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Mathematics 43 - Survey of Linear Algebra - 2018

Instructor: Professor Linghai Zhang.

Online Office Hours: Tuesday and Saturday, 8 PM - 9:30 PM,
and by appointments.

Textbook: Linear Algebra and its Applications. Fifth Edition.
By David C. Lay, Steven R. Lay and Judi J. McDonald.
Attendance is absolutely required!!!

Contact Information: lizb@Qlehigh.edu

The Homework assignments: It is worth 100 points. There
will be 13 homework assignments - one every week. We will count
the best 10 assignments after dropping the lowest three. Every
homework will be posted on the Coursesite 7 - 10 days before
the deadline. The homework will be due on the following Sun-
day evening at 11:59 PM. No late homework will be accepted, even
if you have a solid reason or have an emergency:.

The First Midterm Exam: September 29, Thursday, 100
points.

The Second Midterm Exam: November 10, Thursday, 100
points.

The Final Exam: Middle of December, 200 points.

Total Score: 500 points.

A— 451 - 470, A 471 - 500

B— 401 - 416, B 417 - 433, B+ 434 - 450
C'— 351 - 366, C 367 - 383, C+ 334 - 400
D 301 - 350



F 0-300

Topics to be covered in Mathematics 43:
Chapter 1: Matrix Algebra, Systems of Equations

Definition of m X m matrices

Various matrices (identity, diagonal, symmetric, skew-symmetric,
upper triangular, lower triangular)

Operations of matrices (addition, scalar multiplication, multipli-
cation)

Elementary row operations

Reduced row echelon form

Rank

Gaussian elimination

Solutions of m x n systems of equations Ax = b

[nverse matrix: Definition and properties of A~

Inverse matrix: Computations, Examples 2 x 2, 3 X 3, 4 x 4
Solutions of n X n systems of equations Ax =b: x = A~'b
Chapter 2: Determinants

Definition of determinants for 2 x 2 and 3 X 3 matrices
Cofactor Cj; and Minor M;; of the element a;;

Definition of determinants det(A) for n x n matrices
Properties of determinants

Computations of det(A) (2 x 2, 3 x 3, 4 X 4 matrices)
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Computations of det(Al — A) (2 x 2, 3 x 3, 4 x 4 matrices)
Adjoint matrix A*
Properties of adjoint matrix
AA" = A*A = [det(A)]1, det(A) det(A*) = [det(A)]"
Determinants of adjoint matrix
det(A*) = [det(A)]"!
The representation of inverse matrix

1
Al =
det(A)

A* if det(A) # 0.

Determinants of (2n 4 1) x (2n + 1) skew-symmetric matrices
Summary
Chapter 3: Vector Spaces

Vector spaces: Definition and elementary properties
Examples of vector spaces: R", M,(R), P,(R), C'(R).
Subspaces of vector spaces R" and M, (R).
Null space, Row space, Column space of a m x n matrix A
Spanning sets of the vector space R".
a1V] + aovy + asvy + - - -+ a,, Vv, = b
Applications of the system of equations Ax = b
Linear independence and linear dependence
a1V] + aovy + a3vy + - -+ vy, = 0
Applications of the homogeneous system of equations Ax = 0
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Wronskian of functions defined on IR or subset of R

Basis and dimension of vector spaces. Examples: R", M, (RR),
P,(R), C(R).

Computations of dimensions of vector spaces: symmetric matrices
in M, (R). Skew-symmetric matrices in M,(R).

Component vector [v]g of the vector v € V relative to a basis B
Change-of-basis-matrix Fe. 5.

The rank-nullity theorem

Chapter 4: Linear Transformations

Definition and basic properties of linear transformation

The kernel of a linear transformation, one-to-one linear transfor-
mations

The range of a linear transformation, onto linear transformations
Linear transformations from R" to R™

Linear transformations from R" to R"

Linear transformation from P,(R) to P,(R)

The existence of inverse linear transformation, isomorphisms
The rank-nullity theorem

Chapter 5: Eigenvalues, Eigenvectors and Diagonaliza-
tion of Matrices

Definition of eigenvalues, eigenvectors, eigenspaces

Algebraic multiplicities, geometric multiplicities of eigenvalues
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Diagonalization of matrices T~'AT = D

Criterion of diagonalization

det(A) = )\1)\2)\3 s )\n

a1l + a9 +asy + ------ + Ay = AN+ X+ A3+ + A\,

Eigenvalues and eigenvectors of the matrix f(A), where

T) = ap+ a1 + asx® + azxS + - - - + a,x™"
f(z) :
f(A) = apl + a1 A+ asA? + az A3 + - - + a,, A"

is a real polynomial function of x.
Eigenvalues of real matrices
Eigenvalues of real symmetric matrices
Chapter 6: Vector Spaces with Inner Products
Definition and properties of inner product
Orthogonality and Orthonormal sets
Orthogonal projections
The Gram-Schmidt orthogonal process
Least square solutions of system of equations

Chapter 7: Real Symmetric Matrices and Quadratic
Forms

Eigenvalues and eigenvectors of symmetric matrices
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Diagonalization of symmetric matrices
Projection matrices, Spectral decomposition

Quadratic forms of symmetric matrices



Mathematics 205 - Linear Methods - 2022

The Definition of a Real Vector Space: Let V be a nonempty
set. There exist two operations: the addition 4+ and the scalar mul-
tiplication -, in V. For any two elements u € V and v € V,
for any real constant «, the addition u + v € V and the scalar
multiplication au € V. That is

u+vev, au € V.,

The set V is called a real vector space, if the following conditions
are satisfied.

(1)
u+v=v-+u,

for all elements u € V and v € V.
(2)
(u+v)+w=u+(v+w),

for all elementsu € V., ve Vandw € V.
(3) There exists an element 0 € V, such that

u+0=0+u=u,

for all elements u € V.
(4) For any element u € V| there exists another element u’ € V,
such that

u+u =u+u=0.
(5)
a(u+v) =au+ av,
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for all elements u € V and v € V., for all real constants a € R.
(6)
(a+ f)u = au + Su,
(7)
(af)u = a(fu) = B(au),

for all elements u € V and for all real constants o € R and 8 € R.

(8)
lu =u,

for all elements u € V.
Example 1. Let V = R". Define the addition and scalar
multiplication by

(901\ (?ﬂ\ (m1+y1\
) Y2 T2 T Y2
x3 |+ ys | = | r3+ys |,

[\ [ ax)
Lo ) \os

The set R™ is a real vector space.
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Example 2. Let V = M,(R). Let

( ailr aiz2 ais
az21 Q22 Qg3
as;p agz2 ass

\anl an2 Ap3

Ain \

Aon,

asy, c MH(R)

Ann )

Define the addition and scalar multiplication by

a2 ais - - aln\ (511

a22 Q23 -+ QA2p 521
asy ass -+ as, | + | b1

( ail

asi
asi

\ an1

ap2 Ap3z - - a'nn) \ bnl
/ air + 011 ar + b
az1 + ba1 ag + by

= | as; +031 asx+ b3

\ an1 + bnl an2 + bn2

((111 a2 a3
as1 Q22 a3

8% asy asz2 ass

( a1
aao
— aaszy

\ Aan1

\afnl an2 Ap3

a2 a13
a9 (Av3
aasn (ass

Qdp2 Qdp3

bia b3
by bo
bz b33

bn2 bn3

A1n + bln \
Q2on + b2n
a3n + b3n




Example 3. Let V = P,(R). Let

f(z) = ag + a1x + asx® + azx® + -+ - - + ax" € P,(R),
g(x) = by + by + box* + by 4+ -+ - - + b,x" € P,(R),

be any two vectors in P,(R). Define the addition and scalar mul-
tiplication by

flz)+g(z)

— ag+ @z + asx® +asxd + - + a,z"

+ by + by + b + by 4 + b x"

= (ag +by) + (ay +by)x + (ag + by)x* + (ag + bg)x® +--- - - - + (ap + by)x
af(z)

= alag+ a1z + asx® + asx® + - - + a,x")

= (aag) + (aa))x + (aay)z? + (aag)s® +--- - - + (aay)x",

The set P,(R) is a real vector space.
Example 4. Let

C(R) ={f: f is a continuous function defined on R}.

Define the addition and scalar multiplication by

(f +9)(x) = f(z)+g(x),
(af)(z) = af(x),

for all x € R.
Then the set C(R) is a real vector space.
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The Definition of Real Vector Subspace: Let V be a
real vector space. Let W be a subset of V. W is called a real
vector subspace of the vector space V if the following conditions
are satisfied

u+vew,
au € W,

for all vectors u € W and v € W, for all real constants o € R.
Examples Which of the following subsets is a vector subspcae

- det(A) = 0}.
: det(A) # 0}.

of M, (R)?
W, = {4 € M,(R) : det(A") = det(A)}.
W, = {A c M,(R) : A" = A}.
W3 ={Ac M,(R): A" = —A}.
W, ={Ac M,(R): A" exists}.
(R)
(R)
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Basis of popular vector spaces:

For the vector space R?:

51

For the vector space R3:

— O
o O

For the vector space R*:

( )

B = <

~

o O O
O;HO
o = O O
_ o O O

)-(i
: (_
|

\ J

For the vector space R:

”/é\ (g\ /8\ (8\ (8\
B = < O1,10 ¢, 11,101,120

o) L) o) (o) )

The dimension of the vector space R":
dim(R") =n
For the vector space P;(R):
B={1x}.
For the vector space P(R):
B={1,z2°}.
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For the vector space Ps(R):

B={1,x,2% 2%}

For the vector space Py(R):

B={l,z,2* 2 2*}.

For the vector space P,(R):

2 3
B={l,xzz%z°, -

’..

-, a"}

The dimension of the vector space P,(R):

dim[P,(R)] = n + 1.

For the vector space My(R

(((00)

For the vector space M3(R):

)

B:

N
~

oo o O o o <@ <o
oo o OO0 o oo
—_o o © o 999
c oo oo o @@+

_ o O O = O

The dimension of the vector space
dim[M,(R)] = n?.
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For the vector space (only symmetric matrices) Ms(R):

s-{(10).(00).(0 )

For the vector space (only skew-symmetric matrices) My(R):

B_{(—Ol (1))}

0.0.
For the vector space (only symmetric matrices) M3(R):
100 000 000
B — (000 ,(010 ,(000),
000 000 001
010 001 000
100), 000), 001)}.
000 100 010

For the vector space (only skew-symmetric matrices) M3(R):

0 10
B = 100 |,
0 00 1

0 01
0 00|,
00
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For the vector space (only symmetric matrices) My(R):

—

~— - -

S R N N
OO —H O o O O O o -4 O O
o O o O — O O O o O O O
o O oo o O O O o O O

N~ T OO O OO oo
- ~ PR 2

) - -

o oo o o O O O o O O O

O —-H OO o O O O o — O O

oo OO — O O O o O - O

N~ O T OO O O oo
P (\(\
\J —~ -~ 7z Y

o O O O o O O — O O O o O - O

oo 000 OO0 o000 oo o oo o
—_ oo OO0 o000 oo o oo oo
N~ T OO0 O O O O O O
N 2 \(\(\

Vs

I
«Q

The dimension of the vector space M,,(R):

n(n+1)
2

dim[M,,(R)] only symmetric matrices =

The dimension of the vector space M,,(R):

dim[M,,(R)] only skew-symmetric matrices =
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Summary of the Chapter on Vector Spaces
Examples of vector spaces:
R", M,(R), P,(R), C(R).

Subspaces of the Vector Space V
A subset W is a vector subspace of the vector space V if the

following property is true. For any vectors vy, vo, vg, -+« -+ . Vi
in W, for any real constants aq, ao, ag, -+« - - - oy, in R, the linear
combination

V] + QaVy + agvy + - - - e - + a,v, € W,

where n > 1 may be any positive integer.
Let A be a real m x n matrix. We may rewrite the matrix A in
the following ways

A:<C17 Co, C3y, v ,Cn),
[ o)
I
A= Irs ,

where r; represents a row vector and ¢; represents a column vector,
the index:=1,2,3,--- ,mand j=1,2,3,--- ,n.
The nullspace

NS(A)={x e R": Ax = 0}.
is a subspace of R".
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The row space

RS(A) = span{ry,ro,r3, - - Tt

= {oqu—i—ozgrg—i—ozgrg—i—---—i—ozmrm:oqGR,QQER,&geR,---

is a subspace of R".
The column space

CS(A) — Span{cb C2,C3, -+ ) Cn}

= {CY1C1+CY2C2+CY3C3+"‘+()4”C”1041GR,O&QER,&{;ER,”'

is a subspace of R™.

For these concepts, basis and dimension are the most important
points.

Example . Let A be a real n X n constant matrix, let the rank
of A be equal to n. Then the nullspace, the row space and the
column space of A are given, respectively, by

NS(A)={0},dim[NS(A)] =0
RS(A) =R", dim|RS(A)] =n
CS(A) =R", dim[CS(A)] =n

Example . Let A be a real m x n constant matrix, let m > n
and the rank of A be equal to n. Then the nullspace, the row space
and the column space of A are given, respectively, by

NS(A)={0},dim[NS(A)] =0
RS(A) =R",dim[RS(A)] =n
C'S(A) is smaller than, it is a subspace of R™, dim[C'S(A)] = n

Example . Let A be a real m x n constant matrix, let m <n
and the rank of A be equal to m. Then the nullspace, the row space

19



and the column space of A are given, respectively, by

NS(A) =R", dim[NS(A)]=n—m
RS(A) is smaller than, it is a subspace of R", dim[RS(A)] =m <n
CS(A) =R", dim[CS(A)] =m

Let V be areal vector space, such as R"R". Let § = {vy1, vy, vz, -« -- Vi
be a set of vectors in V. Then § is a basis if S is a spanning set
and linearly independent.

For the vector space R", if S = {vy,vo,vg,----- , 'V}, then
define a matrix A = (vy vo vg «----- v,,). If the determinant of
the matrix

det(A) # 0,
then

(1) S is a spanning set of R".
(2) S is linearly independent.
(3) S is a basis of R™.

On the other hand, if

det(A) =0,

then
(1) S is not a spanning set of R".

(2) S is linearly dependent.
(3) S is not a basis of R".

For the vector space Pn<R)7 ifS = {po(x),pl(x),pg(a}),pg(x), T 7pn<x)}a

20



and the Wronskian

( po() p(z) pa(x) ps(z) -
Ao @) ) B e
po(z)  pl@)  px)  ph(x) -

det | @) @) @) ) e
pén—l)(x) pgn—l)(x) pgn—l)(l,) pén—l)(x) o

\ p(()n)(l') pg")(a:) pén) () pi())”) () -

then

(1) S is a spanning set of P,(R).
(2) S is linearly independent.
(3) S is a basis of P,(R).

For the vector space M,(R), if § = {vy, v, Vs,
then define the real n* x n? matrix A = (wy, wy, W3,
If the determinant of the matrix

det(A) # 0,

then
(1) S is a spanning set of M,,(R).
(2) S is linearly independent.
(3) S is a basis of M,(R).
On the other hand, if

det(A) =0,

then

(1) S is not a spanning set of M,,(R).
(2) S is linearly dependent.

(3) S is not a basis of M, (R).

21
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The Rank-Nullity Theorem: Let A be a real m X n matrix.
Then

rank (A) + dim[NS(A)] = n.
rank (A) + nullity = n.

Here dim[NS(A)] is equal to the nullity.
Let

be a basis of the vector space V.= R". Let v € V. The component
vector [v]g of v relative to the basis B is

Vg = (Vi vovg -+ v,) v
Let
B={vi,vy, vy, - Vol
and
C={wi, Wy, W3, - s

be two bases of the vector space R". The change-of-basis-matrix
from the basis B to the basis C is

Pees=C™'B.

The change-of-basis-matrix from the basis C to the basis B is
Pg.c=B'C.

The change-of-basis-matrices satisfy the equation

—1
FPer g = Ppec-
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The Definition of A Linear Transformation: Let V and
W be real vector spaces. The mapping 7' : V — W is called a
linear transformation, if

T(1vy + Qavy + Qzvg + -« - - - + apvy)
= aT(vy) + T (va) + agT(vg) + -+ + a, T(v),
for all vectors vq, v, vg, -+ -+~ . v, and for all real constants oy,
g, Qug, =+ ca, € R, where n > 1 is an integer.

Definition. Let T : 'V — W be a linear transformation. De-

fine the kernel, represented by Ker(T'), of the linear transformation
T by

Ker(T) ={veV:T(v)=0}.

Note: The kernel Ker(7') of the linear transformation 7' is a sub-
space of V.

Define the range, represented by Rng(7T'), of the linear transfor-
mation 7' by

Rng(T) ={T(v):v eV}

Note: The range Rng(7T') of the linear transformation 7" is a sub-
space of W.

The linear transformation 7' : V. — W is called a one-to-one
transformation, if the kernel Ker(T) = {0}.

The linear transformation 7' : V. — W is called an onto trans-
formation, if the range Rng(T) = W.

The linear transformation 7" : V.— W is called a linear isomor-
phism, if it is both one-to-one and onto. We write

T:V->W, w=T(v),
T'W =V, v=T}w).
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Let T': V. — W be a linear transformation. The kernel Ker(7T')
is a subspace of the vector space V, the range Rng(T) is a subspace
of the vector space W.

dim[ Ker (7')] + dim[ Rng (7')] = dim(V).

This is called the rank nullity theorem for linear transformations.
Important Examples of Linear Transformations
1. T: R" — R™ is a linear transformation, it is given by

T(x) = Ax, x € R".

Here A is a real m x n matrix.

For this example, the kernel of the linear transformation 7" is the
same as the null space of the matrix A.

The range of the linear transformation 7' is the same as the
column space of the matrix A.

The linear transformation 7" is one-to-one, if the rank of A is n,
where m > n.

The linear transformation 1" is onto, if the rank of A is m, where
m < n.

The linear transformation 7" is one-to-one and onto, if the rank
of A is n, where m = n.

The linear transformation 1" and the inverse linear transforma-
tion 71

T:R"—>R" y=T(x),
T R"—=R", x=T y).
2. T : P,(R) = P,(R) is a linear transformation.
T: P,(R) — Po(R),
T(ay+ arx + apz® + azx® +---- - - + a,x")
= by + bz + box? + bsad + o + b, ",
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where each b; is a linear combination of all of the coefficients ay,
ap, a2, ag, =« ; An.
We may write it as

' [0\ (a0

@] @
T \|(1za*a’ ") 2 = (1 x 2% 2° ") A 2
a3 a3

_ \ @ / | \ @/
where A is a real n X n matrix.

3. Let T : M,(R) — M,(R) be a linear transformation, given
by

T(A)=A—-A"  Ae M,(R).
(1) Find the kernel of the linear transformation 7.

(2) Find the range of the linear transformation 7.

First of all, let us find the kernel. Let T(A) = 0. Then
A—Al =0, Al =A.
Therefore, the kernel
Ker (T) = {A € M,(R): AT = A}

The kernel is the collection of all real n X n symmetric matrices.
Now let us find the range. Note that

(A—ADT = AT — (AN = AT —A=—(A—- AT
Therefore, the range
Rng (T) = {M € M,(R): M" = —M}.
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This is the collection of all real n x n skew-symmetric matrices.
Let T : M,(R) — M,(R) be a linear transformation, given by

T(A) = A+ A", A e M,(R).
(1) Find the kernel of the linear transformation 7T
(2) Find the range of the linear transformation 7.
First of all, let us find the kernel. Let T'(A) = 0. Then
A+ AT =0, Al = —A.
Therefore, the kernel
Ker (T) = {A € M,(R) : AT = —A}

The kernel is the collection of all real n X n skew-symmetric ma-
trices.
Now let us find the range. Note that

(A+ AT = AT 1 (AT = AT + A=A+ AT,
Therefore, the range
Rng (T) = {M € M,(R) : M* = M}.
This is the collection of all real n X n symmetric matrices.
Example. Let T : Py(R) — P,(R) be a linear transformation,
given by
T(ag + a1x + asx® + azx’ + a4x4)
= ag+ (ap + a))x + (ag + ay + ay)x”
+ (ag + a1 + as + a3z’ + (ag + a1 + as + az + a4)z’.

Find the kernel and the range of the linear transformation.
Solution: To find the kernel, let us solve the equation

T(ay+ a1z + asx® + azx® + asx?) = 0.
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That is

ap =0, ap+a; =0, ag+ a; + as = 0,

ap+ a1 + as + az = 0, ap+ a; +as + az + ay = 0.
Solving this system of equations, we find that

ag = 0, a; =0, as =0, az =0, ay = 0.
Therefore, the kernel is the trivial space:
Ker (T') = {0}.

Note that the right hand side of the linear transformation may

be written as the linear combination of five linearly independent
constant vectors:

T(ay+ arx + ax® + azx® + asx?)

= ao(l+ o +2*+2° + 2%+ ay(z + 2 + 2° + 2%

+ ag(2® + 2° + 2h) +az(2® + 2h) + agz’
Note that ag, a1, a9, as, as are free variables. Moreover, the set

B = {1+x+x2+a§3+az4, r+2° +2° + 2t

- +x3+:c4, x3+x4, a:4}
is linearly independent. It is a spanning set and it is a basis of
Py(R). Therefore, the range is given by
Rng (T') = PA(R).
Examples of Isomorphisms

1.

T :R* = My(R),

a

b a b
I c _(cd>'

d
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T :R* — B(R),

T = a+ bx + cx’ + da’.

QO o9

T : MQ(R) — P3<R>,

T(a b) = a+ bx + cx® + da’.
c d

T : Mg(R) — Mg(R),

a a b 0O a b
T|apcl=1|—-a 0 c
b ¢ v —b —c 0

T : Mg(R) — Mg(R),

0 ab 0O a b
Tl aOcl=1]| —a 0 c
b ¢ 0 —b —c 0

T:CR)— C(R),
T(ag+ a1z + ast? + asx® + agxt 4+ + a9y 12"+ aopa
= ag + ay cos(x) + agsin(x) + as cos(2z) + aysin(27)

o + ag;,_1 cos(nx) + as, sin(nx),

2n>
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where n > 0 is any integer.

Let T; : V. — W be linear transformations, let «; be real con-
stants, where 1 = 1,2,3,------ ,n. Then the linear combination
of the linear transformations

&1T1+042T2+@3T3+"'+OénTnIV%W,
(Olel + Ty + a3y + -+ - + OénTn)<V)
= aT1(v) + aoTo(v) + asTs5(v) + - - - + o, T(v), v eV,

1s also a linear transformation.
In particular, if T; : R” — R"™ are linear transformations, given

by
T;,(v) = Ayv, v € R",
then
ol + aody + oI5+ v v e + a1, : R" — R™,

is also a linear transformation, given by

a1+ ol +agly+ - - - + Oépr - R" — R™:
(Olel + oy + agTy+ - - + CYpr) (V)
= (A + Ay +azAz+ - + o Ap)v,

for all v € R".
Let T : X — Y be a linear transformation, let S : Y — Z be
another linear transformation. Then

ST - X — 7
is also a linear transformation, given by
(ST)(v) =5(T(v)), veX
is also a linear transformation.
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In particular, if

T:R"— R™

is a linear transformation, given by
T(v)= Av, v e R,

and

S:R™ — R”,
is another linear transformation, given by

S(w) = Bw, w € R™,

then

ST :R" — R,
(ST)(v) = BAv, v € R",

is also a linear transformation.

Let V and W be real vector spaces. Let

be an ordered basis of the vector space W. Let T : V — W
be a linear transformation. We will define a real m X n matrix,
denoted by [T]§. The matrix is called the matrix of the linear
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transformation 1" relative to the order basis B of the vector space
V and the ordered basis C of the vector space W.

Let us find an equation involving the matrix [T]§. Intuitively
speaking, the matrix depends on the bases B = {v1, vg, vg, -+ -- Vit
and C = {wy, Wo, W3, -+ -- , W, } and the linear transformation

T'. For any vector v € V, we have the linear combination
V = Q1V] + QaVy +QgVvg + -+ .- + Vi,

where aq, ao, as, - -+, a, are real constants. Performing the linear
transformation T' to the linear combination, we have

T(v)=T(anvi + asvy + agvg + -« -+ + a,vy)
= Cle(Vl) + OéQT(VQ) + &3T(V3) BRI + CYnT(Vn)
(o)
- (T(V1)7 T(VQ)v T(V3)7 """ ) T(VH)) as
<y

Wi, Wy, W3, oo y Wi
That 1s
T(Vj) = QW1 + G2;W2 + a3jW3 + -+ + A Wiy
[ )
a/2j
— (Wla Wo, W3, = ) Wm) a3z, )
oy
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where ay;, agj, asj, - - -, a; are real constants, j = 1,2,3,--- ,n.

In another word, we have
(T(V1)7 T(V2)7 T(V3)> """ ) T(Vn))

( ailr a2 aps
as1 Q22 G923
= (W1,W2,W3, """ 7Wm) as;y agzz ass

\ Aml Am2 Am3

Therefore, we obtain the explicit representation
T(v)

( aip di2 a3

as1 Qa2 0423
= (W1,W2,W3, """ 7Wm) azr azz ass

\aml Am2 Am3

( aip a2 aiz -+ QAaip \
ot as1 A2 0A23 -+ QAp
C del
[T]B — asy as2 asz --- azp
K Aml Am2 Am3 **° Qmnp )

Ain \

A2n
a3p

Amn )

Ain
A2n
a3p,

o ) Lo )

Y[

%)

In particular, for the linear transformation 7" : R” — R, with the

ordered basis
B ={vy,vy, vy, - ,v,} for R"
m
C ={wi,wo, w3, -+, w,} for R™

we have

[T}ZCS’ — (W17 W2, W3, - 7Wm)_1(T(V1)7 T(V2)7 T(V3)7 T
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Note that
(W1, Wa, W3, -+, W),
is an m X m matrix, and its inverse matrix exists.
(T(v1), T(v2), T(v3),- -, T(vs))

1s a real m X n matrix.
For the linear transformation

T:P,(R)— P,(R),

we may the same ideas as above, with some slight modifications
in some of the details, to find the matrix of linear transformation

a3
For all other linear transformations, the equation

(T(V1)7 T(V2)7 T(V3)7 """ 9 T(VTL)) — (Wh W2, W3, s ) Wn)[T]%v

is the main starting point to find the matrix of linear transformation
a3
For linear transformations T': V. — W between different kinds
of vector spaces, such as
T : My(R) — P3(R),
T MQ(R) — Mg(R),

use
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where

T(Vj) = QW1 + G2;W2 + A3jW3 + -+ + A Wi
[ )
a2
— (Wi Wy Wy e wo ) | as
\ @i )
— ( W| Wo W3 « -« W, ) T(v))e,

where

T(vi)le=| as |,

j:172737”' , T0.

veVveVveVveVv

acaao € v € €R

TN TN TN N TN
~— ~—— 0 0 ~—r

VS
SN—
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The First Midterm Exam - Mathematics 43 - 2018

There are twenty-five multiple choice problems in the Exam. Each
problem is worth four points. The total is 100 points. The exam
is 75 minutes. In each problem, there are four choices marked (A),
(B), (C) and (D). Only one choice is correct. Choose the one you
think is correct. If you do not know the answer to a problem, you
may make a reasonable, best possible guess. No supporting work is
necessary. No calculators, computers, cell phones, i-pads, i-touches
or any other electronic devices are allowed in the exam. You are
not allowed to ask for assistance from anybody else. You are not
allowed to use any websites for assistance. Any student who cheats
will receive an F' as the Final Grade. This is Absolutely Firm!
Therefore, be honest and solve all problems by yourself.

The First Midterm Exam 100 points

The Second Midterm Exam 100 points

The Final Exam 200 points

The Homework 100 points

Total 500 points
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1. The reduced row echelon form of the augmented matrix of the
system of equations Ax = b is a zero matrix, that is,

000000O00O0
000000O00O0
000000O00O0

How many free variables are there in the solutions?

(A) L. (B)3. (C) 5. (D) T.
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2. The reduced row echelon form of the augmented matrix of the
system of equations Ax = b is given below

00000001
000000O00O0
000000O00O0

How many solutions are there to the system of equations?

(A) co. (B) 10. (C) 1. (D) 0.
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3. Let A be a real n X n constant matrix, with the rank of A
being equal to n. Which of the following statements is true?

(A) There exists infinitely many solutions to the system of equa-
tions Ax = b, for every vector b € R".

(B) There exists no solution to the system of equations Ax = b,
for every vector b € R".

(C) There exists a solution to the system of equations Ax = b,
for some vectors, but not for all vectors b € R".

(D) There exists a unique solution to the system of equations
Ax = b, for every vector b € R".
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4. Which of the following statements is true?

1111 1111

11 -1 —1 B 11 -1 —1

(A) A= L1 21 1 , then A7 = L1 21 1
-1 1 -1 -1 1 -1

1111 1111

N S I T R |

(B) IfB=4 L1 01 1 , then B~ =14 L1 01 1
-1 -1 1 1 —1 -1 1

1111 1111

1 —1 -1 1 1 —1 -1 1

fC =2 then C~! = 2

(©) e | 1 1 - | thenC -1 1 —1
11 -1 —1 11 -1 —1

1111 1111

11 -1 1 -1 B -1 1 —1

D) WD=o oy [t D=y
1 —1 -1 1 1 —1 -1 1
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5. Let

Which of the following is the rank of the matrix A?
(A

S——t — ~— ~~—
=~ W N =

(B
(C
(D

40



6. Let

o —B —B -p
| =8 a -8 -8
A=l 5 8 a 5|
8 -8 -8 a

where o > 0 and 8 > 0 are positive constants, such that a > 30.
What is the rank of A7
(A)4. (B) 3. (C) 2. (D) 1.
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7. Let A be a real n X n constant matrix with det(A) # 0.
Which of the following statements is true?

(A) There exists a unique solution to the system of equations
Ax = b, for every vector b € R".

(B) There exists no solution to the system of equations Ax = b,
for any vector b € R".

(C) The inverse matrix A~! does not exist.

(D) The rank of A is less than n.
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8. Let A be a real n X n constant matrix with det(A) = 0.
Which of the following statements is true?

(A) There exists infinitely many solutions to the homogeneous sys-
tem of equations Ax = 0.

(B) There exists a unique solution to the system of equations Ax =
b, for every vector b € R".

(C) The inverse matrix A~! exist.

(D) The rank of A is equal to n.
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9. Let a, B, v and A be real constants. Which of the following
computations is correct?

A a f
(A) det | —a X 4 | =X+ (®+ 52+
-5 =7 A

|

o >

> o
> 2 @

(D) det =\ — (@ + 57 + )N\

>~
> O
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10. Let

I 1 1
I -1 -1
-1 -1 1
-1 1 -1

Which of the following is equal to the determinant of A7

(A) 16
(B) —16
(€) 4
(D) —4

45



11. Let

af —af —af —af
A | —op aB —aB —ap
—af —af af —ap
—af —af —ab of
Which of the following statements represents the determinant of
the matrix A?

16(a)"
~16(aB)’
4(ap)*
—4(af)*

/N

A
B
C
D

N
— —— ~—— ~—T
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12. Let A and B be real n x n matrices. Let a # 0 be a real
nonzero constant. Which of the following statements is wrong?

(A)  det(AT) = det(A)

(B) det(aA) = adet(A)

(C)  det(AB) = det(A) det(B)

(D) det(A™)) = if det(A) #0

det(A)
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13. Let a, A, a;, b;, ¢; be real constants, where s = 1,2, 3. Which
of the following computations is NOT correct?

A—a o —
(A)  det a A—a —a
— —a A—«
A— o —

= det | 24—\ )\ — 2« 0
A — 2« 0 A\ — 2q

A—a a —«

= A=2a)’det | -1 1 0
1 0 1
A—a f B
(B) det g A—a f
B B A—a
A —« o] o]

= det| a+8-AX A—a—-p0 0
a+pB—A 0 A—a—0

= (A —a — B)*det —1
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ar(A+1) bi(A+1) er(A
(C)  det | as(A+2) ba(A+2) cof )\+2

a3(A+3) by(A+3) c3(A+3)

aq b1 C1
= A+ 1DH(A+2)(A+3) det(a2 by cg)
as bg C3
()\—1) CLQ)\ ) 3
(D) det(bl()\ 1) ba(A=2) b 3 )
A=1) co(A—=2) e3(
= A =1A—2)(\— 3da<bi£l§)
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14. Let A = (ai;) be a real n x n constant matrix. Let Cj;
be the cofactor of the element a;;, for all ¢ = 1,2,3,--- ,n and

j:172737”'

n

(A) Z a;;,Cir. = det(A), foralli=1,2,3,---,n

(B)

k=1

Zaijkj:O, forall y =1,2,3,---.n
k=1

n

Zaiijk:O, foralli=1,2,3,--- ,n;y=1,2,3,---

k=1

S

aiCrj =0, foralli =1,2,3,--- ,n;j=1,2,3,---

k=1
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15. Let A = (a;j), B = (b;;) and C = (Cj;) be real n x n
constant matrices, where B = C!, and C};j represents the cofactor
of the element a;;, for all 4 =1,2,3,--- ;nand j =1,2,3,--- ,n.
Which of the following statements is wrong?

(A) AB = BA = [det(A)|I
(B) AC =CA=[det(A)|1

(C) AYB® = B°AY = [det(A)]° A

(D) A°B'" = BYA" = [det(A)]°B°
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16. Let A = (a;j), B = (b;;) and C = (Cj;) be real n x n
constant matrices, where det(A) # 0, B = C!, and Cj represents
the cofactor of a;;, for all 4 =1,2,3,--- ;nand 7 =1,2,3,--- ,n.
Which of the following statements is NOT true?

1
(A) 4 _det(A)B

1
(B) B _det(A)A

() det(B) = det(C) = [det(A)]"

(D) det(AB) = [det(A)]"
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17. Which of the following subsets is a subspace of R*?

2

-

Ve

— O~ O~

)

cx1 > 0,29 > 0,23 > 0,24 >0

Ve

8
N}
— 1o
I
8
NN
I
8
W
I
&
N )

rmeERrmeR r3seR, s €R .
3563

4$4

z1 + 10
r9 + 20
563—|—30
xy + 40

o, €Rk=1,2,3,4

~~
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18. Which of the following subsets is NOT a subspace of the
vector space M, (R)?

(A) {A€ M,(R): AT = A},

(B) {Ac M,(R): A" = —A}.

(C) {A€ M,(R): det(A) = 18}.

(D) {A € M,(R): det(A") = det(A)}.
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19. Let «, 8, A be real constants, such that oo £ 0, o + 8 # 0,
a—20#£0, N#a+ B, N\ # a—25. Which of the following sets
of vectors is NOT a spanning set of R??

([ «
A = < (oz
L\ «a
Q
—p
—p

()G}
(1)

%)



20. Given that the set

( )

A—a 5 5 5

_ B A— B B
B_< 5 ) B ) )\—OK ) 6 >
\ 5 5 5 A —« )

of vectors is a spanning set of the vector space R*. Which of the
following conditions must be true?

