2,x3, · · · ,xn, · · · , E}.
For any continuous linear function f0 : E → R, there exists a

continuous linear functional f : X → R, such that

(1) ‖f‖ = ‖f0‖,
(2) f (x) = f0(x),

for all x ∈ E .
Proof. By using induction and Theorem 4.

2.3 Applications of the Extension Theorem

Theorem 7. Let (X , ‖·‖) be a normed linear space, let E ⊂ X
be a subspace, let x0 ∈ X , such that ρ0 = ρ(x0, E) > 0. Then

there exists a continuous linear functional f : X → R, such that

(1) ‖f‖ = 1,

(2) f (x0) = ρ(x0,X ),
(3) f (x) = 0,

for all x ∈ E .
The key point in the proof is to define the subspace

F0 = span
{
x0, E

}
.
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and define the functional

f0(λx0 + y) = λρ(x0, E),
for all λ ∈ R and all y ∈ E . Note that

f0(x0) = ρ(x0, E),
f (y) = 0,

for all y ∈ E . Moreover

f0(λx0 + y) = λρ(x0, E) ≤ ‖λx0 + y‖.
Then ‖f‖ = 1 follows from ‖f‖ ≤ 1 and ‖f‖ ≥ 1.

Theorem 8. Let (X , ‖ · ‖) be a normed linear space, let x0 ∈
X and x0 6= 0. Then there exists a continuous linear functional

f ∈ X ∗, such that

(1) ‖f‖ = 1,

(2) f (x0) = ‖x0‖.
Theorem 9. Let (X , ‖·‖) be a normed linear space, let x0 ∈ X .

Then

‖x0‖ = sup
f∈X ∗,‖f‖=1

|f (x0)|.

Theorem 10.

Theorem 11. Let (X , ‖ · ‖) be a normed linear space. Then

dim(X ) <∞, if and only if dim(X ∗) <∞.
dim(X ) = dim(X ∗) <∞.
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Proof. The main idea is to apply Theorem in Chapter 1, Section 6

and to use the extension theorems for continuous linear functionals

in Chapter 2, Section 2. This is the first half of the proof. Let the

dimension

1 ≤ dim(X ) = n <∞.
Let x1 ∈ X , ‖x1‖ = 1. Then there exists a continuous linear

functional f1 ∈ X ∗, such that

(1) ‖f1‖ = 1,

(2) f (x1) = ‖x1‖ = 1.

Let

E1 = span {x1}.
Then there exists a point x2 ∈ X , ‖x2‖ = 1, such that

ρ(x2, E1) >
1

2
.

Moreover, there exists a continuous linear functional f2 ∈ X ∗, such
that

(1) ‖f2‖ = 1,

(2) f2(x2) = ρ(x2, E1) >
1

2
,

(3) f2(x) = 0,

for all x ∈ E1.
Let

E2 = span {x1,x2}.
Then there exists a point x3 ∈ X , ‖x3‖ = 1, such that

ρ(x3, E2) >
1

2
.
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Furthermore, there exists a continuous linear functional f3 ∈ X ∗,
such that

(1) ‖f3‖ = 1,

(2) f3(x3) = ρ(x3, E2) >
1

2
,

(3) f3(x) = 0,

for all x ∈ E2. We repeat this process for finitely many times and

we get the following points, closed subspaces and continuous linear

functionals:

x1,x2,x3, · · · ,xn ∈ X , ‖xk‖ = 1,

Ek = span {x1,x2,x3, · · · ,xk, }
fk ∈ X ∗,
‖fk‖ = 1,

fk(xk) = ρ(xk, Ek−1) >
1

2
,

fk(x) = 0,

for all points x ∈ Ek−1, where k = 1, 2, 3, · · · , n.
Now we may claim that

B(X ) def
= {x1,x2,x3, · · · ,xn}

is a basis of the normed linear space X , and that

B(X ∗) def
= {f1, f2, f3, · · · , fn}

is a basis of the dual space X ∗.
In fact, let

α1x1 + α2x2 + α3x3 + · · · + αnxn = 0.
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Note that

xn /∈ En−1, → αn = 0,

xn−1 /∈ En−2, → αn−1 = 0,

· · · · · ·
x3 /∈ E2, → α3 = 0,

x2 /∈ E1, → α2 = 0.

Therefore

α1 = α2 = α3 = · · · = αn = 0.

Now let

α1f1 + α2f2 + α3f3 + · · · + αnfn = 0.

Note that

f1(x1) = ‖x1‖ = 1, f2(x1) = f3(x1) = · · · = fn−1(x1) = fn(x1) = 0.

Plugging x = x1 leads to α1 = 0. Similarly, plugging x = x2

leads to α2 = 0, plugging x = x3 leads to α3 = 0, · · · , plugging
x = xn leads to αn = 0. Therefore f1, f2, f3, · · · , fn are linearly

independent.

Now any continuous linear functional f ∈ X ∗ may be written as

the linear combination of f1, f2, f3, · · · , fn. In fact, let

f (x) = α1f1(x) + α2f2(x) + α3f3(x) + · · · + αnfn(x),

for all x ∈ X .
To find the values of αk, where k = 1, 2, 3, · · · , n, we let x = x1,
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x = x2, x = x3, · · · , x = xn, respectively, to get

α1f1(x1) = f (x1),

α1f1(x2) + α2f2(x2) = f (x2),

α1f1(x3) + α2f2(x3) + α3f3(x3) = f (x3),

· · · · · ·
α1f1(xn) + α2f2(xn) + α3f3(xn) + · · · + αnfn(xn) = f (xn).

Intuitively, it is easy to solve these equations one by one to get

α1 =
f (x1)

f1(x1)
,

α2 =
f (x2)

f2(x2)
− α1

f1(x2)

f2(x2)
,

α3 =
f (x3)

f3(x3)
− α1

f1(x3)

f3(x3)
− α2

f2(x3)

f3(x3)
,

· · · · · ·
αn =

f (xn)

fn(xn)
− α1

f1(xn)

fn(xn)
− α2

f2(xn)

fn(xn)
− α3

f3(xn)

fn(xn)
− · · · − αn−1

fn−1(xn)

fn(xn)
.

Now for any point

x = c1x1 + c2x2 + c3x3 + · · · + cnxn ∈ X ,

we have

f

(
n∑

k=1

ckxk

)
=

n∑

k=1

ckf (xk)

=
(
c1 c2 c3 · · · cn

)




f1(x1) f2(x1) f3(x1) · · · fn(x1)

f1(x2) f2(x2) f3(x2) · · · fn(x2)

f1(x3) f2(x3) f3(x3) · · · fn(x3)

· · · · · · · · · · · · · · ·
f1(xn) f2(xn) f3(xn) · · · fn(xn)







α1

α2

α3

· · ·
αn



.
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Therefore, the dimension

dim(X ) = dim(X ∗) = n <∞.
Below is the second half of the proof. Let the dimension

1 ≤ dim(X ∗) = m <∞.
From the first half of the proof, we know that the dimension

dim(X ) <∞.
Moreover, if the dimension

dim(X ) = n <∞,
then

dim(X ∗) = dim(X ) = n.

Overall

dim(X ) = dim(X ∗) = m = n <∞.
The proof of the theorem is finished. ✷

Theorem 12. Let (X , ‖ · ‖) be a normed linear space. Then

dimX =∞, if and only if dim(X ∗) =∞.
dim(X ) = dim(X ∗) =∞.

Proof. The main idea is to apply Theorem in Chapter 1 Section 6

and to use the extension theorems for continuous linear functionals

in Chapter 2, Section 2. First of all, let the dimension dimX =∞.

Let x1 ∈ X , ‖x1‖ = 1. Then there exists a continuous linear

functional f1 ∈ X ∗, such that

(1) ‖f1‖ = 1,

(2) f1(x1) = ‖x1‖ = 1.
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Let

E1 = span {x1}.
There exists a point x2 ∈ X , ‖x2‖ = 1, such that

ρ(x2, E1) >
1

2
.

Moreover, there exists a continuous linear functional f2 ∈ X ∗, such
that

(1) ‖f2‖ = 1,

(2) f2(x2) = ρ(x2, E1) >
1

2
,

(3) f2(x) = 0,

for all x ∈ E1.
Let

E2 = span {x1,x2}.
Then there exists a point x3 ∈ X , ‖x3‖ = 1, such that

ρ(x3, E2) >
1

2
.

Furthermore, there exists a continuous linear functional f3 ∈ X ∗,
such that

(1) ‖f3‖ = 1,

(2) f3(x3) = ρ(x3, E2) >
1

2
,

(3) f3(x) = 0,

for all x ∈ E2.
Let

E3 = span {x1,x2,x3}.
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Let us continue this process. There exists a point xn ∈ X , ‖xn‖ =
1, such that

ρ(xn, En−1) >
1

2
.

There exists a continuous linear functional fn ∈ X ∗, such that

(1) ‖fn‖ = 1,

(2) fn(xn) = ρ(xn, En−1) >
1

2
,

(3) fn(x) = 0,

for all x ∈ En−1.
If we continue this process forever, then we obtain a sequence of

points, a sequence of closed subspaces and a sequence of continuous

linear functionals.

Now we may claim that

B(X ) def
= {x1,x2,x3, · · · ,xn, · · · },

is a linearly independent subset of X , and that

B(X ∗) def
= {f1, f2, f3, · · · , fn, · · · },

is a linearly independent subset in X ∗.
In fact, let

α1x1 + α2x2 + α3x3 + · · · + αnxn = 0.

Note that

xn /∈ En−1, → αn = 0,

xn−1 /∈ En−2, → αn=1 = 0,

· · · · · ·
x3 /∈ E2, → α3 = 0,

x2 /∈ E1, → α2 = 0.
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Overall, we have the trivial solution

α1 = α2 = α3 = · · · = αn = 0.

Now let

α1f1 + α2f2 + α3f3 + · · · + αnfn = 0.

Note that

f (x1) = ‖x1‖ = 1, f2(x1) = f3(x1) = · · · = fn(x1) = 0.

Letting x = x1 leads to α1 = 0. Similarly, letting x = x2 leads to

α2 = 0, letting x = x3 leads to α3 = 0, · · · , letting x = xn leads

to αn = 0. Overall, we have the trivial solution

α1 = α2 = α3 = · · · = αn = 0.

Therefore, the dimension

dim(X ∗) =∞.
Secondly, let

dim(X ∗) =∞.
Claim: The dimension

dim(X ) =∞.
Otherwise, if the dimension dim(X ) < ∞, then dim(X ∗) < ∞.

This is a contradiction with Theorem 11.

Very similarly to the above analysis, there exists a sequence of

continuous linear functionals, which are linearly independent in

X ∗∗:
g1, g2, g3, · · · , gn, · · · ∈ X ∗∗,
‖g1‖ = ‖g2‖ = ‖g3‖ = · · · = ‖gn‖ = · · · = 1,

ρ(gn+1,Fn) >
1

2
,

Fn = span {g1, g2, g3, · · · , gn}.
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If the space X is self-reflexive, that is

X =̃X ∗∗,

then there exists a sequence of points

x1,x2,x3, · · · ,xn, · · · ∈ X ,

such that

gn = Axn = x∗∗n ,

for all n = 1, 2, 3, · · · .
Let

α1x1 + α2x2 + α3x3 + · · · + αnxn = 0.

Performing the operator A to this equation, we have

α1g1 + α2g2 + α3g3 + · · · + αngn = 0.

Since g1, g2, g3, · · · , gn are linearly independent, we see that

α1 = α2 = α3 = · · · = αn = 0.

Therefore

dimX =∞.

The proof of the theorem is finished now. ✷

Section 3: Dual Spaces and Adjoint Operators

Definition 1. Let (X , ‖ · ‖) be a normed linear space. Let

x0,x1,x2,x3, · · · ,xn, · · · ∈ X .
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(1) We say the sequence {xn} converges strongly to x0, if

lim
n→∞
‖xn − x0‖ = 0.

We write

lim
n→∞

xn
strongly
= x0.

(2) We say the sequence {xn} converges weakly to x0, if

lim
n→∞
|f (xn)− f (x0)| = 0,

for all f ∈ X ∗. We write

lim
n→∞

xn
weakly
= x0.

Definition 2. Let (X , ‖ · ‖) be a normed linear space. Let

f0, f1, f2, f3, · · · , fn, · · · ∈ X ∗.
(1) We say the sequence of continuous linear functionals {fn} con-
verges strongly to f0, if

lim
n→∞
‖fn − f0‖ = 0.

We write

lim
n→∞

fn
strongly
= f0.

(2) We say the sequence of continuous linear functionals {fn} con-
verges weakly∗ to f0, if

lim
n→∞
|fn(x)− f0(x)| = 0,

for all points x ∈ X . We write

lim
n→∞

fn
weakly∗
= f0.
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Definition 3. Let (X , ‖ · ‖) and (Y , ‖ · ‖) be normed linear

spaces. Let

A0,A1,A2,A3, · · · ,An, · · · ∈ B(X → Y).
(1) We say the sequence {An} converges uniformly to A0, if

lim
n→∞
‖An −A0‖ = 0.

We write

lim
n→∞
An uniformly

= A0.

(2) We say the sequence {An} converges strongly to A0, if

lim
n→∞
‖Anx−A0x‖ = 0,

for any point x ∈ X .
We write

lim
n→∞
An strongly

= A0.

(3) We say the sequence {An} converges weakly to A0, if

lim
n→∞
|f (Anx)− f (A0x)| = 0,

for any x ∈ X and for any f ∈ Y∗.
We write

lim
n→∞
An weakly

= A0.

Definition 4. Let (X , ‖ · ‖) be a normed linear space. Let

S ⊂ X ∗.
(1) We say S is a strongly compact subset, if in any sequence

{fn} ⊂ S , there exists a strongly convergent subsequence {fnk},
that is

lim
k→∞
‖fnk − f0‖ = 0.
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(2) We say S is a weakly∗ compact subset, if in any sequence

{fn} ⊂ S , there exists a weakly∗ convergent subsequence {fnk},
that is

lim
k→∞
|fnk(x)− f0(x)| = 0,

for all x ∈ X .
Definition 5. Let (X , ‖ · ‖) be a normed linear space. For any

x ∈ X , we define the continuous linear functional x∗∗ ∈ X ∗∗:
x∗∗(f ) = f (x),

for all f ∈ X ∗.
Definition 6. Let (X , ‖ · ‖) be a normed linear space. We call

the mapping

A : X → X ∗∗, x→ x∗∗ = Ax
a natural embedding.

Definition 7. Let (X , ‖ · ‖) be a normed linear space. The

space (X , ‖ · ‖) is called self-reflexive, if the normed linear spaces

X ∗∗ and X are isomorphic. We write

X =̃X ∗∗.
Theorem 1. Let (X , ‖ · ‖) be a normed linear space. The

mapping A : X → X ∗∗ defined by x∗∗ = Ax is linear and norm-

preserving. That is

(1) (α1x1 + α2x2 + α3x3 + · · · + αnxn)
∗∗

= α1x
∗∗
1 + α2x

∗∗
2 + α3x

∗∗
3 + · · · + αnx

∗∗
n ,

(2) ‖x∗∗‖ = ‖x‖,
for any constants α1, α2, α3, · · · , αn ∈ R, and for any points x1,

x2, x3, · · · , xn ∈ X , where n ≥ 1 is any positive integer.
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The proof follows from the definition of x∗∗ and Theorem 8 in

Section 2.

Theorem 2. Let (X , ‖ · ‖) be a normed linear space. Suppose

that there exists a sequence of continuous linear functionals

{f1, f2, f3, · · · , fn, · · · },

which is dense in X ∗. Then there exists a sequence of points

{x1,x2,x3, · · · ,xn, · · · },

which is dense in X .
Proof. Without loss of generality, let ‖fn‖ = 1, otherwise replace

fn with 1
‖fn‖fn. There exists a point xn ∈ X , such that ‖xn‖ = 1

and |fn(xn)| > 1
2, for all positive integers n = 1, 2, 3, · · · . Define

E = span
{
x1,x2,x3, · · · ,xn, · · ·

}
.