/N

A=a+ [, A=a—30
A=a+f, A% a—30
A # o+, A#a—303
A% a+ [, A=a—30

— ——r ~—— ~—

A
B
C
D

e
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21. Given that the set of vectors

2

3&2 _52 —/9)2 _52

_ A2 3 2 _ A2 _ A2
B =< _gQ . _052 ’ 352 ’ _52 .
\ _52 _52 —/3)2 3&2 )

is linearly independent. Which of the following conditions must be
true?

30 + B2 =0, o’ — % =0
30 + % =0, o’ — % £ 0
30° + 3% > 0, o — B2 =0
3%+ % > 0, o’ — B*#£0

N

S

o7



22. Let

"

=
I

\

be a basis of R*. Which of the following conditions must be true?

)\2 o Ck2 52 62
62 )\2 L a2 62
62 ’ 52 ’ )\2 . 042 ’
3 B 3

(A) N =ao’+753% N=ao*—-35%

(B) N =a*+ 5%, N 4o — 33°

(C) N#d*+ 5% N =a—35%

(D) N#a*+p5% N#a® 367

o8

\

~~

/



( o2 _ B2 o> s )
_ A2 2 2 2
S = < 0462 ) _CYBQ ) Cg ) _OéﬁQ &
_62 042 _52 @2 )
\

where o« > 0 and 8 > 0 are positive constants. Which of the fol-
lowing statements about S is true?

(A) S is a basis of R?.

(B) S is linearly independent.

(C) 8 is a spanning set of R*.

(D) S is linearly dependent.
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24. Let
8 - {V17V27V37 e 7Vn}

be a set of vectors in the vector space R". Let A = (vivo vy -+ vy)
be the matrix made by using all vectors in §. Let det(A) # 0.
Which of the following statements is wrong?

(A) S is a basis of R".

(B) S is linearly independent.

(C) S is a spanning set of R".

(D) & is linearly independent, but it is not a spanning set of the
vector space R".
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25. Which of the following statements is NOT true?

( )
1 0 0 0
0 1 0 0
(A) B_< O 9 O ) 1 ) O >
0 0 0 1
\ J

is a basis of R* and the dimension of R* is 4.
oos=(wa) o) (an) (o))
is a basis of M3(R) and the dimension of M5(R) is 4.
(C) C= {1,:1:,x2,:1:3,~- ,x”,---}
is a basis of C'(R) and the dimension of C'(R) is co.
(D) D= {1,37,:52,1'3, e ,xlo}
is a basis of Pjp(R) and the dimension of Pjp(R) is 10.
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Bonus 1 Let

-1 -1 1 ’

where a > 0 is a positive constant. Which of the following state-
ments is true?

(A) AQOOO _ 04200014
(B) A2010 _ 04201014
(C) AZOQO _ (2&)2040]
(D) A2040 _ (2@)2040]
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Bonus 2 Which of the following statements about the real vec-
tor space C'(R) is NOT true?

(A) C(R) is a infinite-dimensional vector space

(B) B={l,z,2* 2% - } is a basis of C(R)

(C)  C=A{1,cos(x),sin(x), cos(2x), sin(2z), cos(3x), sin(3z), - - - - - -
is a basis of C'(R)

(D) C(R) is an finite-dimensional vector space
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Bonus 3 There are mistakes in the following computations.
Let «, B, v, 0 be real constants, such that a < 8 < v < 0.
The Wronskian of the exponential functions e™*, e, e¥* €% ig
computed below.

Py eﬁw et 6(533
e [el vert o edr
QQGCM 62€Bx ,7267x 5265x
Oé3€a$ 636655 ’}/36796 536(51’

det

I 1 1
stepl (ot t0)r gop | @ B v o

SPZ (0t fy+0)r Jot 0 f-—a v—a d-a

"L (0= Bl =)o = g)eleri
1 1 1
det a+p a7y a+90
o +af+ 5% a2 +ay+a? o+ ad+ 62
step4

(o405 0 = B)fa = 7)(a = 8)(B = 7)(8 ~ 6)( — ).

In which step of the above computations, the first mistake was
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made?

step 1
B
C

step 2
step 3

TN /N N
R N N

step 4
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The Second Midterm Exam - Mathematics 43 - 2018
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1. Given that

( )

a —f —f —f
_ —f a —f —p
B = < gl =l o || =5 0
\ —5 —f —0 a ) |
is a basis of R*. Which of the following is equal to the component
1
vector [v]g of the vector v = 3 relative to the basis 37
4
a —f -6 -6\ (1
5o —p-p| |2
S A I
358 o) \4
—1
a 5 - -0\ (1
(B) . _6 & _5 5 2
-8 =5 a —=p 3
B 8 B o ) \4
o« —B =5 -6\ (1)
-6 a =5 =P 2
D s s e ||
8 -8B B a ) \4
a =B =5\ (1)
(D) . _6 & _5 5 2
-8 =5 a —p 3
B 8 B o ) \4)



2. Given two bases of the vector space R*:

([ a -3 . 5\
-3 o -3 -3
B:< 9 ’ ) >
-3 —f3 o —f3
\-s5) \-8) \ -5 o« )
and
([ 1 1 1\
1 1 1
C=ala = |
1 —1 1 —1

\ /

where ov and 3 are real constants, such that o+ > 0 and a—38 >
0.
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Which of the following is equal to the change-of-basis-matrix
Pr_p from the basis B to the basis C?

11 1 1 a —f = —p

I R s | 8 a -8 -8

W Pees=1 1 1 ) B -8 a -
1 -1 1 —1 8 -8 -8B «
11 1 1 a -8 -8 =8\

I D R 8 a -8 -8

B) FPees =1 ) -3 -8 a -P

1 -1 1 -1 8 -8 -8 «

a —8 -8 -8 T 1

| B a =B =B 1 1 -1 -1

(©) Fees = B8 -8 a -8 1 -1 -1 1
B8 -8 -B « 1 -1 1 —1
o —B —B —f 111\

| -8 a -8 -p 1 1 -1 —1

(D) Fees = B -8 a -f 1 -1 -1 1
B -8 —B « 1 -1 1 -1
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3. Let o and /3 be positive constants, such that a® + 3% > 0 and
a? — 32> 0. Let

052 _BZ 042 _52
Q2 2 02 2

A= 62 a2 62 a2
ot —=p7 ot —=p
2

_62 o _52 &2

Which of the following statements is true?

(A) The dimension of the nullspace is 0, the dimension of the row
space is 0 and the dimension of the column space is 0.

(B) The dimension of the nullspace is 2, the dimension of the row
space is 2 and the dimension of the column space is 2.

(C) The dimension of the nullspace is 2, the dimension of the row
space is 4 and the dimension of the column space is 6.

(D) The dimension of the nullspace is 1, the dimension of the row
space is 3 and the dimension of the column space is 5.
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4. Let av and B be positive constants, such that o > 5%, Let

042 _62 @2 _52
_62 042 _52 CVQ

A= a2 — 52 a? — 52
_62 &2 _62 a2
Which of the following sets of vectors represent a basis of the column
space of A7
([ 1 ~1Y) )
—1 1
A
—1 1
\

/

~

e

A\
~
SN O =
= O W O
;/
J/

~\~

Ve

((@22\ _522\\
o {5 |
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5. Let T': R" — R" be a linear transformation, given by
T(x) = Ax, x € R",

where A is an n X n constant matrix, such that det(A) # 0. Which
of the following statements in NOT true?

(A) The linear transformation 7" is one-to-one.
(B) The linear transformation 7" is onto.

(C) The inverse linear transformation 7! exists and it is given by
T '(x)=A'x, x € R".

(D) None of the above.
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6. Let T : R" — R" be a linear transformation, given by
T(x) = Ax, x € R",

where A is an n X n real matrix, such that det(A) = 0. Which of
the following statements is true?

A) The linear transformation 7" is not one-to-one or onto.
B
C

The linear transformation 7' is one-to-one.

(A)
(B)
(C) The linear transformation 7T is onto.
(D)

D) The inverse linear transformation T~} exists.
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7. Let T': R™ — R™ be a linear transformation, given by
T(x) = Ax, x € R",

where A is an m X n real constant matrix. Let m > n and let the
rank of the matrix be equal to n. Which of the following statements
1s true?

(A) The linear transformation T" is one-to-one.
(B) The linear transformation 7" is onto.

(C) The linear transformation 7" is one-to-one and onto.
(D)

D) The inverse linear transformation 7! exists.
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8. Let T': R" — R™ be a linear transformation, given by
T(x) = Ax, x € R",

where A is an m X n real constant matrix. Let m < n and let
the rank of A be equal to m. Which of the following statements is
true?

(A) The linear transformation 7" is one-to-one.
B) The linear transformation 7" is onto.

(B)
(C) The linear transformation 7" is one-to-one and onto.
(D)

D) The inverse linear transformation T~} exists.

1)



9. Let T : R" — R™ be a linear transformation, given by
T(x) = Ax, x € R",

where A is an m X n real constant matrix, m > 1 and n > 1 are
positive integers. Let the rank of A be less than both m and n.
Which of the following statements is NOT true?

(A) The linear transformation 7" is not one-to-one.
B) The linear transformation 7" is not onto.

(B)
(C) The linear transformation T is neither one-to-one nor onto.
(D)

D) The inverse linear transformation T~} exists.
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10. Let T : My(R) — M5(R) be a linear transformation, given
by

T(A) = A" — A, for all A € My(R).

Which of the following sets represent a basis of the kernel Ker(7")?

A o) (1) (11)

7



11. Let T : M,(R) — M,(R) be a linear transformation, given
by

T(A)=A" — A, Ae M,(R).

Which of the following statements are true?

) dimfKen(?)] = 22D gy = 22—
(B)  dim[Ker(T)] = n(n; 1)7 dim[Rng(T")] = nm; -
(C)  dim[Ker(T)] = n(ng_ D dim[Rog(T)] = n(nz_ -
(D) dimfKer(r)] = "1 i fRug(r)] = 2D
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12. Let T : P3(R) — P3(R) be a linear transformation, given by

T(a+ bz + cx® + dx”)

= [(2a —b)+ (3c—d)| + [(2a — b) — (3¢ — d)]x

+ [(2a — b) + (3¢ — d)]2* + [(2a — b) — (3¢ — d)]2®
Which of the following sets of vectors represent a basis of the kernel
and a basis of the range of the linear transformation 777

(A)  B={1+2z,2*+ 32"}, C={1+2%z+2°}

(B) B ={1+4z,2°+ 62"}, C={2+2%2x+2°}
(C) B={1+6x,2°+92°}, C={3+2*3z+2")
(D) B ={l+8z,2*+ 122"}, C={4+2° 4z + 2%}
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13. Which of the following linear transformations is NOT an

isomorphism?
a a
(A) T:R*=R’, T|[b]=1|0
c c
a 0 a B a
(B) T:R*=R>, T|b|=|-a 0 v b
c —B8 —v 0 c

(D) T:R'— BR), T = a+br + cx® + da®

(C) T:R*= My(R), T(E :(‘CLZ)
d

where «, 3, v are real constants.

80



14. Which of the following linear transformations is NOT an
isomorphism?

a a+b+c
4) TR SR, T| 2| btetd
C c+d+a
d d+a+b
a
(B) T PyR) >R,  T(a+bs+ca?+da®) = i
d
/a\ (042 _52 o2 _52 a
b _62 042 —/3)2 &2 b
. o4 4 _
(C) T:R"— R, T o | = o —B o —p2 .
\ci) \——62 o’ =B o d
(a) (11 1 1 a
b 1 1 -1 —1 b
4 4 _
(D) T:R*— R T = 0 .
\d} \1 1 -1 1 d
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15. Let a and B be positive constants, such that a® > 232
Define

&2 _62 _52
A = _62 042 _52
_62 _52 &2

Which of the following statements about the algebraic multiplicity
and the geometric multiplicity of the eigenvalues is true?

(A) Both the algebraic multiplicity and the geometric multiplicity
of the eigenvalue \; = a4+ 32 are equal to 2. Both the algebraic
multiplicity and the geometric multiplicity of the eigenvalue
Ay = a? — 23% are equal to 2.

(B) Both the algebraic multiplicity and the geometric multiplicity
of the cigenvalue \; = o>+ 32 are equal to 1. Both the algebraic
multiplicity and the geometric multiplicity of the eigenvalue
Ay = a? — 23% are equal to 1.

(C) Both the algebraic multiplicity and the geometric multiplicity
of the cigenvalue \; = o>+ 3% are equal to 1. Both the algebraic
multiplicity and the geometric multiplicity of the eigenvalue
Ay = a? — 2[3% are equal to 2.

(D) Both the algebraic multiplicity and the geometric multiplicity
of the cigenvalue \; = o+ 32 are equal to 2. Both the algebraic
multiplicity and the geometric multiplicity of the eigenvalue
Ay = a? — 23% are equal to 1.
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16. Let a and B be positive constants, such that a® > 332
Define

052 —ﬁ2 _52 —ﬁ2

_52 042 _62 _52

A= . /32 o 52 ol — 52
_62 _BZ _52 042

Which of the following statements about the algebraic multiplicity
of the eigenvalues is true?

(A) The first eigenvalue is A = o? + 3% and the algebraic multi-
plicity is 3. The second eigenvalue is \y = o — 3% and the
algebraic multiplicity is 1.

(B) The first eigenvalue is A\; = a* + 3% and the algebraic multi-
plicity is 1. The second eigenvalue is \y = a? — 3% and the
algebraic multiplicity is 3.

(C) The first eigenvalue is A\; = o + 3% and the algebraic multi-
plicity is 3. The second eigenvalue is Ay = o — 3% and the
algebraic multiplicity is 3.

(D) The first eigenvalue is A\; = a® + 3% and the algebraic multi-
plicity is 1. The second eigenvalue is \y = a? — 3% and the
algebraic multiplicity is 1.
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17. Let A and B be n xn real constant matrices and det(B) > 0.
Which of the following statements is NOT true?

(A)  det(AM — A) = det(A — A?)

(B) det(A — A) = det()\] A"

(C)  det(A — AB) = det(\ — BA)
(D) det(M — B 'AB) = det(\ — A)
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18. Let A be an n X n real constant matrix. Let
)\17 )\27 >\37 Ty )\n

be the eigenvalues of A. Which of the following statements in NOT
true?

(A)  det(A) = AAaAg -+ Ay

(B) det(A] — A) = —det(N — A)

(C) an+antaps+ - Fam=M+l+tA+-+A\,
(D) det(A — A) = (A= A)A = M)A = Ag) - (A — \)
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19. Let A be an n X n real constant matrix. Let
)\17 )\27 >\37 Ty )\n

be the eigenvalues of A. Which of the following is true?

(A)  det(A) =X+ X+ A3+ -+ A\,
(B) det(A) =X+ X+ A+ + A2
(C) det(A) = Mdadg--- A\,
(D) det(A) = X2X3A3--- A2
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20. Let A and B be n x n real constant matrices, such that
A = T7YAT, where T is also an n X n constant matrix and 7!
exists. Which of the following statements about the eigenvalues
and eigenvectors of A and B is true?

A) The eigenvalues and eigenvectors of A and B are the same.

(A)

(B) The eigenvalues and eigenvectors of A and B are different.
(C) The eigenvalues of A and B are different.
(D)

D) The eigenvalues of A and B are the same.
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21. Let A be an n x n real constant matrix. Which of the fol-
lowing statements must be true is the matrix A is diagonalizable?

(A) The algebraic multiplicity is equal to the geometric multiplic-
ity, for each eigenvalue A of A.

(B) The algebraic multiplicity is equal to the geometric multiplic-
ity, for one eigenvalue A\ of A.

(C) The algebraic multiplicity is larger than the geometric multi-
plicity, for each eigenvalue A\ of A.

(D) The algebraic multiplicity is smaller than the geometric mul-
tiplicity, for each eigenvalue A\ of A.
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22. Let

1
1

1
-1 -1
I -1

1
1
I -1 -1

I -1

1
1

—f

-5 =6 —p
-8 —=p
-5 =8 —b «
Which of the following matrices is equal to T AT?

B «
-8 =B «a

Y
—  ~— Q.
oY n O o o + %
Ooon_lOOnUQ_U S <@ <9 <2 |
3 oY 3
Q. © ik Q.
o O )
Q. _ ™M
OO+OOO+O o oo | o
3
3 o) 3
Q. ™
o 4+ o o Q. S | oo Q.
o o + o o o o + o o
S S
> * > 2y
| @S2 2 4 oo o | @ <@ 2 4 oo o
S S S S

= S S S
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23. Let A be a 4 x 4 real constant matrix. Two complex eigen-

values of A are given:

)\1204—61,

2 2:
)\2204 —ﬂl,

where o and [ are real nonzero constants. What are the other

complex eigenvalues?

90

A= o’ — B4
M=o’ + B4
A o=a’ — [
A= o’ + B4



24. Consider the system of differential equations

a —0 =0 —=p
d | =5 a 55|
dt -6 =8 a —p
—f —p =0 «

Which of the following represents the solution of the system of
differential equations?

1 1
(A) () = G| | el |
1 ~1
1 1
b Oyelo-so j L Oyelatdr —11
1 ~1
1 1
(B)  u(t) = Celetdt 1 + Chelatit _11
1 ~1
1 1
b Oyelotit j L+ Oyela-39 —11
1 ~1
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1

(C)  u(t) = Cele30 ! |
1 + Cge(oﬂ_ﬁ)t 1
1 —1
1 —1

+ O3€(a+ﬁ)t _1 1

1 + C46<a+ﬁ)t —1

1 1

oo
(D) u(t) = Crelatdt ! |
1 -+ 026<a_36>t 1
¥ N
—1

92



25. Consider the system of differential equations

042 _62 042 _52

d _62 &2 _62 @2
Eu = o - o —p u
_52 Ck2 _52 &2

Which of the following represents the solution of the system of

i 026(2a2+252 (

)t
1
—1

differential equations?

(A)  u(t) = Cye+20

11\

+ 046(2042—252)15
_1
| ) _1

1

1

—1

—1

( 1 1

(B) U.(t) = 016(2a2_2ﬁ2)t 1 + 026<2a2_252>t _11
—1

4+ 036(2042—262)25
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\
—_ =

—1 1
iy ~1
1 1
(D) u(t)=C (20" —26%)t 1 + Cy _11
1 —1
1 1
+ Oy j + Cyel2 200! _11

94



Mathematics 43 - The Final Examination - 2018

This is the Final Exam of Linear Algebra.

There are 50 multiple choice problems in the Final Examination.
Each problem is worth 4 points. The Final Exam is 200 points
and it is 3 hours. In each problem, there are four choices, marked
with (A), (B), (C) and (D). Only one choice is correct in every
problem. On the answer sheet, write down the answer you think
is correct. If you do not know the answer to a problem, you may
make the possible, best guess. No supporting work is necessary for
any problem.

There are three bonus problems at the end of the Final Exam.
For some of the Bonus Problems, you will need to show important
supporting work to receive credits. Partial credits will be given, it
depends on how much valuable work you will do.

In this exam, A, B, C represent real matrices; A’ represents
the transposed matrix of A; o, 8, v, A, u represent real nonzero
constants; m > 1 and n > 1 represent positive integers; a, b, u,
v, w, & and 7 represent real vectors.
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Hint 1: Let

@2 _52 _52
A = _62 a? _62
—ﬁQ _52 042

There are two real eigenvalues to the matrix: \; = o + 3?
and Xy = o — 283°. The eigenvectors corresponding to the
eigenvalues are given by

1 1
(1) )\1 - a? =+ 527 V] = —1 y V2 = 0 )

(2) )\2 = 042 — 252, V3 =
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Hint 2: Let

042 _62 _62 _52
4 _62 &2 _52 _62
_62 _BZ &2 —ﬁ2

_62 _62 _62 042

There are two real cigenvalues to the matrix: \; = o + 3°
and Xy = o® — 38°. The eigenvectors corresponding to the
eigenvalues are given by

(1) M=a*+p%v =

(2) A= o —36%, v, =

97
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Hint 3: Let

042 _62 Ck2 _52
R2 2 P2 2

A= 52 3 2 62 " 2
o —p° ot —f

_62 042 _62 042

There are three eigenvalues to the matrix: \; = 202 + 232,

Ay = 202 — 2B%, A3 = 0. The eigenvectors corresponding to
these eigenvalues are given by

1
(1) M =2a"+28° v = _11 ,

—1

1
(2) Ay =2a* — 257 Vo = 1 :

1

1 1

(3) A3=0, V3 = _11 : vy = :1
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Hint 4: Let

Then
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Chapter 1
1. Let

o O O O
o O O O
o O O O
o O O

Which of the following integers is the rank of A?
(A

— ~—— ~——r
= 0 N =

(B
(c
(D
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2. Let A be a real n x n constant matrix. Which of the following
statements is NOT equivalent to the others?
(A) There exists a unique solution to the system of linear equations
Ax = b, for each fixed vector b € R".
(B) The rank of A is less than n.
(C) The inverse matrix A™! exists.
(D) The determinant of A is det(A) # 0.
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3. Let A = (a;;) be a real m x n constant matrix, let b € R
be a real constant vector, let A7 represent the augmented matrix

of the system Ax = b. Which of the following statements is NOT
true?

(A) There exists a unique solution to the system Ax = b, if both
the rank of A" and the rank of A are equal to n.

(B) There exists infinitely many solutions to the system Ax = b,
if both the rank of A7 and the rank of A are equal to k and
k <n.

(C) There exists no solution to the system Ax = 0, if the rank of
A is less than n.

(D) There exists no solution to the system Ax = b, if the rank of
A# is larger than the rank of A.

Old 3. Let A be a real n x n matrix. Which of the following
statements is NOT' true?
(A) AT — A must be a skew-symmetric matrix.
(B) A+ AT must be a symmetric matrix.
(C) AAT — AT A must be a skew-symmetric matrix.
(D) AAT + AT A must be a symmetric matrix.
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4. Consider the system of linear equations

1234 x1 10
0234 ) 9
0034 T3 7
0004 T4 4

Which of the following is the solution of the system?

xl\ 1

T9 1
A —
AL )

Iy 1

1
T9 —1
N I e
1134) —1
331\ 1
T9 2
SR
1’4) 4
I 10
EEE
Ty 4
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5. Let

(A)

(D)

Chapter 2

1 1 1
1|1 1 =1
Al = —
21 -1 -1
1 -1 1
1 1 1
11 1 —1
_1__
A 161 -1 =1
1 -1 1
1 1 1
111 1 -1
Al =
411 =1 =1
1 -1 1
1 1 1
111 1 -1
Al =2
ol 1 -1 —1
1 -1 1
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6. Let

1
—1 -1

1
1

1
1

1
—1

I =1 -1
I =1 1

Which of the following statements is true?

= e
o O QO
= T

(
(
(

(

105



7. Let

Which of the following computations is true?

2 T T L
SSA S
A
~ = <
=S =
SECECEE
+ + | |
< < < <
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8. Let

@2 _52 _52
A = (52 C¥2 62> .
—ﬁQ _52 042

Which of the following computations is true?

(A)  det(A) = (” + f%)(a” — 26%)°
(B) det(A) = (a” + 57)*(a” — 25%)
(C)  det(A) = (o = °)*(a” +257)
(D) det(A) = (a” = B7)(a” +267)°
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9. Let

a —f —=p —f

| B8 a =B —p

A= 5 -8 a -p

0 =B —f «
Which of the following computations is true?

(A) det A —A)=AN—a+B)\—a—33)°
(B) det(Al — A) = (A —a+B)°(A—a—3p)
(C) det(M —A)=A—a—F)P\—a+38)
(D) detM —A)=N—a—B)(A—a+33)>
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10. Let

Ck2 _52 _52 _62
_R2 2 _p2 @2
A= _§2 _(152 aﬁz _gz
_62 _52 _52 @2
Which of the following computations is true?
(A)  det(A — A) = (A —a* = B3\
(B) det(M — A) = (A — o — 3%)(
(C)  det(M — A) = (XA —a* — ) (A
(D) det(\] — A) = (A —a® — °)°

Chapter 3
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11. Given that

( )

a 5 5 5
)| - g 5 -4 ||
s |-l e |-
-5 5 5 a

\ /

is a spanning set of R*. Which of the following statements is true?

a+ 8 #0, a—368#0
at+B#£0, a—38=0
at+B=0, a-38=0
a+ (=0, a—368+#0

VS

A
B
C
D

N~
N—r' N N N~
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12. Let

Which of the following statements about & is NOT true?

Ve

Ao w =

S is a basis of the vector space C'(R)
S is a spanning set of the vector space Pjo(R)
S is a basis of the vector space Pjp(R)

— ——r 0 ~—

S is linearly independent
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-

/

&

~—7

~

M}}}}
a— N N7 NN
O~ <~ = A <A
O O <fF <fH O~ = M

)

7 N N N N
o O M n o —H O AN O

T N~

o N7 N7 NN

SN N

C /N /N /N /N



14. Which of the following is NOT' a basis of the vector space

R*?

I N/
~ N N N N
— — — — — —
N B I I d
~ N N N N
— — — — — —
D S S B -~
~ NN NN NN N
— — — — —
. I I I -
~ N N N N
1111111111111111
N A - - -~
A
VO NV VO NV
~ ~~ i ~
< Q O &
S~— S~— ~— S~—

113



15. Which of the following statements is NOT' true?

/N
Ne——t N N~ S

A
B
C
D

Chapter 4
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16. Let T': V. — W be a linear transformation. Which of the
following statements is NOT true?

(A) The inverse linear transformation 7! exists if T is one-to-
one or onto.

(B) The sum of the dimension of the kernel and the dimension of
the range is equal to the dimension of the vector space V. That is,

dim| Ker(T) | + dim[ Rng(T) | = dim V.

(C) The kernel Ker(T') is a subspace of the vector space V.
(D) The range Rng(T') is a subspace of the vector space W.
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17. Let T': R™ — R" be a linear transformation, given by
T(x) = Ax, x € R",

where A is a real symmetric matrix. All eigenvalues are positive.
Which of the following statements is NOT true?

(A) The linear transformation 7" is one-to-one.

(B) The determinant det(A) = 0.

(C) The linear transformation 7" is onto.

(D) The inverse linear transformation 7! exists.
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18. Let T': M3(R) — Mj3(RR) be a linear transformation, given
by

T(A)=A+ A",  Ac MR).

Which of the following is a basis of the kernel of the linear trans-
formation 77

(/0 10 0 01 000Y))
4A) | -=1to00],[ 000 ,<001 >
\ 00 ~10 0 010/
(/0 10 00 1 00 0\)
(B) <<10() , ooo), 0 0 1)>
L\ 0 00 100 0-10)/ |
(/0 10 0 01 00 0
(C) <<10() 0 00 ,(0 0 1
N0 00 ~10 0 0 —1 0
(/010 0 01 0 0 0
(D) <<1()0), 0()0), 0 0 1)
L \0 00 ~100 0 —1 0
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19. Let T : P3s(R) — P3(R) be a linear transformation, given by
P(a+ bx + cx* + d2’) = a + bx + ca* + da’.
Which of the following statements is true?

The range of T = span {z°}

VS

The range of T = span {z%, z°}
The range of T = span {z, 2%, 2%}

— —— ~——— ~—

A
B
C
D

N~

The range of T = span {1, z, 2% 2"}
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20. Which of the following linear transformations is NOT an
isomorphism?

(A) T:R*— PR),

= a + bx + cx® + da’.

QO o4 Q

(C) T :MyR)— P5R),

T(a b) — a+ bx + cx’ + da’.
c d

a a —f a —f a
;- bl | B a =8 « b
c a —0 a —f c
d -0 a —0 « d
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Chapter 5

21. Let
042 _52 _62
A — —ﬁQ OzQ _52
_62 _62 042

There are two real eigenvalues to the matrix A. Which of the
following choices are the eigenvalues of A7

) M=o+ B4 A=af—2B
(B) A\ =ao*+ 5, Ay = o + 237
(C) M\ =ao* =B Ao = o — 2/8°
(D) M =a>—p3  l=ac>+25
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22. Let

042 _62 _62 _52
4 _52 &2 _62 _62
_62 _B2 052 _62

_62 _62 _62 042

There are two real eigenvalues to the matrix A. Which of the
following choices are the eigenvalues of A7

/N

A= o + 7 Ao = o + 35
A\ = o’ + 3% Ay = a? — 352
AN =a? — (% Ay = a® — 35°
M=a?—p5% M=o’ +35

———r N N N

A
B
C
D

TN TN N
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23. Consider the linear system of differential equations

q 042 _62 _52
—u=| —-p* o> -5 |u
de _ﬁZ _62 042

Which of the following is the solution of the system of differential
equations?
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0
1 1
+ Cyexpl(a® + BHY ( 1 ) + Cyexp[(a? — 2%)1] ( 0 )
1 —1
1
(B)  u(t) = Crexp[(a® + 841 ( 0 )
—1
1 1
+ Cyexpl(a® + BHY ( 1 ) + Csexp[(a? — 2%)1] ( —1 )
1 0
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24. Consider the system of differential equations

@2 _62 _62 _62
d _ A2 2 _ Q2 _ 932
&u: _gQ —&52 0462 _§2 u.
_62 _62 _52 Ck2

Which of the following is the solution of the system of differential
equations?

|
(A) () =Cresplla? + 8] | ||+ Coepl(a? + 571
|
1 \ |
+ Cyexpl(a® + BHY :1 + Cyexpl(a? — 36%)1] _11

1) -1

[ 1
(B)  ult)=Crespla® + )] | | + Crexpl(a? + 521
\ —1
1 1
+ Cyexpl(a® + BHY :1 + Cyexp|(a?® — 36%)1] _11
1 —1
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1
L]+ coesplie? + 99
—1
1
+ Caoxpl(a® =387 |
—1
[ 1
1|+ coeplie? + g2

\ -1

+ Cyexpl(a® — 36%)1]
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25. Consider the linear system of differential equations

@2 _62 042 _62

d _62 &2 _62 &2
&u = o - o —p u.
_62 042 _52 Ck2

Which of the following is the solution of the system of differential

equations?

1 1
9 9 1 1
() ult)=Cresl2a? —2000 | 1 ||
1 —1

1 1

1 N

+ Cj 1 + Cyexpl(2a” + 25%)t] .

1 —1
1 1
9 9 1 1
(B)  ul)=Crexpl? —28% | | | +¢| |
1 —1

1 1

+ Cj ! + Cyexpl(2a” + 25%)t] L

—1 1
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€) ult) = Crespl20” — 2871 |
—1

1
v 0| T |+ Caopl2a? 287

1

i

(D) u(t) = Cyexp|(20” — 28%)t] !

=y

+ Cyexp[(202 + 25°)t]

1
1
—1
—1

+ Cs
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Chapter 6

20. Let
7 7
a=|[ 24 |, b= | 24
25 25

What is the scalar product of a and b equal to?
(A) 1150.

(B) 1250.
(C) 1350.
(D) 1450.
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27. Let < 0 and 8 < 0 be negative constants. What is the
angle 6 between the following two vectors

CYlO _620
10 720
a = _O;m ; b = 5520
_alo 520
(A)0=7/3
(B) 8 =m/2
C)o=m
(D) 6 =2m/3
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28. Which of the following is NOT an orthogonal basis of R*?

(

Ve

Ve

— o~ O~
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29. Let @« > 0 and 8 > 0 be positive constants, such that
Q

a = 10 + 108. What is the projection of the vector onto

e L 0

the vector

D @
9
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30. Let
S ={aj,as,a3,a4,a5} C R
be an nontrivial orthonormal set. Define the 10 x 10 matrix
A= (a; ay a3 a4 a5)(a; as a3 ay as)”.

Which of the following statements is true?

A) The rank of the matrix A is 10.

(A)
(B) The matrix A is a projection matrix.
(C) The inverse matrix A~ of A exists.
(D)

D) All eigenvalues of the matrix A are negative.

Old What is the projection of the vector onto the vector

=~ W Do =
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31. Let B ={aj,as,as, - ,a,} be an orthogonal basis of the
subspace

def n
E = span {aj,as, a3, - ,a,} C R".
Let the vector a € R" and a ¢ span {a;,as, a3, -+ ,a,}. The
projection of a onto £ = span{a;,as, as,--- ,a,} is given by
a-a a- ay a - ag a-a,,
a) — a; + as + as + - -+ Ay, .
a] - A; do - Ay as - dj d,, * Ay

Which of the following statements is NOT true?

(A> ap € E= Spall {a17a27a37 R 7am}
(B) lall* = [laol|* + [la — ao*

(C) a—agef

(D) Jlaol® < [laf?
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32. The projection of the vector a = onto the subspace

QU O o &

1 1 1
1 —1 —1
-1 |’ -1 |’ 1
—1 1 —1

\ /

span <

is given by which of the following vectors?

(A)
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33. Let o, 8, v be real nonzero constants, such that a®+ 5% = ~2.

0
Let ag be the projection of the vector | 0 | onto the subspace
8
Q Q
span gl B
8 =

The projection ag is equal to which of the following vectors?

0
A) | o
8
o
Y
(C) (/5’
—7
o (-
-7
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34. Which of the following matrices is NOT a projection matrix?

(4)

>~ =

e~ =

>~ =
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35. Which of the following matrices is a projection matrix?

1000
0200

A) A=

(4) 0030
0004
-4 0 0 0
0 =3 0 0

B) B =

(B) 0O 0 =2 0
0O 0 0 -1
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36. Consider the system of linear equations
Ax = b,

where A is an m X n real matrix, b € R is real constant vector,
Let x( represent a least square solution of the system. Which of
the following statements is NOT true?

(A) AlAxy=A"b

(B)  |lAxo — b|| = min |[Ax — b]|
(C)  Axg = by

(D) Axy=Db

where by represents the projection of b onto the column space of

A.
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37. Consider the system of linear equations

(22)(3)-(%)

Which of the following sets represents the least square solutions of

w {(5) e

the system?

o {(;) e
o (i) wwe-s)
o {(5) ool
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38. Let o, 8, v be real nonzero constants, such that a®+ 5% = ~2.
Consider the system of linear equations

o (87
B p (x>=(042+52+72) B
v ) N Y

Which of the following is the least square solution of the system of

:x+y—1}

:x+ya2+52+72}

equations?

=
—N—
N

:x+y:(a2+52+72)2}

Q
—N— ——
7~ N 7 N 7 N
NS NI s T S NG R )

::c+y:—042—52—72}
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Chapter 7

U
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39. Let

Which of the following is the best, complete description of this
matrix?

(A) It is a real square matrix.

(B) Tt is a real symmetric matrix.

(C) It is a real symmetric, orthonormal matrix and A* = I.

(D) It is a real symmetric, orthonormal matrix and A% = A.
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40. Let A be areal nxn constant matrix. Which of the following
statements is true about the matrix AAT — AT A?

(A) All eigenvalues of AAT — AT A are positive.
(B) All eigenvalues of AAT — AT A are negative.
(C) The matrix AAT — AT A is skew-symmetric.
(D) The matrix AAT — AT A is symmetric.
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41. Let A be a real m x n matrix. Let A and p be real distinct
eigenvalues of the matrix A" A, let € and n be eigenvectors of AT A
corresponding to the eigenvalues A and p, respectively, that is,

ATAc =g, AAn=pn, X4
Which of the following statements is true?

(A) &-n>0

)

(B) &-n=0
(C) &-n<0
(D) &=

for some real nonzero constant r = 0.
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42. Which of the following is an orthonormal matrix?

B 3v2 V6 23
(A) (fﬁQI)

0 —2v6 23

—3vZ VB 23
26 2v/3

il
e
i

3v/2 fzf)

—3v2 V6 23
—2v/6 23

3v/2 f 2v/3 )

—3v2 V6 23
—2v/6 —24/3
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43. Let

-2 =p =5

on
_52 —ﬁQ

a2
—3?

_62 _62
&2

_52 _52 _62

)

_52

042

\J
— o o~
—
1111
.
— —
= =
(\
— | AN
I
-

Which of the following is correct?

— N~ o~ o~ BN
N N (@] N
Q. Q. Q. Q.
oo o + oo o + OOO+0003
s s s |
N
3
N N N
oo +o o o + o
2& 2& SO | 2 oS o 4+ o
(@] (@]
S S
oy oY x ~
0+000300 o o
~ _ o +ocoo o + o o
Q (| o\ o
3 3 3
nJB N a o
™ Q. Q. Q.
| @ <9 4+t oocooc +ocoo0co0 4+ oo o
(@] (@] (@] (@]
3 3 3 3

|
|
|
|

- - - -
< < < <
e~ ~ ~ ~
- - - -
= Q S S
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44. Let

ol -5 o2

_62 a2 _62

A= a? — 52 o2
_52 042 _62

1 1 1 1

_ 52
o2

_g2 |
042

I 1 -1 -1

|
U=311 -1 1 1

I -1 1 -1

Which of the following diagonalizations is true?

20 +253% 0
_—— 0 0
(A) UTAU = 0
0 0
202 —253% 0
_—— 0 0
(B) UTAU = o
0 0
0 0
2 2
0 0
0 0
0 0
T o 0 20[2 — 252
(D) vTAU=| T
0 0
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0 0

0 0

0 0

0 2a2—252/

0 0

0 0

0 0

0 2042—1—252/
0 0)
0 0

202 —253% 0
0 o)
0 0\
0 0

20 + 2% 0
0 o)




45. Given that the real symmetric matrix

042 _62 _52
A= _62 &2 _62
_52 _52 Of2
is positively definite. Which of the following conditions must be
true?
( o+ B3>0, —a—=28*>0
o 4 % >0, —20% — B* > 0

A4+ 62>0, a?—282>0
o+ B2>0, of—28°<0

A
B
C
D
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46. Given that the real symmetric matrix

@2 _52 _52 _62
A _62 C¥2 _62 _62
_52 —ﬁQ on —62
_62 _52 _52 C¥2
is positively definite. Which of the following conditions must be
true?
( A+ B3>0, —a®—=38°>0
o’ + % >0, —a? —38* >0

o+ B3>0, o*—38°<0
A+ 62>0, a?—=332>0

S— — N———"

A
B
C
D

TN /N
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47. Let o > 0 and 8 > 0 be positive constants. Given that the
real symmetric matrix

o —B -B -8

| =8 a -5 -8
A= 58 a -8
8 -8 -8 a

is indefinite. Which of the following conditions must be true?

VS

SO w =

a+ >0, a—36>0
a+p3>0, a—30 <0
a+ <0, a—368>0
a+ [ <0, a—28 <0

— ——r ~——r ~—
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48. Let a > 0 and 8 > 0 be positive constants.

Let

(A

D

042 _52 _62 _52
B2 2 P2 a2
P A
_62 _BZ &2 _52
_52 _52 _62 042
Q(x) = x' Ax.
Which of the following statements is true?
max  Q(x) = o + 347, min
xeR4,|x||=1 xeR4,||x||=1
max  Q(x) = o’ + 347, min
x€R4,[|x|[=1 xeR4,||x||=1
max  Q(x) = o’ + 3% min
xeR4,[|x||=1 xeR4,||x||=1
max  Q(x) = o’ + 3% min
x€R4,[|x|[=1 xeR4,||x||=1

)
(B)
(C)
(D)
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49. Let a and S be real nonzero constants. Let

Oé2 _62 _52
A= _62 &2 _62
_52 _62 042
Define
Q(x) = x' Ax.
Which of the following statements is true?
(A) max  Q(x) = o + 267 min ~ Q(x) = o + 3
x€R3, |x||=1 x€R3, ||x||=1
(B) max  Q(x) = a® + 247, min ~ Q(x) = a® — B*
x€R3,|x[|=1 x€R3, x| =1
(C) max  Q(x) = o’ + 3% min ~ Q(x) = o + 24°
x€R3,|x[|=1 x€R3, x| =1
(D) max  Q(x) = o’ + 3% min ~ Q(x) = o — 23
x€R3, ||x||=1 x€R3,||x||=1
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50. Let o and B be positive constants, such that 202 + 25% > 0
and 20 — 283% < 0. Let

052 _BZ 042 _62
_62 042 _62 O42

A= 2

o _62 &2 _62
_62 042 _52 &2
Define
Q(x) = x' Ax.
Which of the following statements is true?
(A) max (x) = 2a* + 2§57, min (x) = 2a* — 2/3*
x€R3, x| =1 x€R3, || x||=1
(B) max  Q(x) = 2a* + 283, min (x) = 2a* + 27
x€R3, x| =1 x€R3, x| =1
(C) max (x) = 20° — 253, min (x) = 2a* + 257
x€R3, ||x||=1 x€R3,||x||=1
(D) max (x) = 20° — 253, min (x) = 20* — 253*
xeR3 ||x||=1 x€R3 ||x||=1
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Bonus Problem 1: Let U be a real n X n constant, orthonor-
mal matrix, that is

U'U =1
Compute
1Ux]* — 1]

for all x € R". Show important supporting work to receive credits.
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Bonus Problem 2: Let a > 0 and S > 0 be positive con-

stants. Let
( a? —32 B _52\
4 — _62 042 _52 _62
_62 _62 @2 _52 ’
\ _52 _62 _62 a2
( ol — 52 a? — 52 \
B _BZ &2 _62 042
042 _62 042 _62
\ o 52 ol — 52 o2 )
Define
1 1 1 1
U — 1 1 1 -1 —1
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Which of the following computations is correct?

a? + B2 0
2 2
(A) UTAU +UTBU = 8 sa o Z

(B) U'AU +U'BU =

202 — 252
(D) UTAU+U'BU =

a? — 362 0
2
(©) UTAU + UTBU = g g
0
0
0
0
0
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0 0
0 0
302 +3a®> 0
0 o? + 52
0 0
0 0
a? + B2 0
0  3a%+35°
0 0
0 0
a4+ 52 0
0 o? + 52
0
0
0
+ 232



Bonus Problem 3: Let a > 0 and g > 0 be positive con-

stants. Let
o2 _52 _52 52\
_62 &2 _52 _62
A = _52 _52 o _52 )
\_52 _62 _52 o2 )
(&2 _52 o2 _52\
—ﬁ2 &2 _62 042
B = o _52 o _52
\_52 a2 _52 o2 )
Let
11 1 1
1 -1 -1 1
U311 211 o
1 1 -1 —1
Evaluate/Compute
U'(AB)™U,

where m > 1 is a sufficiently large positive integer. Show impor-
tant supporting work to receive credits.
This is the end of the Final Exam of Linear Algebra.
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Mathematics 43 - The First Midterm Examination - 2023

There are twenty-five multiple choice problems in the First Midterm
Exam. There are five bonus problems (they are not mandatory to
solve). Each problem is worth four points. The total is 100 points
(it is 120 points if the bonus problems are included). The exam is
75 minutes. In each problem, there are four choices marked (A),
(B), (C) and (D). Only one choice is correct. Choose the one you
think is correct. If you do not know the answer to a problem, you
may make a reasonable, best possible guess. No supporting work
is necessary. In the exam, we use a # 0, 8 # 0, v # 0 and A # 0
to represent various real nonzero constants or positive constants.

No calculators, computers, cell phones, i-pads, i-touches or any
other electronic devices are allowed in the exam. Students are not
allowed to ask for assistance from anybody else. Students are not
allowed to use any websites for assistance. Any student who cheats
will receive an F' as the Final Grade. This is Absolutely Firm!
Therefore, be honest and solve all problems by yourself.

The First Midterm Exam: 100 points
The Second Midterm Exam: 100 points
The Final Exam: 200 points

The Homework Assignments: 100 points
Total Score: 500 points
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ANSWER SHEET

PRINT NAME

AN 7T N T NSNS NSNS, NN N

N N N N N N~ N N N~

N T N TN TN TN TN N N N

N T T T T T

N T N TN TN TN TN TN N N T

S N N N N~ N~ N~ N~ T ~—

N TN T NN TN NN N N

S—— N N N T T N N

N T N T NN NN TN TN N N

S T T T T T T
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Chapter 1: Linear Systems of Equations and Inverse
Matrix. There are 13 problems in Chapter 1.

1. Let
1 1 1 1
1 -1 1 -1
A= 1 1 -1 -1
1 -1 —1 1
Which of the following matrices is the reduced row echelon form of
A?
1000
0100
(4) 0010
0001
1000
0100
(B) 0010
0000
1000
0100
(©) 0000
0000
1000
0000
(D) 0000
0000
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2. Let the matrix

2023
415023

2023
Which of the following integers is equal to the rank of the matrix
A?
(A) 0.
(B) 1.
(C)
(D)
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3. The reduced row echelon form of the augmented matrix of the
linear system of equations Ax = b is given below

1 1T000000O0
00110000
00001100
00000011

How many free variables are there in the solutions?
(A) 1.
(B) 2.
(C) 3.
(D) 4
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4. The reduced row echelon form of the augmented matrix of the
linear system of equations Ax = b is given below

[ )

o OO O =
o O O = O
O O~ O O
O = O O O
_ o O O O
T = W N =

\ /

How many free variables are there in the solutions?
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5. The augmented matrix of the linear system of equations Ax =
b is given below

10 20 30 40 50 60
10 20 30 40 50 120
10 20 30 40 50 600

How many solutions are there to the system of equations?
(A) oc.

(B) 0.
(C) 1.
(D) 2.
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6. The reduced row echelon form of the augmented matrix of the
linear system of equations Ax = b is given below

00110000
00001100
00000011
000000O00O0

How many solutions are there to the system of equations?
(A)0
(B)

(C) .
(D) 2

1
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7. Consider the linear system of equations

1000 T 1
1200 o | | 5
1230 zs || 14
1234 T4 30

Which of the following is the solution of the system?

o) (2

SR I e

/
)

L L )

T —

T —

=~ W N =

8

—_
N N 7 -
\
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8. Consider the linear system of equations

a —a o x x
—a a « y | =20l vy
a o o 2 z

Which of the following is a solution of the system?

(4)

O© 0 ~J Ot O W OO0 = DN Wb =
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9. Let

Which of the following matrices is equal to the inverse matrix A~17?

| 1\
Lo —1—1
(A)A_21—1—11
| -1 1 )
1 1 1\
o 11—1—1
(B)A_41_1_
| —1 —1)
1 1 \
o 11—1—1
(O)A_Sl—l—
1—11—1}
11 1 1
o 11 -1 -1
(D) Al=16| T
| —1 1 -1

169



10. Which of the following statements is NOT true?
1 d —b

T ad—be\ —c a )’

1 1

1 —1

—a 1 011
—a a « =5 1011,
a o « @ 110
1
11 1 1 1 1 1 1
1 1 -1 —1 111 1 —1 —1
(D) 1 —1 -1 1 T4l 1 -1 -1 1
1 -1 1 -1 1 -1 1 -1

In this problem, a, b, ¢ and d are real constants, such that ad # bc.
Additionally, ae # 0 is a real nonzero constant.
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11. Let A be a real n xn constant matrix. Which of the following
statements is NOT equivalent to the others?

(A) There exists a unique solution to the linear system of equations
Ax = b, for each fixed constant vector b € R".

(B) The inverse matrix A~! does not exist.
(C) The determinant det(A) # 0.

(D) The rank of A is precisely equal to n.
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12. Let A be a real n xn constant matrix. Which of the following
statements is NOT equivalent to the others?

(A) The rank of A is less than n.
(B) The inverse matrix A~ does not exist.

(C) There exists a unique solution to the linear system of equations
Ax = b, for each fixed constant vector b € R".

(D) The determinant det(A) = 0.
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13. Let A be a real m x n constant matrix, let b € R" be
a real constant vector, let A" represent the augmented matrix of
the linear system of equations Ax = b. Which of the following
statements is NOT true?

(A) There exists a unique solution to the linear system Ax = b,
if both the rank of A" and the rank of A are equal to n.

(B) There exist infinitely many solutions to the system Ax = b,
if both the rank of A7 and the rank of A are equal to k and
k < n.

(C) There exists no solution to the linear system of equations

Ax = b, if the rank of A is less than the rank of A%

(D) There exists no solution to the homogeneous system Ax = 0,
if the rank of A is less than n.
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Chapter 2: Determinants. There are 12 problems in
Chapter 2.
14. Which of the following statements is true?

A a f
(A) det|[ —a X v | =X+ @2+ 8+
_ _fy \

)\
—a )\ 7 =N+ (a® + 7+ )N
=B = A

7)\)
A ozﬁ\

=\ — (& + 2 +99)A

det (

A« 5\
det ( =\ — (@® + B + )N’
det (

—

174



15.

Let

I 1
I -1

1
1

1
—1

I 1 -1 -1
I =1 -1 1

Which of the following statements is true?

(A

~— ~— ~—— ~—
(@
@
—+

s N N
N

~— —
I

—_ r—\ oo

(B
(c
(D
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16. Let

A—a —Q
A= a A—a —« .
—Q —a AN—«

Which of the following statements is true?

(A)  det(A) = (A +2a)(\ — a)?
(B) det(A) = (A4 2a)*(\ — a)
(C)  det(A) = (A +a)(\ — 2a)?
(D) det(A) = (A + a)*(\ — 2a)
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17. Let

A—a B B B
A | 8 r—a B8
5 B A-a B
5 8 B A-a

Which of the following statements is true?

(A)  det(A) = A —a—B)P°\—a+208)
(B) det(A)=(\—a—pB)A—a+28)°
() det(A)=A—a—B8)A—a+38)°
(D) det(A)=(A—a—B)°(\—a+30)
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18. Let

042 _62 _62 _52
4 _52 &2 _62 _62
_62 _B2 052 _62

_62 _62 _62 042

Which of the following statements is true?

(A)  detA\ —A) = (N— o — )\ —a*+36%)°
(B) det(A] — A) = (A —a* = B3\ —a* +35%
(C)  det(M — A) = (XA —a* — )P\ — a® = 357
(D) det(M — A) = (A —a? = BH(N — a? = 35%)°
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19. Let A = (a;;) be a real n x n constant matrix. Let Cj;

represent the cofactor of the element a;;, for all + = 1,2,3,--- ,n

and 7 =1,2,3,---,n. Which of the following statements is NOT

true?

(A) Z a;;,Cir, = det(A), foralli=1,2,3,---,n
k=1

(B) Z ay;jCr; = det(A), forall j =1,2,3,---.,n
k=1

(C) ) auCi =1, foralli#ji=123"- nj=123" - n
k=1

(D) ) apCrj =0, foralli#ji=1,23"- nj=123" - ,n
k=1
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20. Which of the following statements is NOT true?

a B v 0

Aprv €|l
(A) det b e d =0

0000

a B v o

a B v o _0

abcd|

P qrs

Q

1224 36 48
—6 —12 —18 =24

S 0”2

»w QIMm O
I
o

det (

B v 0
et a b C d _0
det (

N QL > O
QL TTE ®

In this problem, «, 8, v, 0, A\, u, v, &, a, b, ¢, d, p, q, r, s represent
various real constants.
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21. Let A = (ai;), B = (bj;) and C = (Cj;) be three real
n X n constant matrices, where B = C7 represents the adjoint
matrix of A, Cj; represents the cofactor of the element a;;, for all
1 =1,2,3,--- ,nand y = 1,2,3,--- ,n. Which of the following
statements is NOT true?

(A)  CWAL = A0 = [det(A))10]
(B) AYBY = B15 A — [det(A)] 0 B
(C) APB® = BOA® — [det(A)]? A5
(D) AB = BA = [det(A)]I
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22. Let A = (ai;), B = (bj;) and C = (Cj;) be three real
n X n constant matrices, where B = C7 represents the adjoint
matrix of A, Cj; represents the cofactor of the element a;;, for all
1 =1,2,3,--- ,nand y = 1,2,3,--- ,n. Which of the following
statements is NOT true?

(A) ( det(BA) = [det(A)]"
(B) (A) = det(B) = det(C)

(C)  det(A) #0

(D) (B) =

Q.

et(AB)

O,

@D

—
N

. if and only if the inverse matrix A~' exists

D) det(B) = det(C) = [det(A)]" !
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23. Which of the following statements is NOT true?

Al arz arz e ai, \
0 A2 agg -+ a
(A) det 0 0 )\3 s A3p = )\1)\2)\3 cee )\n
N0 00 A,
(M 0 0 - 0 \
a9 )\2 o --- 0
(B) det as; as2 )\3 0 = )\1)\2)\3 s )\n
\ ap1 Qp2 Qp3z - - >\n )
URYRPFRPVENTEP VA
A Ay A3 - A
(C) det )\1 )\2 )\3 . )\n = )\1)\2)\3 s )\n
A de A A
(M 0 0 0 \
0 X O 0
(D) det 0 0 )\3 0 = )\1)\2)\3 ce )\n
\ 000 A,
In this problem, )\1, )\2J )\3, T, >\n; aii, a2, A13, * -+, A1p, A21, A9292,
@93, -, Aoy, =+, Apl, ** -, Gppy Tepresent various real constants.
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24. Which of the following statements is NOT true?

( ail

a2 a3 aiq a21 Q22 Q23 A24
a21 Q22 Q23 A24 ail a2 ais aig
(A)  det = det
as; a3z a3z Aa34 41 Q42 Q43 Q44
\CL41 42 A43 Q44 asp az2 a3z 34
4 3
ail a2 Q13 aig ail Qi a3
21 Q22 Q23 0G24 a21 Q22 G23
(B)  detq « > = o’ det
as; a3z a3z Aa34 az; asz2 Aass
\ a41 Q42 Q43 A4y4 ) a4q1 Q42 A43
(an daiz2 a3 a4
a21 Q22 Q23 424
(C)  det
as; a3z asz3 Aa34
\CL41 a42 a43 Q44
aii ai2 ais a14
a1 a22 a3 24
= det
asi aso as3 a3q
a41+)\a11 CL42—|—)\CL12 a43+)\a13 CL44‘|‘)\CL14
aip a1z a13 a4 41 Q42 Q43 Q44
21 Q22 Q23 A4 asyp a3z asz3 az4
(D) det = — det
as; azz a3z Aa34 a21 A22 A23 Q24
41 Q42 Q43 Q44 aijp a2 a13 Q4

In this problem, A represents a real constant, a;; represent various
real constants, where: =1,2,3,---
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25. Which of the following statements is NOT true?
(A)  det(AB™") = [det(A)][det(B)] ™"
(B) det(A") = det(A)

(C)  det(A!) = —2
(D)

AN

( Tot(A)’ if det(A) # 0
det(AB) = [det(A)][det(B)]

N———

D
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Problems 26 - 30 are Bonus Problems, with 4 points
each.

26. Let @ # 0 and 8 # 0 be real nonzero constants. Which of
the following computations is NOT true?

2 _62 _52 _52 1 1
(A4) (—QBQ of  —p —62\ ( 1\

AN \ 1)

Al |
I I I I B U

\_52 _52 _52 &2) \1 1
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27. Let a £ 0 and 8 # 0 be real nonzero constants. Which of
the following computations is NOT true?

2 Q2 2 Q2
(o e () (1

(A) 2 _g2 o2 _g? _1 = (o® + ) 1

\ et =gt JA \ !
(042_52&2_522\(1\ 1\

o> —B% «a 1 1
a? =B o —p? —1 —1

\ 0?5 a? ) 1)
[
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28. Let a # 0 be a real nonzero constant. Let

o? o o? o
ot o —a? —a?
A= 2 2 ) )
o —F —a° «
o? —a? o? —ao?

What is the rank of the matrix A2V23?
(A) 4.
(B) 3.
(C) 2.
(D) 1.
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29. Let a # 0 and 8 # 0 be real nonzero constants, such that
o > 82> 0. Let
042 _62 &2 _52
_62 042 _52 042

A= a2 — 52 a2 — 52
_62 &2 _62 &2
What is the rank of the matrix 424687

(A) 2.
(B) 4.
(C) 6.
(D) 8
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30. Let

A—a f B
A( B A—a pf )
B g A-a

Suppose that the real nonzero constants o, § and A satisfy these
conditions: A # a+ f and A # a — 26. Which of the following
statements is true?

1
(A—a—=B)(A—a+28)
(Aa+6 —3 —3

(A)  Al=

—f A—a+f —f
5 B A—atp
1
A—a—=B)A—a+20)
()\OH—B B g

(B) A=

I5; 5] A—a+ [
1
) A = a0 —at 9
At a+ S 15 15
5] Ata+pf 15
6] 5] At a+f
D) A 1
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Mathematics 43 - The Second Midterm Examination - 2023

There are twenty-five multiple choice problems in the Second Midterm
Exam. There are five bonus problems (they are not mandatory to
solve). Each problem is worth four points. The total is 100 points
(it is 120 points if the bonus problems are included). The exam is
75 minutes. In each problem, there are four choices marked (A),
(B), (C) and (D). Only one choice is correct. Choose the one you
think is correct. If you do not know the answer to a problem, you
may make a reasonable, best possible guess. No supporting work
is necessary. In the exam, we use a # 0, 8 # 0, v # 0 and A # 0
to represent various real nonzero constants or positive constants.

No calculators, computers, cell phones, i-pads, i-touches or any
other electronic devices are allowed in the exam. Students are not
allowed to ask for assistance from anybody else. Students are not
allowed to use any websites for assistance. Any student who cheats
will receive an F' as the Final Grade. This is Absolutely Firm!
Therefore, be honest and solve all problems by yourself.

The First Midterm Exam: 100 points
The Second Midterm Exam: 100 points
The Final Exam: 200 points

The Homework Assignments: 100 points
Total Score: 500 points
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Chapter 3: Vector Spaces. There are 10 problems in

Chapter 3.
1. Which of the following subsets is a subspace of M,,(R)?

(4) A={Ae M,(R): A" = A}
(B) B={Ae€ M,(R): A" = A%}
(C) C={Ae M,(R): AT = —A%}
(D) D={AeM,(R): A" = A*}
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2. Let £ 0, B # 0 and A # 0 be real constants, such that

a+ [ #0,

(
A<(
\

a— 20 #0, A% a+ 0, A% a—20.
Which of the following vector sets is NOT a spanning set of R3?

) (=) ()}
() ()
) ) ()]

© o 0
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3. Let a, 8 and A be real constants. Define the vector set

( )

A—a B B B

_ B A—a B B
B_< ﬁ ) ﬁ ) )\—OZ 9 /8 >
\ 5 5 15} A — )

Given that the set B is a spanning set of the vector space R*. Which
of the following conditions must be true?

/N

A=a+ [, A=a—30
A=a+ [, A% a—30
A% a+ [, A#a—30
A% a+ 0, A=a—30

— ——r ~—— ~—r

A
B
C
D

N 2N
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4. Let o and B be real constants, such that o« + 5 > 0 and
a — 30 > 0. Define the vector set

( )

: -8 -8 -3
DIE 3 -8 -8
S T I A R I

\ — —p — 0 a |

Which of the following statements is NOT true?
(A) The set B is linearly independent.

B) The set B is linearly dependent and is a spanning set.

(B)
(C) The set B is a spanning set.
(D) The set B is a basis.
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5. Let aw # 0 and 8 # 0 be real nonzero constants, such that
a? > 32. Define the vector set

([ « — 0 Q —0 )
_ )| P a —f a
S - < o ’ _6 ) o ) _5 >
\ _5 @ _6 @ /

Which of the following statements is true?
(A) The set S is a basis of R*.
(B) The set S is a spanning set of R?.
(C) The set S is linearly independent in R*,
(D) The set S is linearly dependent in R*.
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6. Let

S = {V17 Vo, V3, e ) Vn}

be a vector set of linearly dependent vectors in the vector space R".
Let A = (v vo v3 -+ v,) be the matrix made by using all the
vectors in §. Which of the following statements is true?

(A) There exist infinitely many solutions to the homogeneous sys-
tem of equations Ax = 0.

(B) The inverse matrix A~! exists.
(C) The rank of the matrix A is n.
(D) The determinant det(A) # 0.
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7. Which of the following statements is NOT' true?

(A) A: {1,1’71’273337 ------ , xn’ ...... }
is a basis of C(R) and the dimension of C'(R) is oco.
(B) B={l,z,2*,2°, - C 2™
is a basis of Pjgo(R) and the dimension of Pjgo(R) is 100.
( \
1 0 0 0
0 1 0 0
(C) C T < O ) O ) 1 ) O >
0 0 0 1
. J

is a basis of R* and the dimension of R* is 4.

(D) D{(lgo 8)(8 18())’(180 8)(8 180)}

is a basis of My(R) and the dimension of M;(R) is 4.
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8. Given that

4 )
1 1 1
1 —1 —1
5=411| —1 |’ —1 |’ 1|
1 —1 1 —1
\ J
a
is a basis of the vector space R*. Let v = ZC) € R*. Which of
d
the following is the component vector of v relative to the basis B?
1 1 1 1 a
ry1 1 -1 —1 b
W51 -1 21 c
1 -1 1 -1 d
11 1 1) [a)
Iry1 1 -1 -1 b
Bl S oo c
1 -1 1 -1)\d)
1 11\ [a)
111 -1 —1 b
Sl IR c
1 -1 1 -1)\d)
1 11\ [a)
111 -1 —1 b
S R ¢
1 -1 1 -1)\d)
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9. Given the following two bases of R*:

4 )
(8 (8 (8% (8
- — — —
B — < ) 3 ) >
— — — —
— — — —
\ J
and
([ 1 1 1 )
1 1 _1
C=9111| 1| 1| R
1 1 1 _1
\ J

where o > 0 is a positive constant. Which of the following is the
change-of-basis-matrix Pr. 5 from the basis B to the basis C?
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Feep =

FPeep =

Fecp =

Fecp =

O~ O~ N/

+a —a —«
- +a —«
- —Q +Q
- —a —Q
+a —a —«
- +o —«
—a —a +«
—a —Q —«

—_ = =
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10. Which of the following statements is true?

(A)  dim[P,(R)]=n+1
(B) dim(R")=n+1
(C)  dim[M,(R)]=n+1
(D) dim[C(R)] =n+1
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Chapter 4: Linear Transformation. There are 7 prob-
lems in Chapter 4.
11. Let T': P3(R) — P3(R) be a linear transformation, given by

P(a + bz + cx® + d2®) = 10a + 20bx + 30cz* + 40dz”.
Which of the following statements is NOT' true?
(A) The inverse linear transformation T~ does exists.
(B) The inverse linear transformation 7! does not exist.

(C) The linear transformation is one-to-one because the kernel is

Ker(T) = {0}.

(D) The linear transformation is onto because the range is Rng(7T") =
P3(R).

203



12. Let T': R™ — R" be a linear transformation, given by
T(x) = Ax, x € R",

where A is a real symmetric matrix. All eigenvalues of A are posi-
tive. Which of the following statements is NOT true?

(A) The determinant det(A) < 0.
(B) The linear transformation 7" is one-to-one and onto.

(C) The linear transformation 7" is one-to-one because the kernel

is Ker (T) = {0}.

(D) The linear transformation 7" is onto because the range is Rng

(T) = R".

204



13. Let T : M3(R) — M3(R) be a linear transformation, given
by
T(A)=A" — A, Ae M(R).

Which of the following vector sets is a basis of the range of the

linear transformation?

(/0 10 0 01 000\)
(4) A=< =100, 0 00 ,<0()1 \
L\ 0 00 100 010/
(/0 10 001 00 0\)
(B) B=« (100 , ()00), 0 0 1)>
L\ 0 00 100 0-10) |
(/0 10 0 01 0 0 0
(C) C = (100 1 o oo ,(0 0 1
L\ 0 00 100 0 —1 0
010 0 01 0 0 0
(D) D= (10() 1 o oo), 0 0 1)
000 100 0 —10
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14. Which of the following linear transformations is NOT an
isomorphism?

(A) T:R*— PR),

T = a + 2bx + 3cx’ + 4da’.

a o’ _62 o2 _52 a
T b | | —8* o B? o? b
c o 042 _62 Ck2 —/62 c
d —3%2 o> =B a? d

(C) T :R*—= My(R),
~( 10a 10b
~ \ 10c 10d ) °

(D) T : M(R)— P(R),

T

L, O o

T ( Z Z ) — 10a + 20bz + 30cx? + 40dz.
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15. Let T': 'V — W be a linear transformation, where V and
W are vector spaces. Which of the following statements is NOT
true?

(A) The kernel Ker(T') is a subspace of the vector space V.
(B) The range Rng(T") is a subspace of the vector space W.

(C) The inverse linear transformation 7! exists if 7" is one-to-one
and onto.

(D) The sum of the dimension of the kernel and the dimension

of the range is equal to the dimension of the vector space W.
That is

dim| Ker (T')] + dim| Rng (T")] = dim W,
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16. Let T : RY — R be a linear transformation. Given that

the dimension of the kernel is dim| Ker (T")] = 5. Which of the
following statements is true?

(A) The linear transformation 7" is onto.
(B) The linear transformation T is one-to-one.
(C) The inverse linear transformation 71 exists.
(D)

D

The linear transformation 71" is one-to-one and onto.
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17. Let T : P3s(R) — P3(R) be a linear transformation, given by
T(a+ bz + ca® +dz’) = (a+b) + (b+ )z + (c + d)z* + (d + a)z”.
Which of the following sets is the basis of the kernel Ker(T')?

(A) {1+x+2°+ 2%}
(B) {l—-z+2*—2°}
(C) Al—ux, vt — %)
(D)

D) {1427, x + 2°}
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Chapter 5: Eigenvalues and Eigenvectors. There are
8 problems in Chapter 5.

18. Let o and /3 be real nonzero constants, such that a® > 2.
Let

@2 _52 &2 _62
_ 32 2 N2 2
A= 52 “ 2 62 “ 2
ot —p° ot —f
2

_62 o _52 CKQ

There are three real eigenvalues to the matrix A. Which of the
following choices are the eigenvalues?

(A) A=0, AX=a*+pF% A=ao’>—p
(B) A=0, A=a*+p% A=a*-2p
(C) A=0, A=20*+26%  X=20a°—253
(D) A=0, A=2"+26%  X=2a°—33
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19. Let o and B be real nonzero constants, such that o® > 332,
Let

&2 _62 _52 _62

_62 052 _52 _62

A= B2 —pB a2
_52 —ﬁQ _52 Of2

There are two eigenvalues to the matrix A. Which of the following
are the eigenvalues of the matrix A?

(A )\1 = 2&2 + 252, )\2 = 042 + 262
A =207 4267 A =a’+36
)\120424—62, )\2:()42—252

M=o+ 5% A=a*—35°

N—— N N~ ~—

(B
(C
(D
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20. Let A be a real n X n constant matrix. Let
)\17 )\27 )\37 ''''' )\717

represent all the eigenvalues of A. Which of the following state-
ments about the determinant and the trace of the matrix A? is
true?

(A)  det(A?) = +(MAadg - A2

Tr (A%) = =N+ X3+ X5+ -+ A%
(B) det(A%) = +(A Aoz - \)7,

Tr (A%) = +(A\] X5+ A5+ -+ A2)
(C)  det(A%) = +(A XAz - )%,

Tr (A%) = =M+ A+ A3+ + A%
(D) det(A?) = +( M\ AaAz -+ A\,)%,

Tr (A%) = +(M 4+ A+ A3+ + A%
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21. Let A be a real 4 x 4 matrix. Two complex eigenvalues are

given

A1 =10 — 5i, Ao = 201
What are the other complex eigenvalues of A?
A3 = 10 — i, A = 4201
A3 =10 — i, Ay = —20i

A3 =10+5i, Ay = —20i
A3 =10+50, Ay = +20i

/
e N N

A
B
C
D

TN TN N
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22. Let A be areal n xn constants diagonalizable matrix. Which
of the following statements is true?

(A) The algebraic multiplicity is equal to the geometric multiplic-
ity, for every eigenvalue \; of A.

(B) The algebraic multiplicity is equal to the geometric multiplic-
ity, for one eigenvalue \; of A.

(C) The algebraic multiplicity is larger than the geometric multi-
plicity, for each eigenvalue \; of A.

(D) The algebraic multiplicity is less than the geometric multiplic-
ity, for some eigenvalue \; of A.
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23. Let A be a real n X n constant matrix, let
A, Ay, Az e, A
be the eigenvalues of the matrix A. Define
B = A1+ A) (M — A).
Which of the following statements about the matrix B is true?
(A) The eigenvalues of A are the same as the eigenvalues of B.
(B) The determinant det(B) = A2A3A3 - - A2

(C) There exists at least one zero eigenvalue A = 0 for the matrix

B.
(D) The trace Tr (B) = X\ + A3+ A3 + -+ + A2
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24. Let o # 0 and B # 0 be real nonzero constants, such that
a? > 3% Consider the system of differential equations

&2 _62 _62 _62
T I I
B2 _32 _32
Which of the following is the solution of the system of differential
equations?
1 1
(A)  ult) = Crexpla?+ 801 | |+ Caeplfat+ 00 |
1 —1
1 1
+ Crosplle®+ 8 | T) |+ Cuenplla? ~ 360 |
1 —1
1 1
(B)  ult)=Creslia =351 | || +Coompliat+ 570 |
1 —1
1 1
+ Gresplle® + 0] | T |+ Crespl(? + 0] |
1 —1
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25. Let a # 0 and B # 0 be real nonzero constants, such that
a? > (3%, Consider the system of differential equations

&2 _62 a2 _62

d _ﬁZ 052 _52 &2
&u = o2 —B @ —p u
_62 &2 _52 @2

Which of the following is the solution of the system of differential

equations?