Claim: The normed linear space X = E .
In fact, if there exists a point x0 ∈ X , but x0 /∈ E , then there exists

a continuous linear functional f0 ∈ X ∗, such that

(1) ‖f0‖ = 1,

(2) f (x0) = ρ(x0, E) > 0,

(3) f0(x) = 0,

for all x ∈ E . On the other hand, we have the following computa-

tions and estimates

‖fn − f0‖ ≥ |fn(xn)− f0(xn)| = |fn(xn)| >
1

2
,

for all positive integers n ≥ 1. This contradicts the fact that

{f1, f2, f3, · · · , fn, · · · }
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is dense in the unit sphere of X ∗. Therefore, the normed linear

space X = E .
Theorem 3. Let (X , ‖ · ‖) be a normed linear space, and let

(Y , ‖ · ‖) be a Banach space. Let

A1,A2,A3, · · · ,An, · · · ∈ B(X → Y).
There is a positive constant C > 0, such that

‖An‖ ≤ C,

for all positive integers n ≥ 1. Suppose that there exists the fol-

lowing limit

lim
n→∞
Anx

for every point x ∈ S , where S is dense in X . Then there exists a

bounded linear operator

A0 ∈ B(X → Y),
such that

lim
n→∞
‖Anx−A0x‖ = 0,

for all x ∈ X . Moreover

‖A0‖ ≤ lim inf
n→∞

‖An‖.

Theorem 4. Let (X , ‖ · ‖) and (Y , ‖ · ‖) be normed linear

spaces. Let

A0,A1,A2,A3, · · · ,An, · · · ∈ B(X → Y),
f0, f1, f2, f3, · · · , fn, · · · ∈ X ∗.

If

lim
n→∞
An weakly

= A0,
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then the limit A0 is unique. If

lim
n→∞

fn
weakly∗
= f0,

then the limit f0 is unique.

Definition 8. Let (X , ‖ · ‖) be a normed linear space. A set

S in X ∗ is called bounded, if there exists positive constant C > 0,

such that

‖f‖ ≤ C,

for all f ∈ S .
Theorem 5. Let (X , ‖ · ‖) be a normed linear space. Suppose

that there exists a sequence of points

S = {x1,x2,x3, · · · ,xn, · · · }
such that S is dense in X . Then any bounded subset T ⊂ X ∗ is
weakly∗ compact.

Proof. Let x0 ∈ X . Without loss of generality, suppose that

lim
n→∞
‖xn − x0‖ = 0.

Let

f1, f2, f3, · · · , fn, · · ·
be any sequence in the bounded subset T .

Consider the sequence

f1(x1), f2(x1), f3(x1), · · · , fn(x1), · · ·
This is a bounded sequence in R. There exists a convergent subse-

quence, say

f1n1(x1), f1n2(x1), f1n3(x1), · · · , f1nk(x1), · · ·
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Consider the sequence

f1n1(x2), f1n2(x2), f1n3(x2), · · · , f1nk(x2), · · ·
This is a bounded sequence in R. There exists a convergence sub-

sequence, say

f2n1(x2), f2n2(x2), f2n3(x2), · · · , f2nk(x2), · · ·
Consider the sequence

f2n1(x3), f2n2(x3), f2n3(x3), · · · , f2nk(x3), · · ·
This is a bounded sequence in R. There exists a convergence sub-

sequence, say

f3n1(x3), f3n2(x3), f3n3(x3), · · · , f3nk(x3), · · ·
Repeat this procedure for infinitely many times, we obtain conver-

gent subsequences

fmn1(xm), fmn2(xm), fmn3(xm), · · · , fmnk(xm), · · · ,
where m = 1, 2, 3, · · · · · · .

Let us consider the subsequences

f1n1(x), f2n2(x), f3n3(x), · · · , fmnm(x), · · ·
and

f1n1(x1), f2n2(x2), f3n3(x3), · · · , fmnm(xm), · · ·
Define f0 by

f0(x) = lim
m→∞

fmnm(x).

Then

f0 ∈ X ∗.
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Definition 9. Let (X , ‖ · ‖) and (Y , ‖ · ‖) be normed linear

spaces. Let A ∈ B(X → Y). If there exists an operator A∗ :

Y∗ → X ∗, such that

(A∗g)(x) = g(Ax),

for all x ∈ X and for all g ∈ Y∗, then we call A∗ the adjoint

operator of A.
Theorem 6. Let (X , ‖ · ‖) and (Y , ‖ · ‖) be normed linear

spaces. For any bounded linear operator

A ∈ B(X → Y),

there exists a unique bounded linear operator

A∗ ∈ B(Y∗ → X ∗),

such that

(A∗g)(x) = g(Ax),

for all x ∈ X and all g ∈ Y∗.
The mapping Φ : A → A∗

Φ : B(X → Y)→ B(Y∗ → X ∗),

is a linear, norm-preserving operator. That is

(1) (α1A1 + α2A2 + α3A3 + · · · + αnAn)∗
= α1A∗1 + α2A∗2 + α3A∗3 + · · · + αnA∗n,

(2) ‖A∗‖ = ‖A‖,

for all bounded linear operators A, A1, A2, A3, · · · , An, for all
constants α1, α2, α3, · · · , αn ∈ R, where n ≥ 1 is any positive

integer.
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Note that

A∗∗ : X ∗∗ → Y∗∗,
(A∗∗x∗∗)(f ) = x∗∗(A∗f ) = (A∗f )(x)

= f (Ax) = (Ax)∗∗(f ), f ∈ Y∗,

(Ax)∗∗ = A∗∗x∗∗.

Theorem 7. Let (X , ‖ · ‖) and (Y , ‖ · ‖) be normed linear

spaces. Let A ∈ B(X → Y). Then the bounded linear operator

A∗∗ : X ∗∗ → Y∗∗

is an extension of the bounded linear operator

A : X → Y .

Moreover

‖A‖ = ‖A∗‖ = ‖A∗∗‖.

Note that

X ⊂ X ∗∗
Y ⊂ Y∗∗.

Section 4: The Inverse Operator Theorem and

the Uniform Boundedness Theorem

Definition 1. Let (X , ‖ · ‖) and (Y , ‖ · ‖) be normed linear

spaces. Let

A ∈ B(X → Y),
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be a bounded linear operator. The operator A is called regular, if

it is one-to-one and onto, and the inverse operatorA−1 is a bounded
linear operator. Namely

A−1 ∈ B(Y → X ).

Theorem 1. Let (X , ‖ · ‖) and (Y , ‖ · ‖) be normed linear

spaces, let the bounded linear operator

A ∈ B(X → Y).

Then A is regular, if and only if there exists a bounded linear

operator

B ∈ B(Y → X ),

such that

BA = IX , AB = IY .

Theorem 2. Let (X , ‖ · ‖) and (Y , ‖ · ‖) be normed linear

spaces, let the bounded linear operator

A ∈ B(X → Y),

be regular. Then

A∗ ∈ B(Y∗ → X ∗),

is regular as well, and

(A∗)−1 = (A−1)∗ ∈ B(X ∗ → Y∗).

Theorem 3. Let (X , ‖ · ‖), (Y , ‖ · ‖) and (Z, ‖ · ‖) be normed

linear spaces. If both

A ∈ B(X → Y),
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and

B ∈ B(Y → Z),

are regular bounded linear operators, then

BA ∈ B(X → Z),

is also a regular bounded linear operator. Moreover

(BA)−1 = A−1B−1 ∈ B(Z → X ).

Question: Let (X , ‖ ·‖) and (Y , ‖ ·‖) be normed linear spaces,

and let the bounded linear operator

A ∈ B(X → Y),

be both one-to-one and onto. Then the inverse operator A−1 :

Y → X exists. Question: Is A−1 a bounded linear operator? Is

A−1 ∈ B(Y → X ),

true?

Theorem 4. Let (X , ‖ · ‖) and (Y , ‖ · ‖) be Banach spaces, let

the bounded linear operator

A ∈ B(X → Y),

such that AX = Y . Then for any positive constant R > 0, there

exists another positive constant δ > 0, such that

AS(0, R) is dense in B(0, Rδ).

Proof. There exists a positive integer N ≥ 1 and there exists an

open ball B(y0, R0), with center y0 and radius R0 > 0, such that

AS(0, N) is dense in B(y0, R0).
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Let δ = R0
N . Then

AS(0, R) is dense in B(0, Rδ).

Theorem 5. Let (X , ‖ · ‖) and (Y , ‖ · ‖) be Banach spaces, let

bounded linear operator

A ∈ B(X → Y),

satisfy AX = Y . Then there exists a positive constant ε = 1
2δ > 0,

such that

B(0, ε) ⊂ AS(0, 1).

Proof. We have proved that there exists a positive constant δ > 0,

such that the image of the closed ball S(0, R):

AS(0, R),

is dense in the open ball B(0, Rδ), for any positive constant R > 0.

Now let ε = 1
2δ and let y0 ∈ B(0, ε) be any point. By using the

above result again and again, we find a sequence {xn}, such that

xn ∈ S
(
0,

1

2n

)
,

‖y0 −A(x1 + x2 + x3 + · · · + xn)‖ <
1

2n
ε,

for all positive integers n ≥ 1. It is easy to see that both

x1 + x2 + x3 + · · · + xn,

A(x1 + x2 + x3 + · · · + xn),
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are convergent. Moreover

∞∑

n=1

xn = x0,

‖x0‖ ≤
∞∑

n=1

1

2n
≤ 1,

y0 = Ax0.

The proof of the theroem is finished now. ✷

Theorem 6. Let (X , ‖ · ‖) and (Y , ‖ · ‖) be Banach spaces, let

the bounded linear operator

A ∈ B(X → Y),

be one-to-one and onto. Then the inverse operator

A−1 ∈ B(Y → X ).

Proof. The proof follows from Theorem 5. ✷

Theorem 7. Let (X , ‖ · ‖) and (Y , ‖ · ‖) be Banach spaces, let

the bounded linear operator

A ∈ B(X → Y),

satisfy AX = Y . Then A is an open mapping.

Proof. Let S be any open set in X . For any point x0 ∈ S , there
exists a positive constant δ > 0, such that

x0 + B(0, δ) = B(x0, δ) ⊂ S.

It is easy to find that

B(0,
1

2
δε) ⊂ AS(0, 1

2
δ).
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Therefore

Ax0 + B(0,
1

2
δε) ⊂ Ax0 +AS(0,

1

2
δε) = AS(x0,

1

2
δε).

The proof of the theorem is finished. ✷

Definition 2. Let (X , ‖ · ‖1) and (X , ‖ · ‖2) be normed linear

spaces. If there exists a positive constant C > 0, such that

‖x‖2 ≤ C‖x‖1,
for all x ∈ X , then we say ‖ · ‖1 is stronger than ‖ · ‖1, we also say
‖ · ‖2 is weaker than ‖ · ‖1, we say ‖ · ‖2 is continuous with respect

to ‖ · ‖1.
Theorem 8. Let (X , ‖ · ‖1) and (X , ‖ · ‖2) be normed linear

spaces. The following statements are true.

(1) The dual spaces

(X , ‖ · ‖1)∗ = (X , ‖ · ‖2)∗,
and there are two positive constants C2 > C1 > 0, such that

C1‖f‖2 ≤ ‖f‖1 ≤ C2‖f‖2,
for all f ∈ (X , ‖ · ‖1)∗, if ‖ · ‖1 and ‖ · ‖2 are equivalent.

(2) The dual spaces

(X , ‖ · ‖2)∗ ⊂ (X , ‖ · ‖1)∗,
and there exists a positive constant C > 0, such that

‖f‖1 ≤ C‖f‖2,
for all f ∈ (X , ‖ · ‖2)∗, if ‖ · ‖1 is strongewr than ‖ · ‖2.

(3) ‖ · ‖1 is stronger than ‖ · ‖2, if and only if ‖ · ‖2 is a continuous
function on the space (X , ‖ · ‖1) .
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Theorem 9. Let (X , ‖ · ‖1) and (X , ‖ · ‖2) be Banach spaces.

Suppose that there exists a positive constant C > 0, such that

‖x‖2 ≤ C‖x‖1,

for all x ∈ X . Then there are two positive constants C2 > C1 > 0,

such that

C1‖x‖2 ≤ ‖x‖1 ≤ C2‖x‖2,

for all x ∈ X .
Theorem 10. Let (X , ‖ · ‖) and (Y , ‖ · ‖) be Banach spaces.

Let

A : X → Y ,

be a linear closed operator. Then

A ∈ B(X → Y).

Proof. The main idea is to apply the inverse operator theorem.

Let us define another space Z = X × Y and define the norm

‖(x,y)‖0 = (‖x‖2 + ‖y‖2)1/2,

for all (x,y) ∈ X × Y .
Now it is not difficult to show that

(X × Y , ‖ · ‖0)

is a Banach space.

Consider

G def
= {(x,Ax) : x ∈ X}.

This is a closed subspace of X × Y . It is also a Banach space.
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Consider the mapping

T : (G, ‖ · ‖0)→ (X , ‖ · ‖),

defined by

T (x,Ax) = x,

for all x ∈ X . Clearly, T is one-to-one and onto. T is linear and

bounded. Based on the inverse operator theorem, T −1 is a bounded
operator. Therefore, there exists a positive constant C > 0, such

that

‖Ax‖ ≤ C‖x‖,

for all x ∈ X .
Theorem 11. Let (X , ‖·‖) be a Banach space and let (Y , ‖·‖)

be a normed linear space. Let
{
Aλ ∈ B(X → Y) : λ ∈ Λ

}
,

be a family of bounded linear operators. If

sup
λΛ
‖Aλx‖ <∞,

for every point x ∈ X , then

sup
λ∈Λ
‖Aλ‖ <∞.

Proof. The main idea of the proof is to apply the inverse operator

theorem. Let us define another norm, ‖ · ‖1, on X :

‖x‖1 = ‖x‖ + sup
λ∈Λ
‖Aλx‖,

for all x ∈ X .
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Claim 1: The space

(X , ‖ · ‖1)
is a normed linear space.

Claim 2:

(X , ‖ · ‖1)
is a Banach space.

Claim 3: The identity operator

A = I : (X , ‖ · ‖1)→ (X , ‖ · ‖),
is one-to-one, onto, linear and bounded, because ‖x‖ ≤ ‖x‖1, for
all x ∈ X . Based on the inverse operator theorem, the inverse

operator

A−1 = I ∈ B(X → X ).
There exists a positive constant C > 0, such that

‖x‖1 ≤ C‖x‖,
for all x ∈ X .

Theorem 12. Let (X , ‖·‖) be a Banach space and let (Y , ‖·‖)
be a normed linear space. Let

An ∈ B(X → Y), n ≥ 1.

Suppose that there exists the following limit

lim
n→∞
Anx,

for every vector x ∈ X . Then there exists a bounded linear opera-

tor

A0 ∈ B(X → Y),
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such that

lim
n→∞
‖Anx−A0x‖ = 0,

for all x ∈ X , and
‖A0‖ ≤ lim inf

n→∞
‖An‖.

Definition 3. Let (X , ‖ · ‖) be a normed linear space, let

S ⊂ X , T ⊂ Y∗.
The set S is called strongly bounded, if there exists a positive

constant C > 0, such that

‖x‖ ≤ C,

for all x ∈ S .
The set is called weakly bounded, if there exists a positive con-

stant C > 0, such that

|f (x)| ≤ C,

for all f ∈ X ∗.
The set T is called strongly bounded, if there exists a positive

constant C > 0, such that

‖f‖ ≤ C,

for all f ∈ T .
The set T is called weakly∗ bounded, if there exists a positive

constant C = C(x) > 0, such that

|f (x)| ≤ C(x),

for all f ∈ T .
Theorem 13. Let (X , ‖ · ‖) be a Banach space. Then
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Any weakly∗ bounded set in X ∗ is strongly bounded.

Any weakly bounded set in X ∗ is strongly bounded.

Any weakly∗ compact set in X ∗ is strongly bounded.

Any weakly bounded set in X is strongly bounded.

Section 5: The Spectrum of Bounded Linear Operators

and Invariant Subspaces of Linear Operators

Definition 1. Let X be a vector space and let A : X → X be

a linear operator. If there exists a constant λ ∈ C and there exists

a nonzero vector x, such that

Ax = λx,

then we call λ an eigenvalue of the operator A and we call x an

eigenvector of A associated with the eigenvalue λ. We define the

eigenspace of A by

Eλ = {x ∈ X : Ax = λx}.
We call the dimension, dim(Eλ), the geometric multiplicity of the

eigenvalue λ.