1 1
1 5 5 —1
(A) u(t) = Cy ) + Cyexp|(2a” + 2537)1] 1
1 1

1 1

1 5 5 —1

+ O3 1 + Cypexpl(2a” — 267)t] ]

—1 —1

(B)  u(t) = Crexp|(2a” +28°)t]

+ Cyexp[(20” — 28]

— = =
+
52
=
N— N——
S N -
— =
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1 1
1 9 9 1
(C) u(t) =4 ) + Cyexpl(2a” — 26°)t] ]
1 —1
1 1
+ Csexpl(2a” + 25%)t] 1 + Cy !
1 —1
1 1
9 9 1 1
(D) u(t) = Cyexpl(2a” — 26°)t] ) + Cy 1
1 —1
1 1
—1 9 9 —1
+ O 1 + Cyexp[(2a” + 257)1] |
1 —1

219



2

S LN - L
+—

= -)
T O oo 4 o0 —
20 - -~ -
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27. Let a > 0,8 >0, > 0,0 > 0and A > 0 be positive
constants, such that « > 8 > ~v > 9, a > 38, A > a+ § and
A > a — 3. Which of the following vector sets is NOT a basis of

the vector space R*?

’

Ve

/—a@\
Ny
\

(o)
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28. Let v > 0 be a positive constant. Define

a —ox o0 —o
- o —a o

A=
a —a a0 —o
- o —Qa o

Which of the following is a basis of the nullspace of A7

( 1\\

1
0
1
0
1 1) (1)
(B)<_01, (1) 8>
L\ ¢ ! \1/,
( (

/
)

o O = =

|
—
~—

N7

1 1 1
el o ]
0 o)\,
([ 1 1 1
LY I N
[\ 0 0 ~1
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29. Let V and W be vector spaces and let T': V. — W be a
linear transformation. Let

be a basis of the vector space V, where k and n are positive integers,
1 < k < n. Define the vector set

A= {T(Vi41), T(Vir2), T(Viys), - - - T(va)}-

Which of the following statements is true?

/N

A is a spanning set of the space W.
A is a basis of the vector space W.
A is linearly dependent.

N—— N N~ T

A
B
C
D

TN TN

A is linearly independent.
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30. Let A be a real n x n constant matrix, let
)\17 )\27 )\37 """" ) >\n

represent all the eigenvalues of the matrix A. Consider the matrix

BYT+4+24+ A%~ (\+1)72

Which of the following statements about the matrix B is true?
(A) Tr(B)=MN+X+MAN+--+A\

(B) det(B) = ()\1)\2)\3 s )\n)2

(C')  The eigenvectors of the matrix B

are exactly the same as the eigenvectors of A

(D)  The eigenvalues of the matrix B are

(>‘1 - 1)27 ()‘2 - 1)27 ()‘3 - 1)27 T ()\n - 1)2
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Mathematics 43 - The Final Examination - 2023

There are 50 multiple choice problems in the Final Examination.
Each problem is worth 4 points. The Final Exam is 200 points
and it is 3 hours. In each problem, there are four choices, marked
with (A), (B), (C) and (D). Only one choice is correct in every
problem. On the answer sheet, write down the answer you think
is correct. If you do not know the answer to a problem, you may
make the possible, best guess. No supporting work is necessary for
any problem.

There are eight bonus problems at the end of the Final Exam.
Each problem is worth 4 points as well.

In this exam, A, B, C, M represent real matrices; A’ represents
the transposed matrix of A; aa £ 0, 8 #0, v #0, X #£ 0, u # 0
represent real nonzero constants; m > 1 and n > 1 represent
positive integers; a, b, ¢, u, v, w, £ and 7 represent real vectors.
R™ M,(R), P,(R) and C(R) represent the popular vector spaces,
V and W represent any vector spaces, T : V. — W represents a
linear transformation.
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Hint 1: Let

Then
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Hint 2: Let a # 0 and 8 # 0 be real nonzero constants. Let

a —B —B -8
|8 e s
6 = a =P
~8 —B -8 a |
a —f « —6\
-3 a —0 «
B = a —f o —fp
-3 o —p oz)

Then

det(A — A) = (A —a — B)°(A — a+38),
det(A] — B) = M*(A — 2a + 28)(\ — 2a — 28).
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Hint 3: Let a # 0 and 8 # 0 be real nonzero constants. Let

o =B -8 =B
-8 =B a -8 |
—B =B =B a |

Then
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Chapter 1: System of Linear Equations and Inverse
Matrices. There are 5 problems in Chapter 1.

1. The reduced row echelon form of the augmented matrix of the
system of equations Ax = b is a zero matrix:

0 0
0
0

o O O

0000
00000
00000

How many free variables are there in the solutions?
(A) 6. (B) 4. (C) 2. (D) 0.
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2. Let @ > 0 be a positive constant. Let

(4)

11
1|11
Al =2
“11
1 -1
11
111
A= —
20 1 —1
1 -1
(1 1
1|11
Al =2
“11
\1—1
(1 1
111
A= —
Aoy 1 —1
\1—1
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3. Let A be a real m X n constant matrix, let b € R be a real

constant vector and let A7 represent the augmented matrix of the
system Ax = b. Which of the following statements is NOT true?

(A) There exists a unique solution to the system Ax = b, if
both the rank of the coefficient matrix A and the rank of the
augmented matrix A7 are equal to n.

(B) There exist infinitely many solutions to the system Ax = b,
if both the rank of the coefficient matrix A and the rank of the
augmented matrix A7 are equal to r, and 7 < n.

(C) There exists one solution to the system Ax = b, if the rank
of the augmented matrix A% is larger than the rank of the
coefficient matrix A.

(D) There exists a unique solution to the homogeneous system
Ax = 0, if the rank of the coefficient matrix A is equal to n.
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4. Let the positive constants o > 0 and S > 0 satisfy the
condition a® > 353%. Let

052 _52 _62 _62

_52 a? _52 _62

A= . 52 . 52 a? — 52
_62 —52 _62 042

Which of the following statements is NOT true?
(A) There is a zero eigenvalue A = 0.
(B) The rank of A is 4.

(C) The inverse matrix A~! exists.

(D)

D) There exists a unique solution to the system of equations Ax =
b, for each vector b € R*.
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5. Let a > 0 be a positive constant. Which of the following
statements is true?
~1

- a o —a a o
(A) a —a o B 1 a —a o
a o —a « 4 a o —a «

8% « o — « « o —

|
e R o
|
Q o Q
|
o e 0
e L QR

° 4
Lo
o o
o o

Q
Q
|
Q
Q

(87 (87 a —

Q
@@@g'g
|
oo Lo
|
ol e o

|
leero
1
I
=]~
@@@g'g
|
o e Lo
|
ol e o
|
leeo
5 0 o - )
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Chapter 2: Determinant. There are 5 problems in
Chapter 2.

6. Let «, 3, v be real constants. Which of the following state-
ments is true?

a
(A) det | —a A =X+ (@ + 5+

>
Q

(B) det

A«
(C) det( A

=X —(a"+ " +77)

=N+ (@ + B+ 7))

|

™ 9
|

)

(D) det =X — (a2 + B2+ %))

|
=
|
2
S0 T > T > T > ™

|

@ R
|

2
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7. Let A be a real n x n constant matrix, det(A) > 0. Which
of the following statements is NOT true?

1
~ det(A)
)

(4) (
) det(A?) = [det(A)]* > 0
) (
) (

det(A™h)

det(aA) = a" det(A)

(B
(C
(D) det(ATA) = [det(A)]"

where « represents any real constant.
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8. Let A and B be real n x n constant matrices, and B is the
adjoint matrix of A. Which of the following statements is NOT
true?

(A)  A’B? = B*A? = [det(AB)|I
(B) AlOBQO _ BQOAl() _ [det(A)]mBlo
- 1 .
(C) = det(A)B’ if det(A) # 0
(D) det(A) # 0, if and only if det(B) # 0
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9. Let

Ck2 _52 _52 _62

_62 042 _62 _62

A= - 52 . 52 a? — 52
_62 _52 _52 @2

Which of the following statements is true?

(A)  det(M — A) = (A —a? = BH*(\ — o — 337
(B) det(A] — A) = (A —a* — B4\ —a* +35%)
(O)  det(Al — A) = (A +a” + B (A+ o + 367)
(D) det(A] — A) = (A + o + B (A +a* — 387
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10. Let

@2 _52 042 _62

_ 32 2 P92 2

A= 62 042 62 042
« —ﬂ Q _6
2 2

—B* o -3 «a

Which of the following statements is true?

/N

Ao w® =

(
M= A) =M+ 0 = (A - a? = 57)
= (A — 20" — 23%)(A — 20”4 26%)
= N\ + 20 — 28%)(\ — 2a° + 25%)

~—_ ~— ~—— ~—

(@

@D

—+
A~~~

>

~

|
\_/E\/v
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Chapter 3: Vector Spaces. There are 10 problems in
Chapter 3.
11. Let

S ={z+2*+2°+2", 1+2°2+2°+2",  1+a+2°+2",
1+ 24 2% + 2%, l+z+2°+2°} C B5(R).
Which of the following statements is true about the set S7
(A) S is linearly independent.
(B) S is a basis of C'(R).
(C) S is a spanning set of P5(R).
(D) S is a basis of P5(R).
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12. Let the real nonzero constants o and [ satisfy the condition
a = 3. Which of the following vector sets is NOT a basis of the

vector space R*?
3

( (1 1 1 |
1 —1 —1 1
(A A=q1|| EE E 1y
\ K1 1 —1 -1/
([ o -8 —-p AN
B N _ _
TN o PO I PO R O e
\ -8 -3 -3 o |
{ 492 _9 _9 2\ )
_9 +2 —9 —9
\—2 —9 —9 +2 )
\f 3\
—a Ta Ta +a\
(D) D— +o — +« +« >
- +a |’ +a |’ —a |’ +
+«o +« +«o —a)
\ J
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13. Let the positive constants a > 0, § > 0 and A > 0 satisfy

the following conditions

a+ >0,

a > 20,

A>a+ S,

A>a—20.

Which of the following vector sets is NOT a spanning set of R3?

(A) A<((
(B) B<f(
() c:<(

(D) D= (

)
i
)

6 7
B

—Q «
« : «
« «
—p AR
« ) _B >
—f o
— +Q
+a |, —a |
—Q +a /)
5 5
A—a |, I’
I5; A—
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14. Let the positive constants @ > 0, 8 > 0, v > 0 satisfy the
conditions a > (3 > «. Let the positive integer n > 10. Which of
the following sets is NOT' linearly independent?

(A) A={cosu, sin x }

(B) B= {1, x, 22, 3 : x"}
(O) C={eplax),  exp(Bz),  exp(yz)}

(D) D={l+=z,  z+2°, 1+2z+2°}
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15. Let the positive constants a > 0, 8 > 0, v > 0 satisfy
the conditions @« > § > v > 0. Let W = W|f1, fo, f3,-+ , fal
represent the Wronskian of the functions inside the parenthesis.
Which of the following computations is wrong?

(A W[+z,24+ 251422+ 27
l+2 x+2> 1422+ 22

= det I 142xz 242z =1>0
0 2 2
(B) W[cosx,sinx]:det( o smx) =1
—sinz cosx

(C)  Wlexp(az), exp(fz), exp(yz)]
exp(ax)  exp(Bz)  exp(yz)
= det | aexplazx) Pexp(Bxr) vyexp(yr)
o’ exp(az) B*exp(Br) +* exp(yr)
= (a=B)(B =)y —a)explla+ B+ 7)z] #0
(1 r 2 ¥ \
0 1 2z 32 423
(D) Wz, 2*, 2% 2] =det | 00 2 6z 122> | >0
00 0 6 24x
\00 0 0 24 )
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16. Define the following vector spaces

V={AeMR): A" =A4}
W={AeMR): A" =—-A}.

Let us use B and C to represent the possible basis for V and W,
respectively. Which of the following sets are the bases of the vector

) (1))
) (%))
L) GY))

spaces?

(A) B—{

oo O = o o
N~

~— -

H’_/
N\

—_ O
O

~

-

o O
— O

N

O 2, o © O o
SO OO o= B O oo
Ne— N —M M O~
o
—
O N O =N

N— —— — ——
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17. Let A be a real 100 x 100 constant matrix. The rank of A
is equal 50. What is the dimension of the nullspace N.S(A)?
(A) 30. (B) 40. (C) 50. (D) 60.
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18. Let A and B be real n X n constant matrices. Suppose that
the rank of A is n and the rank of B is 0. Which of the following

statements is true?

(A) NSA)=R", NS(B)=
(B) NS(A)=R", NS(B)= {0}
(C) CS(A)=R", CS(B)=
(D) CS(A)=R", CS(B)= {0}
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19. Let B and C be two bases of the vector space R". Which of
the following statements is NOT true?

) FPeepPpc=1
) PpecPeep=1
) [Pees] ' =+Psec
) [Paecl™ = —Fees

247



20. Let the positive constants a > 0 and 8 > 0 satisfy the
condition a® > 253%. Let

052 _52 &2 _62

A2 2 P2 2
A= 52 ! 2 62 ) 2

o =0 o =0
_62 &2 _62 042
Which of the following statements is NOT true?

(A) The determinant det(A) = 0.
(B) There exists a zero eigenvalue A = 0.

(C) The vector set

( &2 —62 )
_62 @2
S — < ()[2 y —62 >
A2 2
\ 6 o J

is a basis of the column space C'S(A).
(D) The trace of the matrix A is 4/3°.
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Chapter 4: Linear Transformation. There are 5 prob-
lems in Chapter 5.
21. Let T : P3s(R) — P3(R) be a linear transformation, given by

T(a+ bz + cx* + dx?)
= (b+c+d)+(a+c+dz+(a+b+d)a*+ (a+b+c)x’.

Which of the following statements is true?

(A) Ker(T) = {0},  Rng(T) = P4(R)
(B)  Ker(T)={0},  Rng(T) = {0}

(C)  Ker(T) = PB(R),  Rng(T) = {0}
(D) Ker(T) = P3(R),  Rng(T) = P3(R)
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22. Let T : R* — R* be a linear transformation, given by

a a+b
7 b _ c+d
C a -+ ¢
d b+ d

Which of the following statements is true?

(A) The linear transformation 7" is not one-to-one but is onto,
because the dimension of the kernel is dim| Ker (T)] =1 > 0
and the range Rng(T) = R*.

(B) The linear transformation 7' is neither one-to-one nor onto,
because the dimension of the kernel is dim| Ker (7)) =1 > 0
and the dimension of the range is dim| Rng (7")] = 3 < 4.

(C) The linear transformation 7' is one-to-one but not onto, be-
cause the kernel Ker(7T') = {0} and the dimension of the range
is dim[ Rng (T")] = 3 < 4.

(D) The linear transformation 7" is one-to-one and onto, because
the kernel Ker(T) = {0} and the range Rng(T') = R*.
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23. Let T' : 'V — V be a linear transformation, where V

is an n-dimensional real vector space. Suppose that the kernel
Ker(T) = {0}. Which of the following statements is NOT true?

(A) The linear transformation 7" is one-to-one.

(B) The linear transformation 7' is onto.

(C) The inverse linear transformation 71 does not exist.
(D)

D) The linear transformation 7" is an isomorphism.
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24. Let a« > 0, 8 > 0, v > 0 be positive constants. Which of
the following linear transformations is NOT an isomorphism?

(A) T:R*—= R’

a 0 o pf a
Tl b ]|=| —a 0 7« b
c —68 —v 0 c

(B) T :R*— My(R),

N
QO o9
I
N\
o 9
QS
N

= a+ bx + cx® + da?®

(D) T :My(R) — P(R),

T(a b) = a+ bx + cx’® + cx’
c d
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25. Let T': R* — R* be a linear transformation, given by

- +a +a +o
T(x) = +a —a +a +o X, x € R,
+a +a —a +o

+a +a +a —«

where v > 0 is a positive constant. Which of the following state-
ments is NOT' true?

(A) The inverse linear transformation 7! exist.

B) The inverse linear transformation 7! does not exist.

D

(B)
(C) The linear transformation 7" is one-to-one.
(D) The linear transformation 7" is onto.
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Chapter 5: Eigenvalues and Eigenvectors. There are
5 problems in Chapter 5.

26. Let A, B and T be real n x n constant matrices, and the
inverse matrix 7! exists, such that B = T-'AT. Which of the
following statements is NOT true?

(A) det(A] — A) = det(A — B).

(B) det(A — AB) = det(A\ — BA).

(C) The eigenvectors of A and the eigenvectors of B are the same.
(D)

D) The eigenvalues of A and the eigenvalues of B are the same.
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27. Let A be areal 4 x4 constant matrix. There are two complex

eigenvalues, given by

)\1=Oé+ﬁi,

Ay = o’ + 621,

where o > 0 and 5 > 0 are positive constants. What are the other

complex eigenvalues of A?

(A)  A3=a+ S
(B) X3=a+fi
(C) A3=a—pi
(D) A3=a—fi
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28. Let av > 0 be a positive constant. Let

o’ —a? o?
A= —a® o® o
2 2 2

(87 (87 (87

There are two eigenvalues \; = 2a? and Ay = —a? to the matrix
A. Which of the following statements is true?

(A) The algebraic multiplicity and the geometric multiplicity of
the eigenvalue \; = 202 is equal to 2.

(B) The algebraic multiplicity and the geometric multiplicity of
the eigenvalue \; = 202 is equal to 1.

(C) The algebraic multiplicity and the geometric multiplicity of

the eigenvalue \y = —a? is equal to 2.

(D) The algebraic multiplicity and the geometric multiplicity of

2

the eigenvalue Ay = —a“ is equal to 0.
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29. Let A be a real n X n constant matrix. Let
A1 >0, Ao > 0, A3 >0, oo : Ap >0

represent all the positive eigenvalues of A. Which of the following
statements is NOT true?

) det(A2024) _ ()\1)\2)\3 ...... )\n>2024
(B)  det|(A~)22] = [det(A)] 224 = (A oAy - - A,) 20
(C) <A2024)—1 _ (A—1)2024
( ) Tr (A2024) _ )\%024 + )\3024 4+ )\3024 I )\i024
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30. Let the positive constants a > 0 and 8 > 0 satisfy the
condition a® > 253%. Let

&2 _62 _62
A= _ﬁZ &2 _62
_62 _62 042
Which of the following is the solution of the system of differential
equations %u = Au?
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1
(A) u(t) = Cyexpl(a® + )] ( 1 )
1
1 0
+ Coexpl(a® + B4 ( —1 ) + Cyexpl(a® — 26%)1] ( —1 )
1
(B)  u(t) = Cyexpl(a® + Bt ( 1 )
1
1 0
+ Cyexpl(a? — 284 ( —1 ) + Cyexpl(a® + 57)1] ( —1 )
1
(C) u(t) = O expl(a® — 38°)t] ( 1 )
0
+ Cyexpl(a® + BHY ( —1 ) + Csexp[(a? + )] ( —1 )
1
(D) u(t) = Cyexpl(a® + B ( 1 )

1 1
+ Cyexpl(a? + )1 ( 1 ) + Cyexpl(a® — 23%)t] ( 1 )
1 1
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Chapter 6: Scalar Product Spaces. There are 10
problems in Chapter 6.

31. Let the positive constants o > 0, 8 > 0 and v > 0 satisfy
the condition a? 4+ 3% = ~%. Define

o o
a=(p|. b=| 8
Y =
What is the scalar product of the vectors a and b?

(A)a-b=0.
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32. Let the positive constants m >0, n >0, a > 0 and 8 > 0.
Define the vectors

a= ra” b = —p"
_a/m ) _|_5n

What is the angle between the two vectors?

(A)g=2m. B)0=m. (C) 0 =3m. (D)6 =1r
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33. Let the positive integers m and p satisfy m > p > 1. Let
S = {8.1,&2,&3, e ,ap} C R™,
be a nontrivial orthonormal set. Define the m x m matrix
A= (a1 a, as ---ap)(a1 a, as ---ap)T.
Which of the following statements is NOT true?
(A) The rank of A is less than m.
(B) The matrix A is a projection matrix, i.e. A? = A.
(C) The inverse matrix A~! exists.
(D)

D) There exists a zero eigenvalue: A = 0.
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34. Let the positive constants o > 0 and > 0 satisfy the con-
dition a > 3. Which of the following sets is NOT an orthogonal
basis of the vector space R*?

([ 1 1 1 1) ]
1 1 ~1 ~1
A9 ~1 ~1 L
\\1 —1 1 -1/
([ +2 —2 2 2\
—2 +2 —2 —2
B) 1 5 | o | | oy
|\ 2 —2 —2 +2 )
([ —a) [ +a ) [ +a [+a))
+a —Q +a +a
(€ +a +a |’ — +a >
Vo) L) L) L))
/aﬁ\ (=5 /—g\ (—g\
SR 5| o 5|
\-¢)  \=8) \-8) \ao),
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35. Given that

B = {8.1,&2,8.3,"' ,an}

is an orthonormal basis of R"”. Let a € R". Which of the following
is the projection of the vector a onto the vector space R"?

(A) +a

(B) -—a
1

(D) —a
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36. Let B = {al, ar,as, - - - ,ap} be an orthogonal basis of the
subspace £ of the vector space R”. Let the vector a € R”, but
a ¢ £. The projection of a onto £ is given by

a-al a- ar a - as a-qy
a; + s + ag+---+
a] - ad; as * Ay ag - ag a, -,

a) — a,

Which of the following statements is NOT true?

(A) ap € span {a17a27a37 T 7ap}

(B) a—ajp€ span {al,ag,ag,--- ,ap}
(C) ap Ll (a—ap)

(D) all* = flaoll” + lla — a|*
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37. Let the positive constants a« > 0, 8 > 0 and v > 0 satisfy
the conditions

of + B+t =1, o + 2 =~
Consider the system of linear equations
a . o
5)(0)- (¢
v Y
Which of the following is the least square solution of the system?
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38. Let xo € R” be a least square solution of the system of
equations

Ax = b.

Let by represent the projection of b onto the column space of A.
Which of the following statements is NOT true?

(A) AlAxy=A"b

(B)  |lAxo — b|| = min |[Ax — b]|
(C)  Axg = by

(D) Axy=Db
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~ N

O oo 4 O o o

O O H O O O O

o O O O o —H O

O O oo —H O O
/N N
= 8

39. Which of the following matrices is NOT a projection matrix?



40. Let the positive constants o > 0 and 5 > 0. Define the real
vectors

o\ +&10 b _55
_am 65

Which of the following is the projection of b onto a?
(A) —a. (B) +a. (C) —b. (D) +b.
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Chapter 7: Real Symmetric Matrices. There are 10
problems in Chapter 7.
41. Let A be a real n x n constant matrix, such that

ATA=AAT =T

Which of the following statements is NOT true?

(A) Ax =x, for all x € R"

(B) || Ax|]* = ||x||?, for all x € R"

(C) (Ax)-(Ay)=x-y, forallx e R" y € R"
(D) (4x)- (Ay)=Difx -y =0,

for all x € R", y € R"
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42. Let A be a real n X n constant matrix, not necessarily
symmetric. Which of the following statements about the matrix

AAT — AT A is NOT true?
A) The determinant det(AAT — ATA) = 0.

C) The matrix AAT — AT A is symmetric.

(A)
(B) There exists no zero eigenvalue to AAT — AT A,
(C)
(D) The trace of AAT — AT A'is 0.

271



43. Let the positive constants o > 0 and 8 > 0. Let

@2 _52 _52 _62

_62 C¥2 _62 _62

A= o 52 o ﬁQ a? — 52
_62 _52 _52 C¥2

There are two eigenvalues A\ = a?+ 3% and \y = a® —33%. Which
of the following statements about the eigenspaces is NOT true?

(A) dim(Ey 2, 52) = 3.

(B) dim(EA2:a2_352> = 1

(C) Ey a2z NEy _2 352 = 0, the empty set.
(D)

D) Ey _n2ip LEy 2 35
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44. Let the positive constants a > 0 and S > 0 satisfy the
condition a® > 3°. Let

052 _52 &2 _62
A2 2 P2 2
A= 52 ! 2 62 ) 2
ot —p° of =0
_62 &2 _62 042
There are three eigenvalues to this matrix: A\g = 0, \; = 2a° — 232
and Ay = 20 + 2%, Which of the following statements about the
eigenspaces of A is NOT true?

(A) By 2002 052 NEy 9,2, 952 = 0, the empty set.
(B) EA1:2a2—252 1L E)\2:2a2+262-

(C) Ex—o L Ey, 0421952 and dim(Ey,_y,2,942) = 1.
(D) Exj—0 L Ey 9,2 942 and dim(E) 5,2 942) = 1.
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45. Let

@2 _52 _52 _52
4= _62 a? _62 _52
—52 _52 042 _62
_52 _52 _62 &2
11 1 1
Ity1 1 -1 -1
=311 211
1 -1 1 -1

Which of the following statements is true?

a? + B2 0 0
_ 0 o?+p% 0
A) T AT =
4 o o a’ 4 7
0

a—352 o 0

2

0 0

|
o
=
N

N—

Q

g

0 a? + 52

sy
N

/¥

0 0 a? + 52

0 0 0
a? + B2 0 0

2 2

a? + B2 0 0
o Toar—| 0 @ 0

0 0 0
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46. Let

@2 _52 &2 _52

4= _62 a? _62 O[2
- 2

a _52 &2 _62
_52 &2 _62 &2
1 1 1

111 -1 <1
T_§ 1 -1 —1 1

I -1 1 -1

Which of the following statements is true?

0 0 0 0\
0 202+ 2432 0 0
A) T 'AT =
(4) 0 0 202 — 282 0
0 0 0 0)
20426200 0 )
0 00 0
—1
(B) AT = 0 00 0
0 00 2a2 252)
2026200 0
0 00 0
—1 _
(©) AT = 0 00 0
0 002a2+252)
0 0 0 0\
0 2a° — 22 0 0
D) T 'AT =
(D) 0 0 202 +2B% 0
0 0 0 0)
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47. Let a > 0 and 8 > 0 be positive constants. Let

ol —pB2 5 2 \
4 _62 C¥2 _62 _52
o _52 _62 @2 _62
B B 5 o2 )
042 _62 CKQ —/32
_52 &2 _62 @2
042 _52 042 _62
2

_62 o _62 042

Suppose that the matrix A+ B is positively definite. Which of the
following statements is true?

B =

(A) 3a®+56% >0
(B) 3a®+58*<0
(C) 3a*—=53%<0
(D) 3a®—5B%*>0
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48. Let the positive constants o > 0 and 8 > 0. Define

e
S| @ s
_52 _62 @2 _62
_62 _52 _52 &2
ol —32 o2 —p? \

_52 &2 _62 @2

Which of the following statements about the matrix A — B is true?
(A) The matrix is indefinite.
(B) The matrix is negatively definite.
(C) The matrix is positively definite.
(D)

D) The matrix is skew-symmetric.
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49. Let the positive constants o > 0 and # > 0 satisfy the
condition o < 353%. Let

M A

Let
Q(x) =x' (A + B)x, x € R".

Which of the following statements is true?

(A) max (x) = 3a” + 353%, min (x) = —a* — B
xelR ||x||=1 xcRY ||x||=1

(B) max  Q(x) = 3a* + 3/3°, min (x) = 3a* — 543
x€RA ||x||=1 xERA |[x||=1

(C) max (x) = 2a* + 2/5%, min (x) = 3a® — 537
xeR% ||x||=1 xeR% ||x||=1

(D) max (x) = 2a* + 2§87, min (x) = —a* — 7
x€R4 |x||=1 x€RY [|x||=1
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50. Let

Let
Q(x)=x"(A - B)x, x € R".

Which of the following statements is true?

(A) elé?ﬁ|_1 Q(x) = 2a* + 27, ERI{lﬁnH_l (x) = —2a* — 25?

(B)  max Q(x)=a’+p% min - Q(x) =a’ — 5
x€R4,||x[|=1 xeR4,||x|[=1

©)  max Qx)=a?+f,  mn Q(x)=—a®—f
xeR4,||x[|=1 x€R,|[x[|=1

D max x) = 20 + 25, min x) = 2a% — 23

(D) x€R,||x[|=1 (%) $ xR, |[x||=1 (%) ’
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Bonus Problems: There are 8 problems.
51. Let

S:{f17f27f37 """ 7fn}CPn<]R)
Suppose that the Wronskian W{fy, fo, f3,- -+, fn] = 1. Which of

the following statements is true?
(A) S is linearly independent.

(B) S is a spanning set of P,(R).

(C) S is a basis of P,(R).

(D)

D) & is linearly dependent.
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52. Let A be a real m x n constant matrix. Suppose that the
rank of A is n, where m > n. Which of the following statements
about the matrix AA” A is true?

(A) The rank of AAT A is m.
(B) The rank of AATA is n.
(C) The rank of AAT A is 2m?.
(D) The rank of AAT A is 2n?.
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53. Let A be a real n X n constant matrix. Suppose that all
eigenvalues are positive, that is,

A1 > 0, Ao > 0, A3 >0, oo : Ap, > 0.
Let
M = (I+2A+ A%

Which of the following statements about the matrix M is NOT
true?

(A) The rank of M is n.

(B) The determinant det(M) > 0.

(C) The trace of M is A2 + X5+ A3+ -+ + A2
(D)

D) The eigenvalues of M are

(A +1)72 (A +1)72, (A3 +1)72, o (A, +1)72
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b4. Let A and B be any real n x n constant matrices. Which of
the following statements is NOT true?

(A) The eigenvalues of AB coincide with the eigenvalues of BA.
B) The determinants det(AB) = det(BA).

)
(B)
(C) The trace of AB is equal to the trace of BA.
(D) The eigenvectors of AB coincide with the eigenvectors of BA.
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55. Let A be areal (2n+ 1) x (2n + 1) skew-symmetric matrix,
that is, AT = —A, where n > 1 is a positive integer. Which of the
following statements is NOT true?

(

N

There exists one positive eigenvalue A > 0.

x! Ax = 0, for all real vectors x € R?"*!

det(A) =0

)
) All nonzero eigenvalues are pure imaginary.
)
)

(B
(c
(D
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H6. Let

1 1 1 1
1 1 -1 -1
21 1 —1 =1 1
1 -1 1 -1
Which of the following statements is true?

(A) T YA- BT

(042 . 62)2024 0 0 0
B 0 (@2 i 52)2024 0 0
o 0 0 (&2 + 62)2024 0
0 0 0 (052 . 62)2024
(B) T—1<A . B>2024T
(052 +52)2024 0 0 0
B 0 ((,YQ T 62>2024 0 0
- 0 0 (042 i 62)2024 0
0 0 0 <a2 T 52)2024

(C) [T_1<A o B)T]2024 _ T—l(A + B>2024T
(D) [T7'AT — T 'BT)* =T"YA+ BT
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57. Let A be a real n X n constant matrix, not necessarily
symmetric, with the rank being equal to n. Let

B=A"A.
Which of the following statements is NOT true?
(A) The determinant det(ALA) > 0.
(B) All eigenvalues of AT A are positive.
(C) There exists a zero eigenvalue A = 0 to the matrix AT A.
(D) The matrix AT A is positively definite.
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58. Let A be a real constant matrix, not necessarily symmetric,
with the rank being smaller than n. Let

B=cl+ATA,

where 0 < € < 1 is a sufficiently small positive constant. Which
of the following statements is NOT true?

(A) The matrix B is positively definite.
(B) All eigenvalues of B are positive.

(C) There exists a sufficiently small positive eigenvalue A = ¢ to
the matrix B.

(D) There exists a zero eigenvalue A = 0 to B.
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31. Let
11 1 1 11 1 1
1 1 —1 —1 11 -1 -1 1
A=2 1 -1 -1 1 |’ B_§ 1 -1 1 -1
1 -1 1 —1 1 1 —1 —1

Which of the following statements is true?

(A)  (AB)M2% = 420247
(B) (AB)™% = (16)2%]
(C)  (AB)™ = (32)22%44
( (AB)™2 = (64)2°%B
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Let a > 0 and 8 > 0 be positive constants. Let

o o o o
o o o o
O O O R
S O W W

Which of the following integers is equal to the rank of the matrix
A?
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Mathematics 22 - Calculus Two - 2022

Evaluate the following integrals

(1) / arcsin xdxz
(2) /61235 cos(Hx)dx
Evaluate the following integrals
(A) /(arcsin r)*dx

(B) /(290 + 2) arctan zdx

(C) /(cos z)'dx
The integral
/ln(x + Va2 4+ o?)dx

is equal to which of the following functions?

(A) zln(z+ Va2 +a?) +2vVa2 + a2+ C.
(B) zln(z+ Va2 +a?) — zvVa2 + a2+ C.
(C) zln(z+ Va2 +a2) + Va2 +a2+C.
(D) zln(z+ Va2 +a?) — Va2 + a2+ C.

Determine if the improper integral

/OO 30 q
T
o (224 15z + 50)(x? + 152 + 56)
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is convergent. Find the precise value if it is convergent.
Evaluate the following integrals

) / 2 tan x(sec x)* U

(tan z)?[1 + (tan x)4|
(B) /(sin )% (cos ) dx
(C) / Va? + alde

Find the volume of the solid generated by rotating about the
x-axis the region below the following curve

f(z) = arcsin x, 0<z<1.

Let R > 0 be a positive constant. Find the arclength of the
smooth curve

flz) = %(ew +e "), —R <z <R.

Evaluate the following integrals

(1) / 2 arctan xdx.

73
200
2 dux.
) /x(100+x4) ’
2
(3) / e 0429)6(332 n ﬁQ)dx’ where the constants satisfya® > 8% > 0.

(4) / - ﬁdx.

Below Are the Multiple Choice Problems
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Chapter 7:

The integral

/ In xdz

is equal to which of the following functions

(A) zhhz+az+C.
(B) xzhhz—az+C.
(C) x*lnz+2*+C.
(D) 2*lnx — 2+ C.
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The integral

/ (arcsin z)*dx

is equal to which of the following functions?

(A)  x(arcsinz)* 4+ 2v/1 — 22 arcsin x + 22 + C.
(B)  w(arcsinz)?® + 2\/ 1 — z?arcsinx — 2x + C.
(C)  z(arcsinz)? —2v/1 — 22 arcsin ¢ + 22 + C.
(D)  ax(arcsinz)? — 2v/1 — 22 arcsina — 22 + C.

The integral

/ (arccos z)*dx

is equal to which of the following functions

(A)  x(arccosx)* 4+ 2v/1 — 22 arccos x + 2x + C.
(B)  w(arccos z)? + 2\/ 1 — z?arccosx — 2x + C.
(C)  x(arccosz)* — 24/1 — a2arccos x + 2 + C.
(D)  ax(arccosz)?* — 2v/1 — a2 arccos x — 22 + C.
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The integral

/ 4(sin x)® cos zdx
is equal to which of the following functions

(sinz)* 4 C.
(cosz)* + C.
4(sinz)* + C.
4(cosz)* + C.

/
e N N N

A
B
C
D

/N /N /N
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The integral

/ 15(tam )3 (sec 2)*dz

is equal to which of the following functions

(A)  5(secw)’ + 3(secx)® + C
(B)  5(secz)” — 3(secx)’ + C
(C)  3(secz)’ + 5(secz)’ + C
(D) 3(secz)’ — 5(secx)’ + C
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The integral

/ 35 (tan 2) 4 (sec 2)dz

is equal to which of the following functions

(A

(
(
(

B
C
D

S— N N~ ~—
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The integral
/3[(tan r)? + (tan )Y dx

is equal to which of the following functions

(A)  (tanz)® + C’
(B) 2(tanx)® +
(C)  3(tanz)® +
(D) 4(tan )’ +
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The integral
/ 2V ? + a?dx

is equal to which of the following functions

) Va2 + a2+ alln(z+ Va2 +a?) + C.
(B) zvVal+a?—aIn(z+ Va2 +a?) +C.
(C)  2xvVa?+ a?+ 20 In(x 4+ Va2 +a?) + C.
(D) 2zvVa?+a? —2a*In(x 4+ Va2 +a?) + C.
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The integral

/2\/ o? — zidx

is equal to which of the following functions

(4)
(B)
(C)
(D)

X

a2 — 22 + o arcsin

v a2 — 12 — o arcsin
vV a? — 22 + o arcsin

v a2 — 12 — o arcsin
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+C.
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The integral

12
4
/ (1 +22)

is equal to which of the following functions

2
—21 C.
H (1 —I—x2> *
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The integral

[,

22 + o?)(2? + B?)

is equal to which of the following functions

(A) arctan (f) + arctan (—

(07

(B) arctan (g) — arctan (%) +C.
(C) parctan (g) + aarctan (%) + C.
(D) [arctan (g) — avarctan (%) + C.
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Which of the following improper integrals is divergent?

(A) /OO 2 arctan xdaz.
0

1+ 22
|
(B) / 2
1 T
1 .
2 arcsin x
C —dux.
(C) s
(D) ' 2arccos F

-1 \/1—.172
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Which of the following improper integrals is not only convergent
but also has exact value 17

> 2
4) /e xln:c (ln:c)]dx'

0

0
2:1:36_$ dx

/ 100 + x6

0

(D) / o zde

0
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The integral
/ 3x(cos z)? sin adx
is equal to which of the following functions
(A)  w(cosz)® +sinz + %(sin z)? + C.
(B)  x(cosz)® +sinx — %(Sin z)? + C.
1

(C)  —x(cosz)® —sinx — g(sin z)’ + C.

1
(D)  —xz(cosz)® +sinx — g(sin z)? + C.
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The integral

/ 4 arctan x
dx
(14 22)?

is equal to which of the following functions

X

A t C.
(A) arctanzx + 22 +
(B) . arctanz + —— 4+ C
— arctan :
1+ 22 1+ 22
2
() - arctan x + arctan z + C.
1+ 22
2
(D) - arctan x + arctan x + + C.

1+ 22 1+ 22
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The integral

/ e cos(fx)dx

is equal to which of the following functions

(A)  e*cos(Bx) + sin(fx)| + C.
(B) e*|acos(fx)+ Bsin(fx)] + C.

1 ax :
(C) e 626 [cos(Bz) + sin(Bx)] + C.
1
(D) Zi P e™acos(Bx) + Bsin(fx)| + C.
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Chapter 6:

Chapter 8:

Chapter 9:
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Consider the separable differential equation
e’dy = (arccos x)*dz.

Which of the following functions is equal to the general implicit
solution?

(A) €Y = x(arccosx)? +2v/1 — 22 arccos z + 2z + C.
(B) €Y = z(arccosz)* + 2\/ 1 — z?arccosx — 2z + C.
(C) e’ = x(arccos x)* — 23/1 — 22 arccos x + 22 + C.
(D) e = z(arccos x)? — 2v/1 — 22 arccos x — 2z + C.
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Consider the separable differential equation
—sinydy = In(z + Va2 + o2)dz.
Which of the following is the general implicit solution?
cosy = Va2 +a?+C.
cosy = zln(z + Va2 +a2) + C.

cosy = xln(z + vVa? +a?) + Va2 + o2
cosy =xIn(x +vat+a?) —Va2+a?+C.

/N
— —— ~—— ~—

A
B
C
D

N~
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Consider the separable differential equation
% + €¥) cos(y? + e¥)dy = 2x[cos(x?) — sin(z?)]e @) eos@) g
Y Y Y

Which of the following functions is equal to the general implicit

solution?
(A) cos(y +e¥) = esin(@®)+eos(@®) 4 o
(B) sin(y*+e¥) = esn@)reos@®) | o
(C)  cos(y+¢€Y) = etint)teos(z) o o
(D) sin(y + e¥) = eslo)teos@) L o
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The function p(z) = e is an integrating factor of which of the

following differential equations?
4) |

(B) o +2zy =2ze .

(C)

(D)

X

y +y = date .

Y — 22y = 2xe” .

D) zy +y=2x.
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Chapter 10:

Given the parametric curve
f(0)=0—sin6,g(0) =1—cos,0 <6 < 2.

Which of the following gives the area of the surface generated by
rotating the parametric curve about the z-aixs?

2T

(A) V2 — 2cos0d6.
0

2m
(B) / 2mV/2 — 2 cos Adb.
0

2m
(C) / 27 (0 — sin 0)v/2 — 2 cos 6d6.
0

2m
(D) / 21(1 — cos 0)v/2 — 2 cos 6d6.
0
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Chapter 11:

Which of the following series is absolutely convergent?

7/

S w =
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The Final Exam - Mathematics 205 - 2020

There are fifty multiple choice problems in the Final Exam. Each
problem is worth four points. The total is 200 points. The exam is
three hours long. In each problem, there are four choices marked
(A), (B), (C) and (D). Only one choice is correct. Choose the one
you think is correct. If you do not know the answer to a problem,
you may make a reasonable, best possible guess. No supporting
work is necessary. No calculators, computers, cell phones, i-pads,
i-touches or any other electronic devices are allowed in the exam,
You are not allowed to ask for assistance from anybody else. You
are not allowed to use any websites for assistance. Any student
who cheats will receive an F' as the Final Grade. This is Absolutely
Firm! Therefore, be honest and solve all problems by yourself. The
First Midterm Exam 100 points

The Second Midterm Exam 100 points

The Final Exam 200 points

The Quizzes 100 points

Total 500 points
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1. The reduced row echelon form of the augmented matrix of the
system of equations Ax = b is

1234567
0000000
0000000

How many free variables are there in the solutions?

(A) 3. (B) 4. (C) 5. (D) 6.
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2. The reduced row echelon form of the augmented matrix of the
system of equations Ax = b is

o O =
O = O
o = O
S = o
S DO Ot
S W O

7
4
1
How many solutions are there to the system of equations?

(A) 0. (B) 1. (C) 2. (D) co.

320



3. Let A be an n X n real matrix with the rank of A being equal
to n. Which of the following statements is true?

(A) There exists infinitely many solutions to the system of equa-
tions Ax = b, for every vector b € R".

(B) There exists a unique solution to the system of equations Ax =
b, for every vector b € R".

(C) There exists a solution to the system of equations Ax = b,
only for some vector b € R".

(D) There exists no solution to the system of equations Ax = b,
for every vector b € R".
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4. Let A = . What is the rank of A?

wWw N = =
=W N
=~ W DN
Ot = W =
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5. Let A be an n x n real constant matrix with det(A) # 0.
Then which of the following statements is NOT equivalent to the
others?

(A) The rank of A is equal to n.
(B) The inverse matrix A~! exists.

(C) There exists a unique solution to the system of equations
Ax = b, for every vector b € R"”.

(D) There exists no solution to the system of equations Ax = b,
for some vector b € R".
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6. Let A be an n x n real constant matrix with det(A) = 0.
Then which of the following statements is NOT equivalent to the
others?

(A) The rank of A is less than n.

(B) The inverse matrix A~ does not exist.

(C) There exists infinitely many solutions to the system of equa-
tions Ax = 0.

(D) There exists a solution to the system of equations Ax = b,
for every vector b € R".
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7. Let

1
1
A=p )
1

11 1 1
1 1 —1 —1

(4) 1 —1 —1 1
1 -1 1 —1

11 1 1

1 1 —1 —1

(B) 2 1 —1 —1 1
1 -1 1 —1

1 1 1 1
111 -1 =1
() ol 1 -1 =1 1
1 —1 1 —1

11 1 1
111 =1 =1
(D) 411 =1 =1 1
1 —1 1 —1
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8. Let A and B be n x n real matrices. Let o be a real nonzero
constant. Which of the following is wrong?

(A)  det[(A™)T] = det(A7Y).

1
det(A)

(B) det(A™h) =

(C)  det(aA) = a*det(A).

(D) det(A%B2) = det(A) det(B).
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9. Let A = (a;;) be an n x n real matrix. Let Cj; be the cofactor
of the element a;;, for all¢ =1,2,3,--- ;nand j =1,2,3,--- ,n.
Which of the following is wrong?

(A)

n

Z airCi. = det(A), foralli=1,2,3,---

k=1

Z ay;jCr; = det(A), forall j =1,2,3,---

k=1

n

Zaz‘ijkZO, forall i # 7,1 =1,2,3,- -

k=1

S

aiCr; = 0, foralli+£4,i=1,2,3,---

k=1
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10. Let A = (a;;) and C' = (C};) be n x n real matrices, where
C}j represents the cofactor of the element a;;,7 =1,2,3,--- ,n and
§=1,2,3,---,n,let B=C" . Which of the following is wrong?

(A)  A*B? = [det(A)]].
(B) A’B® = [det(A)]’I.

(C)  A'B* = [det(A)]*].

(D) AC = [det(A)]I.
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11. Let A = (a;;) and C = (Cj;) be n x n real matrices
with det(A) # 0, where Cj; represents the cofactor of a;;, ¢ =
1,2,3,---,nand j = 1,2,3,--- ,n. Let B = C”. Which of the
following is NOT true?

(A)  det(B) = [det(A)]"".

(B) det(C) = [det(A)]" .

1 1

(©) 4 _det(A)B'
1 1

(D) A _det(A)C'
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12. Let a;, b;, ¢; be real constants, where ¢+ = 1,2, 3. Which of
the following computations is NOT correct?

(A)  det | as(A+2) bo(A+2) ca(A+2)

CL1<)\+1> b1<)\+1> Cl()\—Fl)
()\+3 bg)\+3 63()\+3>>

ai b1
= ()\+1)()\+2 >\+3 det<a2 by CQ)
az bz c3
al()\ CLQ )\ 2) CL3()\—3)
()\ ) CQ()\ 2) Cg()\—B)
ap Gz as
= ()\—1)(>\—2)()\—3)th b1 bg b3>
C1 C2 C3
A—2 2 —2 A—2 2 —2
(C) det 2 A—2 =2 =det | 4— X A—4 0
—2 —2 A—=2 A—4 0 AN—4
A—2 2 =2
= A—4fdet | -1 1 0
1 0 1
A—10 5) 5) A—10 5) 5)
(D) det 5! A—10 5! =det| 15—X A—15 0
5) 5) A—10 15— A 0 A—15
A—10 5 5
= (A—15Fdet | -1 10

-1 01
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13. Which of the following computations is NOT correct?

(4)

0O A—=1 0
A—=2 0 0
0 0 0 A—=3
A—=4 0 0 0

(A — 1)\ — 2)(A — 3)(\ —4),

0
det U

0 (A—12 0 0

0 0 (A-22 0
et a2 o 0 0

0 0 0 (A—4)

(A= 1) (A =2)%(A = 3)* (A —4)~

0 0 0 (A—1)
0 0 (A—27 0
det 0 (A=33 0 0
A—4)? 0 0 0

(A= 1A =2 (A =3)(\ —4)°.

0 0 (A—1' 0

0 0 0 (\—2)
e O T 0 0

0 (A—4)' 0 0

—A =D =2)' N =3\ =)
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14. Which of the following subsets is NOT a subspace of the
vector space M, (R)?

(A) {A € M,(R): The transposed matrix A" = A}.

(B) {A & M,(R): The transposed matrix A" = —A}.

(C) {Ae M,(R): A2 = A},

(D) {A € M,(A):det(A") = det(A)}.
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15. Let

1 2 3 4 7
B: 2 3 4 ) 6 ) 5 ) 8
3 6 9 6 9+ k

Which of the following statements about B is true?

(A) B is linearly dependent.

(B) B is linearly independent.

(C) B is a spanning set of R>.

(D) B is a basis of R”.
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16. Let
B - {’1}1,7}2,'03, e 7vn}

be a set of vectors in R". Let A = (vy vy v3 -+ v,) be the matrix
made by using all vectors in B. Given that det(A) # 0. Which of
the following statements is NOT equivalent to the others?

(A) B is a spanning set of R".

(B) B is linearly independent.

(C) B is a basis of R™.

(D) B is linearly independent but it is not a spanning set of R".
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17. Let

( )

o\ (-8\ (-8\ (-5
DI RN AR
SEn I U N R ) B R R

N6/ \s) \5) \a)

be a basis of R*. Which of the following conditions must be true?

(A) a+p=0, a— 33 #0.

(B) a4+ 5 #0, a— 306 =0.

(C) a+p=0, a— 306 =0.

(D) a+B8#0, a—38+#£0.
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18. Which of the following statements is NOT' true?

(A) €%, ¥, e3* and e** are linearly independent.

(B) cosz, sinx, cos(2z), sin(2z) are linearly independent.

(C) 1, z, 2%, 23, - -, 10 are linearly independent.

(D) cos(2x), (cosx)?, (sinx)? are linearly independent.
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19. Which of the following statements about the vector space
C(R) is NOT true?

(A) C(R) is an infinite-dimensional vector space.

(B) B={l,xz,2* 2% - } is a basis of C(R).

(C)  C=A{1,cos(x),sin(x), cos(2x), sin(2z), cos(3x), sin(3z), - - - - - -
is a basis of C'(R).

(D) C(R) is a finite-dimensional vector space.
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20. Given the following basis of R*

([ 1 1 1 ‘
1 —1 —1
SAni N I B T R RS BN I
1 1 —1 —1
x )
1
: 2 :
What is the component vector [v]g of v = 5 relative to the
4

basis B equal to?
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21. Let

and

C =<

\

be two bases of the vector space R*. Which of the following prod-

341
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ucts gives the change-of-basis-matrix Fp. g”

~ ~ | ~ ~ |
1111 D 1111 D
o I o= | |
_ _ |
=T =T =T -
1111 1111
. — . —
™ o — ™ o —
N— 7 A o N—— T A A
_ _
— — — — — —
— R I R I B R I B
— — — — — —
— — — —
™ o — — = o ™ o — — o o

= S S S
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22. Let

I -4 -9
A= -3 12 27 |.
—5 20 45

A
L))
()
LR (ORb)
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23. Let A be a real m x n matrix with m = 9 and n = 10.
Given that the rank of A is £ = 4. What is the dimension of the
nullspace of A?

(A) 3. (B) 4. (C) 5. (D) 6.
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24. Let T : P3(R) — P3(R) be a linear transformation, given by

T(a+ bz + cx® + dx”)
= 4[(2a — b) + (4c — d)] + 4[(2a — b) — (4¢c — d)|x
+ [(2a — b) + (4c — d)]2* + [(2a — b) — (4c — d)]2”.

Which of the following are the basis of the kernel and the basis of
the range of the linear transformation T', respectively?

(A) {14z, 2%+ 42°}, {1+ 2%z +2°},

(B) {1+ 2w, 2%+ 42°}, {4+ 27, 42 + 2°},

(C) {1+ 3z, 2" + 427}, {24 2%, 22 + 2%},

(D) {1l +4x,2° +42°}, {34 2% 3z +2°}.
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25. Let T': M3(R) — M;3(R) be a linear transformation, given

by T(A) = A — AT Which of the following is a basis of the range
of the linear transformation 777

0 10 0 01 0 0
(A) 100, 0oo0o0],[{0 0 1]3,
0 00 100 0 —1 0
0 10 0 01 10
(B) 100, 000,00 1]},
0 00 100 0 —10
010 001 000
(C) 1oo0],looo],{oo01]3%,
000 100 010
100 0 0 0 00 0
(D) 0o 00/, lo—-10].[0o0 0
0 00 0 0 0 00 —1
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26. Let T' : R" — R™ be a linear transformation, given by
T(x) = Ax, where A is a real m x n matrix, m > 2 and n > 2
are positive integers. Given that the rank of A is less than both m
and n. Which of the following statements is true?

(A) The linear transformation 7" is one-to-one.

(B) The linear transformation 7" is onto.

(C) The inverse linear transformation 71 exists.

(D) The linear transformation 7' is neither one-to-one nor onto.
The inverse linear transformation 7! does not exist.
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27. Which of the following linear transformations is NOT an
isomorphism?

(A) T:R’>— P(R),
a
T| b | =a+br+ca’

(C) T MQ(R) —)Pg(R),
T(CCL z) = a + bx + cx® + da?,

(D) T:R*— R’
a 0 -9 9 a
Tlbv =9 0 —9 b
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28. Let T : 'V — W be a linear transtormation. Given that
dim| Ker (T')] = 5, dim[ Rng (T)] = k = 5.

What is the dimension of the space V7

(A) 7. (B) 8. (C) 9. (D) 10.

349



29. Let T : R™ — R" be a linear transformation, give by
T(x) = Ax, x € R",
where A is an n x n real matrix and det(A) # 0. Which of the fol-

lowing statements about the linear transformation 7" is NOT true?
(A) The linear transformation 7" is one-to-one.
(B) The linear transformation 7" is onto.

(C) The inverse linear transformation 71 exists.

(D) The inverse linear transformation 7! does not exist.
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30. Let A be a 4 x 4 real matrix. Given two complex eigenvalues
A1 = 101 and Ay = 8 + 51 of the matrix A. What are the other
complex eigenvalues of A7

(A) A3=10i, A\ =8+5i,

(B) A3=10i, Ay =8-5i,

(C) A3=—10i, A =8+5i

(D) A3=—10i,  Ay=8—5i.
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043 _53 _53
31. Let A= | —=p% o —p3 |, where a and 8 are positive
_63 _63 &3
constants. Which of the following statements is true for the eigen-
values and their algebraic multiplicities?

(A) The first eigenvalue is A\; = a® + 3% and the algebraic mul-
tiplicity is 1; the second eigenvalue is Ay = a® — 23° and the
algebraic multiplicity is 1.

(B) The first eigenvalue is \; = o+ 3 and the algebraic multiplic-
ity is 1; the second eigenvalue is Ao = o — 2% and the algebraic
multiplicity is 2.

(C) The first eigenvalue is A\; = a*+ 3% and the algebraic multiplic-
ity is 2; the second eigenvalue is Ay = o® — 2/3% and the algebraic
multiplicity is 1.

(D) The first eigenvalue is Ay = o® + 3% and the algebraic mul-
tiplicity is 2; the second eigenvalue is Ay = o — 28° and the
algebraic multiplicity is 2.
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32. Let

042 _62 _62 _52
4 _52 &2 _62 _62
_62 _B2 052 _62 )
_62 _62 _62 042

where o and [ are positive constants. There are two real eigenval-
ues \; = o + 3% and \y = o® — 35? to the matrix A. Which of
the following statements is true?

(A) Both the algebraic multiplicity and the geometric multiplic-
ity of the eigenvalue \; = o + /32 are equal to one.

(B) Both the algebraic multiplicity and the geometric multiplic-
ity of the eigenvalue \; = o + 3% are equal to two.

(C) Both the algebraic multiplicity and the geometric multiplic-
ity of the eigenvalue \; = o + 5% are equal to three.

(D) Both the algebraic multiplicity and the geometric multiplic-
ity of the eigenvalue \y = a* — 3/3% are equal to three.
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33. Let A, B and T be n x n real matrices, such that B =
T—YAT. Also let A and B be diagonalizable matrices. Let T # I,
where [ represents the identity matrix. Which of the following
statements about A and B is correct?

(A) The matrices have the same eigenvalues, but the eigenvectors
may be different.

(B) The matrices have the same eigenvectors, but the eigenval-
ues may be different.

(C) The matrices have the same eigenvalues and the same eigen-
vectors.

(D) The matrices have different eigenvalues and different eigen-
vectors.
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34. Let A be an n x n real matrix. Then A is diagonalizable if
which of the following conditions is true?

(A) The algebraic multiplicity is larger than the geometric mul-
tiplicity, for each fixed eigenvalue of A.

(B) The algebraic multiplicity is less than the geometric multiplic-
ity, for each fixed eigenvalue of A.

(C) The algebraic multiplicity is equal to the geometric multiplicity,
for some eigenvalue of A.

(D) The algebraic multiplicity is equal to the geometric multiplicity,
for each fixed eigenvalue of A.
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35. Let A be a 4 x 4 real matrix. Let the eigenvalues A; and the
corresponding eigenvectors &; satisfy the equations

A& = &,
A& = Moo,
A3 = N33,
A&y = My

To diagonalize the matrix A, a student uses the eigenvectors to
define the matrix T" = (& & & & ). Then what is the product
T—'AT equal to?

SN
> o
o o
o o o

>
O~~~ e
oo o X oo o>
cCo o oo o
oo o o oo
S oo o o oo
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36. Let A be an n X n real matrix, let A and & be an eigenvalue
and an eigenvector, respectively, that is, A& = A¢. Which of the
following equations is wrong?

(A) A= N,

(B) A300€ _ )\30ij

(C) A4OOO€ _ )\4000§=

(D) A5OOOO§ _ >‘50000£50000'
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37. Consider the differential equation
y" + vy =2z +4.

Which of the following is the general solution of the differential

equation?

(A)  y(x)=Crcosz + Cysinx + 2.

(B) yl(z)=Cicosz+ Cysinz + 4.

(C)  yl(x)=Cicosz + Cysinz + 2z + 4.

(D) yl(z)=Cicosx + Cysine — 2x — 4.
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38. The auxiliary equation of the differential equation
y"" — 32y + 384y" — 2048y’ + 4096y = 0
18
(A —=28)*=0.

Which of the following is the solution of the differential equation?

(A)  ylx) = C1e* + Coxe™ + Cyz?e™ + Cya’e™.

(B) y(x) = C1e¥ 4 Coxe™ + Caz?e™ + Cya’e™.

(C)  ylx) = C1” + Coe® 4 Cse™ + O™,

(D) y(ZL’) = 016330 + 026436 + Cg€5x + 046695.
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39. Consider the differential equation

y" 4+ 100y = 36¢[cos(8x) + sin(8z)].
I 111
c=—-,—-,—,=.30c =4,9,12, 18.
237479
Which of the following is a particular solution of the differential

equation?

(A)  yylx) = %[cos(Sw) + sin(8x)].
(B)  yylx) = %[COS(&U) + sin(8x)].
(C) ylx) = %[008(8:13) + sin(82)].

(D) yylz) = é[cos(&r) + sin(8z)].
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40. Consider the differential equation

" — 15y" + 56y = Gce™.
111
c=-,-,=,1.6c=1,2,3,0.
63 2
Which of the following is a particular solution of the differential
equation?

(A) yple) = e
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41. Consider the differential equation

y" + 25y = 10c[cos(5x) — sin(5x)].

1 1 1 1 111
c = —,—.10c =1, -
107207 40’ 50 247y

Which of the following is a particular solution of the differential
equation?

(A)  y,(z) = ﬁ)[COS(Sx)—i—Sm(Sx)]

(B)  yylx) = ;[cos(Bx)+sm(5x)]

’ — [cos(bx) + sin(bx)].

) o) =1

(D) yylz) = ;[cos(5x)+sm(5x)]
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42. Consider the differential equation

" — 15y + 56y = 2¢(1 + x)e™

1111 11 1

— 51 50 o0 2¢ ]- PR RN

2°4°8 32 274716

Which of the following is the general solution of the differential
equation?

1
(A)  ylx) = Cre™ + Coe™ + 5:1:26855.

1
(B)  y(z) = Cre™ + Coe® + Zazze&”.

1
(C)  y(z) = Cre™ + Cye™ + §x268"’.

1
(D) y(x) = Cre™ + Cye® + §$268x.
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43. Consider the differential equation
y" — 20y + 100y = 6eze''™.
1 1 1 1 11 1
— T on) —.6c = 17 AVt an”
6°12° 36" 60 2°6°10

Which of the following is a particular solution of the differential

c
equation?

1
(A) yyle) = ol

1
B _ 3 10x.
(B) i) = e

_ i 3 10x
(C)  yplx) = 36$ e v,

1
(D) yylx) = @x%wx.
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44. Let t be a real variable. The matrix

10e3 —5ebt —5edt
—5e3t 10e8 —5edt
—5e3t —5ebt 10

is equal to which of the following products?

10 =5 =5 e 0 0

(A) | =5 10 =5 0 € 0
—5 =5 10 0 0 "
10 —5 =5 e 0 0
(B) | =5 10 =5 0 e 0
—5 =5 10 0 0 e
e 0 0 10 =5 =5
(C) 0 € 0 —5 10 —5
0 0 " —5 =5 10
e 0 0 10 —5 =5
(D) 0 e 0 —5 10 —5
0 0 e —5 =5 10
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45. Let t be a real variable. The inverse matrix of the product

1 1 1 1 e 0 0 0
1 1 —1 —1 0 e* 0 0
1 -1 —1 1 0 0 e 0
1 -1 1 -1 0 0 0 e

is equal to which of the following products?

1 1 1 1 e 0 0 0
1 1 =1 —1 0 e 0 0
(4) 1 —1 —1 1 0 0 €5 0
1 -1 1 -1 0 0 0 €

1 1 1 1 e 0 0 0

1 1 -1 —1 0 e 0 0
(B) 1 —1 —1 1 0 0 €% 0

1 -1 1 -1 0 0 0 €

e 0 0 0 1 1 1 1

0 e 0 0 1 1 =1 —1
(©) 0 0 €% 0 1 —1 —1 1

0 0 0 € 1 -1 1 -1

—1

el 0 1 1 1 1

0 e 0 0 1 1 =1 —1
(D) 0 0 €% 0 1 —1 —1 1

0 0 0 € 1 —1 1 -1
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46. Consider the system of differential equations

g B 042 52
dtx_ —5% a? %

where o and 8 are positive constants. Which of the following is the
general solution of the system of differential equations?

(A) x(t) = Cye® ( cos((t) ) + Chet™ ( ig;((g??) ) |

) (27).

(
(©) x(t) = Cre™ ( cos(f 2’? ) T Chent ( ;j;?éfz) ) |
(

0_08(52’5)) ) + Ot ( _S::)(sf;g)t) ) |

370



47. Consider the homogeneous system of differential equations

042 _62 _52
Sx=| -5 o 2 |x
_62 _52 042

where o and 3 are positive constants. Which of the following is the
general solution of the system?

1 0 1
(A) x(t) = Cre@ [ =1 | + Coel@ P [ =1 | + Cyel 20 [ 1
0 1
1 0 1
(B)  x(t) = Crel® [ 1 | 4 Cotel™ [ —1 | + Cgel 2700 | 1
0 1 1
1 0 1
_ Oyl B8t [ (2262 | _ (a2—282)t
(C)  x(t) = Che 1 | +Cae 1 | +Cse 1
0 1 1
1 0
(D) x(t) = Crel@ (1) + Cotel@ =207 (1) + Cele? 201 (
0 1
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48. Consider the nonhomogeneous linear system of differential

equations
d I —-11 2
d_tX = -1 1 1 ]|x—0a*| 4
I 1 1 6

Which of the following is a particular solution of the nonhomoge-
neous linear system of differential equations?

1
(A) x,(t)=a| 2

3

2
(B) x,(t) =« (4) :

§
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49. Consider the nonhomogeneous linear system of differential

equations
d a —a « 1
—x=[ —a a o |x—a| 2|
dt
a o o« 3

where v > 0 is a positive constant. Which of the following is a
particular solution of the system?

—_

(A) Xp(t) _ &1236005

W Do

S = DO
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50. Consider the nonhomogeneous linear system of differential

d 2 2
&X_(_CVBQ ny)X

2 (- cos(B%t) 22 [ sin(5%t)
st S )+ e (e )

where o and 3 are positive constants. Which of the following is the

equations

general solution of the nonhomogeneous linear system of differential
equations?

o s (e ()

L Beott ( cos(5°t) ) L 10 0% ( sin(5°t) ) .

— sin(5%t) cos(8%t)
0 smae (0 ) o (25
+ 8Tt ( f(;?ff;% ) 41089 ( ig;((gz?) ) .
@ wo=cet (G ) v ()
e () ()
o s () (1)
() (260)
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Mathematics 43 Homework Assignments
Autumn Semester, 2023

Mathematics 205 - Linear Methods
Summer 2024 - Everyday Quizzes

375



Homework Assignment 1Chapter 2 - Everyday Quizzes

1. Let
1 1 1 1 1 1 1 1
111 -1 =1 111 -1 =1
A_i 1 —1 —1 1 | B‘Q 1 —1 1 —1
1 -1 1 —1 1 —1 —1 1

Compute (1) A% (2) B (3) AB. (4) BA.

2. Let a # 0 be a real nonzero constant. Define the matrices

a o o
a o —ao —Q

A= :
a —a —o «
a —a o —Q

a a o

1 a o —a —«

B:—2
Aoy a —o —a «
a —a o —Q

(1) Compute A% (2) Compute B?. (3) Compute AB. (4) Compute
BA.
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3. Let B # 0 be a real nonzero constant. Define the matrices

g B B B
|88 B -8
BB =B =6 |
B =5 =55
g6 B B
Lo L8805 s
e N
B =5 =55
Compute (1) A% (2) B (3) AB. (4) BA.
4. Let
11 —-11 I — 3
A=(10 =34, B=|[3-142
32 =5 2 7 — 0

Find the reduced row echelon form and the rank of each matrix.
5. Solve the following systems of equations

1 1 1 T 3
(1) 1 —2 y | =10
1 —1 1 2 1
1 1 1 1 T 10
1 1 -1 -1 e || —4
2) 1 —1 -1 1 zs | | O
1 -1 1 —1 T4 —2
6. Let



(1) Find the inverse matrix A~!.

(2) Solve the system of linear equations Ax = b.

7. Let
1 =11 2
A= -1 1 1], b= 14
1 1 1 6

(1) Find the inverse matrix A~

(2) Solve the system of linear equations Ax = b.

8. Let
1 1 1 1 5
1 —1 —1 1 0
A_§ 1 —1 1 —1 |’ b= —1
1 1 —1 —1 )

(1) Compute A2
(2) Find the inverse matrix A~
(3) Solve the system of linear equations Ax = b.
9. Let A1, Ao, A3, A4 and A5 be real nonzero constants. Define

(M 0 0 0 0) [
0 XA O 0 0 Ao
A= 0 0Xx 0 0|, b=| X
0 0 0 A O A
L0 0 0 0 X ) \ s

(1) Find the inverse matrix A~
(2) Solve the system of linear equations Ax = b.
In the next two problems, let A be an n xn real constant matrix.
10. Which of the following statements is not equivalent to the
others?
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(A) The rank of the matrix A is equal to n.
(B) The inverse matrix A~" exists.
(C) There exists a unique solution to the system of equations
Ax = b, for each fixed vector b € R".
(D) There exist infinitely many solutions to the homogeneous sys-
tem of equations Ax = 0.

11. Which of the following statements is not equivalent to other
statements?
(A) The rank of the matrix A is less than n.
(B) The inverse matrix A~ does not exist.
(C) There exist infinitely many solutions to the homogeneous sys-
tem of equations Ax = 0.
(D) There exists a unique solution to the system of linear equations

Ax = b, for each fixed b € R".
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The Final Answers to Homework Problems

Chapter 1

— O O O

(\ (\
o™ ™
3 1S

I I
~ ~
o\ o\

3 — | 3
< <t

] I
o\
< [i
= ~

— O O O
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3) AB=1

(4) BA=1
3.
1000
0100
2 4 n27 _ 4R2
(1) A°=4p"T =46 0010
0001
1000
1 1 0100
2) B*=—I=
2) 432 4621 0 0 1 0
0001
(3) AB =1
(4) BA=1
4. The reduced echelon forms are, respectively
10 -30
A= 101 2 0
00 0 1
10 1 —1/2
B—|{01-1-7/2
00 0 0

5. There exists a unique solution to (1):
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There exists a unique solution to (2):

I 1
i) o 2
3 N 3
Ty 4
6.
ce(5 ) xeane(})
7.
| 0 —11
A‘1:§ —1 0 :
I 1 0
1
x=A"b=| 2
3
8.
11 1 1
It1-1-11
A=A =A=2
’ 211 -1 1 -1
1 1 -1 —1
1
2
— A'b =
= 3
4
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A UG

1
1

1
—1 —1
I -1

1

1
I =1 —1
I -1

1
1

— [N

ccceeceeecece
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v=v=v=v={}aaaaBss
v=v=v=v={}aaaasBsB
v=v=v=v={}aaaaB8s
v=v=v=v={}aaaaBsB
v=v=v=v={}aaaaB8B
v=v=v=v={}aaaaBsB

)00
)00
)00
)00
)00
)00
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Chapter 2 - Determinants - Everyday Quizzes

Let a # 0, B # 0 and v # 0 be real nonzero constants.
1. Let

2 =22
A= -2 2 2
2 2 2

Use properties to compute the determinant of A.
2. Let

a —f =p
A=| -8 a -8
-8 =B «a

Use properties to compute the determinant of A.
3. Let

11 1 1
1 -1 -1 1
A=1101
1 1 -1 -1

Use properties to compute the determinant of A.
4. Let

o —B —B —p
| 8 a -5 -8
A= 58 a -8
8 -8 -8 a

Use properties to compute the determinant of A.
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5. Let

2 =22
A= -2 2 2
2 2 2

Use properties to compute the determinant of Al — A.
6. Let

a —f —=p
A=|-p a —-p
-6 —f «a

Use properties to compute the determinant of Al — A.
7. Let

a2 _52 _52
A = _62 a? _62
—ﬁ2 _62 &2

Use properties to compute the determinant of Al — A.
8. Let

o —B —B —p
| =8 a -8 -8
A= 58 a -8
8 -8 B a

Use properties to compute the determinant of Al — A.
9. Let a+ 3 # 0 and o — 23 # 0. Use properties of determinant
and adjoint matrix to find the inverse matrix of A\I — A, where

a —f =3
A=| -8 a -5
-8 =B «
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10. Let a4+ # 0 and aa—38 # 0. Use properties of determinant
and adjoint matrix to find the inverse matrix of A\I — A, where

o —B —B -p
| =8 a -8 -8
A= 58 a -8
8 -8 -8 a

11. Let a # 0 and B # 0 be real nonzero constants. Solve the
following equations for solutions (for A).

A—2 2 =2

(1) det| 2 Ax=2 =2 |=o0.
2 =2 A=2
A—10 5 5

(2)  det 5 A—10 5 = 0.
5 5 A—10



(6)

det

A—
5

—Q

5
A —«

&

—
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Answers

@)

A—a—B)P\—a+28)
A — o — BH(\—a® +26%
A—a— BP0\ —a+3p)

co

(1) —32

(2)  (a+ B)*(a—2p)
(3) 16

(4)  (a+B)*(a—38)
(5)

(6)

(7)

(8)

(
1
(
(A =4 (A+2)
(
(
(

aaaaaaacacaaBB8{ {3} {}
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Go to the Homework of 2023 Math 434343023

390



Compute the determinants

det

det

det

det

-1 -1 -1 —1
-1 -1 -1 -1
-1 -1 -1 —1
-1 -1 -1 —1

1 1
I -1 -1
—1 -1 1
-1 1 -1

—_ = =

I 1
-1 -1
-1 1 -1
-1 -1 1

—_ = =

I 1 1
-1 1 -1
I =1 -1
-1 -1 1

Let o # 0, B # 0 and A # 0 be real nonzero constants, such
that A\ +a — 8 # 0 and A + a + 38 # 0. Show that the set

A\

(

\

A+ «

B
B
B

6 6 5
A+« 15 15 >

15 | At+a |’ 15

I5; I5; A+« )

\

is a spanning set of the space R*.
Let a # 0, 8 # 0 and A # 0 be real nonzero constants. Given
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that the set

( )

A—a B B B

_ B A—a B B
S_< 6 ) 5 ) )\—CE ) 5 >
\ 8 3 8 A—a )

is linearly independent in R*. Find the conditions satisfied by the
constants.