Example 1. Let X = L2(Rn), let the linear operator

A : L2(Rn)→ L2(Rn),

be defined by

(Aφ)(ξ) =
∫

Rn

exp(−ix · ξ)φ(x)dx.

This is the Fourier transformation operator. Clearly, λ = (2π)n/2

is an eigenvalue and φ(x) = exp(−1
2|x|2) is an eigenfunction of A.
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Example 2. Let X = C(0,∞), the collection of all continuous

functions. The Laplace transformation is a linear operator

[Lf ](λ) =
∫ ∞

0

exp(−λt)φ(t)dt,

There exists an eigenvalue λ0 =
√
π. The eigenfunction is

φ(t) =
1

t1/2
, for all t > 0.

Definition 2. Let (X , ‖ · ‖) be a complex normed linear space,

let

A : X → X ,
be a linear operator. Let λ ∈ C be a complex constant. If the

operator λI − A is one-to-one, onto, and the inverse operator

(λI − A)−1

is bounded, that is, λI −A is a regular operator, then we call λ a

regular point of the linear operator A. We define the resolvent set

ρ(A) = {λ ∈ C : the operator λI − A is one-to-one and onto,

and the inverse operator (λI − A)−1 is bounded}.
We define the spectrum of the operator A by

σ(A) = {λ ∈ C : λ /∈ ρ(A)}.
We define the point spectrum (eigenvalues), σp(A), and the con-

tinuous spectrum, σc(A), by
σp(A) = {λ ∈ C : λ is an eigenvalue of A},
σc(A) = {λ ∈ C : λ is not an eigenvalue of A,

either λI − A is not onto, that is, (λI − A)X 6= X ,
or (λI − A)−1 is onto, but it is unbounded}.
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Theorem 1. Let (X , ‖ · ‖) be a complex normed linear space,

let

A ∈ B(X → X ).
(1) The complex constant λ ∈ ρ(A), if and only if there exists a

bounded linear operator

B ∈ B(X → X ),
such that

(λI − A)B = B(λI − A) = I,
if and only if there exists a unique solution to the equation

(λI − A)x = y,

for any y ∈ X . Moreover, there exists a positive constant

C > 0, such that

‖x‖ ≤ C‖y‖.

(2) The complex constant λ ∈ C is not an eigenvalue of the linear

operator A, if and only if the operator

λI − A : X → (λI − A)X ,
is one-to-one and onto. In this case, λ ∈ ρ(A), if the dimension

dim(X ) <∞.

Theorem 2. Let (X , ‖ · ‖) be a complex normed linear space,

let

A ∈ B(X → X ).
Let

f (x) = a0 + a1x + a2x
2 + · · · + anx

n,
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be a polynomial of degree n, an 6= 0, and let

f (A) = a0I + a1A + a2A2 + · · · + anAn.

Then

σ(f (A)) = f (σ(A)),

where

f (σ(A)) = {f (λ) : λ ∈ σ(A)}.

Proof. There are two steps in the proof.

(1) f (σ(A)) ⊂ σ(f (A)).

(2) σ(f (A)) ⊂ f (σ(A)).

First of all, let λ ∈ σ(A). Then f (λ) ∈ f (σ(A)). If f (λ) ∈
ρ(f (A)), then there exists a bounded linear operator B, such that

[f (λ)I − f (A)]B = B[f (λ)I − f (A)] = I.

It is very easy to rewrite

f (λ)I − f (A) = (λI − A)g(λI,A) = g(λI,A)(λI − A).

Now we have

(λI − A)g(λI,A)B = Bg(λI,A)(λI − A) = I.

This means that

λ ∈ ρ(A).

This is a contradiction to the fact that

λ ∈ σ(A).
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Therefore, we find

f (λ) ∈ σ(f (A)).
Overall, we have

f (σ(A)) ⊂ σ(f (A)).
Let

ν /∈ f (σ(A)).
Then

ν 6= f (λ), ν − f (λ) 6= 0,

for all λ ∈ σ(A).
We may write

ν − f (λ) = an(λ1 − λ)(λ2 − λ)(λ3 − λ) · · · (λn − λ) 6= 0,

for complex constants λk, where k = 1, 2, 3, · · · , n. This means

that λk ∈ ρ(A), for all k. Hence the inverse operator
(λkI − A)−1,

exists and is bounded. Therefore,

[νI − f (A)]−1
= [an(λ1I − A)(λ2I − A)(λ3I − A) · · · (λnI − A)]−1

=
1

an
(λnI − A)−1 · · · (λ3I − A)−1(λ2I − A)−1(λ1I − A)−1

exists and it is bounded. Thus,

ν ∈ ρ(f (A)).
Overall,

σ(f (A)) ⊂ f (σ(A)).
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The proof of the theorem is finished now. ✷

Theorem 3. Let (X , ‖ · ‖) be a complex Banach space, let

A ∈ B(X → X ).
Suppose that

r
def
= lim

n→∞

{
‖An‖ 1n

}
< 1.

Then

(1) λ = 1 ∈ ρ(A).

(2) (I − A)−1 =
∞∑

n=0

An.

(3) ‖(I − A)−1‖ ≤ 1

1− ‖A‖, if ‖A‖ < 1.

Theorem 4. Let (X , ‖ · ‖) be a complex Banach space, let

A ∈ B(X → X ).
Suppose that

r
def
= lim

n→∞

{
‖An‖ 1n

}
.

Then

(1) λ ∈ ρ(A), if |λ| > r.

(2) (λI − A)−1 =
∞∑

n=0

1

λn+1
An, if |λ| > r.

(3) ‖(λI − A)−1‖ ≤ 1

|λ| − ‖A‖, if |λ| > ‖A‖.

Theorem 5. Let (X , ‖ · ‖) be a complex Banach space, let

A ∈ B(X → X ).
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Then the set ρ(A) is open. Let ρ(A) 6= ∅. For any λ0 ∈ ρ(A), let

r0
def
= lim

n→∞

{
‖(λ0I − A)−n‖

1
n

}
.

Then

λ ∈ ρ(A), (λI − A)−1 =
∞∑

n=0

(−1)n(λ0I − A)−(n+1)(λ− λ0)n,

if

|λ− λ0| <
1

r0
.

Theorem 6. Let (X , ‖ · ‖) be a complex Banach space, let

A ∈ B(X → X ).
Then the spectrum σ = σ(A) is a closed set. Moreover, there holds

the following estimate

sup
λ∈σ(A)

|λ| ≤ lim
n→∞

{
‖An‖ 1n

}
.

Remark. The spectrum σ(A) is a closed set, even if A is linear

unbounded.

Definition 3. Let (X , ‖ · ‖) be a normed linear space, let

A ∈ B(X → X ).
Define the spectrum radius r(A) by

r(A) def
= max

λ∈σ(A)
|λ|.

Theorem 7. Let (X , ‖ · ‖) be a complex Banach space, let

(1) A ∈ B(X → X ),
(2) f ∈ X ∗.
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Then

f ((λI − A)−1)
is an analytic function of λ in the set ρ(A).
Proof. Let λ0 ∈ ρ(A). Then

f ((λI − A)−1) =
∞∑

n=0

(−1)nf ((λ0I − A)−n−1)(λ− λ0)n,

for all λ ∈ C, |λ− λ0| < 1
r0
, where

r0 = lim
n→∞

{
‖(λ0I − A)−n‖

1
n

}
.

Theorem 8. Let (X , ‖ · ‖) be a complex Banach space, let

A ∈ B(X → X ).
Then

r(A) = max
λ∈σ(A)

|λ| = lim
n→∞

{
‖An‖ 1n

}
.

Proof. For all λ ∈ C with |λ| > ‖A‖, there holds

(λI − A)−1 =
∞∑

n=0

1

λn+1
An.

Now for any continuous linear functional f ∈ X ∗, we have

f ((λI − A)−1) =
∞∑

n=0

1

λn+1
f (An),

is a complex analytic function of λ, |λ| > ‖A‖. Note that this is

also true for all |λ| > r(A). Now for any ε > 0, we have

∞∑

n=0

1

[r(A) + ε]n+1
|f (An)| <∞.
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From this result, we claim that

sup
n≥1

∣∣∣∣f
(

1

[r(A) + ε]n
An
)∣∣∣∣ <∞.

This means that the operator sequence
{

1

[r(A) + ε]n
An
}

is weakly bounded. By using the uniform boundedness theorem

in Section 4, we know that the sequence of operators is strongly

bounded. There exists a positive constant C > 0, such that

1

[r(A) + ε]n
‖An‖ ≤ C, n ≥ 1.

That is

‖An‖ 1n ≤ C
1
n [r(A) + ε], n ≥ 1.

Therefore, we obtain the estimate

lim
n→∞

{
‖An‖ 1n

}
≤ r(A) + ε.

Letting ε→ 0 yields the estimate

lim
n→∞

{
‖An‖ 1n

}
≤ r(A).

In Theorem 6, we have proved the estimate

r(A) ≤ lim
n→∞

{
‖An‖ 1n

}
.

The proof of Theorem 8 is finished. ✷

Theorem 9. Let (X , ‖ · ‖) be a complex nontrivial Banach

space, let

I ∈ B(X → X ),
A ∈ B(X → X ).
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Then

σ(A) 6= ∅.
Proof. Based on the extension theorem for functionals, there ex-

ists a continuous linear functional

f ∈ [B(X → X )]∗,
such that ‖f‖ = 1 and f (I) = ‖I‖ > 0.

For any λ0 ∈ ρ(A), there exists the constant r0 ≥ 0:

r0 = lim
n→∞

{
‖(λ0I − A)−n‖

1
n

}
,

such that if |λ− λ0| < 1
r0
, then

(λI − A)−1 =

∞∑

n=0

(−1)n(λ0I − A)−n−1(λ− λ0)n,

f ((λI − A)−1) =

∞∑

n=0

(−1)nf ((λ0I − A)−n−1)(λ− λ0)n.

Suppose that

σ(A) = ∅.
Hence

f ((λI − A)−1)
is a complex analytic function of λ in the whole complex plane C.

On the other hand, if |λ| > ‖A‖, then

(λI − A)−1 =

∞∑

n=0

1

λn+1
An,

f ((λI − A)−1) =

∞∑

n=0

1

λn+1
f (An).
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Moreover, if |λ| > 1 + ‖A‖, then

|f ((λI − A)−1)| ≤
∞∑

n=0

1

|λ|n+1
|f (An)| ≤ ‖f‖

|λ| − ‖A‖.

This means that f ((λI−A)−1) is bounded. By Liouville’s theorem,

f ((λI − A)−1) must be a constant. However, the coefficient of 1
λ

is f (I) 6= 0. This is a contradiction. Therefore, σ(A) 6= ∅.
Definition 4. Let (X , ‖ · ‖) be a complex Banach space, let

A ∈ B(X → X ).

If

lim
n→∞

{
‖An‖ 1n

}
= 0,

then we call the operator A general nilpotent operator. In this case

ρ(A) = {λ ∈ C : λ 6= 0}, σ(A) = {0}.

Moreover

(λI − A)−1 =
∞∑

n=0

1

λn+1
An,

for all λ 6= 0.

Example 3. Consider the bounded linear operator

A : C[a, b]→ C[a, b],

(Aφ)(x) =
∫ x

a

φ(t)dt.

There holds the following estimates

‖Anφ‖ ≤ 1

n!
(b− a)n‖φ‖,
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for all φ ∈ C[a, b].
Clearly, A is a general nilpotent operator. Obviously,

ρ(A) = {λ ∈ C : λ 6= 0}, σ(A) = {0}.
Moreover, the only spectrum

λ = 0

is not an eigenvalue of the linear operator A.
Definition 5. Let (X , ‖ · ‖) be a complex normed linear space,

let

A ∈ B(X → X ).
Let λ ∈ C be a constant. If there exists a sequence of unit vectors

{xn} ⊂ X , ‖xn‖ = 1, n = 1, 2, 3, · · · , such that

lim
n→∞
‖(λI − A)xn‖ = 0,

then we call λ an approximation spectrum point. Define

σa(A) = {λ ∈ C : there exists a sequence of unit vectors

{xn} ⊂ X , ‖xn‖ = 1, such that

lim
n→∞
‖(λI − A)xn‖ = 0}.

Define the residual spectrum σr(A) by
σr(A) = σ(A)− σa(A).

Remark. Let

λ ∈ σa(A).
Then, either

λ ∈ σp(A),
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or

λ ∈ σc(A).
In the second case, the inverse operator

(λI − A)−1

exists, but (λI − A)−1 is unbounded.
Theorem 10. Let (X , ‖ · ‖) be a complex Banach space, let

A ∈ B(X → X ).
The following statements are true.

(1) σp(A) ⊂ σa(A), σr(A) ⊂ σc(A),
(2) σ(A) = σp(A) ∪ σc(A), σp(A) ∩ σc(A) = ∅,

σ(A) = σa(A) ∪ σr(A), σa(A) ∩ σr(A) = ∅
(3) σr(A) is an open set

(4) The boundary ∂σ(A) ⊂ σa(A), ∂σ(A) 6= ∅.
(5) σa(A) is a closed set and σa(A) 6= ∅.

In particular, if

σa(A) = σp(A),
then

σc(A) = σr(A).
Proof. Obviously, σp(A) ⊂ σa(A).

Let λ ∈ C. If λ /∈ σc(A), then λσp(A). Clearly λ ∈ σa(AI),
hence λ /∈ σr(A). In another word, if λ ∈ σr(A), then λ ∈ σc(A).
For any λ0 ∈ σr(A), we know that λ0 /∈ σa(A), hence there exists
a positive constant C0 = C0(λ0) > 0, such that

‖(λ0I − A)x‖ ≥ C0‖x‖,
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for all x ∈ X . Now let us show that if λ1 ∈ C and

|λ1 − λ0| <
1

2
C0,

then

λ1 ∈ σr(A).
First of all, there hold the following estimates

‖(λ1I − A)x‖
≥ ‖(λ0I − A)x‖ − |λ1 − λ0|‖x‖
≥ 1

2
C0‖x‖,

for all x ∈ X . This implies that λ /∈ σa(A).
Secondly, if λ1 ∈ ρ(A), then

‖(λ1I − A)−1‖ ≤
2

C0
.

Now we have

r1 = lim
n→∞

{
‖(λ1I − A)−n‖

1
n

}

= inf
n≥1

{
‖(λ1I − A)−n‖

1
n

}

≤ ‖(λ1I − A)−1‖ ≤
2

C0
.

However, based on Theorem 5, since

|λ0 − λ1| <
1

r1
,

then λ0 ∈ ρ(A). But λ0 ∈ σr(A). Therefore, we have λ1 ∈ σr(A).
Obviously, we have the boundary

∂σ(A) ⊂ σ(A).
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Let λ ∈ C. If λ ∈ ∂σ(A), then

λ /∈ σr(A).

Since σ(A) 6= ∅, we know that

∂σ(A) 6= ∅, σa(A) 6= ∅.

Remark. If there is only one point in the spectrum, say λ = 0,

then σ(A) = {0}. Certainly λ = 0 ∈ σa(A) and σr(A) = ∅.
However, it is possible that λ = 0 ∈ σp(A) or λ = 0 ∈ σc(A).

Definition 6. Let X be a linear space, let E be a subspace of

X , let

A : X → X

be a linear operator. If

AE ⊂ E ,

then we call E an invariant subspace of A.

Section 6: The Spectrum of Compact Operators

in Complex Banach Spaces

Definition 1. Let (X , ‖ · ‖) and (Y , ‖ · ‖) be normed linear

spaces, let

A ∈ B(X → Y).

The operator A is called compact, if it maps any bounded set to a

compact set.

Define

C(X → Y) = {A ∈ B(X → X ) : A is a compact operator}.
711



Theorem 1. Let (X , ‖ · ‖) and (Y , ‖ · ‖) be normed linear

spaces. Then C(X → Y) is a subspace of B(X → Y). Moreover,

C(X → Y) is a closed subspace of B(X → Y), if (X , ‖ · ‖) is a
Banach space.

Proof. Let α ∈ C and β ∈ C be constants. Let

A ∈ C(X → Y),
B ∈ C(X → Y).

Then

αA + βB ∈ C(X → Y).