Let a, 8 and v be sufficiently large positive integers, such that
a > [ >~ > 1. Show that the set

S = {227 27}

is linearly independent.

Let a # 0, 8 # 0 and A # 0 be real nonzero constants, such
that A 2 a+ g and A # a — 3.

Let a # 0, 8 # 0 and XA # 0 be real nonzero constants, such
that A 2 a+ g and A # a — (.

Let a # 0, B # 0 and A # 0 be real nonzero constants, such
that A 2 a+ f and A # a — f.

real nonzero constants, such that A # o+ § and A # a — .

Solve the following second order linear differential equations

(1) ¢"+9 +20y=0
(2) "+ 12y + 36y =0
(3) o+ 48y + 625y =0
(4) y"+900y =0
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1. Let a # 0 and S # 0 be real nonzero constants. Let

« —B —B -p
| =8 a -8 -8
A= 58 a -8
8 -8 B a

Find the eigenvalues, eigenvectors, eigenspaces of the matrix A.
Find a matrix 7', such that T7'AT is a diagonal matrix.

Solution: Let us perform elementary row operations to the matrix
A — A. We have

A—a  f 5 5
o 5 A-—a S 5
M — A= 3 5 A—a 8
5 5 foA—-a
A—a 5 5] 5
a+pB—-—AXA—a-—p 0 0
0 a+pB—-—AX A—a—0 0
0 0 a+B—-—AXA—a-—0

Now let us compute the determinant of the matrix Al — A. We
will use some properties of determinants and perform a few more

393



elementary row operations. We have

det(A — A)
A—a B P
r 1 0 0
Y 33
= (A—a— ()’ det 0 -1 1 0
0 0 —11
A—a+33 0 0 0
—1 L 0 0
Y 33
= (A—a— ()’ det 0 110
0 0 —11

= A—a—-B)°\—a+38).

Therefore, there are two eigenvalues to the matrix A: A= a +
and A = a— 3. The eigenvectors corresponding to the eigenvalues
are given below

A=a+ .
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The eigenspaces are

1
1
E)\_n_33 = span < ) >
1
\ J
( 1 1 )
1 1
1 1 1
\ J
Let
a—36 0 0 0
D_ 0 a+p8 0 0 |
0 0 a+p5 0
0 0 0 a+8
11 1 1
111 1 —1 =1
T_§ 1 -1 —1 1
1 -1 1 -1
Then
T YAT = D.
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2. Let a # 0 and 8 # 0 be real nonzero constants. Let

a —08 a —f
| B a =5 «
A= a —f a —p

-3 a -0 «

Find the eigenvalues, eigenvectors and eigenspaces of the matrix A.
Find a matrix 7', such that T7'AT is a diagonal matrix.

Solution: Let us perform elementary row operations to the matrix
A — A. We have

A—a —Q 15

B 8 A—a [ —

M — A= . 5 A—a 8
15 —Q b A=«

A—200+28 A—=2a+28 AN—2a+20 N—2a+ 20

15 A— I5; —Q
- —Q I5; A— 15
5 —Q 15 A —«

Now let us compute the determinant of the matrix A\I — A. We will
use elementary properties of determinants and perform a few more
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elementary row operations. We have the following computations

det(A — A)
1 1 1 1
B B 8 A—a [ —Q
= (A —2a+20)det o B A—a B
g —« b A=«
1 1 1 1
B B 0 A—a—0 0 —a—
= (A —2a+20)det Ca—p 0 N—a— B 0
0 —a— 0 A—a—f
1 1 1 1
B B 0 A—a—0 0 —a— 3
= (A —2a+2f)det a5 0 N p 0
0 A—2a — 203 0 A—2a— 20
1 1 1
A—a—f 0

= (A —2a —20)(A —2a +20) det
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= (A —2a —208)(A — 2a + 23) det

—
()
—_
)

vl
\OOO)—‘

o O O

= (A —2a —20)(\ — 2a + 2f3) det

— O > O
I R
_ O O O

= A*(A —2a —2B)(A — 2a + 23) det

_ O = O

——

= N\ —2a —26)(A — 2a + 28) det

O = O O S = O =

o O O
o O = O

~

= AN —2a —28)(\ — 2a + 2p3).

Therefore, there are three eigenvalues to the matrix A: A = 2a+23,
A= 2a — 28, A = 0. The eigenvectors corresponding to the
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eigenvalues are given below:

(1
1
: A =2a — 20,

\1
/1 1

—1
_1 ) _1 ) )\ - 07
\ 1 1
1
—1
| : A =2a+ 20.
—1
The eigenspaces are
( 1 )
1
Ex—2a-25 = span ¢ [ | ¢,
1
\ /
)
1 )
—1
E\.. =
A=0 < 1 ) 1 > )
—1 1
\ J
)
([ 1
—1
E)—2q 125 = span < | >
—1
\ )
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Let

2—28 00 0
0 00 0
D= 0 00 0
0 00 2a+28
1 1 1 1
1 1 —1 —1
T_é 1 -1 =1 1
1 -1 1 —1
Then
T YAT = D.
(8% (8% (8%
(8 (8 (8
(@ (@ (@
(8% (8% (8%
oo
Chapter 14.

Chapter 15.
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Chapter 16.2023

Chapter 3 - Vector Spaces - Everyday Quizzes

1. Let

St + 6y
W = Tr + 8y reRyeR
9z + 10y

Show that W is a vector subspace of the vector space R3.

2. Let

br + 6y + 1
W = Tx+8y+2 |:zeRyelR
9 + 10y + 3

Show that W is NOT a vector subspace of the vector space R?.
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3. Is the set of vectors

1 —1
—1 ) 1 )
1

linearly independent? Justify your solution.
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4. Is the set of vectors

(

\

linearly independent? Justify your solution.

5. Let a and B be real constants, such that o + 5 # 0 and
a — 36 # 0. Is the set of vectors

([« -3 > -3
)| ¢ a ; ;

5 |’ 5 | a ;
\ -8 o ; «

linearly independent? Justify your solutions.

6. Let o and [ be real constants. Is the set of vectors

( )

o) —f o) —f3

I P “ = e
a |’ —5 | a |’ —f
—f o —f Q

\ /

a spanning set of R*? Justify your solutions.
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7. Let a £ 0, B # 0 and A # 0 be real nonzero constants, such
that A # a+ g and X\ # o — 30. Is the set of vectors

2

A—a g g g
)| s A—a ¢ g
5| sl [ A-a] 9
L\ g g A—a

a spanning set of R*? Justify your solutions.

8. Find a basis and dimension of the vector space R?.

9. Find a basis and dimension of the vector space My(RR).

10. Find a basis and dimension of the vector space P5(R).

11. Let
1 -2 3 —4
—2 4 —6 8
A= 3 -6 9 —12
—4 8 —12 16

(1) Find the nullspace NS(A), a basis and the dimension.
(2) Find the column space C'S(A), a basis and the dimension.
(3) Find the row space RS(A), a basis and the dimension.

404

N

/

~~




12. Let

(1) Find the nullspace NS(A), a basis and the dimension.
(2) Find the column space C'S(A), a basis and the dimension.
(3) Find the row space RS(A), a basis and the dimension.

13. Let o and B be real constants, such that a? > 3°. Let

a —0 a —f

| B a =B «a
A=l o =5 o -
-8 a —f «

Find the dimension of the nullspace N.S(A), the dimension of the
column space C'S(A) and the dimension of the row space RS(A).

14. Given a basis
¢ \

1 1 1
1 —1 —1
5= L' -1 1 || -1 >
1 1 —1 —1
\ y
1
2 1. o4 o
and a vector v = 5 | R*. Find the component vector [v].
4
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15. Given a basis

1 1
B= 1], 1
1
1
and the vector v = | 2
3
16. Let
([ 1 1 1
1 1 1
B =1 1 —1 1’1 -1
1 1 1
\
and
([ 1 1 1
1 1 1
C= ]
1 1 1
\

. Find the component vector [v]z.

/

be two bases of R*. Find the change-of-basis-matrices

Feep, P ¢.
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17. Let

1 —1
B = -1 1, 1 ,
1
and
1 0
C = O], 11,10
0 0 1

be two bases of R?. Find the change-of-basis-matrices

Feo s, P ¢.

1. The addition is closed in W and the scalar multiplication is
closed in W. Therefore, W is a subspace of R3.

2. The addition is not closed W. The scalar multiplication is
not closed in W either. Therefore, W is not a subspace of R?.

3. The set of vectors is linearly independent, because the deter-

minant
1 —11
det | —1 1 1 | =—-4#£0.
1 1 1
4. The determinant
11 1 1
1 1 -1 —1
det L1 11 = 16 > 0.
1 -1 1 -1
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Therefore, the set of vectors is linearly independent in R?.
5. The determinant

a —f —=f —=p
det :g _045 _j :g = (a+ B)*(a —3B) £ 0.
6 = —F «

Therefore, the set of vectors is linearly independent.
6. The determinant

a —f a —f
-0 a —f «

det o -8 a -8 0.
-0 a -0 «

Therefore, the set of vectors is not a spanning set.
7. The determinant

A—a [ B B
BoA-a f B
B goA-a
B B foA-a

Therefore, the set of vectors is a spanning set of R*,
8. Here is a basis for R?:

det =A—a—pB)P\—a+38)#0.

1 0 0
B={|0]. 1, 0
0 0 1

The dimension dim(R?) = 3.
9. Here is a basis for Ms(R):

s={(00)-(00)-(10)- (09}
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The dimension dim|[Ms(R)] = 4.
10. Here is a basis for P5(R):
B = {1,x,az2,x3,x4,x5} :

The dimension dim|P5(R)] = 6.
11. Let us perform elementary row operations to the matrix A.

We have

1 =2 3 -4 1 =23 -4
-2 4 -6 8 0 0 0 0
%
3 —6 9 =12 0 0 0 0
—4 8§ =12 16 0 0 0 0
Here is a basis for the nullspace N.S(A):
( _3 4 )
1 0 0
) 0|’ 1 ’ 0 >
0 0 1
\ /

The dimension dim[NS(A)] = 3.
Here is the information for the row space RS(A):
RS(A) = span {(1 -2 3 —4)},
Here is a basis B = {( 1 —23 —4)}
dim[RS(A)] =1

Now let us perform elementary column operations to the matrix A.

We have

1 -2 3 -4 1 000

-2 4 -6 8 -2 00 0
_>

3 =6 9 12 3 000

-4 8 =12 16 —4 00 0
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Here is the information for the column space C'S(A):

( 1 \ )
—2
CS(A) = span < 5 > s
-4,
1
. —2
A basisis B = < 5 >
\ _4 Vs
dim[CS(A)] =1
12. Note that
A? =1, A=A
For the nullspace N.S(A):
N5(A) = {0},
dim[NS(A)] = 0.
For the column space C'S(A):
CS(A) =R,
dim[C'S(A)] = 4.
Here is a basis
([1 1 1 1\ )
1 1 —1 —1
B - < 1 Y _1 J _1 Y 1
1 —1 1 —1
\ )
For the row space RS(A):
RS(A) = R*
dim[RS(A)] =4
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Here is a basis

B={(1111),(11-1-1),(1 -1-11),(1-11-1)}

13. Note that A is a symmetric matrix. The first row is the same
as the third row, and the second row is the same as the fourth row.
Here is a basis for the nullspace N.S(A):

(

7\

\

(

N\

\

Here is a basis for the row space RS(A):

{(a =pa-p)(-Fa-Fa);

Therefore, the dimension of the nullspace NS(A), the dimension
of the column space C'S(A) and the dimension of the row space
RS(A) are all equal to 2.

411

\

~

/

)

~~

J



14. The component vector is

11 1 1

N S S
Vs =1 11
11 —1 —1

I 1 1
If1 -1 -1

1
1

411 -1 1 -1
I 1 -1 -1

15. The component vector is

Vs = | -1
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16. The change-of-basis-matrices are

— —
[
1111

|

—
™ o —
/|\
7
\J
1111

|

— —
N

—
_

\J
1111
|
— —
— 1
—
(\
\J
— —
R B
1111
|
—
— — —
(\
NS
1
%
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17. The change-of-basis-matrices are

Peop= C'B= —

1
Pg.¢c=B7'C= 7
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Chapter 4 - Linear Transformations - Everyday Quizzes

Let o # 0, B # 0 and A # 0 be real nonzero constants, such
that o? > 3°.

For each of the following linear transformations:
(1) Find the kernel Ker(7T'), a basis and the dimension of Ker(7T').
(2) Find the range Rng(T'), a basis and the dimension of Rng(T).

1. T:R'—=RL

a —f a —f
T(x) = _(f _Odﬁ —045 _Oéﬁ X.
—b o —f «a

2. T :M(R)— My(R),
() -(5)

3. T PQ(R) — PQ(R)7
T(a+ bz +ca?) = (a +b) + (b+c)x + (c+ a)r?

4. T :R* = My(R),

:(ig).
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Show work to determine if each of the following linear transfor-
mations is one-to-one, onto, both or neither.

5. T:R'— RY

T

QO o
|
}—L
|
|,—L
}_l
_, O U

7. T Pg(R) — Pg(R),
T(a + bx + ca* + dz°)
=a+(a+bz+(a+b+c)z*+ (a+b+c+da

8. T :MyR)— R
a—+b

a b b+ c
T(c d>_ c+d
d+a

9. Under what conditions on the parameters «, 5 and A, is the
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following linear transformation

T R* - RY
a A—a f
b b A=«
e 58
d o B

an isomorphism? Justify your answer.
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11. Let T': R™ — R" be a linear transformation, given by
T(x) = Ax, x € R",

where A is an n x n real matrix and det(A) # 0. Which of the
following statements is wrong?

(A) The linear transformation is one-to-one.

(B) The linear transformation is onto.

(C) The inverse linear transformation 7! exists and it is given
by

T Yz) = A 'x, x € R".

(D) None of the above.
12. Let T': R™ — R" be a linear transformation, given by

T(x) = Ax, x € R",
where A is an n X n real matrix and det(A) = 0. Which of the
following statements is true?
(A) The linear transformation is one-to-one.

(B) The linear transformation is onto.

(C) The inverse linear transformation 71 exists.

(D) None of the above.
13. Let T': R" — R™ be a linear transformation, given by

T(x) = Ax, x € R",
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where A is an m X n real matrix, m > 2 and n > 2 are positive
integers. Let the rank of A be less than both m — 1 and n — 1.
Which of the following statements is true?

(A) The linear transformation is one-to-one.
(B) The linear transformation is onto.

(C) The inverse linear transformation 71 exists.

(D) None of the above.,
14. Let T': P3(R) — P3(R) be a linear transformation, given by

T(a + bx + cx* + da®)
= 9[(4a — 2b) + (9¢ — 3d)| + 16[(4a — 2b) — (9¢c — 3d)|x
+ [(4a — 2b) + (9¢ — 3d)]z* + [(4a — 2b) — (9¢ — 3d)]z"°.

Which of the following sets of vectors represent the basis of the
kernel and the basis of the range of the linear transformation 71'7

(A) {1+ 2z, 2% + 2%}, {2 + 3,122 + 2°}.

(B) {14 2x,2%+ 2%}, {2 + 6,14z + 2°}.
(C) {1+42x,2°+32%,  {2*+9,162 + 2°}.
(D) {1+2x,2* +42°},  {2®+ 12,18z + ).

15. Which of the following linear transformations is NOT an
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isomorphism?

(A) T :R®— M;(R)( Only Skew Symmetric Matrices ),

a 0 —a c
Tl b | = a 0 —=b
c —c b 0

(B) T :P5R)— Ms(R)( Only Symmetric Matrices ),

c
T(a+bx+cx® +az® + Br' +y2°)= | a B b
c b~

a 0 —2 2 a
T b | = 2 0 =2 b
C -2 2 0 C
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1. The kernel, a basis of the kernel and the dimension of the
kernel are given by

( )

1
Ker (T') = span < - : >
—1 —1
(\ ! )
( 1 )
—1
B=91 -1 | 1| (
(\ ! /)

dim| Ker (T')] = 2.

The range, a basis of the range and the dimension of the range are

( )

a —f
—8 a
Rng (T) = span < 4 | 3 >
\ _/6 . /
( \
a —f
B N a
B _ < o ) —ﬁ > )
\ _5 @ /

dim[ Rng (T")] = 2.

2. The kernel is the trivial space

- {(1)}

The range, a basis of the range and the dimension of the range are
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given by

e = {(30).(50):(15)-(5 0}
s-{(20) (00 (). (00}

dim[ Rng (T')] = 4
3. The kernel is the trivial space and it is given by
Ker (T) = {0}

The range, a basis of the range and the dimension of the range are

given by

Rng (T) = span {1, z, 2}
B=1{1,z,2%
dim[ Rng (T)] = 3

4. The kernel is the trivial space and it is given by

- {(1)}

The range, a basis of the range and the dimension of the range are

given by

e 0= {(00)-(50) (Vo) (01
5=(o0) (o0) (1a) 1)}

dim[ Rng (T')] = 4.

5. The linear transformation is one-to-one and onto.
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6. The linear transformation is neither one-to-one nor onto.
7. The linear transformation is one-to-one and onto.

8. The linear transformation is neither one-to-one nor onto.
9. The conditions are

AAa+ 8,  A#a-—36.
11 (D). 12 (D). 13 (D). 14 (C). 15 (D).

423



Chapter 5 - Eigenvalues, Eigenvectors and Diagonalizations - E

Let a # 0, 8 # 0 and v # 0 be real nonzero constants. Find the
eigenvalues and eigenvectors of the following matrices.

3 =2 =2
. A= -3 =2 —6
3 6 10

5 2 2
3. A=\ -5 12 2
5 —2 8

5 12 -6
4. A= -3 =10 ©
-3 —12 8

I 1 -1
—1 3 -1
—1 1 1

5. A

9 6 -6
6. A= 3 12 —6
-3 —6 12
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o B B —p
8 a -8 -8
Y A=l 5 5 a -5
8 -8 -8 a
o« -8 a -f
8 a B a
0. A NP
-0 a —0 «

11. For each of the following five matrices, find a diagonal matrix
D and a matrix T', such that

T YAT = D.
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12. Let

a —08 a —f
-6 a —f0 «
a —0 a —f
-3 a —0 «
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Define the following matrices

1 1
1 1
= 1 —1
1 —1
1 1
1 1
L=,
1 —1
1 1
1 —1
Li=11
1 1
1 1
1 —1
T, —
4 1 1
1 —1
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and
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13. Let

a —f =
A=| -8 a -8
-8 =8 «a

Which of the following statements about the algebraic multiplicty
and the geometric multiplicity of the eigenvalues is true?

(A) Both the algebraic multiplicity and the geometric multiplicity
of the eigenvalue A\ = a — 2 are 1. Both the algebraic multiplic-
ity and the geometric multiplicity of the eigenvalue Ay = o+ are 1.

(B) Both the algebraic multiplicity and the geometric multiplicity
of the eigenvalue \y = a — 23 are 2. Both the algebraic multiplic-
ity and the geometric multiplicty of the eigenvalue Ay = a4+ are 2,

(C) Both the algebraic multiplicity and the geometric multiplicty
of the eigenvalue \y = o — 23 are 1. Both the algebraic multiplic-
ity and the geometric multiplicity of the eigenvalue Ay = a+ 3 are 2.

(D) Both the algebraic multiplicity and the geometric multiplicity

of the eigenvalue A\ = a—2 are 2. Both the algebraic multiplicity
and the geometric multiplicity of the eigenvalue Ay = v + 3 are 1.
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14. Let

o —B —B -p
| =8 a -8 -8
A=l 5 8 a 5|
8 -8 -8 a

where v and [ are real nonzero constants. Which of the following
statements about the eigenvalues and their algebraic multiplicities
is true?

(A) The first eigenvalue is A\ = a — 35 and the algebraic multi-
plicity is 1. The second eigenvalue is Ay = o+ 3 and the algebraic
multiplicity is 1.

(B) The first eigenvalue is Ay = a — 3 and the algebraic multi-
plicity is 3. The second eigenvalue is Ay = o+ (3 and the algebraic
multiplicity is 3.

(C) The first eigenvalue is Ay = a — 35 and the algebraic multi-
plicity is 1. The second eigenvalue is Ay = o + 3 and the algebraic
multiplicity is 3.

(D) The first eigenvalue is A = o — 30 and the algebraic multi-

plicity is 3. The second eigenvalue is A = a + 3 and the algebraic
multiplicity is 1.
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15. Let A be a 3 x 3 matrix. Let A\; and &; be the eigenvalue

and eigenvector, respectively, that is,

Afl — )\1517
A&y = A&y,
Az = A3&3.

Define T' = ( &1 & & ) Which of the following is T—1AT equal

to?
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16. Let A be an n x n matrix. Let Af = A¢. Which of the
following is NOT true?

(A) A% = \¢.
(B) A% = \¢.
(C) A = )\¢.

(D)  A™E =",
17. Let B =T 'AT. where A, B and T are real n X n matri-
ces. Which of the following statements about the eigenvalues and
eigenvectors of A and B is true?

(A) Both the eigenvalues and eigenvectors of A and B are the same.

(B) Both the eigenvalues and the eigenvectors of A and B are
different.

(C) The eigenvalues of A and B are the same. The eigenvectors
may be different.

(D) The eigenvectors of A and B are the same. The eigenvalues
may be different.
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18. Let A be a 4 x 4 real matrix. Two complex eigenvalues of
A are given: Ay = 10 — 52 and Ay = —9:¢. What are the other
complex eigenvalues?

/N

A3 =10+5i, M\ =9
A3 =10+5, A\ = —0i.
A3 =10 —5i, Ay =9
A3 =10 —5i, Ay = —9i.

— —— ~—— ~—

A
B
C
D

N~
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1. First of all, let us perform elementary row operations to the
matrix Al — A. We have

A—3 2 2

M—A = 3 A+2 6
-3 —6 A-10

A—3 2 2

— 12—=3Xx A—4 0
3A—-12 0 X—4

Secondly, the characteristic polynomial of A is
det(A] — A) = (A — 4)*(\ — 3).

There are two eigenvalues Ay = 4 and Ay = 3. The linearly in-
dependent eigenvectors corresponding to the two eigenvalues are

given by
2 2
A =4, -1 1, 0 ,
0 —1
1
Ay = 3, 3
-3
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2. First of all, let us perform elementary row operations to the
matrix Al — A. We have

A—2 =2 -1
AM—A = -2 A=5 =2
-1 =2 AX=2
A—2 =2 -1
— | 2=2Xx A—1 0
I-Xx 0 AX-—-1
Secondly, the characteristic polynomial of A is

det(A\] — A) = (A — D*A—=17).

There are two eigenvalues Ay = 1 and Ay = 7. The linearly in-
dependent eigenvectors corresponding to the two eigenvalues are
given by
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3. First of all, let us perform elementary row operations to the
matrix Al — A. We have

A—> =2 —2
M —A = b A—12 =2
-5 2 A-—=28
A—=>5 =2 —2
— 10—A A=10 0
A—=10 0 A—=10

Secondly, the characteristic polynomial of A is

det(A] — A) = (A — 10)*(\ — 5).

There are two eigenvalues A\; = 10 and Ay = 5. The linearly
independent eigenvectors corresponding to the two eigenvalues are
given by

2 2

A = 10, 51, 01,
0 5
1
Ay =D, 1
—1
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4. First of all, let us perform elementary row operations to the
matrix Al — A. We have

A—bH —12 6

M —A = 3 A+10 —6
3 12 A—38

A—5H —12 6

— A—=2AX=2 0

A—2 0 AX—2

Secondly, the characteristic polynomial of A is

det(A — A) = (A — 2%\ + 1).

There are two eigenvalues Ay = 2 and Ay = —1. The linearly
independent eigenvectors corresponding to the two eigenvalues are
given by
0
Al =2, : 1],
2
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5. First of all, let us perform elementary row operations to the
matrix Al — A. We have

M—A = I Ax=3 1

A—1 =1 1
— | 2=A A=2 0
2—X 0 A=2
Secondly, the characteristic polynomial of A is

det(A] — A) = (A — 2)*(A —1).

There are two eigenvalues Ay = 2 and Ay = 1. The linearly in-
dependent eigenvectors corresponding to the two eigenvalues are
given by

_ = = O = =
}_L
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6. First of all, let us perform elementary row operations to the
matrix Al — A. We have

A—9 —06 6

M —A = -3 A—12 6
3 6 A—12

A—9 —6 6

— 6—AX A—6 0

A—6G 0 AX—6

Secondly, the characteristic polynomial of A is

det(A] — A) = (A — 6)*(\ — 21).

There are two eigenvalues A\; = 6 and Ay = 21. The linearly
independent eigenvectors corresponding to the two eigenvalues are
given by
2 0
A =0, 01, 1],
1 1
1
Aoy = 21, 1
—1
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7. First of all, let us perform elementary row operations to the
matrix Al — A. We have

A—2 2 —2
M—A = 2 A—=2 =2
-2 =2 =2
A—2 2 —2

— 4—X A—4 0
A—4 0 AN—4

Secondly, the characteristic polynomial of A is

det(A — A) = (A — 4)%(\ +2).

There are two eigenvalues Ay = 4 and Ay = —2. The linearly
independent eigenvectors corresponding to the two eigenvalues are
given by

1 0

A =4, 01, 1],
1 1
1
Ay = —2, 1
—1
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8. First of all, let us perform elementary row operations to the
matrix Al — A. We have

A—a [ 15
M —A = 6 A—a
15 6 A=«
A — 15 5]

= | a+B8—-—AX A—a—p 0
0 a+B8—-—AX A—a—p

Secondly, the characteristic polynomial of A is
det(A\] — A) = (A —a — B)*(A —a +28).

There are two eigenvalues A\; = a+f and Ay = a—23. The linearly
independent eigenvectors corresponding to the two eigenvalues are
given by

1 0
)\1:O{+6, —1 ) —1 )
0 1

)\2:04—2/6, 1
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9. First of all, let us perform elementary row operations to the
matrix Al — A. We have

(A—a 8 B B
B B A—a B B
N — A 3 3 ea B
\ 8 B B A-a

[ A-a 8 8 8
R a+8—-—AX A—a—0 0 0
0 a+B8—-—XN A—a—p 0

\ 0 0 a+B—-X A—a—-3

Secondly, the characteristic polynomial of A is
det(A\] — A) = (A —a — B)*(X — a+33).

There are two eigenvalues Ay = a+5 and Ay = a—38. The linearly
independent eigenvectors corresponding to the two eigenvalues are

given by
1 1 1
1 —1 —1
)\1 - OC—FB, 1 ) 1 3 1 3

—1 1 —1
1

)\2 = 0 — 35, !
1
1
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10. First of all, let us perform elementary row operations to the
matrix Al — A. We have

A—a f —« 15

B 6 A—a S —Q
M—A = . 5 Ar—a B
15 — B A=«

A—200+28 A—=2a+20 AN—2a+20 N—2a+ 20

15 A— 15 —
- _a 3 A —a 3
5 —Q 15 A —

Secondly, the characteristic polynomial of A is
det(A] — A) = (A — 20 — 28)A*(\ — 2 + 28).
There are three eigenvalues \y = 2a — 26, Ay = 0 and A3 =

2cc + 2. The linearly independent eigenvectors corresponding to
the two eigenvalues are given by

1
1
)\1:204—25, 1 ,
1
1) 1
1 —1
>\2_07 1 ) 1 ’
—1) 1
1
—1
)\3:2044—25, 1




11 (1). First of all, let us define the matrices D and T'. Define

a—28 0 0 11 1
D = 0 a+p 0 |, T=[1-1
0 0 a+p 10 —1

Then
T YAT = D.
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11 (2). First of all, let us define the matrices D and T'. Define

20 0 10 1
D=(o0o2 0|, T=|011
00 —1 11 —1

Then
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11 (3). First of all, let us perform elementary row operations to
the matrix A\I — A. We have

A—a —« —
M —A = —a A —a —«
— - A=«

A—a —Q —«
— —A A0
0 —A A

Secondly, the characteristic polynomial of A is
det(A — A) = N\ — 3a).

There are two eigenvalues Ay = 0 and Ao = 3a. The linearly
independent eigenvectors corresponding to the two eigenvalues are

given by
1 1
)\1 — 0, —1 ) O )
0 —1
1
)\2—30&,
Define
3a¢ 0 0 1 1
D = 0 0], T = —1 0
0 00 1 0 -1
Then
T 'AT = D.
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11 (4). First of all, let us define the matrices D and T'. Define

a— 30 0 0 0 1 1 1
B 0 a4+ 0 0 0 11 -1
D= 0 0 a-+ 0 ’ 1= 1 -1 —1
0 0 0 a—+ 1 —1 1

Then

T 'AT = D.
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11 (5). First of all, let us define the matrices D and T'. Define

20— 20 0 0 0 1 1 1 1
0 00 0 1 1 —1 —1
D= 0 00 0 ’ 1= 1 —1 —1 1
0 00 2a0+ 20 1 -1 1 =1
Then
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Let

a —08 a —f

| B a =5 «
A= a —08 a =0 |’

-8 a —f «

where o« # 0 and S # 0 are real nonzero constants, such that
a? > (%

Let us perform some very simple elementary row operations to
the matrix AI — A and then compute the determinant. We have

A—a [ —Q 15
B 6 A—a —«
M—A = . 8 A-a B

15 —Q b A=«

A—a (B —a f

6 A—a B —«

LA I S R W
0 A 0 A

Now let us use some simple properties of determinants to compute
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det(A] — A). We have

det(A — A)
A—a [ —a
B 6 A—a B —«
I (S W R
0 —A 0 A
A—a [ —a p
2 b A-—a 0 -«
SAd
0 —1 0 1
A—2a 28 00
L 26 A—2a 00
= Adet 0 10
0 -1 01
A—2a 203
32
—)\det< 23 )\—204>

= AN\ —2a +28)(A — 2o — 28).
Therefore, there are four eigenvalues to the matrix A:

A= Ay =0, A3 =2+ 203, Ay =200 — 20.

450



The eigenvectors corresponding to these eigenvalues are

) (Y
\_0 1

/_11
\ -1
|
\1

Define the following matrices

for the eigenvalue A\ = 0,

: for the eigenvalue A = 2ar + 20,

: for the eigenvalue A = 2a — 2.

10 1 1 00 0 0
0 —1 —11 00 0 0

=110 1 1'PTlo02ax28 0
0 1 —11 00 0 2a-28

Then we have
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Chapter 8 - Everyday Quizzes
1. The auxiliary equation of the differential equation
y"" — 204" + 150" — 500y" + 625y = 0
is (A —5)* = 0. What is the solution of the differential equation?
(A)  y(z) = Cre* + Che™ 4 C3e™ + O™

(B) y(l‘) = 0167:[ + 0268‘76 + 036996 + 0461%.

(C)  y(x) = C1e”" + Coze™ + Caz?e® + Cyz’e™.

(D) y(x) = C1e* + Chxe™ + Cyz?e™ + Cya’e™.
2. Consider the differential equation

" + 4y = 162 + 16.
Which of the following is the general solution of the differential

equation?
(A)  y(x) = Cycos(2x) + Cysin(2z) + 22 + 2.
(B)  y(z) = Cycos(2z) + Cysin(2z) + 4o + 4.

(C)  y(z) = Cre* + Che ™ + 4 + 4.

(D) y(x) = C1e* + Che > + 2z + 2.
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3. Consider the differential equation
y" — 11y’ + 30y = 14e™.

Which of the following is the general solution of the differential
equation?

(A)  y(z) = C1e™ + Cye + Te™.
(B)  y(x) = C1** 4 Coe® + Twe™

(C)  y(z) = C1e” + Cye® + T%e™.

(D) y(z) = C1e™ + Coe + Ta'e™.

4. Consider the differential equation
y' +a’y = (a® = §°) cos(Bz) + (o — ) sin(Bx),

where v > 0 and 8 > 0 are positive constants, and o > 5. Which
of the following is the general solution of the differential equation?

(A)  y(x) = Cycos(ax) + Cysin(ax) + acos(fx) + asin(fz).
(B)  y(x) = Cycos(ax)+ Cysin(ax) + B cos(Bx) + Fsin(Sx).
(C)  y(x) = Cycos(ax) + Cysin(ax) + x cos(fx) + x sin(Sx).

(D) y(x) = Cycos(ax) + Cysin(ax) + cos(fx) + sin(Sx).
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5. Consider the differential equation
y" + 100y = 20 cos(10z) — 20sin(10z).

Which of the following is the general solution of the differential
equation?

(A)  y(z) = Cre* + Che " + cos(10z) + sin(10z).

(B)  y(x) = Cre*" + Coe™* + x cos(10z) + z sin(10z).

(C)  y(z) = Cycos(10x) + Coysin(10x) + cos(10z) + sin(10x).

(D) y(z) = Cycos(10x) + Cysin(10z) 4+ z cos(10x) + x sin(10z).
6. Consider the differential equation

' — Ty + 12y = 8(1 + x)e™".
Which of the following is the general solution of the differential

equation?
(A)  y(z) = Cre™ + Cye™ + 4e™.
(B)  y(z) = C1e* + Coe + dze™.

(C)  y(z) = C1e* + Cye™ + 4a%e™.

(D) y(z) = C1e* + Coe** 4 4™,
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7. Consider the differential equation
y' — 200/ + oty = B(m + 2)(m + 1)z™e™,

where o > 0, 8 > 0 and m > 0 are positive constants. Which of
the following is the general solution of the differential equation?

(A)  y(x) = Cre™ + Coxe™ + Pae™.

(B)  y(z) = Cre™ + Come™ 4 Bz™ e,

(C)  ylx) = Cre* + Cowe™ + B2,

(D) y(x) = C1e™ + Coxe®™ + Br™ e
8. Consider the differential equation

y' — 20y + @’y = B(m + 2)(m + 1)z"e™ + y(n + 4)(n + 3)2" e,

where « > 0, 8 > 0, v > 0, m > 0 and n > 0 are positive
constants. Which of the following is the general solution of the
differential equation?

(A)  y(z) = Cre™ + Cowe™ + Ba™ 1™ 4 ya" e,
(B)  y(z) = Ce™ + Coze™ + Be™e™ + ya"t2e™”
(C> y(ﬂf> = Cleax -+ CQQZ'G(MJ + ﬂgjm—HeO‘x + 756”—1—3604:5.

(D) y(z) = C1e™ + Cowe™ + Ba™ e 4 yz" e,
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10.
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11. Consider the differential equation
y' =2y +y=2e"
Which of the following is the general solution?
(A)  y(x) = Cie" + Coze” + xe”.

(B)  y(z) = Cre” + Coze” + x°e”.
(C)  y(z) = Cre* + Chze” + 2’e

(D) y(x) = Ce” + Come” + x'e

12. Consider the differential equation
y" — 10y + 25y = 12z€™

Which of the following is the general solution of the differential
equation?

(A)  y(x) = C1e™ + Cyxe® + z7e™.
(B)  y(x) = C1e™ + Come™ + 2.
(C)  ylx) = CLe™* + Cowe® + 22°e™.

(D) y(z) = C1e” + Chxe® + 22°e™.
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13. Consider the differential equation
y// + 2y/ fy=2e"

Which of the following is the general solution of the differential
equation?

(A) y(x)=Cle "+ Cowe ™ +e 7.
(B) y(x)=Cre "+ Coze " +xe ",
(C)  y(z) = Cre™™ + Cowe " + 2?7,

(D) y(z) = Cie ™" + Come ™ + 2.

14. Consider the differential equation
y"' + 4y + 4y = 14 cosz — 2sin .

Which of the following is the general solution of the differential
equation?

(A)  y(z) = Cre ™ + Cyze ** + xcosz + xsin .
(B)  y(z) = Cre *" 4 Come *" 4+ 2cosx + 2sin .
(C)  y(z) = Cre* + Cywe " + 3cosx + 3sin .

(D) y(x) = Cre ™ + Cyze > +4cosx + 4sin .
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15. Consider the differential equation
y" + 4y = 8 cos(2z) — 8sin(2x).

Which of the following is the general solution of the differential
equation?

(A)  y(z) = Crcos(2x) + Cysin(2z) + 2x cos(2z) + 2x sin(2z).
(B)  ylz) = Cycos(2z) + Cysin(2x) — 2 cos(2x) — 2z sin(2x).
(C)  y(x) = C) cos(2x) + Cysin(2x) + 2 cos(2x) + 27 sin(2x).

(D) y(z) = C) cos(2z) + Cysin(2x) — % cos(2x) — % sin(2x).
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Chapter 9 - Everyday Quizzes
Let a # 0, B # 0 and v # 0 be real nonzero constants, such
that a® > (%
1. Solve the system of differential equations

d a0 _6 _6
Zu= -8 a —p |u
-0 =0 «

2. Solve the system of differential equations

a —f = —p
A | -8 a -5 s
-5 =6 =B «

3. Solve the system of differential equations

a —F a —f

d | = a =8 «

Eu N a —0 a —f v
-0 a -0 «

4. Let o and B be real nonzero constants, such that a? > 3.
Solve the system of differential equations

a —f a —p
d | = a =8 «
Eu = o —6 o —6 u.

-6 a —f «
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5. Consider the homogeneous linear system of differential equa-
tions

q a2 _52 _62
—u= _62 @2 _62 u,
dt (g g

where oo and 3 are real nonzero constant. Which of the following
is the solution of the system of equations?

1 0

(A) u(t>201€(a2+52)t —1 +Cze(0‘2+52)t —1 +036(a2— )t

0 1

(B) u(t) = Crel" "

(D) ult) = Gy

462

1 0
(C) ut) = Crel™ ( ! ) + Cpele®=2 ( ! ) + Cyel™?
0 1
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6. Consider the system of differential equations

g B 042 52
dtu_ —3% a? W

where o and 3 are real nonzero constants. Which of the following
is the solution of the differential equation?

)t =i () et (S0
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7. Consider the nonhomogeneous system of differential equations

q 2 =2 2 4
Eu = —2 2 2 |lu-— 8
2 2 2 12

Which of the following is the general solution of the system of
differential equations?

1 0 1
(A) u@)=Ce" [ 0| +Ce™ [ 1 | +Cse® | 1 |+ 2
1 1 —1 3
1 0 1 2
(B) u(t)=Cie" | 0 | +Coe® | 1 | +Cse® | 1 |+ | 4
1 1 —1 6
1 0 1 1
() ut)=Cie® | 0 | +Ce™ [ 1 | +Cse®| 1 | = 2
1 1 —1 3
1 0 1 2
(D) ut)=Cre™ [ 0| +Coe® | 1 | +Cse| 1 | =1 4
1 1 —1 §
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8. Consider the system of differential equations

d a [
(o)
+ Bcos(ft)e ( _C(;i(féz&) ) — Bsin(Gt)e” < 2:;((??) ) )

where o and S are real nonzero constants. Which of the following
is the general solution of the system of differential equations?

(A) u(t)_cleat< cos(3t) ) +026at(sin(6t)>

—sin(t) cos(Bt)
e Sy s (253).
R AR E)
e ey R )}
0 e () e ()

+ Bsin(Bt)e ( —02?1(1?25) ) + B cos(Bt)e zg;gg?) ) :

0 e (8 ) (40)
(8 e (321).
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9. Consider the system of differential equations

q g -8B
Zi=| B8 8 B |u
s BB
2 1
— Bl 4| =p" 2|,
6 3

where (3 is a real nonzero constant. Which of the following is the
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general solution of the system of equations?

1 0 1

(A) ()C’e%t< )%—C’e%t( )+C’365t< 1 )
1 —1

+ B( >+eﬁt(
1

(B)  u(t) C625t< +C ( )+C36 ( 1 )
—1

1
0 26t
)
1
+ ( )+665t(2>
3
1 1
(C)  ult) cew<o)+ W( )+Cgeﬁf( 1)
1 —1
1
+5( >+566t<2>
3
1 1
(D) u(t) 0625t<0)+ W( )+Cgeﬁt( 1)
1 —1
+ (2)—!—6&(2).
3 3
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Chapter 10 - Everyday Quizzes
1. Let
f(t) = e™ cos(St).
Which of the following is the Laplace transform of f7

4) (A — ozo)é2 + 5?2
(B) (A — of; + 3%
(©) (A _A@—)2a+ B2
(D) (A —Aa_)26+ B2

2. Let

f(t) = e sin(Bt).
Which of the following is the Laplace transform of f7

W as 0342 + 5%
(B) (A — aﬁ)Q + 8%
O GoaprE
(D) (A —)\&_)264- 52
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3. Let
f(t) =t"e".

Which of the following is the Laplace transform of f7

SO _”§>m+r
B g
4. Let
£(6) = 75

Which of the following is the Lapalce transform of f7

NE
n ()"
o 6
o (5"
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Chapter 6 - Everyday Quizzes
1. Let a € R" and b € R" be vectors. Show that
la+b|* = [la* + [[b]

if and only if a-b = 0.
2. Let a € R" and b € R" be any real vectors. Show that

la+b]* + [la —b]* = 2[|a]|* + 2[|b]*

3. Let vi € R" and vo € R" be linearly independent vectors.
Define

ap = Vi,
a] - V3
ds = Vo — aj.
ai - aj
Show that
{ai, a2}
is an orthogonal set in R".
4. Let
25 25
a=| 24 |, b=| —24
—7 7
Show that a L b.
5. Let
13 13
a= 1| 12 |, b=| —12
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What is the angle 8 between a and b?

6. Let

where

(N

S: {8.1,

ag,

as,

8.4},

Show that S is an orthonormal set in R*. Is S linearly independent?
7. Let

Let

8. Let v € R"™ be a real nonzero column vector.

/1\

\ 0

(1\

—1 :

o
1\

2
v=1] 3

5

Find the projection of the vector v onto the subspace

Spall {a17 ag, as, 34}.

(1)

\ 0

Let vI be

the row vector by taking the transpose of the vector v. Define the
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matrix

VVT

P =

Vv
Prove that P is a projection matrix. Namely, prove that P? = P.
9. Let

1001

0110

P=3lo0110

1001

Prove that P is a projection matrix.
10. Let

1 1 1 1
Vi = ! \% ! V3 = ! vy = !
1 — 1 ) 2 — ] ) 3 — 1 ) 4 — 1
1 —1 —1

Use the set of vectors
{V1, V2, V3, V4}

and the Gram-Schmidt process to find an orthogonal set
{a;, a9, a3, a4}.

11. Let a # 0 and B # 0 be real nonzero constants. Solve the
system of equations for a least square solution

o o =8\, (7
—3 -8 « |«
o o =g |\ |58
b -0 « - o
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Chapter 7 - Erevyday Quizzes

Let a # 0 and 8 # 0 be real nonzero constants, such that
o’ > (3. For each of the following matrices (1) - (6), find an
orthonormal matrix U, such that

U =1, UT AU = a diagonal matrix

where the eigenvalues on the main diagonal are increasing as the
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index increases.

a B BB

| BapBp

W A=l 55a 5

B BB «a
[(a -8 a -8
| B8 a —f «
(5) A= @_5&_5
K—B& —0 «

(11 11
11 —1 —1

©) A=11 41 _1 4
\1—1 1 —1

Let a2 0 and 8 # 0 be real nonzero constants. For each of the
following matrices, find conditions on a and [, so that the matrix
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A is positively definite.

(7)

A:

<
<

a —f —f —=p
-6 a =5 =P
-6 = a =P
-6 = —=F «a

a —0 a —f
-6 a -0 «
a —f a —f
-0 a —0 «
a —0 —p
-5 a —=p
-5 =0 «
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S~— N N~ ~—

(
(
(
(
0
UUUUUUUU
SRERURERERERERE:

o+ 0000
DU UU

A=LA=lv=v= ) A=l=Ilv=v=vVv=vV=

The first eigenvalue is and the The second eigenvalue is The first
eigenvalue is The second eigenvalue is and the

The linear transformation 71" is The T' The linear transformation
T" i1s The linear transformation 7' is The linear transformation 7" is
The linear transformation 7' is The linear transformation 7" is The
linear transformation 7" is The linear transformation 7' is

(+)taaaaaa(20® + 2B%) tayyyAr -+ Ay - - -

A,

, v=v=v=v={}acaasB55

) , v=v=v=v=1{}acaasBHS
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DR [——
DR [ ——
BB E—
DIB T E——
BIG —
BIB I —
[0 )

v=v=v=v=1{}acaasB55



(), ( ) ( ) v=v=v=v=1{}aaxafS5S

7V:7V:7V:7{}&&a&/8/8/867

VvV =

u(t) = Cre’ 4 Cye’ + Cae’ + ™.

(4)

Mathematics 23

—

—

B) (C) 01 - 10
C) (D) 11 - 20
B) (C) 21 - 30
C) (D) 31 - 40
D) (D) 41 - 50

—_ — — =

/N

—_ — ~— ~—

))))\)

—_ — ~— ~—

)))))

~—_ — ~— N

~—~ —~  —~

~—— ~—  ~—— ~—

A/~ I/~ I/~ //~

~—— ~—  ~— ~—

e N e e R

~— N~ N N

—~~ o~ o~ o~

—  ~— ~— ~

Y Y T N N

~—  ~—— ~— =
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Let

7 7
1) a=[24|, b=| 240 |,
25 —925
3 3
2) a=|4], b=] 4
5 -5

Compute the dot product a-b and the cross product a x b in each

case.
Which of the following statements is true?

(A) |a-b]*=]a]*/b|*

(B) |a+b[*=la]*+|bJ’

(C) la+b[* <a]*+ bl la—b|* < al* + |b|’

(D) |a+b|* < 2lal* +2|b]% la — b|?> < 2|al* + 2|b]?

Define the function
fla,y) = —(2° +y* — 4)(2* + y* — 100),
o1
1 < 2%+ y* < 900.

Find the absolute maximum and the absolute minimum of the func-
tion f.
Let m > 2 be a positive constant. Define the function

f(:c,y) _ (562 4+ y2)2m6—(x2—|—y2)’
on
m < x* +y* < 10m.
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Find the absolute maximum and the absolute minimum of the func-
tion f.
Find the maximum and minimum of the function

fla,y,2) =2 +y+ 2z,
subject to the condition
x% 4 12 + 2% = 300.

1. Let R > 0 be a positive constant. Solve the following triple
integrals by using cylindrical coordinates

/ / / 226 @97 Q2 dyda
VR2—32
10
/ / / 9z~ @ HY) dzdydz
~RJ—VR2—22 J0

2. Let R > 0 be a positive constant. Solve the following triple
integrals by using spherical coordinates

R VRZ—22 py/R2—22—42
/ / / 2(x* + 5y + 22)1/26_<x2+y2+22>dzdyda:
0 Jo 0
0 /0 0 Y, 0
/ / / 2% + o + 22 e ) ddyda
~RJ—VR2—22 J—\/R2—22—42

000
Go to Teaching Materials 202343434343

000
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Mathematics 320 - Ordinary Differential Equations - 2021
Example 1. Consider the system of differential equations
d fu) _ ([ fluv)
dt\v /) \gluv) )’

where f(u,v) and g(u,v) are continuous functions of u and v.
Suppose that

f(0,0) =0, g(0,0) =0,
2uf(u,v) +2vg(u,v) < =C(ful” + [v*)™*,

for all (u,v) € R?, where C' > 0 and m > 0 are fixed positive con-
stants. Show that the fixed point (u,v) = (0,0) is asymptotically
stable. Multiplying the first equation by 2w and multiplying the
second equation by 2v, adding the results together, we have

)2 + ]2} = 2u0)f(ult), v(t)) + 200 g(u(t), v(t)
< —C{lu®)) + @),
for all ¢. Define
E(t) = [u(t)]” + [o(@)]*,
on (0,00). Then
E'(t) < —C[E(t)]™.

It is easy to show that if E(ty) = 0, then E(t) = 0, for all ¢ > t,
where £ty > 0 is a constant. Without loss of generality, let

E(t) = [u(t)]* + [v(t)* > 0.
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The above inequality is equivalent to

_mEW)
B = O

That is

i {[Eéﬂm} =me

Integrating this inequality with respect to t gives

1 1
B~ Eop T

In another word, we have

E© "
E(t)é{lJr[E(O)]mmCt} ’

for all £ > 0. Therefore, we have

lim E(t) = 0.

t—00
This completes the proof that the fixed point (u,v) = (0,0) is
asymptotically stable. O

Example 2. Consider the real system of differential equations

i) =)

where f(u,v) and g(u,v) are continuous functions of (u,v), such
that

£(0,0)=0,  g(0,0) =0,
2uf(u,v) + 2vg(u,v) < —C(|u] + [v]""*?),

for all (u,v) € R? where C' > 0 and m > 0 are fixed positive con-
stants. Prove that the fixed point (u,v) = (0,0) is asymptotically
stable.
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Proof. Multiplying the first equation by 2u and multiplying
the second equation by 2v, adding the results together, we have

[ (OF + @)} = 2ult) f (u(t), v(t)) + 2v(t)g(u(t), v(t))
—C{[U(t)]%”2 + ()"}
—Co{[u®)]” + ()"},

for all ¢ > 0, where Cy > 0 is a positive constant.
Let

IA A

E(t) = |u)]* + [v(t)].
Then
E'(t) < —Co[E@)]™.

It is very easy to show that if E(ty) = 0, then E(t) = 0, for all
t > ty, for some constant £, > 0. Without loss of generality, let

E(t) > 0, for all t > 0. Now we have
mE'(t)
——— > m(.
BT =

Equivalently

%{wéw}zm%'

Integrating this inequality with respect to ¢, we have

B - Eop "

That is

B "
1) = {1 n [E(O)]mmCot} ’
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for all ¢ > 0. Therefore, we have the limit

lim E(t) = 0.

t—00

The stability of the fixed point (u,v) = (0,0) is completed. O
Due November J
1. Find two examples of continuous functions f(u, v) and g(u, v),
such that

2uf(u,v) + 2vg(u,v) < —C(|u]* + Jv]*)"*,

for all (u,v) € R? where m > 0 and C' > 0 fixed are positive
constants.

2. Find two examples of continuous functions f(u, v) and g(u, v),
such that

2uf(u,v) +2vg(u, v) < =C(|u]™** + Jo|*™*?),

for all (u,v) € R? where m > 0 and C' > 0 are fixed positive
constants.

3. Let m > 0 be a fixed positive constant. Find a positive
constant C' = C'(m) > 0, such that

’u’2m—|—2 4+ ‘U|2m+2 Z C(”MP 4+ ‘v|2)m—|—1,

for all (u,v) € R%
4. Show that the fixed point v = 0 of the differential equation

d
Futu= u® + sin(u') + In(1 + u®)

is exponentially stable.
5. Consider the real system of differential equations

(0 () (2) ()
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where A # 0, B # 0 and R # 0 are real constants. Find the fixed
point of the system and determine its stability or instability.
6. Let

(041000\ (8100 0)
0al 00 08100
A=l00a10]|, B=|lo0oo0s10],
000 a.l 00081
Koooo(x) \00005}

where v and [ are real constants.
(1) Let « = =2 — e+ biand = —1 — e + 10i, where 0 < ¢ < 1
is a sufficiently small positive constant. Show that

[ exp(At)[| < C exp(—21),
[exp(Bt)|| < Cexp(—1),
for all t > 0, where C' > 0 is a positive constant.
2)Leta=14+¢e—4diand §=2+¢ — 8i, where 0 < ¢ < 1 is
a sufficiently small positive constant. Show that
[ exp(At)|| < Cexp(t),
| exp(Bt)|| < Cexp(2t),

for all £ < 0, where C' > 0 is a positive constant.

Can you find the minimum value of the constant C' in each of
the above four estimates?

Let A, B and R be real nonzero constants. Consider the initial
value problem for the nonlinear system of differential equations

() =a(l ) rmmw ()
(o )= ()
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o O

Show that if (583 ) _ (

) for some t;, then

for all .
Show that if A, B, then there exists a unique stable periodic
solution to the system of differential equations.
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The Final Exam of Mathematics 22 - 2022

The Final Exam is Three Hours long. The Final Exam is worth 200
points. There are fifty multiple choice problems. Each problem is
worth four points. In each problem, there are four choices marked
with (A), (B), (C) and (D). Only one choice is correct. Pick up the
one you think is correct and put the answer inside (). If you do not
know the answer to a problem, you may make a reasonable best
possible choice. No supporting work is necessary for any problem.

In the Final Exam, o > 0, 8 > 0, R > 0 are positive constants.
They may satisfy some conditions in certain problems.

No calculator, cell phone, computer, i-pad or i-touch is allowed
in this exam. You are not allowed to use the assistance of anybody;,
any website, any resources. Anybody who cheats in the Final Exam
will receive an F as the Final Grade! Firm!
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1. Given the smooth function y = f(x), where a < x < b
and the region R below the graph of the function. Which of the
following formulas represents the volume V' of the solid generated
by rotating about the z-axis the region R?

W V= [ VIFT@Pds,
(B) V:/ 27Tf(x)\/1+[f’(a:)]2dx.
) V= / rlf (@)

(D) V:/ 2mx f(x)d.
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2. Given the smooth function f(x) = arctan x, where 0 < z <1,
and the region R below the graph of the function. Which of the
following quantities represents the volume V' of the solid generated
by rotating about the y-axis the region R?

1
V:/ (arctan z)*dz.
0

1
V = / 7 arctan xdz.
0
1
V = / 2m arctan xdzx.
0
1
V = / 2mx arctan xda.
0

492



3. Given the smooth curve y = f(x), where a < x < b. Which
of the following formulas represents the arclength L of the curve?

(4) L= /abwmx)?dx.

(B L/bszm

(©) / JIF [F@)fde.

(D) L= /a27rf W1+ [f(z)]2da.
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4. Which of the following formulas represents the area S of the
surface generated by rotating the smooth curve y = f(x), where
a < x < b, about the r-axis?

W s )P

(B) S / e f()da

(€) 5—/ab\/1+[f’(95)]2d$

(D) S = /awa W1+ [f(z)2d.
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5. Consider the separable differential equation

ycosydy = In(x + vVa? + a?)dx.

Which of the following is the general implicit solution?

(A

———r N N N

(B
(c
(D

ysiny + cosy = +zIn(z + Va2 +a?) + Va2 + a2 + C.
ysiny + cosy = +zIn(z + Va2 + o?) — Va2 + a2+ C.
ysiny +cosy = —zln(z + Va2 + a?) + Va2 + a2+ C.
ysiny + cosy = —zln(x + Va2 + a?) — Va2 + a? + C.
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6. Which of the following differential equations has the general
solution y = e~ (22 4+ C)?

(A) oy +y=4da’e ™.
(B) o +2xy =2ze "
(C) o —2xy = 2re” .
(D) zy' +y=2x
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1. The integral

/ T cos xdx

is equal to which of the following functions?

(A)  asin(x) +cosx + C
(B) asin(z) —cosx +C
(C)  zcos(x)+sine+C
(D)  zcos(z) —sinz+C
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2. The integral

/ arcsin xdx

is equal to which of the following functions?

(A) warcsinx + /1 —a?2+C.
(B) xarcsine — /1 — a2+ C.
(C')  xarcsinz + arcsinx + C.
(D) wxarcsina — arcsina + C.
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3. The integral

/xe””dx

is equal to which of the following functions?

(A) ze"+e"+C.
(B) xe—e"+C.
(C) ze"+2x+C.
(D) ze®"—x+C.
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4. The integral

/ In zdzx

is equal to which of the following functions?

(A) zlhzx+hz+C.
(B) zlnz—Inz+C.
(C) zhx+z+C.
(D) xlnz—xz+C.
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5. The integral

/ arctan xdx

is equal to which of the following functions?

rarctanz + 2In(1 + 2?) + C.
rarctanx — 2In(1 + %) + C.

1
x arctan x + 5 In(1+4 2% + C.

1
x arctan x — 5 In(14 2% + C.
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6. The integral

/

1
—— In zdx
T

is equal to which of the following functions?

1 1
—Ine+—+C.
11
—Inx ——+C.
S

1 1
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7. The integral

/(2 + 2z) arctan zdx

is equal to which of the following functions?

(A)  (1+2x+z%) arctans + In(1 + 2
(B) (1422 + 2% arctanx + In(1 +
(C)  (1+2x+ ) arctans — In(1 +
(D) (142 + 2% arctana — In(1 + o

203

+x+C.
—x+C.
+ax+C.
—z+C.



8. The integral
/ —3x(cos )% sin dx

is equal to which of the following functions?

1

(A)  x(cosz)® + g(sin z)? +sinz + C.
1

(B)  x(cosz)® + g(sin z)* —sinz + C.

(C)  z(cosz)’ — %(Sin z)? +sinx + C.
1

(D) w(cosz)® — g(sin z)? —sinz + C.
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9. Let m > 1 be any positive integer. The integral

/(sin )"z

is equal to which of the following functions?

1 1
(A) 2—1_2 /(sin x)"dzr + ZiQ(Sin )" cos .
1 1
(B) mr- /(sin x)"dx — mT (sin )™ cos .
m + 2 m + 2
1 1
(C) Z—L/(sinaj)mdx + — (sin )™ cos .
1 1
(D) mr /(sin x)"dx — (sin )™ cos .
m + 2 m —+ 2
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Let m > 1 be any positive integer. Which of the following is

true?
/(Cos z)"de = :—1; /(COS x)"dx + p- :_ 2(008 )" sin .
/(sec r)" " dy = ml—kl (secx)"dx + mi 1(sec x)" tan z.
/(tan z)"dy = — /(tan x)"dx + oy 1(tan )"

/xmﬂe_xgdx = —%xme_g"2 + %/xm_le_xzdx.
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10. The integral

2
/ —— arctan zdx

3

is equal to which of the following functions?

1
— arctanx + arctanx + — + C.

T2 T

— arctanx + arctanx — — + C.
9

T T

1

— arctanx — arctanx + — + C.
9

T T

1

— arctanx — arctanxz — — + C.

2 x
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11. The integral

is equal to which of the following functions?

(A) +arctanx + s+ C.
T
B tanz — C.
(B) +arctanx 1+a:2+
(C) —arctanx + ol C.
(D) —arctanz — p + C.
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12. The integral
/ Va2 + a2d
is equal to which of the following functions?
20V2? + a? 4 2In(z + Va2 + a?) + C.

2eVx? 4+ a? —2In(z + Va2 + a?) + C.

1 1
§xv:62 + a? + 5042 In(x +vVa+a?)+C.
1

1
ix\/asz + a? — 5042 In(x +vat+a?)+C.

S ame
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13. Let a > 0 be any positive constant. The integral
/(x2 +a?)Va? + a2dr

is equal to which of the following functions?

1 3 3

(A) Zx(xz + o)Vt + a? + éoz23:\/ 2+ o? + éofl In(z + va?+a?)+ C.
1 3 3

(B) Zx(xQ +a?)Va? +a? + gazx\/ 2+ a? — §a4 In(x +va2+a?)+C
1 3 3

(C) Z:L’(xz +a®)Va? +a? — éozzx\/ 24+ a? + éo/l In(z +vVa2+a?)+C

1 3 3
(D) ZSC(SUQ +aof)Va? +a? - goz2a:\/ 2+ a? — goz4 In(z + Va2 +a?)+C
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14. The integral

/ Va? — x2dx

is equal to which of the following functions?

20/ a2 — 12 + 20 arcsin
2\ a? — 1?2 — 2042 arcsin

1 2 2
5:6 oc — e+ a arcsin

o)+

Q

1 1

—xva? — a2 — 2042 arcsin (E)
a

2

(o) 7€
(a) 7€
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15. The integral

6

/(332 + 152 + 50

is equal to which of the following functions?

T+ 5
x + 10
T+
x + 10
r+5
x + 10
x+05
x + 10

512

1

+ —1In

5

7
v ‘+C.
T+ 8

7
v ‘+C.
T+ 8

7
:U+| c
T+ 8
Tr+7

d
)(22 + 152 + 56)



16. The integral

/[x(lixQ)_x2(1ler2) de

is equal to which of the following functions?

2
1
(A)lnaj + arctanx + — + C.
1+ 2?2 T
2
1
(B)ln:E + arctanz — — + C.
1+ 2?2 T
2
1
(C) In T arctanz + ~ + C.
1+ 2?2 T
2
T
(D) 1D'1—+:x2 — arctan —-5;%—(7.
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17. The integral

/eo‘x cos(fx)dx
is equal to which of the following functions?

(A) (o + B%)e*[acos(Bx) + Bsin(Bx)] + C.
(B) (o + %)e™[acos(Bx) — Bsin(px)] + C.

(C) = i 6260‘:’3[04 cos(fx) + Bsin(px)] + C.
(D) ! e lacos(fx) — Bsin(fx)] + C.
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18. The integral

/eo‘:'j sin(fx)dx
is equal to which of the following functions?

(A) (o + B%)e*[asin(Bx) + B cos(Bx)] + C.
(B) (o + %)e™[asin(Bx) — B cos(px)] + C.

(C) = i 6260‘:’3[04 sin(Gx) + [ cos(fx)] + C.
(D) ! e™|asin(fx) — [ cos(fx)] + C.
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19. The integral

/ (arcsin z)*dx

is equal to which of the following functions?

(A)  x(arcsinz)* 4+ 2v/1 — 22 arcsin x + 22 + C.
(B)  w(arcsinz)?® + 2\/ 1 — z?arcsinx — 2x + C.
(C)  z(arcsinx)® —
(D) ax(arcsinz)? —
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20. The integral

/ (arccos z)*dx

is equal to which of the following functions?

x(arccosx)” + 21/ 1 — x? arccos x + 2x + C.

I )’

B)  a(arccos z)? + 2\/ 1 — z?arccosx — 2x + C.
) a(arccos x)? — 2v/1 — x2arccos ¢ + 2z + C.
)l )" —

2

r\arccosx 1 — 332 arccos r — 2x + C.
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21. The integral

/ (arcsin ) (arccos z)dx

is equal to which of the following functions?

(A
(B
(C
(D

N——r N N N~

x(arcsin z)(arccos x) + /1 — z?(arcsin x — arccos z) + 2z + C.
x(arcsin z)(arccos x) + /1 — z?(arcsin x — arccos x) — 2x + C.
x(arcsin z)(arccos x) — v/ 1 — x?(arcsin & — arccos x) + 2x + C.
x(arcsin z)(arccos ) — v/ 1 — x?(arcsin x — arccos x) — 2x + C.
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22. The integral

1
/ —?(ln r)*dx

is equal to which of the following functions?

1 2 2
—(Inz)* + Zlnx+=+C.
1 59
—(Inz)*+=Inz — =+ C.
1 LA
—(Inz)* = =Inz+=+C.
1 5
—(Inz)* - =Inz — =+ C.
x x x
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23. Consider the parametric equations
r = R(0 —sinf), y = R(1 — cosf), 0<60<2m.

What is the arclength L of the parametric curve equal to?
(A) L=2R. (B) L=4R. (C) L=6R. (D) L =8R.
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24. Given the smooth parametric equations
.’E:f((g), y:g(e)a @SQSB

Which of the following formulas represents the area of the surface
S generated by rotating the parametric curve about the x-axis?

(4) / VIFOR+ [ @R,
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25. Given the polar curve
r = 10(1 + cos6), 0 <6< 2r.

Which of the following is equal to the arclength L of the curve?

2w
(A) L=10] 2+ 2sin6do.

0

2m
(B) L=10 V2 — 2sin 60d6.

0

2m
(C) L=10 V2 + 2 cos 0d6.

0

2m
(D) Lle/ V2 — 2cos0d6.
0
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26. Given the polar equations of two circles
r = 20cos, r =20sin6.

Which of the following is equal to the area A of the region inside
both circles?

7T/4 1 71'/4
(A) A= —/ (20 cos 0)*d + = / (20 sin §)*d6.

/ (20 cos 0) 246 + = / 2081n<92d9.
0 0

/ (20sin 0) 246.
0

/ (20 sin 0)d6.
/4

1

2

1

—/ (20 cos 0)*d6 +
2 )

1 /4
—/ (20 cos 6)*d6 +
2 Jo

N | — DN —
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27. Consider the positive sequence

2
1 n
{<1+—2> n=1,2,3-- }
n

Which of the following statements is NOT true?
(A) The sequence is bounded and increasing,
(B) The sequence is convergent.

(C) The limit of the sequence is e.

(D) The sequence is divergent.
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28. Consider the positive sequence

2
1 n
{(1+—4> n=1,2,3, }
n

Which of the following is the limit L of the sequence, as n — o0?
(A)L=0.(B)L=1. (C)L=2. (D) L=e.
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29. Consider the geometric series
oo
aQ(TQ)”,
n=0

where a and r are real constants. Which of the following statements
is NOT true?

(A) The series is convergent, if |r| < 1.
(B) The series is divergent, if |r| > 1.
(C) The sum is a?/(1 — r?), if |r| < 1.
(D) The series is convergent for all 7.
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30. Consider the p-series
>
n=1 w

where p is a real parameter. Which of the following statements is
NOT true?

(A) The p-series is convergent, if p > 1.
(B) The p-series is divergent, if p < 1.
(C) The p-series is convergent for all real p.

(D) The convergence of the p-series may be determined by the
integral test.
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31. Consider the positive series

o 1 TL4
> (1 + ﬁ) .
n=1

Which of the following statements is true?

(A) The series is a geometric series and it is convergent.
(B) The series is a p-series and it is convergent.

(C) The series is divergent by the divergence test.

(D) The series is convergent by using the comparison test.
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32. Consider the positive series

. (Inn)?

n2

n=2
Which of the following tests is the best idea to determine the con-
vergence of the series?
(A) The divergence test.
(B) The integral test.
(C) The comparison test.
(D) The ratio test.
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33. Consider the positive series

0 37 4 5

n=1

Which of the following tests is the best idea to determine the con-
vergence of the series?

(A) The divergence test.
(B) The integral test.
(C) The comparison test.
(D) The ratio test.
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34. Consider the series

5o
~— (Inn)?
Which of the following tests is the best idea to determine the con-
vergence of the series?

(A) The integral test.

(B) The comparison test.

(C) The alternating series test.

(D) The ratio test.
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35. Consider the series

o0
n!

nn’
n=1

Which of the following tests is the best idea to determine the con-
vergence of the series?

(A) The divergence test.

(B) The integral test.

(C) The comparison test.

(D) The ratio test.
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36. Consider the series

(5" +6"\"
Z<7n+8”> '

n=1

Which of the following tests is the best idea to determine the con-
vergence of the series?

(A) The integral test.
(B) The comparison test.
(C) The ratio test.

(D) The root test.
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37. Which of the following series is absolutely convergent?

A 2(—1)”3—2
B Y-
) §1+(iinn)2
(D) 21.
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38. Consider the series
E "+ 8"
Z(—l)” arcsin (;> .
= o 4 10"
Which of the following statements is true?
(A) The series is absolutely convergent.

(B) The series is conditionally convergent.
(C) The series is divergent,.

(D) The convergence of the series cannot be determined by any
known tests in calculus.
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39. Which of the following series is conditionally convergent?

A Sy
B) Z(_l)nnai mE
o I
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40. Which of the following series is divergent?

>
©) iﬁ
(D) nf;(—mamcos (%)

237



41. Consider the series

i(—l)n { 1+ n? arcsin(-) } |

n
1
e~ 1 + 2 arccos(-3)

Which of the following statements is true?
(A) The series is absolutely convergent.
(B) The series is conditionally convergent.
(C) The series is divergent.

(D) The convergence or divergence of the series cannot be deter-
mined by any known test in calculus.
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42. Which of the following power series is absolutely convergent
on the interval I = (—o0, 00)?

B) S
- —1)" 2n+1

() Zo Q(n —I—) v

(D) Z 1 ;'; :__ll)nx2n+2
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43. Consider the power series

o0 , ann—l—l
Z(_l) I
— (2n +1)!

Which of the following is the radius R of convergence of the power
series?

(A)R=1. (B)R=2. (C) R=e. (D) R = oo.
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44. Consider the power series

0

_1n2n
Z<m>x.

n=0

Which of the following intervals is the interval of convergence of
this series?

(A) I =(=5,9).
(B) I =(— 8,8)
(C) I = (—10,10).
(D) I = (—o00,00).
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45. Consider the power series

Zﬁx—l()

n=1

3

Which of the following statements is true?

(A) The radius of convergence is R = 1 and the interval of conver-
gence is [ = (—1,1).

(B) The radius of convergence is R = 2 and the interval of conver-
gence is [ = (—2,2).

(C) The radius of convergence is R = e and the interval of conver-
gence is [ = (10 — e, 10 + e).

(D) The radius of convergence is R = 7 and the interval of conver-
gence is [ = (—m, 7).
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46. Consider the power series

0

Z ﬂxmm'
ot (2n)!
Which of the following is equal to the sum S of the power series?
(A) S = cos(x).
(B) S = cos(a?).
(C) S =a*cos(x).
(D) S = x*cos(z?).
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47. Which of the following is the power series representation of
the function f(z) = z*arctan(x?)?