Now let (X , ‖ · ‖) be a complex Banach space. Let

An ∈ C(X → Y),
A0 ∈ B(X → Y),

such that

lim
n→∞
‖An −A0‖ = 0.

Then

A0 ∈ C(X → Y).

Let (X , ‖·‖) be a normed linear space and let (Y , ‖·‖) be a Banach
space. Let

An ∈ C(X → Y),
A0 ∈ B(X → Y),

such that

lim
n→∞
‖An −A0‖ = 0.
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For any positive constant ε > 0, there exists a positive integer

N > 1, such that if n > N , then

‖An −A0‖ <
1

3
ε.

Let

S ⊂ X ,
be a bounded set. Then A2NS is a compact set. For any positive

constant ε > 0, there exist finitely many points xk ∈ S , where
k = 1, 2, 3, · · · ,m, such that

A2NS ⊂
m⋃

k=1

B(A2Nxk,
1

3
ε).

Now we have the following estimates

‖A0x−A0xk‖
≤ ‖A0x−A2Nx‖ + ‖A2Nx−A2Nxk‖ + ‖A2Nxk −A0xk‖ < ε,

where ‖A2Nx−A2Nxk‖ < 1
3ε. Therefore, we see that

A0S ⊂
m⋃

k=1

B(A0xk, ε).

In another word, A0S is compact. Recall that (Y , ‖·‖) is a Banach
space. Finally, we have proved that

A0 ∈ C(X → Y).
Theorem 2. Let (X , ‖ · ‖), (Y , ‖ · ‖), (Z, ‖ · ‖) and (E , ‖ · ‖)

be normed linear spaces, let

A ∈ C(X → Y),
B ∈ B(Y → Z),
C ∈ B(E → X ).
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Then

(1) A∗ ∈ C(Y∗ → X ∗).
(2) BA ∈ C(X → Z).
(3) AC ∈ C(E → Y).
(4) AX is a separable set in Y .

Let

S = {x ∈ X : ‖x‖ = 1}.
Then AS is compact. For any positive constant ε > 0, there exist

finitely many points xk ∈ S , where k = 1, 2, 3, · · · ,m, such that

AS ⊂
m⋃

k=1

B(Axk,
ε

3(C + 1)
).

Define

F = AX .
Then F is closed and separable. There exists a sequence of points

y1,y2,y3, · · · ,yn, · · · ∈ F .
{yn} is dense in F .

Let

f1, f2, f3, · · · , fn, · · · ∈ Y∗,
be a bounded sequence of continuous functionals. There exists a

positive constant C > 0, such that

‖fn‖ ≤ C, for all n ≥ 1.

Consider the sequence

f1(y1), f2(y1), f3(y1), · · · , fn(y1), · · ·
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This is a bounded sequence in R. There exists a convergent subse-

quence

f1n1(y1), f1n2(y1), f1n3(y1), · · · , f1nk(y1), · · ·

Consider the new sequence

f1n1(y2), f1n2(y2), f1n3(y2), · · · , f1nk(y2), · · ·

This is a bounded sequence in R. There exists a convergent subse-

quence

f2n1(y2), f2n2(y2), f2n3(y2), · · · , f2nk(y2), · · ·

Consider the new sequence

f2n1(y3), f2n2(y3), f2n3(y3), · · · , f2nk(y3), · · ·

This is a bounded sequence in R. There exists a convergent subse-

quence

f3n1(y3), f3n2(y3), f3n3(y3), · · · , f3nk(y3), · · ·

If we repeat this process, then we obtain the convergent subse-

quences

fmn1(ym), fmn2(ym), fmn3(ym), · · · , fmnk(ym), · · ·

for all positive integers m = 1, 2, 3, · · · .
Let us consider the subsequence

f1n1(y), f2n2(y), f3n3(y), · · · , fmnm(y), · · ·

and

f1n1(y1), f2n2(y2), f3n3(y3), · · · , fmnm(ym), · · ·
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Based on Section 3, Theorem, there exists a continuous linear func-

tional f0 ∈ X ∗, such that

lim
m→∞

|fmnm(y)− f0(y)| = 0,

for all y ∈ F . For any positive constant ε > 0, there exists a

positive integer N > 1, such that if m > N , then

|fmnm(y)− f0(y)| <
1

3
ε.

Now we have the following estimate

‖A∗fmnm −A∗f0‖
= sup
‖x‖=1

|fmnm(Ax)− f0(Ax)|

≤ sup
‖x‖=1

|fmnm(Ax−Axk)− f0(Ax−Axk)|

+ |fmnm(Axk)− f0(Axk)| < ε,

lim
m→∞

‖A∗fmnm −A∗f0‖ = 0.

Theorem 3. Let (X , ‖ · ‖) be a complex Banach space, let

A ∈ C(X → X ).
Let λ ∈ C be a complex constant and λ 6= 0. Suppose that

(λI − A)X = X .
Then λ ∈ ρ(A).
Proof. The main idea is to use the onto to prove the one-to-one.

Define the closed subspaces

En = {x ∈ X : (λI − A)nx = 0},
for all n = 1, 2, 3, · · · · · · .

716



Note that

(λI − A)X = X .
If there exists a vector x1 ∈ E1, x1 6= 0, then there exists a sequence

of vectors {xn}, such that

(λI − A)x1 = 0,

(λI − A)x2 = x1,

(λI − A)x3 = x2,

· · · · · · · · · · · ·
(λI − A)xn = xn−1,

(λI − A)xn+1 = xn,

· · · · · · · · · · · ·
Overall, we have

(λI − A)nxn = 0,

(λI − A)nxn+1 = x1 6= 0.

There exists a sequence of unit vectors {yn}, ‖yn‖ = 1, such that

yn+1 /∈ En, yn+1 ∈ En+1, ρ(yn+1, En) >
1

2
,

for all n = 1, 2, 3, · · · · · · . Then

‖Aym −Ayn‖ >
1

2
|λ|,

for all m > n.

Theorem 4. Let (X , ‖ · ‖) be a complex Banach space, let

A ∈ C(X → X ).
Let λ ∈ C be a constant and λ 6= 0. Then

(λI − A)X
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is a closed subspace of X .
Proof. For any y ∈ (λI − A)X , there exists x ∈ X , such that

y = (λI − A)x.

There exists a vector x0 ∈ X , such that

‖x0‖ = inf
(λI−A)x=y

‖x‖.

There exists a positive constant C > 0, such that

‖x0‖ ≤ C‖y‖.

If not, for any positive integer n ≥ 1, there are vectors xn ∈ X and

yn ∈ (λI − A)X , such that

(λI − A)xn = yn,

‖xn‖ = inf
(λI−A)x=yn

‖x‖,

such that

‖xn‖ ≥ 2n‖yn‖,

for all n ≥ 1.

Without loss of generality, let ‖xn‖ = 1. Then ‖yn‖ ≤ 1
2n .

There exists a convergent subsequence {xnk} ⊂ {xn}, such that

lim
k→∞
‖xnk − x0‖ = 0.

Hence

(λI − A)x0 = 0.

However, we also have

(λI − A)(xn − x0) = yn.
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This implies that

1 = ‖xnk‖ ≤ ‖xnk − x0‖.

Letting k →∞ leads to a contradiction.

Now let {yn} ⊂ (λI − A)X be a Cauchy sequence. We will

show that the limit is in the same space (λI − A)X . There exists
a sequence {xn} ⊂ X , such that

(λI − A)xn = yn,

‖xn‖ ≤ C‖yn‖ ≤M,

for all positive integers n = 1, 2, 3, · · · .
There exists a convergent subsequence {xnk} ⊂ {xn},

(λI − A)xnk = ynk,

lim
n→∞
‖xnk − x0‖ = 0, lim

n→∞
‖ynk − y0‖ = 0.

Therefore

(λI − A)x0 = y0.

Theorem 5. Let (X , ‖ · ‖) be a complex Banach space, let

A ∈ C(X → X ).

Let λ ∈ C be a constant and λ 6= 0. Then λ ∈ ρ(A∗), if λ is not

an eigenvalue of A.
Proof. First of all, the linear operator

(λI − A) : X → (λI − A)X ,

is one-to-one, onto. Note that

(λI − A)X
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is a Banach space. Therefore, the inverse operator

(λI − A)−1 : (λI − A)X → X ,

is a bounded linear operator.

Now for any f ∈ X ∗, define

g(x) = f ((λI − A)−1x),

for all x ∈ X . By using the extension theorem for functionals, we

may extend it so that g ∈ X ∗. Obviously

(λI∗ −A∗)X ∗ = X ∗.

Finally, we find that

λ ∈ ρ(A∗).

Definition 2. Let (X , ‖ · ‖) and (Y , ‖ · ‖) be normed linear

spaces, let

A ∈ B(X → Y),
x ∈ X , f ∈ Y∗.

If

(A∗f )(x) = f (Ax) = 0,

then we say Ax and f are perpendicular and we write Ax ⊥ f .

In this case, we may also say A∗f and x are perpendicular and we

write A∗f ⊥ x.

Let (X , ‖ · ‖) be normed linear space, let X ∗ be the dual space.
Let

x ∈ X , f ∈ X ∗.
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If

f (x) = 0,

then we say x and f are perpendicular. We write x ⊥ f .

Theorem 6. Let (X , ‖ · ‖) and (Y , ‖ · ‖) be normed linear

spaces, let

A ∈ B(X → Y),
A∗ ∈ B(Y∗ → X ∗).

Then

(AX )⊥ = N (A∗),
(A∗Y∗)⊥ = N (A).

Let

A ∈ C(X → X ).
Then

(λI − A)X = [N ((λI − A)∗)]⊥,
(λI − A)∗X ∗ = [N (λI − A)]⊥.

To establish the first result, we will prove that

(1) (λI − A)X ⊂ [N ((λI − A)∗)]⊥.
(2) [N ((λI − A)∗)]⊥ ⊂ (λI − A)X .

For any point

(λI − A)x ∈ (λI − A)X ,
for any

f ∈ N ((λI − A)∗),
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we have

f ((λI − A)x) = ((λI − A)∗f )(x) = 0.

Thus

(λI − A)x ∈ [N ((λI − A)∗)]⊥.
Therefore

(λI − A)X ⊂ [N ((λI − A)∗)]⊥.
Let

y ∈ [N ((λI − A)∗)]⊥.
That is

f (y) = 0,

for all f :

(λI − A)∗f = 0.

If

y /∈ (λI − A)X ,
then there exists a continuous linear functional f , such that

(1) ‖f‖ = 1‖
(2) f (y) = ρ(y, (λI − A)X ) > 0,

(3) f ((λI − A)x) = 0,

for all x ∈ X .
On the other hand, we have

((λI − A)∗f )(x) = f ((λI − A)x) = 0.
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Hence

f ∈ N ((λI − A)∗).
Thus

y ∈ (λI − A)X .
Therefore

[N ((λI − A)∗)]⊥ ⊂ (λI − A)X .
∑n

i=1

∑n
j=1

∑n
i=1

∑n
j=1 sup(1−ε)t≤τ≤t t

2m+1+n
2 t2m+1+n

2 {} |η|2η|η|2η∫
Rn dx

∫
Rn dx

∫
Rn dx

∫
Rn d

∫
Rn dx

∫
Rn d

ρ()ρ()ρ() ⊥∈ σ()
To establish the second result, we will prove that

(1) (λI − A)∗X ∗ ⊂ [N (λI − A)]⊥.
(2) [N (λI − A)]⊥ ⊂ (λI − A)∗X ∗.

Let

f ∈ X ∗.
Then

(λI − A)∗f ∈ (λI − A)∗X ∗.
Simple computation shows that

[(λI − A)∗f ](x) = f ((λI − A)x) = 0,

for all x,

x ∈ N (λI − A).
Therefore, we have

(λI − A)∗X ∗ ⊂ [N (λI − A)]⊥.
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Let

f ∈ [N (λI − A)]⊥.
This is to say that

f (x) = 0,

for all x ∈ N (λI − A).
Let us define the functional

g : (λI − A)X → C,

by

g((λI − A)x) = f (x0),

where x0 ∈ X is a vector such that

‖x0‖ = inf
(λI−A)z=(λI−A)x

‖z‖.

There exists a positive constant C > 0, such that

‖x0‖ ≤ C‖(λI − A)x‖,
for all x ∈ X .

The functional g is well defined, because if there exist two vectors

x1 ∈ X and x2 ∈ X , such that

(λI − A)x1 = (λI − A)x2,

then

(λI − A)(x1 − x2) = 0.

This means that

f (x1 − x2) = 0, f (x1) = f (x2).
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Moreover, we have the following estimates

|g((λI − A)x)| = |f (x0)|
≤ ‖f‖‖x0‖ ≤ ‖f‖‖(λI − A)x‖,

for all x ∈ X . Moreover it is easy to see that g is linear. Hence, g

is a continuous linear functional on (λI −A)X . We may extend it

to a continuous linear functional on X . Now

[(λI − A)∗g](x) = g((λI − A)x) = f (x),

for all x ∈ X . That is

(λI − A)∗g = f.

Therefore, we have

[N (λI − A)]⊥ ⊂ (λI − A)∗X ∗.

Let (X , ‖ · ‖) be a normed linear space, let

A ∈ B(X → X ),
f ∈ X ∗.

Suppose that

f (Ax) = 0,

for all x ∈ X , then A∗f = 0.

In particular, ifAX is not dense inX , then λ = 0 is an eigenvalue

of A∗.
Proof. To establish the first result, we will prove that

(1) (AX )⊥ ⊂ N (A∗).
(2) N (A∗) ⊂ (AX )⊥.

725



Let f ∈ Y∗. If

f ⊥ AX , f ∈ (AX )⊥,

then

(A∗f )(x) = f (Ax) = 0, A∗f = 0,

for all x ∈ X . This means f ∈ N (A∗).
Let f ∈ Y∗. If f ∈ N (A∗), then

f (Ax) = (A∗f )(x) = 0,

for all x ∈ X . Hence

f ⊥ AX , f ∈ (AX )⊥.

To establish the second result, we will prove that

(1) (A∗Y∗)⊥ ⊂ N (A).
(2) N (A) ⊂ (A∗Y∗)⊥.

Let x ∈ X . If

x ∈ (A∗Y∗)⊥, x ⊥ A∗Y∗,

then

f (Ax) = (A∗f )(x) = 0,

for all f ∈ Y∗. Hence

Ax = 0, x ∈ N (A).

Now let x ∈ X . If

x ∈ N (A), Ax = 0,
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then

(A∗f )(x) = f (Ax) = 0,

for all f ∈ Y∗. Hence

x ∈ (A∗Y∗)⊥.

Let (X , ‖ · ‖) be a normed linear space, let

A ∈ B(X → X ).

The key point is that

(A∗g)(x) = g(Ax),

for all x ∈ X and for all g ∈ X ∗.
Remark. Let λ ∈ C be a complex constant and λ 6= 0. Let

I ∈ B(X → X ),
A ∈ B(X → X ).

The above results are also true if we replace

A with λI − A,
A∗ with (λI − A)∗.

Therefore, we have

(1) [(λI − A)X ]⊥ = N ((λI − A)∗).
(2) [(λI − A)∗X ∗]⊥ = N (λI − A).

Theorem 7. Let (X , ‖ · ‖) be a complex Banach space, let

A ∈ C(X → X ).

Then
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(1) If dim(X ) =∞, then λ = 0 ∈ σ(A).
(2) If λ ∈ σ(A) and λ 6= 0, then λ ∈ σp(A).
(3) If λ ∈ σ(A) and λ 6= 0, then dim Eλ <∞.

(4) Let λ1, λ2, λ3, · · · , λn be distinct eigenvalues of A, let ξ1, ξ2,
ξ3, · · · , ξn be the corresponding eigenvectors, that is

Aξk = λξk, k = 1, 2, 3, · · · , n,

then these eigenvectors are linearly independent.

(5) The only possible limit in σ(A) is λ = 0.

Proof. Let λ ∈ C be a constant and λ 6= 0. Then

(λI − A)X

is a closed subspace of X . Let λ ∈ σ(A). Then

(λI − A)X 6= X .

Now based on the extension theorem for continuous linear function-

als, there exists a f ∈ X ∗, such that

(1) ‖f‖ = 1,

(2) f ((λI − A)X ) = {0}.

Now we see that

[(λI − A)∗f ](x) = f ((λI − A)x) = 0,

for all x ∈ X . That is

(λI − A)∗f = 0.

Thus, λ is an eigenvalue of A∗. Based on Theorem 5, λ ∈ σp(A).
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Without loss of generality, let {λn} be a convergent sequence of

nonzero eigenvalues. Suppose that

lim
n→∞

λn = λ0 6= 0.

Let xn be the corresponding eigenvectors, that is

Axn = λnxn.

Let λm 6= λn for m 6= n. It is easy to see that the eigenvectors

{xn} are linearly independent.

Define the following closed subspaces

E1 = span {x1},
E2 = span {x1,x2},
E3 = span {x1,x2,x3},

· · · · · ·
En = span {x1,x2,x3, · · · ,xn},

· · · · · ·
There exist unit vectors yn, ‖yn‖ = 1:

yn ∈ En, yn /∈ En−1,
such that

ρ(yn, En−1) >
1

2
,

for all n = 2, 3, 4, · · · · · · .
Let

yn = αn1x1 + αn2x2 + αn3x3 + · · · + αnnxn,

Obviously, we have

(λnI − A)yn
= αn1(λn − λ1)x1 + αn2(λn − λ2)x2 + αn3(λn − λ3)x3

+ · · · + αn,k−1(λn − λn−1)xn−1 ∈ En−1,
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for all n = 2, 3, 4, · · · · · · . Namely,

yn −A
(
yn
λn

)
∈ En−1,

for all n = 2, 3, 4, · · · .
Hence

ym −A
(
ym
λm

)
∈ Em−1, yn −A

(
yn
λn

)
∈ Em−1,

where m > n. Now we have the following estimates
∥∥∥∥A
(
ym
λm

)
−A

(
yn
λn

)∥∥∥∥

=

∥∥∥∥ym −
[
ym −A

(
ym
λm

)]
+

[
yn −A

(
yn
λn

)]
− yn

∥∥∥∥

≥ ρ(ym, Em−1) >
1

2
.

However, there must be a convergent subsequence
{
A
(
ynk
λnk

)}
⊂
{
A
(
yn
λn

)}
,

since ∥∥∥∥
yn
λn

∥∥∥∥ ≤ C,

for all n = 1, 2, 3, · · · . This is a contradiction. Therefore, there

exists at most one limit: λ = 0.

Theorem 8. Let (X , ‖ · ‖) be a complex Banach space, let

A ∈ C(X → X ).
The following statements are true.

(1) σ(A) = σ(A∗).
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(2) Let λ ∈ σ(A) = σ(A∗) and λ 6= 0. Then

dim[N (λI − A)] = dim[N (λI∗ −A∗)].

(3) Let

Aξ = λξ, A∗f = µf.

If λ 6= µ, then f (ξ) = 0.

(4) Let λ ∈ σ(A) and λ 6= 0. Then there exists a solution to the

equation

(λI − A)x = y,

if and only if

y ⊥ N (λI∗ −A∗).

(5) Let λ ∈ σ(A) and λ 6= 0. Then there exists a solution to the

equation

(λI∗ −A∗)g = f,

if and only if

f ⊥ N (λI − A).

There are two cases to consider. Let the dimension

dimX <∞.
Then the operator A is just a constant square matrix.

det(λI − A) = det(λI − AT ).

det(λI − A) = 0, ⇐⇒ λ ∈ σ(A).
det(λI − AT ) = 0, ⇐⇒ λ ∈ σ(A∗).
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Hence

σ(A) = σ(A∗).

Let the dimension

dimX =∞.

Then

λ = 0 ∈ σ(A) ∩ σ(A∗).

Let λ ∈ C be a constant and λ 6= 0. Then

λ ∈ ρ(A) → λ ∈ ρ(A∗).
λ ∈ σ(A) → λ ∈ σ(A∗).

Overall, we have

σ(A) = σ(A∗).

Let (X , ‖ · ‖) and (Y , ‖ · ‖) be a normed linear spaces. Let

A ∈ B(X → Y),
B ∈ B(X → Y).

Without loss of generality, let A 6= 0 and B 6= 0. Let n ≥ 1 be

any positive integer. Then

(AB)n+1 = A(BA)nB,
(BA)n+1 = B(AB)nA.

Hence

‖(AB)n+1‖ ≤ ‖A‖‖(BA)n‖‖B‖,
‖(BA)n+1‖ ≤ ‖B‖‖(AB)n‖‖A‖.
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Therefore, we obtain the limits

lim
n→∞

{
‖(AB)n+1‖ 1

n+1

}
≤ lim

n→∞

{
‖(BA)n‖ 1n

}
,

lim
n→∞

{
‖(BA)n+1‖ 1

n+1

}
≤ lim

n→∞

{
‖(AB)n‖ 1n

}
.

Finally, we obtain

lim
n→∞

{
‖(AB)n‖ 1n

}
= lim

n→∞

{
‖(BA)n‖ 1n

}
.

Recall that

r(A) = lim
n→∞

{
‖An‖ 1n

}
,

r(B) = lim
n→∞

{
‖Bn‖ 1n

}
.

For any positive constant ε > 0, there exists a positive integer

N = N(ε) > 1, such that

‖An‖ ≤ [r(A) + ε]n,

‖Bn‖ ≤ [r(B) + ε]n,

for all positive integers n > N .

Let n ≥ N + 1 be any positive integer. Since AB = BA, we
find that

(A + B)n =
n∑

k=0

n(n− 1)(n− 2) · · · (n− k + 1)

k!
An−kBk,

where 0! = 1 and

A0 = I.
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There hold the following estimates

‖(A + B)n‖

≤
n∑

k=0

n(n− 1)(n− 2) · · · (n− k + 1)

k!
‖An−k‖‖Bk‖

=

n∑

k=0

n(n− 1)(n− 2) · · · (n− k + 1)

k!

{
‖An−k‖ 1

n−k
}n−k {

‖Bk‖1k
}k

=

n∑

k=N+1

n(n− 1)(n− 2) · · · (n− k + 1)

k!

{
‖An−k‖ 1

n−k
}n−k {

‖Bk‖1k
}k

+

N∑

k=0

n(n− 1)(n− 2) · · · (n− k + 1)

k!

{
‖An−k‖ 1

n−k
}n−k {

‖Bk‖1k
}k

≤
n∑

k=N+1

n(n− 1)(n− 2) · · · (n− k + 1)

k!

{
‖An−k‖ 1

n−k
}n−k

{r(B) + ε}k

+

N∑

k=0

n(n− 1)(n− 2) · · · (n− k + 1)

k!
{r(A) + ε}n−k

{
‖Bk‖1k

}k
.

There exists a positive constant C > 0, such that

‖An−k‖ 1
n−k ≤ C, ‖Bk‖1k ≤ C,

for all positive integers k and n.

Finally, we obtain the desired estimate

lim
n→∞

{
‖(A + B)n‖ 1n

}
≤ lim

n→∞

{
‖An‖ 1n

}
+ lim

n→∞

{
‖Bn‖ 1n

}
,

r(A + B) ≤ r(A) + r(B).

Remark. Let (X , ‖ · ‖) be a complex Banach space, let

A : X → X ,
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be an unbounded linear operator, such that the inverse operator

(λI − A)−1 ∈ C(X → X ),

is a compact operator, for some complex constant λ ∈ C.

For example, let

X = L2(Rn),

and

A = △ =

n∑

k=1

∂2

∂x2k
.

△ : L2(Rn)→ L2(Rn)

is an unbounded linear operator. What is the influence on the

spectrum of unbounded linear operators?
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Chapter 3: Hilbert Spaces and Bounded Linear Operators

Section 1: Hilbert Spaces and Elementary Pproperties

Definition 1. Let H be a complex or real vector space, let

(·, ·) : H ×H → C be a function. Then the space H is called an

inner product space, if

(1) (x,x) > 0 for all x 6= 0, (x,x) = 0 for x = 0,

(2) (αx + βy, z) = α(x, z) + β(y, z),

(3) (x,y) = (y,x),

for all x,y, z ∈ H and for all constants α, β ∈ C.

Theorem 1. Let H be an inner product space. There holds

the Schwarz’s inequality

|(x,y)|2 ≤ (x,x)(y,y),

for all x,y ∈ H.
Theorem 2. Let H be an inner product space with the inner

product (·, ·). Define ‖ · ‖ by
‖x‖2 = (x,x),

for all x ∈ H. Then (H, ‖ · ‖) is a normed linear space.

Theorem 3. Let H be an inner product space, let

lim
n→∞
‖xn − x0‖ = 0, lim

n→∞
‖yn − y0‖ = 0.

Then

lim
n→∞

(xn,yn) = (x0,y0).
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In another word, the inner product is a continuous function of the

two variables.

Theorem 4. Let H be an inner product space. Then

‖x + y‖2 + ‖x− y‖2 = 2‖x‖2 + 2‖y‖2,

for all x,y ∈ H.
Let (H, ‖ · ‖) be a normed linear space, such that

‖x + y‖2 + ‖x− y‖2 = 2‖x‖2 + 2‖y‖2,

for all x,y ∈ H. Then (H, ‖ · ‖) is an inner product space.

If H is a real vector space, then

(x,y) =
1

4

(
‖x + y‖2 − ‖x− y‖2

)
,

for all x,y ∈ H.
If H is a complex space, then

(x,y) =
1

4

(
‖x + y‖2 − ‖x− y‖2 + i‖x + iy‖2 − i‖x− iy‖2

)
,

for all x,y ∈ H.
Definition 2. Let H be an inner product space. H is called a

Hilbert space, if H is complete.

Examples of Hilbert spaces:

(1) L2(R)

(2) L2(Rn)

(3) H2m(Rn) =

{
φ ∈ L2(Rn) :

∫

Rn

(1 + |ξ|2)m|φ̂(ξ)|2dξ <∞
}
.

Remark. The normed linear space Lp(Rn) is NOT a Hilbert

space, where 1 < p < ∞ and p 6= 2. The normed linear space

C(R) is NOT a Hilbert space.
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Section 2: The Projection Theorem

Definition 1. Let H be an inner product space, let x,y ∈ H.
We say x and y are orthogonal and we write x ⊥ y, if

(x,y) = 0.

Let E and F be two sets in H. We say E and F are orthogonal

and we write E ⊥ F , if

(x,y) = 0,

for all x ∈ E and for all y ∈ F .
Theorem 1. LetH be an inner product space, let x,y ∈ H, let

E and F be subspaces of H. There hold the following elementary

properties:

(1) ‖x + y‖2 = ‖x‖2 + ‖y‖2, if (x,y) = 0.

(2) x ⊥ H, if and only if x = 0.

(3) E⊥ is a closed subspace of H.
(4) E ∩ E⊥ = {0}.
(5) If E ⊂ F , then E⊥ ⊃ F⊥.
(6) If E ⊥ F , then E ∩ F = {0}.
Definition 2. Let H be an inner product space, let E ⊂ H

and F ⊂ H be two subspaces. If E ⊥ F , then we define the direct

sum

E ⊕ F = {x + y : x ∈ E ,y ∈ F}.
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Theorem 2. Let H be an inner product space, let E ⊂ H and

F ⊂ H be subspaces. Suppose that

H = E + F .
Then it is a direct sum:

H = E ⊕ F ,
if and only if

E⊥ = F , F⊥ = E .
Theorem 3. Let H be an inner product space, let E ⊂ H be a

subspace and let x1 ∈ H. If x0 is the projection of x1 onto E , then
‖x1 − x0‖ = inf

z∈E
‖x1 − z‖.

Theorem 4. Let H be an inner product space, let E ⊂ H be

a complete convex set and let x1 ∈ H. Define
ρ = ρ(x1, E) = inf

z∈E
‖x1 − z‖.

Then there exists a unique x0 ∈ H, such that

‖x1 − x0‖ = ρ(x1, E).
Theorem 5. Let H be an inner product space, let E ⊂ H be

a subspace, let x1 ∈ H and x0 ∈ E . If
‖x1 − x0‖ = inf

z∈E
‖x1 − z‖,

then x1 − x0 ⊥ E .
Theorem 6. The Projection Theorem LetH be an inner

space, let E be a complete subspace. For any vector x1 ∈ H, there
exists a unique projection x0 ∈ E , such that

x1 = x0 + x′, x0 ∈ E ,x′ ⊥ E .
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Theorem 7. Let H be a Hilbert space, let E ⊂ H be a sub-

space. Then

E⊥ 6= ∅, if E 6= H
E = (E⊥)⊥.

In particular, if E⊥ = {0}, then E is dense in H.

Section 3: Complete Orthonormal Sets in Hilbert Spaces

Definition 1. Let H be an inner product space, let S be a

subset of H. If
(e, f) = 0, for all e, f ∈ S, e 6= f ,

then we say S is an orthogonal set.

If S is an orthogonal set and

‖e‖ = 1, for all e ∈ S,
then we say S is an orthonormal set. In this case, we call the set

{(x, e) : e ∈ S}
the set of Fourier coefficients of the vector x ∈ H relative to the

orthonormal set S .
Theorem 1. Let H be an inner product space, let

S = {e1, e2, e3, · · · , en},
be an orthonormal set, let

E = span {e1, e2, e3, · · · , en}.
For any x ∈ H, the projection of x onto E is given by

x0 = (x, e1)e1 + (x, e2)e2 + (x, e3)e3 + · · · + (x, en)en.
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Moreover, we have

(1) ‖x0‖2 =
n∑

k=1

|(x, ek)|2

(2) ‖x‖2 = ‖x0‖2 + ‖x− x0‖2

(3)

n∑

k=1

|(x, ek)|2 ≤ ‖x‖2

(4)

∥∥∥∥∥x−
n∑

k=1

(x, ek)ek

∥∥∥∥∥ ≤ ‖x−
n∑

k=1

αkek‖,

for any constants α1 ∈ R, α2 ∈ R, α3 ∈ R, · · · , αn ∈ R. The

equal sign = holds only if αk = (x, ek).

Theorem 2. Let H be an inner product space, let

S = {eλ : λ ∈ Λ}

be an orthonormal set inH. Then for any x ∈ H, there are at most

countably many nonzero Fourier coefficients in the set {(x, eλ) :

λ ∈ Λ}. Moreover, there holds the estimate
∑

λ∈Λ
|(x, eλ)|2 ≤ ‖x‖2.

lim
n→∞

(x, en) = 0.

Definition 2. Let H be an inner product space, let

S = {eλ : λ ∈ Λ}

be an orthonormal set in H. Then S is called a complete orthonor-

mal set, if there holds the Parseval’s identity

‖x‖2 =
∑

λ∈Λ
|(x, eλ)|2,
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for all x ∈ H.
Definition 3. Let H be an inner product space, let

S = {eλ : λ ∈ Λ}
be an orthonormal set in H. Let x ∈ H. We call the formal series

∑

λ∈Λ
(x, eλ)eλ,

the Fourier series of x relative to the orthonormal set.

Example 1. Let

H = L2[0, 2π], (f, g) =
1

π

∫ 2π

0

f (x)g(x)dx,

for all f, g ∈ L2[0, 2π].

The set

S =

{
1√
2
, cos x, sin x, cos(2x), sin(2x), cos(3x), sin(3x), · · · · · ·

}

is a complete, orthonormal set.

Example 2. Let

H = L2(R), (f, g) =

∫

R

f (x)g(x)dx,

for all f, g ∈ L2(R).

The set

S =

{
1

(m!2m
√
π)1/2

exp

(
1

2
x2
)

dm

dxm
[
exp(−x2)

]
: m = 0, 1, 2, 3, · · · · · ·

}

is a complete orthonormal set in L2(R).

Theorem 3. Let H be an inner product space, x ∈ H, let
{eλ : λ ∈ Λ} be an orthonormal set and let

E = span {eλ : λ ∈ Λ}.
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The following statements are equivalent to each other:

(1) x ∈ E
(2) ‖x‖2 =

∑

λ∈Λ
|(x, eλ)|2

(3) x =
∑

λ∈Λ
(x, eλ)eλ

Theorem 4. Let H be an inner product space, let x ∈ H. Let

S = {eλ : λ ∈ Λ}

be an orthonormal set in H. Let

E = span {eλ : λ ∈ Λ}.

If there exists a projection x0 of x onto E , then

x0 =
∑

λ∈Λ
(x, eλ)eλ.

Let H be a Hilbert space. Then for any x ∈ H, the projection of

x is given by

x0 =
∑

λ∈Λ
(x, eλ)eλ.

Theorem 5. Let H be a Hilbert space, let

S = {eλ : λ ∈ Λ}

be an orthonormal set in H. Let

E = span {eλ : λ ∈ Λ}.

Let

{Cλ : λ ∈ Λ}
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be a set of numbers, such that
∑

λ∈Λ
|Cλ|2 <∞.

Then there exists a unique point x0 ∈ E , such that

x0 =
∑

λ∈Λ
Cλeλ,

Cλ = (x0, eλ), for all λ ∈ Λ.

Definition 4. Let H be an inner product space, let

S = {eλ : λ ∈ Λ}

be an orthonormal set in H. The set S is called seamless if S⊥ =

{0}.
Theorem 6. Let H be an inner product space, let

{eλ : λ ∈ Λ}

be an orthonormal set in H. If it is complete, then it is seamless.

Let H be a Hilbert space. Then any seamless orthonormal set is

complete.

Definition 5. Let H and K be inner product spaces. We say

H and K are product-preserving isomorphic, if there exists a linear,

one-to-one, onto operator

A : H → K,

such that

(1) (Ax,Ay) = (x,y),

(2) A(αx + βy) = αAx + βAy,

for all x,y ∈ H and for all α, β ∈ C.
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Theorem 7. Any finite-dimensional inner product space must

be isomorphic to some Euclidean space Rn.

Any separable Hilbert space must be isomorphic to some Eu-

clidean space Rn or isomorphic to l2.

Section 4: Dual Space and Adjoint Operator

Theorem 1. Let H be a Hilbert space, let f ∈ H∗. Then there

exists a unique point y ∈ H, such that

(1) ‖f‖ = ‖y‖,
(2) f (x) = (x,y),

for all x ∈ H.
Theorem 2. Let H be a Hilbert space. Define the mapping

A : H → H∗,
Ay = f = (·,y), y ∈ H,

where f (x) = (x,y), for all x ∈ H. Then A is one-to-one, onto,

and

(1) ‖Ax‖ = ‖x‖,
(2) A(αx1 + βx2) = αAx1 + βAx2,

for all x,x1,x2 ∈ H.
Theorem 3. Let H be a Hilbert space, let K be an inner

product space, let

A ∈ B(H → K).
Then there exists a unique bounded linear operator

B ∈ B(K → H),
745



such that

(Ax,y) = (x,By),

for all x ∈ H and for all y ∈ K.
Definition 1. Let H and K be inner product spaces, let

(1) A ∈ B(H → K),
(2) A∗ ∈ B(K → H).

The mapping A∗ is called the adjoint operator of A, if

(Ax,y) = (x,A∗y),

for all x ∈ H and for all y ∈ K.
Theorem 4. Let X andH be Hilbert spaces, let K be an inner

product space. Let α, β ∈ C be constants, let

(1) A ∈ B(H → K),
(2) B ∈ B(H → K),
(3) C ∈ B(X → H).

Then

(1) (A∗)∗ = A.
(2) ‖A∗A‖ = ‖A∗‖2 = ‖A‖2.
(3) (αA + βB)∗ = αA∗ + βB∗.
(4) (AC)∗ = C∗A∗.
(5) λ = 0 ∈ ρ(A), iff λ = 0 ∈ ρ(A∗).
(6) (A∗)−1 = (A−1)∗, if λ = 0 ∈ ρ(A).

Theorem 5. Let H be a complex Hilbert space and let

A ∈ B(H → H).
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Then

(1) ρ(A∗) = ρ(A),
(2) σ(A∗) = σ(A).

Let ξ ∈ N (λI−A) and η ∈ N ((µI−A)∗). Then ξ ⊥ η, if λ 6= µ.

Theorem 6. Let H and K be Hilbert spaces, let

A ∈ B(H → H).

Then

(1) AH = [N (A∗)]⊥.
(2) A∗H∗ = [N (A)]⊥.
(3) (AH)⊥ = N (A∗).
(4) (A∗H∗)⊥ = N (A).

Definition 2. Let H be a Hilbert space, let

A ∈ B(H → H).

The operator A is called self-adjoint, if A∗ = A.
Theorem 7. Let H be a complex Hilbert space, let

A ∈ B(H → H).

Then A is self-adjoint, if and only if

(Ax,x) ∈ R,

for all x ∈ H.
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There hold the following polarized identities

(Ax,y)
=

1

4
{[(A(x + y),x + y)− (A(x− y),x− y)]

+ i[(A(x + iy),x + iy)(A(x− iy),x− iy)]} ,
(Ay,x)

=
1

4
{[(A(x + y),x + y)− (A(x− y),x− y)]

− i[(A(x + iy),x + iy)(A(x− iy),x− iy)]} ,
for all x,y ∈ H.

Therefore, we see that

(Ax,y) = (Ay,x) = (x,Ay),
for all x,y ∈ H.

Theorem 8. Let H be a Hilbert space, let

(1) A ∈ B(H → H).
(2) B ∈ B(H → H).
(3) An ∈ B(H → H),

be self-adjoint operators, where n = 1, 2, 3, · · · . Then
αA + βB

is self-adjoint, for any α, β ∈ R.

If

lim
n→∞
An strongly

=
orweakly
= A0,

then A0 is self-adjoint.

Section 5: Projection Operators and Their Operations
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Definition 1. LetH be a Hilbert space, let E be a closed subspace
of H. Define the projection operator

P : H → E ,
x = Px + x′,

for all x ∈ H, where Px is the projection of x onto E , x′ ⊥ E .
Theorem 1. Let H be a Hilbert space, let E be a closed

subspace, let

P : H → E ,

be a projection operator. Then

(1) P ∈ B(H → H).
(2) PH = E = {x ∈ H : Px = x}.
(3) ‖P‖ = 1, if E 6= {0}.
(4) ‖P‖ = 0, if E = {0}.

Theorem 2. Let H be a Hilbert space, let

P : H → H

be a linear operator. Then P is a projection operator, if and only

if

P2 = P , P∗ = P .

Theorem 3. Let H be a complex Hilbert space, let

P ∈ B(H → H).

Then P is a projection operator, if and only if

‖Px‖2 = (Px,x),
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for all x ∈ H.
Theorem 4. Let H be a Hilbert space, let E and F be closed

subspaces, let

(1) P : H → E ,
(2) Q : H → F ,

be projection operators. Then

(1) E ⊥ F , if and only if PQ = 0.

(2) P + Q is a projection operator, if and only if PQ = 0. If

P +Q is a projection operator, then (P +Q)H = E ⊕ F .
(3) PQ is a projection operator, if and only if PQ = QP . If PQ

is a projection operator, then PQH = E ∩ F .
(4) P−Q is a projection operator, if and only if E ⊃ F . If P−Q

is a projection operator, then (P −Q)H = E ⊖ F .
(5) I − P is a projection operator and (I − P)H = E⊥.
(6) PQ is a projection operator, if and only if [E ⊖ (E ∩ F)] ⊥

[F ⊖ (E ∩ F)].
(7) Let PQ = QP . Then P − PQ +Q is a projection operator

onto [F − (E ∩ F)]⊕ E .
Theorem 5. Let H be a Hilbert space, let

E1, E2, E3, · · · , En, · · ·
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be a sequence of mutually perpendicular, closed subspaces ofH, let
P1 : H → E1,
P2 : H → E2,
P3 : H → E3,
· · · · · ·
Pn : H → En,
· · · · · ·

be a sequence of mutually perpendicular projection operators. Then

there exists a projection operator P :
Px = P1x + P2x + P3x + · · · + Pnx + · · · ,

for all x ∈ H.
Define

E = E1 ⊕ E2 ⊕ E3 ⊕ · · · ⊕ En ⊕ · · ·

=

{ ∞∑

n=1

xn :
∞∑

n=1

‖xn‖2 <∞,xn ∈ En, n = 1, 2, 3, · · ·
}
.

Then

PH = E .
Definition 2. Let H be a Hilbert space, let

(1) A ∈ B(H → H),
(2) B ∈ B(H → H),

be bounded linear, self-adjoint operators. We say A ≤ B, if
(Ax,x) ≤ (Bx,x),

for all x ∈ H.
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Theorem 6. Let H be a Hilbert space, let E and F be closed

subspaces of H, let

(1) P : H → E ,
(2) Q : H → F ,

be projection operators. Then the following statements are equiv-

alent:

(1) P ≥ Q.
(2) ‖Px‖ ≥ ‖Qx‖, for all x ∈ H.
(3) E ⊃ F .
(4) PQ = Q.
(5) QP = Q.
Theorem 7. Let H be a Hilbert space, let

P1 ≤ P2 ≤ P3 ≤ · · · ≤ Pn ≤ · · · or
P1 ≥ P2 ≥ P3 ≥ · · · ≥ Pn ≥ · · ·

Then there exists a projection operator P , such that

lim
n→∞
‖Pnx− Px‖ = 0,

for all x ∈ H.
Theorem 8. Let H be a Hilbert space, let E be a closed

subspace, let

P : H → E

be a projection operator. Let

A ∈ B(H → H).
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Then E is an invariant subspace of A, if and only if

PAP = AP .
Theorem 9. Let H be a Hilbert space, let E be a closed

subspace, let

P : H → E
be a projection operator. Let

A ∈ B(H → H).
Then both E and E⊥ are invariant subspaces of A, if and only if

AP = PA;
if and only if E is a subspace of both A and A∗.

Remark. Let A be a self-adjoint operator and let E be an

invariant subspace of A. Then E⊥ is also an invariant subspace of

A.

Section 6: Bilinear Hermite Functionals

and Self-Adjoint Operators

Definition 1. LetH be a vector space, let f : H×H → R or C

be a functional. f is called a bilinear functional, if

(1) f (αx + βy, z) = αf (x, z) + βf (y, z),

(2) f (x, αy + βz) = αf (x,y) + βf (x, z),

for all x,y, z ∈ H and α, β ∈ C.

Definition 2. Let H be a vector space, let f : H×H → C be
a functional. f is called Hermite functional, if

f (x,y) = f (y,x),
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for all x,y ∈ H.
Definition 3. Let H be an inner product space, let

A : H → H

be a linear operator. Then

(Ax,y)

is called the functional induced by A. If A∗ = A, then

(Ax,y) = (x,Ay),

for all x,y ∈ H. We call this the Hermite functional induced by

A.
Theorem 1. Let H be a complex vector space, let

f : H×H → C

be a bilinear functional. Then f is Hermite, if and only if

f (x,x) ∈ R,

for all x ∈ H.
There hold the following polarized identities

f (x,y)

=
1

4
{[f (x + y,x + y)− f (x− y,x− y)]

+ i[f (x + iy,x + iy)− f (x− iy,x− iy)]} ,
f (y,x)

=
1

4
{[f (x + y,x + y)− f (x− y,x− y)]

− i[f (x + iy,x + iy)− f (x− iy,x− iy)]} ,

for all x,y ∈ H.
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Therefore, we see that

f (y,x) = f (x,y),

for all x,y ∈ H.
Definition 4. Let H be an inner product space, let

f : H×H → C

be a bilinear functional. f is called a bounded bilinear functional,

if there exists a positive constant C > 0, such that

|f (x,y)| ≤ C‖x‖‖y‖,

for all x,y ∈ H.
Theorem 2. Let H be an inner product space, let

f : H×H → C

be a bilinear Hermite functional. Suppose that there exists a posi-

tive constant C > 0, such that

|f (x,x)| ≤ C‖x‖2,

for all x ∈ H. Then f is bounded and ‖f‖ ≤ C.

Theorem 3. Let H be a Hilbert space, let

f : H×H → C

be a bounded, bilinear functional. Then there exists a bounded

linear operator

A ∈ B(H → H),

such that

f (x,y) = (Ax,y),
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for all x,y ∈ H. Moreover, A is self-adjoint, if f is Hermite.

Definition 5. Let H be an inner product space, let

f : H → C

be a functional. f is called a functional, if

(1) f (αx) = |α|2f (x),
(2) f (x + y) + f (x− y) = 2f (x) + 2f (y),

for all x,y ∈ H. Moreover, if

sup
‖x‖=1

|f (x)| <∞,

then

Theorem 5. Let H be a Hilbert space, let

f : H → R

be a real bounded functional. Then there exists a unique, self-

adjoint bounded linear operator A,

A ∈ B(H → H)

such that

f (x,y) = (Ax,y),

for all x ∈ H. ABB.
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Let 0 < α < 1, λ > 0, 1 ≤ p < ∞ be positive constants. Let

m ≥ 1 and n ≥ 1 be positive integers.

M def
= R

n

with the standard norm

‖u‖2 = |u1|2 + |u2|2 + |u3|2 + · · · + |un|2, u ∈ R
n

Define the following spaces

C[a, b],

C

(
n∏

k=1

[ak, bk]

)
,

with the standard norm

‖φ‖ = max
[a,b]
|φ(x)|.

BCm,α(R)
def
=

{
φ ∈ BC(R) :

∂k

∂xk
φ ∈ BC(R), k = 1, 2, 3, · · · ,m

sup
x 6=y

[
1

|x− y|α
∣∣∣∣
∂m

∂xm
φ(x)− ∂m

∂xm
φ(y)

∣∣∣∣
]
<∞

}
.

with the standard norm

‖φ‖Cm,α(R)
def
= sup

x∈R

{
m∑

k=0

∣∣∣∣
∂k

∂xk
φ(x)

∣∣∣∣

}

+ sup
x,y∈R,x 6=y

{
1

|x− y|α
∣∣∣∣
∂m

∂xm
φ(x)− ∂m

∂xm
φ(y)

∣∣∣∣
}
.

Hλ(Rn)
def
=

{
φ ∈ L2(Rn) :

∫

Rn

(1 + |ξ|2)λ2 |φ̂(ξ)|2dξ <∞
}
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with the norm defined by

‖φ‖2
Hλ(Rn)

def
=

∫

Rn

(1 + |ξ|2)λ2 |φ̂(ξ)|2dξ.

Wm,p(Rn)
def
=

{
φ ∈ Lp(Rn) :

∑

α1+α2+α3+···+αn≤m∫

Rn

∣∣∣∣
∂α1 + α2 + α3 + · · · + αn
∂xα11 ∂x

α2
2 ∂x

α3
3 · · · ∂xαnn

φ(x)

∣∣∣∣
p

dx <∞
}

with the norm defined by

‖φ‖pWm,p(Rn)

def
=

∑

α1+α2+α3+···+αn

∫

Rn

∣∣∣∣
∂α1+α2+α3+···+αn

∂xα11 ∂x
α2
2 ∂x

α3
3 · · · ∂xαnn

φ(x)

∣∣∣∣
p

dx.
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1. Let (M1, ρ1) and (M2, ρ2) be complete metric spaces. Let

A : (M1, ρ1)→ (M2, ρ2)

be a continuous isomorphism. Let

S1 ⊂M1, S2 ⊂M2,

be subsets. Define

AS1 = {A(u) : u ∈ S1},
A−1S2 = {u ∈M1 : Au ∈ S2}.

(A) Prove the following results.

1 If S1 is bounded, then AS1 is bounded.
2 If S1 is open, then AS1 is open.
3 If S1 is closed, then AS1 is closed.
4 If S1 is convex, then AS1 is convex.
5 If S1 is dense inM1, then AS1 is dense inM2.

6 If S1 is compact, then AS1 is compact.

7 If S1 is finite-dimensional, then AS1 is finite-dimensional.

(B) Prove the following results.

1 If S2 is bounded, then A−1S2 is bounded.
2 If S2 is open, then A−1S2 is open.
3 If S2 is closed, then A−1S2 is closed.
4 If S2 is convex, then A−1S2 is convex.
5 If S2 is dense inM2, then A−1S2 is dense inM1.

6 If S2 is compact, then A−1S2 is compact.

7 If S2 is finite-dimensional, then A−1S2 is finite-dimensional.
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1. Let S ⊂ R
n be a bounded closed set. Let the mapping

A : S → S satisfy the following conditions

ρ(A(u),A(v)) < ρ(u,v),

for all u ∈ S and v ∈ S , u 6= v. Prove that there exists a unique

point u0 ∈ S , such that

A(u0) = u0.

2. Let (M, ρ) be a complete metric space, let

A : (M, ρ)→ (M, ρ),

be a mapping. Define

αn = sup
u6=v

ρ(Anu,Anv)
ρ(u,v)

.

(1) If the series

∞∑

n=1

αn <∞,

is convergent, then prove that for any point u0 ∈M, the sequence

{Anu0} converges to the unique fixed point of A.
(2) If

inf
n
αn < 1,

then prove that there exists a unique fixed point to A.
3. Let A = (aij) be a real n × n matrix, let b ∈ R

n be a real

vector. Consider the system of equations

Ax = b.
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Suppose that there hold the following conditions

(a11 − 1)2 + a212 + a213 + · · · + a21n < 1,

a221 + (a22 − 1)2 + a223 + · · · + a22n < 1,

a231 + a232 + (a33 − 1)2 + · · · + a23n < 1,

· · · · · ·
a2n1 + a2n2 + a2n3 + · · · + (ann − 1)2 < 1.

Prove that for any vector b, there exists a unique solution to Ax =

b.

4. Make and prove a theorem on the existence and uniqueness

of the solution to the initial value problem

d

dt
u = f(u, t), u(t0) = u0.

5. Let f = f (x) be a continuous function defined on (0,∞).

Prove that there exists a unique solution to the integral equation

y(t) = f (t) + λ

∫ t

0

et−τy(τ )dτ.

Find the solution explicitly.

6. Let (M, ρ) be a complete metric space. Let

A : (M, ρ)→ (M, ρ)

be a mapping. Suppose that there exist positive constants 0 < α <

1, γ > 0 and δ > 0, such that

ρ(A(u),A(v)) < αρ(u,v),

ρ(u0,Au0) ≤ γδ,

for all u ∈ B(u0, δ) and v ∈ B(u0, δ), u 6= v.

(1) Prove that there exists a unique fixed point in B(u0, δ) to A,
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if α + γ < 1.

(2) Prove that there exists a unique fixed point in S(u0, δ) to A, if
α + γ = 1 and A is continuous on S(u0, δ).

Make problems (with applications of ideas, concepts, definitions,

theorems, results)

Presentations 2

Students: Pick up three problems for your presentation.

Dates of presentation: Thursday, September 22 and 29.

1. Show that the linear operator A : L[a, b]→ C[a, b]:

(Aφ)(x) =
∫ x

a

φ(t)dt,

is bounded, and prove that

‖A‖ = 1.

2. Show that the linear operator A : L[a, b]→ L[a, b]:

(Aφ)(x) =
∫ x

a

φ(t)dt,

is bounded, and prove that

‖A‖ = b− a.
3. Let K = K(x, y) be a continuous function defined on [a, b]×

[a, b]. Let A : C[a, b] → C[a, b] be a bounded linear operator,

defined by

(Aφ)(x) =
∫ b

a

K(x, y)φ(y)dy, φ ∈ C[a, b].

Prove that

‖A‖ = max
a≤x≤b

∫ b

a

|K(x, y)|dy.
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4. Let K = K(x, y) be a continuous function defined on [a, b]×
[a, b]. Let A : C[a, b] → C[a, b] be a bounded linear operator,

defined by

(Aφ)(x) =
∫ x

a

K(x, y)φ(y)dy.

Compute the limit

lim
n→∞

(‖An‖)1/n.

A
5. Let (X , ‖ · ‖) and (Y , ‖ · ‖) be normed linear spaces. Let

A : X → Y be a linear operator.

(1) Is A bounded, if the null space N (A) is closed?
(2) Is the null space N (A) closed, if A is bounded?

6. Let (X , ‖ · ‖) be a normed linear space, let

A ∈ B(X → X ), C ∈ B(X → X ).
(1) Prove that there exists a positive constant λ0 > 0, such that

‖(λ0I −A)mx‖ > 0,

for all x ∈ X , x 6= 0, and for all m = 1, 2, 3, · · · .
(2) Prove that there exist no bounded linear operators A and C,
such that

AC − CA = I.
Hint: Without loss of generality, let Cm 6= 0. Then show that

ACm+1 − Cm+1A = (m + 1)Cm,
for all positive integers m ≥ 1.
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7. Let (X , ‖ · ‖) be a normed linear space, let E ⊂ X be a closed

linear subspace, and xn ∈ E , for all n = 1, 2, 3, · · · . Prove that if

lim
n→∞

xn
weakly
= x0,

then x0 ∈ E .
8. Let (X , ‖ ·‖), (Y , ‖ ·‖) and (Z, ‖ ·‖) be normed linear spaces.

Let

A ∈ B(X → Y),
and

C ∈ B(Y → Z).
Prove that

(CA)∗ = A∗C∗
(CA)∗∗ = C∗∗A∗∗.

9. Let the positive integer n > 1. Let the constant 1 < p <∞.

Let the constants a and b satisfy a < b. Let Ω ⊂ R
n be the

unit closed ball. Prove that the following normed linear spaces are

self-reflexive.

(1) Lp[a, b]

(2) Lp(Ω)

(3) Lp(R)

(4) Lp(Rn)

10. Let (X , ‖ · ‖) and (Y , ‖ · ‖) be normed linear spaces. Let

A0 ∈ B(X → Y),
An ∈ B(X → Y), n ≥ 1.
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(1) Prove that

lim
n→∞
‖A∗n −A∗0‖ = 0,

lim
n→∞
‖A∗∗n −A∗∗0 ‖ = 0, if

lim
n→∞
‖An −A0‖ = 0.

(2) Is it true that

lim
n→∞
‖A∗n(g)−A∗0(g)‖ = 0,

for all g ∈ Y∗, if
lim
n→∞
‖An(x)−A0(x)‖ = 0,

for all x ∈ X ?
(3) Is it true that

lim
n→∞
|(A∗ng)(x)− (A∗0g)(x)| = 0,

for all g ∈ Y∗ and for all x ∈ X , if
lim
n→∞
‖Anx−A0x‖ = 0,

for all x ∈ X .
11. Let K ∈ L2(R), where

R = [0, 1]× [0, 1].

Define the operator A by

(Aφ)(x) =
∫ 1

0

K(x, y)φ(y)dy, φ ∈ L2[0, 1].

Find the explicit representation of the adjoint operator A∗.
12. Let (X , ‖ · ‖) be a self-reflexive Banach space. Prove that

there exists a dense countable set in X , if and only if there exists a

dense countable set in X ∗.
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13. Let (X , ‖ · ‖) be a Banach space. Prove that X is self-

reflexive, if and only if any closed subspace E ⊂ X is self-reflexive.

14. Let (X , ‖ · ‖) be a self-reflexive normed linear space. Prove

that any bounded set in X is weakly compact.

15. Let (X , ‖ · ‖) be a normed linear space. Prove that X is

self-reflexive, if and only if X ∗ is self-reflexive.
Bonus Let (X , ‖ · ‖) be a Banach space and let (Y , ‖ · ‖) be a

normed linear space. Prove that the normed linear space

B(X → Y)

is weakly complete, if and only if Y is weakly complete. (By weakly

complete, we mean that any weak Cauchy sequence is weakly con-

vergent.)
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Homework Assignment 1

1. Let (M, ρ) be a metric space. Let

{Oλ : λ ∈ Λ}

be a family of open sets, let

{Cµ : µ ∈ Γ}

be a family of closed sets. Prove that
⋃

λ∈Λ
Oλ

is open and
⋂

µ∈Γ
Cµ

is closed.

2. Let

−∞ < ak < bk <∞, k = 1, 2, 3, · · · , n.

Let

Ω = [a1, b1]× [a2, b2]× [a3, b3]× [an, bn].

Let S ⊂ C(Ω) be a bounded set. Prove that A is totally bounded,

if and only if for every positive constant ε > 0, there exists another

positive constant δ = δ(ε) > 0, such that

|f (x)− f (y)| < ε,

for all f ∈ A, for all x ∈ Ω and y ∈ Ω, such that |x− y| < δ.
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3. Let (X, ‖ · ‖) be a n-dimensional normed linear space, let

B = {u1,u2,u3, · · · ,un}
be a basis of X. Prove that there exist two positive constants

C2 > C1 > 0, such that there holds the following estimates

C1

n∑

k=1

α2
k ≤ ‖u‖2 ≤ C2

n∑

k=1

α2
k

for all

u = α1u1 + α2u2 + α3u3 + · · · + αnun ∈ X.

4. Let (X, ‖ · ‖) be a normed linear space and let Y ⊂ X be

a closed subspace, Y 6= X. Prove that for every positive constant

0 < ε < 1, there exists a unit vector u0 ∈ X, ‖u0‖ = 1, such that

ρ(u0,Y) > ε.

5. Let (X, ‖ · ‖) be an infinite-dimensional normed linear space.

Prove that the unit ball

{u ∈ X : ‖u‖ = 1}
is not compact.

6. Let (X, ‖ · ‖) be a Banach space and let S ⊂ X be a compact

subset. Prove that the convex closure

h(S) def
=

{
m∑

k=1

αkuk : αk > 0,uk ∈ S,
m∑

k=1

αk = 1,m ≥ 1

}

is compact as well. This is a Bonus Problem.

7. Let (X, ‖ · ‖) be a Banach space and let S ⊂ X be a convex,

closed subset. Let

A : S → S
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be a continuous mapping, such that A(S) is compact. Prove that

there exists a fixed point u0 ∈ S , such that

A(u0) = u0.

Make basic problems about: definitions, theorems, results, nec-

essary and sufficient conditions of results or theorems.

Homework 2

Due October 2 at 11:59 PM

Definition 1. Let (X , ‖ · ‖) be a normed linear space, let

A ∈ B(X → X ).
The mapping is called a projection operator, if

A2 = A.
Definition 2. Let X be a vector space, let Y and Z be sub-

spaces of X . If every vector x ∈ X can be written uniquely as

x = y + z,

where y ∈ Y and z ∈ Z , then we say X is the direct sum of Y
and Z . We write

X = Y ⊕ Z.
1. Let (X , ‖·‖) be a Banach space and let (Y , ‖·‖) be a normed

linear space, let

Aλ ∈ B(X → Y),
for all λ ∈ Λ. Prove that there exists a positive constant C > 0,

such that

‖Aλ‖ ≤ C,
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for all λ ∈ Λ, if for every g ∈ Y∗ and for every x ∈ X , there exists
a positive constant C0 = C0(g,x) > 0, such that

|g(Aλx)| ≤ C(g,x),

for all λ ∈ Λ.

2. Let X be a vector space. Let

A : X → X
be a projection operator. Prove that

I − A
is also a projection operator.

Define

Y def
= {x ∈ X : Ax = x},

Z def
= {x ∈ X : (I − A)x = x}.

Prove that

X = Y ⊕ Z.
On the other hand, if

X = Y ⊕ Z,
then define the operator A:

Ax = y,

where

x = y + z.

Prove that

A : X → X
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is a projection operator and

Y = {x ∈ X : Ax = x}.
3. Let (X , ‖ · ‖) be a normed linear space, let

A ∈ B(X → X )
be a projection operator, that is A2 = A. Prove that

Y = {x ∈ X : Ax = x},
Z = {x ∈ X : (I − A)x = x},

are closed subspaces of X .
4. Let (X , ‖ · ‖) be a Banach space, let Y and Z be closed

subspaces of X , such that

X = Y ⊕ Z.
Prove that the operators A and P defined by

Ax = y,

Px = z,

are bounded linear operators and are projection operators, where

x = y + z,

x ∈ X ,y ∈ Y , z ∈ Z.
Moreover, show that

A + P = I.
5. Let (X , ‖ · ‖) and (Y , ‖ · ‖) be Banach spaces, let

A : X → Y
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be a linear operator. Prove that

A ∈ B(X → Y),

if for every g ∈ Y∗, the functional on X define by

g(Ax)

is a continuous linear functional.

6. Let (X , ‖ · ‖) and (Y , ‖ · ‖) be Banach spaces, let

A ∈ B(X → Y),

such that AX = Y . Let y0 ∈ Y . Prove that there exists a positive
constant C > 0, such that for any convergent sequence

{yn} ⊂ Y , lim
n→∞
‖yn − y0‖ = 0,

there exists a convergent sequence

{xn} ⊂ X , lim
n→∞
‖xn − x0‖ = 0,

such that

‖xn‖ ≤ C‖yn‖, yn = Axn, lim
n→∞
‖xn − x0‖ = 0.

7. Let (X , ‖ · ‖) be a Banach space, let

B = {xn} ⊂ X

be a sequence of points. B is called a basis of X , if for each point

x ∈ X , there exists a sequence {αn(x)} of real numbers, such that

lim
n→∞

∥∥∥∥∥

n∑

k=1

αk(x)xk − x

∥∥∥∥∥ = 0.

772



Let (X , ‖ · ‖) be a Banach space with the basis B. Prove that

αk ∈ X ∗, for all k ≥ 1, where αk appears in the representation

x =

∞∑

k=1

αk(x)xk,

for all x ∈ X .
Presentation 3

1. Let

A =




α −β −β −β
−β α −β −β
−β −β α −β
−β −β −β α


 , B =




α −β α −β
−β α −β α

α −β α −β
−β α −β α


 ,

where α and β are real constants.

Let

f (x) = a0 + a1x + a2x
2 + a3x

3 + · · · + anx
n,

be a real polynomial of degree n, where an 6= 0. Define

f (A) = a0I + a1A + a2A
2 + a3A

3 + · · · + anA
n,

f (B) = a0I + a1B + a2B
2 + a3B

3 + · · · + anB
n.

(1) Find all eigenvalues and all eigenspaces of f (A).

(2) Find all eigenvalues and all eigenspaces of f (B).

2. Let the Fourier transformation operator A : L2(R)→ L2(R)

be defined by

(Aφ)(ξ) =
∫

R

exp(−ixξ)φ(x)dx, φ ∈ L2(R).

Find all eigenvalues and all eigenspaces of A.
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3. Let (X , ‖ · ‖) be a complex Banach space, let

An ∈ B(X → X ),
A0 ∈ B(X → X ),

where n = 1, 2, 3, · · · , such that

lim
n→∞
‖An −A0‖ = 0.

Let the complex constant λ0 ∈ ρ(A0). Show that λ0 ∈ ρ(An), for
all sufficiently large n≫ 1. Morevoer, show that

lim
n→∞
‖(λ0I − An)−1 − (λ0I − A0)

−1‖ = 0.

4. Let (X , ‖ · ‖) be a complex Banach space, let

A ∈ B(X → X ).
Show that σr(A) ⊂ σp(A∗).

5. Let (X , ‖ · ‖) be a complex Banach space, let

A ∈ B(X → X ),
B ∈ B(X → X ).

(1) Prove that

r(AB) = r(BA)
(2) Prove that

r(A + B) ≤ r(A) + r(B),
if AB = BA.

6. Let (X , ‖ · ‖) and (Y , ‖ · ‖) be normed linear spaces, let

f1, f2, f3, · · · , fn ∈ X ∗,
y1,y2,y3, · · · ,yn ∈ Y .
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Define the operator A by

Ax = f1(x)y1 + f2(x)y2 + f3(x)y3 + · · · + fn(x)yn,

for all x ∈ X . Show that

A ∈ C(X → Y).

7. Let the bounded linear operator

A : C[0, 1]→ C[0, 1],

be defined by

(Aφ)(x) = xφ(x),

for all φ ∈ C[0, 1]. Find

ρ(A), σ(A), σp(A), σc(A), σa(A), σr(A).

8. Let (X , ‖·‖) be an infinite-dimensional complex Banach space,

let

A ∈ C(X → Y).

Prove that

A 6= λI,

for any complex constant λ ∈ C with λ 6= 0.

9. Let (X , ‖ · ‖) be a complex Banach space, let

A ∈ C(X → Y).

Let λ ∈ C be a complex constant and λ 6= 0. Prove that the

dimension of the null space is finite

dim[N (λI − A)] <∞.
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10. Let the bounded linear operator A : C[a, b] → C[a, b] be

defined by

(Aφ)(x) =
∫ x

a

φ(t)dt, φ ∈ C[a, b].

Show that A is a compact operator. Find

ρ(A), σ(A), σp(A), σc(A), σa(A), σr(A).
11. Let T be a positive constant and let M be a constant n× n

matrix. Prove that the operator

A : C[0, T ]→ C[0, T ],

(Au)(t) =
∫ t

0

Mu(τ )dτ,

where u = u(t) ∈ C[0, T ] is a real vector valued function, is a

compact operator. Find

ρ(A), σ(A), σp(A), σc(A), σa(A), σr(A).
12. Let D > 0 be a positive constant. Define

Ω1 = B(0, 1), this is the unit open ball in R
n,

Ω2 = [−D,D]× [−D,D]× [−D,D]× · · · × [−D,D],

Ω3 = R
n.

Define

A = (I −△)−1,

where

△ =

n∑

k=1

∂2

∂x2k
,

represents the second order differential operator. Is A from the

Banach space to itself (see below) a compact operator
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(1) C(Ω1)→ C(Ω1)?

(2) L2(Ω2)→ L2(Ω2)?

(3) L3(Ω3)→ L3(Ω3)?

13. Let (X , ‖ · ‖) be a normed linear space, let

A ∈ B(X → X ).

Let λ ∈ C be any constant. Show that

[(λI − A)X ]⊥ = N (λI∗ −A∗),
[(λI∗ −A∗)X ∗]⊥ = N (λI − A).

14. Let (X , ‖ · ‖) be a normed linear space, let

A ∈ B(X → Y).

Let λ ∈ C and µ ∈ C be constants and λ 6= µ. Show that

N (λI − A) ⊥ N (µI∗ −A∗).

15. Let (X , ‖ · ‖) be a complex Banach space, let1

A ∈ C(X → Y).

Let λ ∈ C be a constant and λ 6= 0. Show that

(λI − A)X = X ,

if and only if

(λI∗ −A∗)X ∗ = X ∗.
1Is the result true, if

A ∈ B(X → X )?
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16. Let X = L2(Rn). Let α > 0 and T > 0 be fixed positive

constants. Is A given by

A : L2(Rn)→ L2(Rn),

(Aφ)(x) = exp(−α|ξ|2T )φ̂(ξ),

a compact operator, where φ̂ represents the Fourier transformation

of φ?
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Homework 3

1. Let (X , ‖ · ‖) and (Y , ‖ · ‖) be normed linear spaces, let

{Aλ ∈ B(X → Y) : λ ∈ Λ}

be a family of bounded linear operators. Suppose that the set

sup
λ∈Λ
{|f (Aλx)| : λ ∈ Λ} <∞,

for every point x ∈ X and every functional f ∈ Y∗. Prove that

there exists a positive constant C > 0, such that

sup
λ∈Λ
‖Aλ‖ ≤ C.

2. Let (X , ‖ · ‖) be a Banach space, let

f : X → R,

be a functional, such that

(1) f (x) ≥ 0,

(2) f (x1 + x2) ≤ f (x1) + f (x2),

(3) f (αx) = |α|f (x), α ∈ R,

(4) lim inf
n→∞

f (xn) ≥ f (x0),

if lim
n→∞
‖xn − x0‖ = 0,x0 ∈ X ,

for all vectors x ∈ X , x0 ∈ X , x1 ∈ X , x2 ∈ X , and for all

constants α ∈ R. Prove that there exists a positive constant C > 0,

such that

|f (x)| ≤ C‖x‖,
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for all x ∈ X .
3. Let (X , ‖ · ‖) be a complex Banach space, let

A ∈ C(X → X ),
be a compact operator. Let λ ∈ C be a constant and λ 6= 0. Prove

that there exist at most finitely many, linearly independent, unit

vectors

x1,x2,x3, · · · ,xn ∈ X ,
‖x1‖ = 1, ‖x2‖ = 1, ‖x3‖ = 1, · · · , ‖xn‖ = 1,

such that

X = span {(λI − A)X ,x1,x2,x3, · · · ,xn}.
Let

X1 = span {(λI − A)X ,x1},
X2 = span {(λI − A)X ,x1,x2},
X3 = span {(λI − A)X ,x1,x2,x3},
· · · · · ·
Xn = span {(λI − A)X ,x1,x2,x3, · · · ,xn}.

Moreover, prove that there exist continuous linear functionals

f1, f2, f3, · · · , fn ∈ X ∗,
which are linearly independent, such that

‖f1‖ = 1, f1(x1) = ρ(x1, (λI − A)X ) >
1

2
, f1((λI − A)X ) = {0

‖f2‖ = 1, f2(x2) = ρ(x2,X1) >
1

2
, f2((λI − A)X ) = {0},

‖f3‖ = 1, f3(x3) = ρ(x3,X2) >
1

2
, f3((λI − A)X ) = {0},

· · · · · ·
‖fn‖ = 1, fn(xn) = ρ(xn,Xn−1) >

1

2
, fn((λI − A)X ) = {0}.
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The continuous linear functional also satisfy the conditions

f2(x1) = 0,

f3(x1) = 0, f3(x2) = 0,

f4(x1) = 0, f4(x2) = 0, f4(x3) = 0,

· · · · · ·
fn(x1) = 0, fn(x2) = 0, f3(x3) = 0, · · · , fn(xn−1) = 0.
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Proof. There is nothing to prove, if

(λI − A)X = X .

If (λI − A)X 6= X , then there exists a vector x1 ∈ X , such that

‖x1‖ = 1, ρ(x1, (λI − A)X ) >
1

2
.

Moreover, there exists a continuous linear functional f1 ∈ X ∗, such
that

(1) ‖f1‖ = 1,

(2) f1(x1) = ρ(x1, (λI − A)X ) >
1

2
,

(3) f1((λI − A)X ) = {0}.

Define

X1 = span {(λI − A)X ,x1}.

We have finished the proof, if

span {(λI − A)X ,x1} = X .

If X1 6= X , then there exists a vector x2 ∈ X , such that

‖x2‖ = 1, ρ(x2,X1) >
1

2
.

Moreover, there exists a continuous linear functional f2 ∈ X ∗, such
that

(1) ‖f2‖ = 1,

(2) f2(x2) = ρ(x2,X1) >
1

2
,

(3) f2((λI − A)X ) = {0}, f (x1) = 0.
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Define

X2 = span {(λI − A)X ,x1,x2}.
We have finished the proof, if

X2 = X .
If X2 6= X , then there exists a vector x3 ∈ X , such that

‖x3‖ = 1, ρ(x3,X2) >
1

2
.

Moreover, there exists a continuous linear functional f3 ∈ X ∗, such
that

(1) ‖f3‖ = 1,

(2) f3(x3) = ρ(x3,X2) >
1

2
,

(3) f3((λI − A)X ) = {0}, f (xk) = 0,

for k = 1, 2.

Define

X3 = span {(λI − A)X ,x1,x2,x3}.
We have finished the proof, if

X3 = X .
If X3 6= X , then we may continue this process. · · · · · · There exists
a vector xn ∈ X , such that

‖xn‖ = 1, ρ(xn,Xn−1) >
1

2
.

Moreover, there exists a continuous linear functional fn ∈ X ∗, such
that

(1) ‖fn‖ = 1,

(2) fn(xn) = ρ(xn,Xn−1) >
1

2
,

(3) fn((λI − A)X ) = {0}, f (xk) = 0,
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for k = 1, 2, 3, · · · , n− 1.

Define

Xn = span {(λI − A)X ,x1,x2,x3, · · · ,xn}.
Clearly, this process must stop after finitely many steps. Therefore,

there exists a unique positive integer n ≥ 1, such that

X = span {(λI − A)X ,x1,x2,xn, · · · ,xn}.
Overall, we have

[(λI − A)∗fk](x) = fk((λI − A)x) = 0,

for all x ∈ X . We have found eigenvalues and eigenvectors of A∗:
A∗fk = λfk,

for all k = 1, 2, 3, · · · , n. It is easy to see that the continuous linear
functionals are linearly independent. Hence

dim[N (λI∗ −A∗)] ≥ n.

The proof is completely finished now. ✷

A ∈ C(X → Y)
A ∈ C(X → Y)
A ∈ C(X → Y)

1. Let Rn be the n-dimensional Euclidean space, let

B = {e1, e2, e3, · · · , en},
be a basis of Rn. All vectors in R

n may be represented as

x = α1e1 + α2e2 + α3e3 + · · · + αnen,

where αk ∈ R. Prove that (·, ·) is an inner product in R
n, if and

only if there exists an n × n symmetric, positively definite matrix
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A, such that
(

n∑

k=1

αkek,
n∑

l=1

βlel

)
=

n∑

k=1

n∑

l=1

aklαkβl.

2. Let H be an inner product space, let y0 ∈ H. Define the

functional f0:

f0(x) = (x,y0), x ∈ H.
Show that f0 ∈ H∗ is a continuous linear functional. Additionally,

show that ‖f0‖ = ‖y0‖.
3. LetH be an inner product space, let S = {x1,x2,x3, · · · ,xn}

be a set of vectors, such that

(1) (xk,xk) = 1,

(2) (xk,xl) = 0, k 6= l.

Prove that S is linearly independent.

4. Prove that any inner product space may be completed to a

Hilbert space.

5. Define the complex space

H =

{
φ : φ is Lebesgue measurable on R

n,

∫

Rn

|φ(x)|2dx <∞
}
.

Define

(φ, ψ) =

∫

Rn

φ(x)ψ(x)dx,

for all φ, ψ ∈ H. Prove that H is a Hilbert space.

6. LetH be an inner product space, let E be a complete subspace

of H. Prove that
E = (E⊥)⊥.
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7. Let H be an inner product space, let S and T be subsets of

H, let

E =

{
m∑

k=1

αkxk +
n∑

l=1

βlyl : αk ∈ R,xk ∈ S,m ≥ 1, βl ∈ R,yl ∈ T , n ≥ 1

}

Prove that

E⊥ = S⊥ ∩ T ⊥.
8. Let

H = L2[0, 2π],

and

S =

{
1√
2
, cos(x), sin(x), cos(2x), sin(2x), cos(3x), sin(3x), · · · , cos(mx), sin(mx

Show that S is a complete orthonormal set in H.
9. Let

H =

{
φ :

∫

R

|φ(x)|2dx <∞
}
,

and

S =

{
1

(2mm!
√
π)1/2

exp(
1

2
x2)

dm

dxm
[exp(−x2)] : m = 0, 1, 2, 3, · · ·

}
.

Show that S is a complete orthonormal set.

10. Let H be a Hilbert space, let K be an inner product space.

Let

A ∈ B(H → K),
A−1 ∈ B(HH).

Show that K is a Hilbert space.
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11. Let H be a Hilbert space, let

A ∈ B(HH).
Prove that A∗ = −A, if and only if

Re (Ax,x) = 0,

for all x ∈ H.
12. Let H be a Hilbert space, let λ0 be an eigenvalue of

A ∈ B(H → H).
Is λ an eigenvalue of A∗?

13. LetH be a complex Hilbert space, letA be a bounded linear,

self-adjoint operator. Suppose that there exists a positive constant

C > 0, such that

(Ax,x) ≥ C(x,x),

for all x ∈ H. Define a new inner product

(x,y)A = (Ax,y),
for all x,y ∈ H. Prove that H is a Hilbert space with respect to

the new inner product.

14. Let H be a Hilbert space, let

E1, E2, E3, · · · , En, · · ·
be a sequence of mutually perpendicular closed subspaces. Prove

that

⊕∞n=1En = span {E1, E2, E3, · · · , En, · · · }.
15. Let H be a Hilbert space, let E and F be closed subspaces,

let

P : H → E ,
Q : H → F ,
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be projection operators. Prove that PQ is a projection operator,

if and only if

[E ⊖ (E ∩ F)] ⊥ [F ⊖ (E ∩ F)].
16. Let H be a Hilbert space, let P and Q be projection opera-

tors, let

P +Q−PQ
be a projection operator as well. Question: Is PQ = QP true?

17. Let H be a Hilbert space, let {Pλ : λ ∈ Λ} be a family of

mutually perpendicular projection operators and let {Eλ : λ ∈ Λ}
be the corresponding projection subspaces. Prove that there exists

a projection operator P :
Px =

∑

λ∈Λ
Pλx,

Let PH = E . Prove that

E = ⊕λ∈ΛEλ =
{
∑

λ∈Λ
xλ :

∑

λ∈Λ
‖xλ‖2 <∞,xλ ∈ Eλ

}
.

18. Let H be a Hilbert space, let λn be a sequence of bounded

constants, let

Pn : H → En,
be a sequence of mutually perpendicular projection operators. Prove

that there exists a bounded linear operator

A ∈ B(HH),
such that

A = lim
n→∞

n∑

k=1

λkPk strongly.
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Moreover, prove that {λn} are the eigenvalues of A and

Eλn = PnH.

Additionally, prove that

‖A‖ = sup
n≥1
|λn|.

19. Let H be a Hilbert space, let E be a closed subspace and let

A ∈ B(H → H).

Suppose that E and E⊥ are invariant subspaces of A. Prove that
E and E⊥ are invariant subspaces of A∗.
E and E⊥ are invariant subspaces of A−1, if A−1 ∈ B(H → H).
20. Let H be a Hilbert space, let

A ∈ B(H → H).

Suppose that

A∗A−AA∗ ≥ 0.

Prove that

N (A) and [N (A)]⊥ are invariant subspaces of A.
N (λI − A) and [N (λI − A)]⊥ are invariant subspaces of A.
21. Let H be an inner product space, let

f : H×H → C,

be a bilinear functional. Prove that f is bounded, if and only if f

is continuous with respect to the two variables.
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22. Let H be a Hilbert space, let

f : H×H → C,

be a bilinear functional. Prove that f is bounded, if and only if f

is a continuous function of one variable when the other variable is

fixed.

23. Let H be an inner product space, let

f : H×H → C,

be a bilinear functional. Suppose that

sup
‖x‖=1

|f (x,x)| <∞.

Is f bounded?

24. Let H be a complex inner product space, let

f : H×H → C,

be a bilinear functional, such that

Re f (x,x) = 0,

for all x ∈ H. Is
sup

‖x‖=1,‖y‖=1

|f (x,y)| = sup
‖x‖=1

|f (x,x)|,

true?

25. Let H be a Hilbert space, let

f : H×H → C,

be a bilinear functional. f is called non-degenerate, if there exists

no nonzero vector y ∈ H, such that

(1) f (x,y) = 0, for all y ∈ H,
(2) f (y,x) = 0, for all y ∈ H.
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Prove that f is non-degenerate, if and only if there exists a bounded

linear operator

A ∈ B(H → H),

such that

f (x,y) = (Ax,y),

and that

N (A) = {0}, AH = H.

Definition. Let H be a vector space, let

[·, ·] : H×H → C,

be a functional, such that

(1) [αx + βy, z] = α[x, z] + β[y, z],

(2) [y,x] = [x,y],

(3) [x,x] ≥ 0,

for all x,y, z ∈ H. We call H an inner product∗ space.
26. Let H be an inner product∗ space. Prove that

|[x,y]|2 ≤ [x,x][y,y],

for all x,y ∈ H.
27. Let H be an inner product∗ space. Suppose that

lim
n→∞

[xn − x0,xn − x0] = 0, lim
n→∞

[yn − y0,yn − y0] = 0.

Prove that

lim
n→∞
|[xn,yn]− [x0,y0]| = 0.
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Definition. If

[x,y] = 0,

then we say x and y are perpendicular and we write x ⊥ y.

Definition. LetH be an inner product∗ space, let E be a closed
subspace. Let x1 ∈ H. If there exists x0 ∈ E and x′ ⊥ E , such
that

x1 = x0 + x′,

then we say x0 is the projection of x1 in E .
28. Let H be an inner product∗ space, let E be a complete

convex set in H, let x1 ∈ H − E . Prove that there exists a point

x0 ∈ E , such that

[x1 − x0,x1 − x0] = inf
x∈E

[x1 − x,x1 − x].

29. LetH be an inner product∗ space, let E be a closed subspace,
let x1 ∈ H − E . Suppose that there exists a point x0 ∈ E , such
that

[x1 − x0,x1 − x0] = inf
x∈E

[x1 − x,x1 − x].

Prove that

x1 − x0 ⊥ E .
30. Let H be an inner product∗ space, let E be a complete

convex subspace, let x1 ∈ H. Then the projection x0 of x1 onto E
always exists.

HHH → HH → H

H → H

EEEE
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