(A)  a*arctan(a?) = Z (=" "

(B) a?arctan(a?) = Z

(C)  z*arctan(x?) = Z

(D) z*arctan(z?) = Z
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48. Which of the following is the MacLaurin series of the function
flz) = 227

n!
n=0
(C) C1:26—952 _ Z (_1)nx2n—|—3
n!
n=0
(D) x2€—x2 _ Z (_1)nx2n+4
—~ n!
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49. Consider the following power series representation

14z =14 (—=1)"
1 =y —— "
() X

n=0

On which of the following intervals is the representation of the
power series valid?

(A) I =(-00,00).
(B) I=(—00,0).
(C) I=(0,00).
(D) I=(-1,1).
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50. Consider the power series

> (=1)ta” [sm (i: 1 g:)r .

n=0

Which of the following statements about the series is true?

(A) The series is absolutely convergent on the interval I = (—1,1).
(B) The series is absolutely convergent on the interval [ = (=2, 2).
(C) The series is absolutely convergent on the interval I = (—10, 10).
(D

) The series is absolutely convergent on the interval I = (—o0, 00).
51. Consider the power series

0

5 fon (1) s ()}

Which of the following statements is true?

(A) The series is absolutely convergent on the interval I = (—1,1).
(B) The series is absolutely convergent on the interval I = (0, 2).

(C) The series is absolutely convergent on the interval I = (0, 7).

(D) The series is absolutely convergent on the interval I = (—1/m, 1 /7).
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Mathematics 320 - Ordinary Differential Equations - 2021
Example 1. Consider the system of differential equations
d fu) _ ([ fluv)
dt\v /) \gluv) )’

where f(u,v) and g(u,v) are continuous functions of u and v.
Suppose that

f(0,0) =0, g(0,0) =0,
2uf(u,v) +2vg(u,v) < =C(ful” + [v*)™*,

for all (u,v) € R?, where C' > 0 and m > 0 are fixed positive con-
stants. Show that the fixed point (u,v) = (0,0) is asymptotically
stable. Multiplying the first equation by 2w and multiplying the
second equation by 2v, adding the results together, we have

)2 + ]2} = 2u0)f(ult), v(t)) + 200 g(u(t), v(t)
< —C{lu®)) + @),
for all ¢. Define
E(t) = [u(t)]” + [o(@)]*,
on (0,00). Then
E'(t) < —C[E(t)]™.

It is easy to show that if E(ty) = 0, then E(t) = 0, for all ¢ > t,
where £ty > 0 is a constant. Without loss of generality, let

E(t) = [u(t)]* + [v(t)* > 0.
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The above inequality is equivalent to

_mEW)
B = O

That is

i {[Eéﬂm} =me

Integrating this inequality with respect to t gives

1 1
B~ Eop T

In another word, we have

E© "
E(t)é{lJr[E(O)]mmCt} ’

for all £ > 0. Therefore, we have

lim E(t) = 0.

t—00
This completes the proof that the fixed point (u,v) = (0,0) is
asymptotically stable. O

Example 2. Consider the real system of differential equations

i) =)

where f(u,v) and g(u,v) are continuous functions of (u,v), such
that

£(0,0)=0,  g(0,0) =0,
2uf(u,v) + 2vg(u,v) < —C(|u] + [v]""*?),

for all (u,v) € R? where C' > 0 and m > 0 are fixed positive con-
stants. Prove that the fixed point (u,v) = (0,0) is asymptotically
stable.
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Proof. Multiplying the first equation by 2u and multiplying
the second equation by 2v, adding the results together, we have

[ (OF + @)} = 2ult) f (u(t), v(t)) + 2v(t)g(u(t), v(t))
—C{[U(t)]%”2 + ()"}
—Co{[u®)]” + ()"},

for all ¢ > 0, where Cy > 0 is a positive constant.
Let

IA A

E(t) = |u)]* + [v(t)].
Then
E'(t) < —Co[E@)]™.

It is very easy to show that if E(ty) = 0, then E(t) = 0, for all
t > ty, for some constant £, > 0. Without loss of generality, let

E(t) > 0, for all t > 0. Now we have
mE'(t)
——— > m(.
BT =

Equivalently

%{wéw}zm%'

Integrating this inequality with respect to ¢, we have

B - Eop "

That is

B "
1) = {1 n [E(O)]mmCot} ’
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for all ¢ > 0. Therefore, we have the limit

lim E(t) = 0.

t—00

The stability of the fixed point (u,v) = (0,0) is completed. O
Due November J
1. Find two examples of continuous functions f(u, v) and g(u, v),
such that

2uf(u,v) + 2vg(u,v) < —C(|u]* + Jv]*)"*,

for all (u,v) € R? where m > 0 and C' > 0 fixed are positive
constants.

2. Find two examples of continuous functions f(u, v) and g(u, v),
such that

2uf(u,v) +2vg(u, v) < =C(|u]™** + Jo|*™*?),

for all (u,v) € R? where m > 0 and C' > 0 are fixed positive
constants.

3. Let m > 0 be a fixed positive constant. Find a positive
constant C' = C'(m) > 0, such that

’u’2m—|—2 4+ ‘U|2m+2 Z C(”MP 4+ ‘v|2)m—|—1,

for all (u,v) € R%
4. Show that the fixed point v = 0 of the differential equation

d
Futu= u® + sin(u') + In(1 + u®)

is exponentially stable.
5. Consider the real system of differential equations

(0 () (2) ()
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where A # 0, B # 0 and R # 0 are real constants. Find the fixed
point of the system and determine its stability or instability.
6. Let

(041000\ (8100 0)
0al 00 08100
A=l00a10]|, B=|lo0oo0s10],
000 a.l 00081
Koooo(x) \00005}

where v and [ are real constants.
(1) Let « = =2 — e+ biand = —1 — e + 10i, where 0 < ¢ < 1
is a sufficiently small positive constant. Show that

[ exp(At)[| < C exp(—21),
[exp(Bt)|| < Cexp(—1),
for all t > 0, where C' > 0 is a positive constant.
2)Leta=14+¢e—4diand §=2+¢ — 8i, where 0 < ¢ < 1 is
a sufficiently small positive constant. Show that
[ exp(At)|| < Cexp(t),
| exp(Bt)|| < Cexp(2t),

for all £ < 0, where C' > 0 is a positive constant.

Can you find the minimum value of the constant C' in each of
the above four estimates?

Let A, B and R be real nonzero constants. Consider the initial
value problem for the nonlinear system of differential equations

() =a(l ) rmmw ()
(o )= ()
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Show that if ( uty) ) = < 8 ) for some t;, then

for all .
Show that if A, B, then there exists a unique stable periodic
solution to the system of differential equations.

Homework 1 - Due September 2

Let o and [ be real nonzero constants. Solve the following scalar
differential equations

dy _
0 g e

d
) ey =ey

d2
(3) 4z d—y+y:8\/5+8\/51nx,x > ()
,d%y d

(4) = @—Sxd—y+4y—x Inz,z >0
(5) 2we’dx + (z%€’ 4 cosy)dy = 0
(6) [sin(xy) + 2y cos(zy) + 2x]dw + [2* cos(zy) + 2y]dy = 0
7) dy T 21

dr  2x—vy
(s) dy _ Tt 21

dr  2x+vy

d*y dy 2
(9) o, (der:U cos:v),:c>0

d*y dy\*
10) y—2 =2( -2
(10) ¥ (dx) +y
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Let a, B, v, 0, € be real nonzero constants.

1. Let P, P, P3, ---, P, ben X n real constant matrices, such
that
P1+P2+P3_|_ ...... +Pm: ,
PZPj:Pjplzo7 7::172737“'77”; j:172737"'7m; 7’7&
Compute
6P1t€P2t€P3t ...... epmt
Solutions:

€P1t€P2t€P3t . epmt _ e(P1+P2+P3+'”+Pm)t — eIt _ 625].

2. Let
(A10000\
O0X1000
00N1O0O
A=1000r10
0000\ 1
\OOOOOA)

(1) Compute e,
d

(2) Solve the system of differential equations $:u = Au, where you

may let n = 5.
Solutions:

A= X +C.

1 1 1 1
el = W10t — M {I +Ct + EC%Q + §C3t3 + E(J‘lt‘L + 505155} ,

where C™ = O, for all positive integers m > 5.
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The solution of the system of differential equations is given by

1 1 1 1
u(t) = ellc = M {I +Ct+ 50%2 + 503153 + EC4t4 + 505755} c,

where c is any real constant vector.

3. Let
1 1
A_(1_1>.

Compute e,

Solutions: Note that
A2 =2],  A*=24, At=4l,--.... JAT = omT
By definition, we have
At Lo Lss 1 gy 1 55
e :I+At—|—5At —|—§At +5At+aAt—|—

1 1
A2mt2m A2m+1t2m+1 ......
T am) T omt) *

— ! {eﬂt + e_\/ét} I+ b {e\/it — e_ﬁt} A.

2 /2
4. Let
f(x):1+$—|—x2+x3—|— ...... —|—$1O,
and
a —0 —pf
A= _6 a0 _5
-3 =B «

AQm—l—l _ 2mA

Find all eigenvalues and the corresponding eigenvectors of f(A).
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Solutions: The eigenvalues and the corresponding eigenvectors

of A are

1 0
)\1:OK+5, 0 , 1
1 1
1
A= — 20, 1
1

Therefore, the eigenvalues and the corresponding eigenvectors are

1 0
f) = fla+p), 01,11
1 1
1
f()‘Q):f(Oé_Qﬁ)7 1
1
5. Let
a —f —p —=f
| -8 a =8 —p
A= 5 -6 a -8
8 =8 —f «
Compute e’
Solutions: Let
1 1 1 1
1 1 1 -1 —1
P=51121 21 1
1 -1 1 -1
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Then T-! =T and

Now

o o o Tt

ela

0 0
0 elthfy
0 0 6(044—5)15
0 0 0

e(a_:%ﬁ)t

-1
(T AT

Therefore we have

-1 -1 -1
—1 —1

—1

-1 -1 -1 3

3
-1 3

-1 -1 3

eAt

6. Let

Compute e’
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A=al + pC +~C?* 4+ §C° + C*,

[ )

Q

I
oo o oo
= R e i R e R
o Il e S e B S
oo~ o o
I e I e R

\ /

At _ (at)] ,(Bt)C (w)c2 (5t)C3 (t)C4

T+ (BHC + (B C7 + 2 (B1°CP + (81

€

T+ (4)C? + %(m CUIT + (81)CYT + (e)CY]
1. Let
11 1
I -1 -1
-1 -1 1
-1 1 -1

(N)

Compute e’. Express the final result as the linear combination of
mutually perpendicular projection matrices with exponential func-
tions as the coefficients. Hint 4> = A.

2. Let
o B B —f
| =8 a -8 -5
A= 58 a -8
8 -8 -8 a

Compute e, Express your final result as the linear combination
of two mutually orthogonal projection matrices with exponential
functions as the coefficients.
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A general hint for the following eigenvalue problems: You may
multiply each given eigenvalue problem by some appropriate func-
tion to transform it back to the standard eigenvalue problem f” +
Af =0on (0, L), with some simple boundary conditions.

3. Solve the following eigenvalue problems

f 2"+ (A+1)f =0, on (0, L),
f0)=0,  f(L)=0.

4. Solve the following eigenvalue problems

f 2"+ (A+1)f =0, on (0, L),
fO)+f(0)=0,  f(L)+ f(L)=0.

5. Solve the following eigenvalue problems
ffdxf + (AN +2+42%)f =0, on (0, L),
f(0)y=0,  f(L)=0.

6. Solve the following eigenvalue problems
ff4drf + (A +2+42°)f =0, on (0, L),
f(0)=0,  2Lf(L)+ f(L)=0.

7. Solve the following eigenvalue problems

(1422 f" +dzf + 2+ M1+ 22)]f =0, on (0, L),
f0)=0,  f(L)=0.

8. Solve the following eigenvalue problems

(L+ 23 f" +4af + 2+ X1+ 2Y]f =0, on (0, L),
F0)=0,  2Lf(L)+ (1+L)f'(L)=0.
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9. Solve the following eigenvalue problems
f"+2f +(A+1)f =0, on (0, L),
f0)+ f(0)=0,  f(L)=0.
10. Solve the following eigenvalue problems
f"+2f +(A+1)f =0, on (0, L),
f(0)=0,  f(L)+ f(L)=0.
Due Thursday September 23 Let a and (3 be real nonzero con-
stants.

Use the method of Laplace transform to solve the following in-
tegral equations

1 y(t) =4t + 4/0 (t — 7)y(7)dr.

L4)(N) = —-

I y(t) _ 622& o 6_%.

2 y(t) =explat) + B/O exp(at — at)y(7)dT.

Ly (N) = ——

t) = (Oé—l-ﬁ)t.
py—t y(t) =e

3 y(t) =2Ptexp(at) + 52/0 (t — 7) exp(at — ar)y(T)dT.

1 1

[QMM:A_Q_B—A_&+E y(t) = exp|(a + B)t] — exp[(a -

4 y(t) =2cos(ft) + 26/0 sin(ft — pr)y(r)dr.
L4 = 575 + 550

560

= exp(ft) + exp(—pt).



5  y(t) = cos(ft) — 35/0 sin(6t — B1)y(7)dr.

£00) =

y(t) = cos(26t).
6 y(t) =sin(Bt) + 25/0 cos(t — pr)y(T)dr.
&

[Lyl(A) = PG y(t) = Btexp(5t).

7 y(t) = cos(Bt) + 25/0 cos(t — Br)y(T)dr.
A

[Ly](A) = TR

y(t) = exp(Bt) + Bt exp(Bt).

t
8 y(t)=2sin(Bt) + 25 [ sin(ft — Br)y(7)dr.
0
1 1
Ly|(N) = —
[Ly|(A) N wyet
9. Solve the eigenvalue problem
LLIIA) = wf(A).
1
p=vm,  flt)= YR
That is, find a real constant g and a nontrivial function f = f(¢),
such that [Lf](\) = pf(A), for all A > 0.
10. Find the Laplace transform of the following functions
(1) f(t) = exp(at)]acos(Bt) + bsin(Ft)],
(2)  g(t) = texp(at)[acos(St) + bsin(St)].
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Let m > 0 be an integer. Define the function

nle) = exp (55 ) 4 expl—)
(1) Show that if the integer m is even, then the function v,,(x) is
an even function of x.
(2) Show that if the integer m is odd, then the function ), (z) is
an odd function of x.
(3) Show that it is a solution of the differential equation

d? 5

—y=(x"—2m —1
1. Let my > 0, mg > 0, mg >0, ---, m, > 0 be nonnegative
integers, let m = (my, mo,ms3,--- ,m,) and |m| = my + my +
ms + -+ m,. For example, if m = (1,2,3,--- ,n), then |m| =

1+24+3+---+mn Let x = (x1,29, 23, ,x,) € R" and
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x|* = |z1[* + |22]* + |z3]* + - - - 4+ |z |*. Define the function

1L\ oM oo g g
fianx) = exp (gl o expl—fx)

0" Oxy? 0wy dxp™

1 o
—w) " exp(—|m )

(2 Ox;
exp (5102l ) s )
exp (3loaf ) g exp(—loal?) oo
exp (5l ) g exp(lof?

Show that
Af(m,x) = (x| = 2jm| — n) f(m, x).

Suppose that m = 10 and n = 10. Find as many as possible
solutions of the partial differential equation given above.

2. Let a > 0 be a positive constant. Use the method of Fourier
transform to solve the Cauchy problem for the differential equation

ou 8 x|?
— —alu=0 0) = — —— .
g ~ebu=0 ub0) = exp ( la

3. Let @ > 0 be a positive constant. Use the method of Fourier
transform to solve the Cauchy problem for the differential equation

% — alu = f(x,1), u(x,0) = up(x),

p x|*
o) = e (i)

f(x,t) =~vIn(1+1)
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4. Let o« > 0 be a positive constant. Use the method of Fourier
transform to solve the Cauchy problem for the differential equation

% —alu=f(x,1),  ulx,0) = uy(x),
R X/’
o) = e ().
B Y X
f,1) = Ara(l+ o2 r [ da(1 +t)] |

5. Let a > 0 be a positive constant. Use the method of Fourier
transform to solve the Cauchy problem for the differential equation

% — alu = f(x,1), u(x,0) = up(x),
u(x,0) = ;exp (_&>
’ (4a)n/? 4o )
o 1 x[?
e t) =1 Ftldma(l+ o2 T [_m} |

6. Let a > 0 be a positive constant. Use the method of Fourier
transform to solve the Cauchy problem for the differential equation

W adu= Fxt), u(x,0) = u(x),

1 X/’
) = e ()

_ 1 __xP
f(X7 t) - (1 n t)2 [47-‘-&(1 i t)]n/2 P [ 404(1 + t)] .

7. Let @ > 0 be a positive constant. Use the method of Fourier
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transform to solve the Cauchy problem for the differential equation

) N 1 |x/?
It = e D e + O fimal + 02 P [‘m} |

8. Let a > 0 be a positive constant. Use the method of Fourier
transform to solve the Cauchy problem for the differential equation

ou
5~ abu= f(x,), T(X» 0) = uo(x),
1 x|
u(x,0) = (4(704) /)2 exp <_E> : y
In(1 + ¢ 1 x|?
fx,1) = I+t [dmal+pp2 " [_m} |

Exam. Let a > 0 be a positive constant. Use the method of
Fourier transform to solve the Cauchy problem for the differential

equation

@—aAu:f(X,t), u(x,0) = up(x),

ot
(x,0) = b X
s (4ar)n/? P\ e )

B 1 |x/?
fx,1) = dra(l+ 2 ¢ [_m] |

Consider the initial value problem y(ty) = yo to each of the
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following differential equations

dy

(1) pri sin(y + t).

2) Y= costy? +)
(3) d—?; = In(1+ £ + 12
W T

) % Ty —1 5

6 Yoy

Which differential equations satisfy the Lipschitz continuity condi-
tion?

Which differential equations always have a global solution on (—o00, 00)?
Which differential equations may only have a local solution?

Which differential equations may have more than one solutions?
Justify your solutions.

Let
(%\ (?/1 \
L2 Y2
r3 | y = Y3 3

=)\

o
I
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be vectors with n components, let

( ailr Qi aiz --+ Qaip \ ( b11 b12 b13

a1 A2 Qg3 -+ QAp 521 522 523 Tt

A= | a3 az az -+ az, |, B=| b3y b3y bzz ---
\ apl Apa Ap3 - Qpp ) K bnl bn2 bn3 tte

be n X n matrices. Define the norm of v and the norm of A by

Ixl| = {lz1 P + ol + [+ 4 |za}

. . 1/2
JAN =< > agl?

i=1 j=1
Prove that there hold the following estimates

I+l < [Ix[[ + [y

1A+ Bl < Al + B

FAX[] < || Allfl[]

IAG+ )l < [LAJIx]] + LAy |
I(A+ B)x|| < [[Aflllx] + || B[
1ABx]| < [[A][l| BI[lIx]

IAB] < [[A]lll B

N N N N N N /N
(2 TN
N’ N N N N N~ N~

for all vectors x and y, for all matrices A and B.
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Mathematics 405 - Second Order Linear Elliptic Equations - 2(

A Summary of the Properties of Harmonic Functions
Let u € C*(Q) N C(Q) be a solution of the Laplace’s equation
Au =0 1n .

The Mean Value Formula.

The Strong Maximum Principle.

The Smoothness u € C(1).

The Estimates of All Order Derivatives.

The Analyticity.

The Harnack Inequality.

If O =R" and u is bounded, then u is a constant func-
tion.

Dirichlet’s Principle
Define the admissible set
A={veC%Q):v=¢ondN}.

Define the energy functional

B(w) = 5 [ [VeloPax — [ fixjol),

for all v € A.
Dirichlet’s Principle: Let

u € C*(Q), u = ¢ on Of.
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Then the smooth function u is a solution of the boundary value
problem

—Au = f, in €,
u = ¢, on 0f),

if and only if

Elu] = E}Iélill E[v].

Proof. Let u € C?*(Q) be the solution of the boundary value
problem

—Au = f(x), in €,
u=¢, on O

The purpose of this step is to show that
Elu] < Elv],

for all v € A.
Let v € A. Then u — v € H}(Q). Now

/Q[_A“(X) — f(x)][u(x) — v(x))dx = 0.

By using integration by parts, we get

/ Vu(x) - V[u(x) — v(x)]dx — / f(x)|u(x) — v(x)]dx = 0.
Q Q

Rearranging terms and using Cauchy-Schwartz’s inequality, we have
/]VU(X)IQdX—/f(X)u(X)dX
Q 0
1 1
S—/|Vu(x)|2dx—|——/|VU(X)]2dX—/f(X)U(X)dX.
2 Jo 2 Jo Q
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That 1s

5 [ 1Vutoax— [ fexutxiax
<3 | Ivetopax— [ pexuxix

Therefore, we see that

% / V() Plx — / F(x)u(x)dx

= min {/\V@ 2dx—/f
vEHl

On the other hand, let u € 02 ), such that

/\Vu de—/f

= wmin {5 [ 700 Pax - /Q Fu(x)x

)

b

Let A € R and let a € C§°(2). Then v = u + Aa € A. Note that

E(u+ \a) = /|Vu( ) + Aa(x 2dx—/f x) + Aa(x)]dx

= /\vu de—/f

T [ /Q Vau(x) - Va(x)dx — /Q F(x)a(x)dx

+ 1)\2/ Va(x)[*dx.
2 Ja

|

We may view this as a function of A and we know that it attains a
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local minimum at A = 0.

iE u+Aa) = /\Va )|2dx

dA
+ /QVUX -Vaxdx—/gf(x)a(x)dx

The derivative at A = 0 must be zero. That is

/Q Vau(x) - Va(x)dx — /Q F(x)a(x)dx =

Using integration by parts leads to

/[—Au — f(x)]a(x)dx = 0.

Q

Note that this is true for all a € C§°(€2), we must have
—Au = f, in €.

Note: Here u is called a minimizer of the energy functional.
Dirichlet’s principle is an example of the calculus of variations ap-
plied to Laplace’s equation.

Theorem. There exists a unique function

u € C*(Q),
such that

E[u] = min E[v].
veA
Therefore, u € C*(Q) is the unique solution of the boundary value
problem.
Proof. First of all, let us show that the infimum of the energy
functional exists. By using the Poincare’s inequality, we have the

o71



following estimates

% /Q Vu(x)|2dx — /Q F(x)u(x)dx
5 | 17uxfax

- % [ uoax =2 [ 17xrax

5 | 17uxfax

- 05 [ IVutoPix =2 [ [760Pdx
> — [ 160

for all functions u € H}(R2), where C' > 0 is a positive constant,

1V

Vv

independent of u, € > 01is a small positive constant. We let C'e = 1.
Therefore, the infimum

19 g {/yvu 2dx—/f }>—oo,
u€H1

exists.
Now by definition, for any positive integer k& > 1, there exists a
function u;, € Ha(Q), such that

1 1
1< 5 [ VuPax [ fquxix < T+ g,

forall k=1,2,3,------ :
Below, we will show that the sequence of functions {u; : k =
1,23, } is a Cauchy sequence in Hy(€2).
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There holds the following identity
2

2
vu(x) — v(x) dx+/ vu(x) + v(x) i
0 2
v(x
~ /f ) ix
= / | Vau(x)|*dx — / f(x
+ —/\va 2dx—/fxvx X
2 Ja 0
for all functions u € H () and v € H}(Q).
If we let u = u and v = wu;, then we have
vuk(X) ;ul(x) de+/ vuk(x);rul(x) 2
9)

_ /f +Ul( %) 1

_ 5/9\Vuk X 2dx—/9f(x)uk(x)dx
# 5 [ IVuePax— [ e

for all positive integers £ > 1 and [ > 1.
Recall that there hold the following estimates

13%/9 /f X g

1 1
5/9 Vg (x)*dx — /Qf(x)u’“(x)dx = o

1 1
2 /Q [V (x)[dx — /Qf(x)ul(x)dx =1+ oo

oY ()+Ul




for all positive integers &k > 1 and [ > 1.
Therefore, we obtain the important estimate
2
uk(x) — w(x)

J75

forall k> 1and (> 1.
Furthermore, by using the Poincare’s inequality, we have

[ st = ) ax < € [ (Do) wx)x < € (22;3 n 22}+3> ,

forall k> 1and > 1.

Now it is easy to see that the sequence {uy : k=1,2,3,------ }
is a Cauchy sequence in Hj(€2). Note that Hj(€2) is a Hilbert space.
Therefore, there exists a unique function ug € Hg(Q), such that

im { [ 10 = e+ [ 190t - u0<x>u2dx} )

1 1

dx S 22k:+3 + 22l+3’

\Y

k—o0

Letting £ — oo in the estimates

1 1
I < 3 /Q | Vug(x)|*dx — /Qf(x)uk(x)dx <l+ 92k+3

we get

tin {5 [ FutoPax— [ oo ox
= 5 [ IVwlPax = | fixuxx

-t 5 [1vutopax = [ feoutxiix
_ uéﬁé?m{% /Q Vu(x)Pdx — /Q f(x)u(x)dx}.
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The Existence and Uniqueness of a Weak Solution

The Lax-Milgram Theorem. Let H be a real Hilbert space,
with the inner product (-, -) and the norm || - ||. Let

B-HxH-R,

be a bilinear mapping. Suppose that there exist positive constants
C1 > 0 and C5 > 0, such that

Blu,u] > Ciul*,
for all vectors u € H;
| Blu, v]| < Caflul[f}v],

for allu € H and v € H.
For any continuous linear functional

feH,
there exists a unique vector vy € H, such that

B[U,VO] - f(u),

for all u € H.
The key point in the proof of the Lax-Milgram theorem is that
by using the Riesz representation theorem, there exists an operator

A H — H, such that
Blu,v] = (u, Av),

for allu € H and v € H.
We can prove that the operator A : H — H enjoys the following
properties:

975



(1) A is linear.
(2) A is bounded.

(3) €1 < ||A]| £ Oy, where C; > 0 and Cy > 0 are positive
constants.

A is one-to-one.

(4) A is onto.

(5) AH is closed in H.
(6) AH = H.

The proof of the Lax-Milgram theorem is completed by using the
Riesz representation theorem again.

Let €2 be a bounded open set in R", and the boundary 0f2 satisfies
interior ball condition. Let oy;, B; and v be bounded continuous
functions defined in €2, such that a;j(x) = aji(x), for all i =
1,2,3,---,n, 3 =1,2,3,--- ,n and x € (). Suppose that there
exists a positive constant A > 0, such that

Z Z aij(X)&&; > AJEJ,

i=1 j=1

for all vectors & € R" and for all x € ().
This condition is called the uniform ellipticity.
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Define the following linear differential operators

LOU — V(X)u7

Liu = Z BZ(X) 0
0
fu=- 3550 oz, [O‘” oz, ]

1=1 j=1

Define the second order elliptic linear differential operator

Zzax ) ]+Z@ A

1=1 j=1

Obviously
Lu= Lou+ Liu+ Lou,

for all functions u € C%(Q) N C(Q).
Define the following bilinear functionals

Bolu,v] = /Q*y(x)u(x)v(x)dx,
Blni =3 | @(@a%u(x)v(x)dx,
olu, v] ZZ/O‘U 8:1:1 (9' (x)dx,

=1 j=1

and

ZZ/% )5

lel

+ Z | 860 uxulxiax + /Q YE0ux)u(x)dx,
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for all functions u € Hy(S).
Obviously, there holds

Blu,v] = By|u,v| + Bilu, v] + Balu, v],
for all functions u € H} () and v € H ().
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The elementary estimates for the bilinear function-
als: There hold the following estimates

(1)

Bolu,u] > —|lliee / u(x)|?dx,

Bl < il { [ |u<x>\2dx}1/2{ / |v<x>|2dx}1/2,

(2)
Bi|u, u]

- {Z ﬂi%w(m}l/Q { \Vu(x)\?dx}l/z { \u(x)\QdX}m,

| Biu, v]]

< {Z 5¢%w(9)}1/2 { rwx)mx}m { |v<x>|2dx}1/2,

(3)

Bolu, u) > A/ | Vu(x)|dx,
Q

| Balu, v]|
1/2

< Zn:illam\%oom) {/Q|VU(X)|2dx}1/2 {/Q’V”U(X)\?dx}lm

i=1 j=1
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=1 j7=1

n 1/2
Blu,u] > { CZH@'H%OO(Q)] — OVl 20y
/2
{/ IVu(x de} :
Blu,v] < {QZZ%yLw +22||5zHLoo + 17l 2o

/\u 2dx+/|Vu de} ’
{/Q\U(X)Fdx—i—/QVU(X)FdX} 2,

for all functions v € H(Q) and v € H}(S2), where we have used
the Poincare’s inequality

/Q u(x)[Pdx < C /Q Vu(x)|2dx,

for all functions u € H}(€), where C' > 0 is a positive constant,
independent of w.
There exists a positive constant Ag > 0, such that

Blu, u] +/\0/ |u(x)|*dx > %A/ | Vu(x)|*dx,
0 0

for all functions u € H{(1).

In other words, the inverse operator (£ + A\gI)~! of the second
order linear differential operator £ + Aol exists. Moreover, the
inverse (£ 4+ MI)™! : L?(Q) — L*(Q) is a compact operator, by
using the above estimate.
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Consider the boundary value problem for the second order linear
elliptic equation

—ZZ&E s _u]+z@

=1 j5=1

u(x) =0, on O

Either the inverse operator £7! of £ exists and is a compact
operator, or the inverse of £ does not exist. Note that for the
second choice, A = 0 is an eigenvalue of the operator L.

Either there exists a unique weak solution u € Hg(f), for each
f e L*0).

Or, there exist nontrivial solutions to the homogeneous equation

n

33 g [outoga] +

1=1 j=1

(x)u =0, in €,

u(x) =0, on S

The Maximum Principle

Let €2 be a bounded connected open set in R". Let ayj;, 8; and «y
be bounded continuous functions defined in €2, such that «;;(x) =
aji(x), for all ¢ = 1,2,3,--- ,n, 7 = 1,2,3,--- ,n and for all
x € ().

Suppose that there exists a positive constant A > 0, such that

Zzaw 525] > A‘S‘Q

1=1 j=1

for all vectors & € R™ and for all x € (.
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Let u € C?*(Q) N C(Q), or simply let u € C?(Q). Define the

following differential operators

EOU — V(X)ua

Liu = Z Bi(x) 0
Lo == Z Z i (X 890@(9:1:] “

2131

ZZO‘” )52 ax]“.z@

1=1 j=1 1=1

(X)u,

These operators are linear transformations from C?(Q2) to C(€).
Clearly

L=Ly+ L+ Ls.

The Weak Maximum Principle: If the function u € C*(2)N
C(Q) satisfies the conditions

_Zzaw 8x8xu+zﬁl

1=1 j=1 i=1

(x)u <0, in €,

fy(x)u(x) >0, in €,
then

max u(x) = max u(x).

One of the key points in the proof is to construct a few auxiliary
functions a and w:

a(A, a,x) = exp/Na121 + agro + agwg + -+ -+ - - + apzy)],
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and
w(x) = u(x) + ca(N, a,x),

for all x € €, where ay, as, a3, ---, a, and A are real nonzero

constants, 0 < ¢ < 1 is a positive, but sufficiently small constant.
Let us compute the partial derivatives of a. We have

aa a(A,a,x) = a; exp|Aa1z1 + asry +azrs + - - + apxy)],
€T
82
8352~(9xja(>\ a,x) = aiaj)\Q exp[A(a1x1 + asxs + azxs + -+ - - - + apx,)|-
Now
D IPIIC ax 7 Z Bi(x +(x)a(x)
1=1 j=1
= —)\2ZZaij(X)aiaj + AZ@‘(X)CM + v(x)
=1 j=1 i=1
exp[A(a1xy + asxs + agxrs + -+ - - - + anx,))
1/2
< ¢ —A(|Aa])? + (|ral) [Z 1Billicy | + 11Vl
exp[A(a1xy + asxs + agwrs + -+ - - - + apx,)] < 0,

for all x € Q, where [Aa| > 1.
The Hopf Lemma: Let the function u € C?(Q) satisfy the

following conditions

_ZZO‘” D0, 8:1: Z@

=1 j5=1
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Suppose that there exists a ball B(xg, R) C €2 and there is a point
x; € 012, such that

‘Xl — XU’ - R7
u(x) < u(xy),

for all x € B(xg, R). Then

0 X1 — X
—u(x - Vu(xy) > 0,
o lXt) = —F (x1)
where the outward unit normal vector n = %(x1 — xy).

The key points in the proof are to construct the auxiliary func-
tions a(A, x) and w(\, x):

a(\, x) = exp(—A|x — x0|?) — exp(—AR?),
and
w(A, x) = u(x) — u(xg) + a(A, x),

in the annular open region
1
QA{XG]R":§R< Ix — X <R}.

We can easily show that

B Z Z (X axlaxj afx)

=1 j=1

+ Z Bi(x)a(x) + y(x)a(x) <0, in Qy,

a(x) >0, on |x—xg|==R,

a(x) =0, on |x—x¢| =R,



for all sufficiently large A > 1. Moreover

B Z Z i (X 8:62(933] w(x)

lel

+Zﬁz

+y(xw(x) <0, in Qy,

1
w(x) <0, on |x—xo|= §R,

w(x) <0, on |x—x0| =R,

for all sufficiently large A > 1 and for all sufficiently small 0 <
e < L.
By using the weak maximum principle, we see that

u(x) +ea(\, x) <0,

in 4. Note that u(x;) 4+ ca(A,x;) = 0. Note that the outward

unit normal vector is n = —}% (Xl — X()). Therefore
w(X X Xo) - Vw(x .
1 R 1 0 1) =

Let us compute the gradient of the function a:
Va(\, x) = —2X(x — x) exp(—A|x — x0|?).

Finally, we obtain

0 1
a—nu(xl) R(X1 — xp) - Vu(xy)
2)e
> f’xl — xg|* exp(—A|x; — x0|*) > 0.

The Strong Maximum Principle: Let the function v €
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CQ(Q) N C(Q) satisfy the following conditions

_ZZ%] pe &Uju—kZﬁl

1=1 j=1 1=1

(x)u <0, in €,

fy(x)u(x) >0, in .
Let €2 C R" be connected. If there exists a point x € €2, such that

u(xo) = maxu(x),
Q

then w is a constant function.

The Eigenvalue Problems of a Differential Operator

Let €2 be a bounded connected open set in R”, with smooth bound-
ary 0€2. Let aj; and v be bounded smooth functions defined
in 2, such that o;;(x) = aji(x), for all ¢ = 1,2,3,--- ,n and
7 =1,2,3,---,n and for all x € (). Suppose that there exists a
positive constant A > 0, such that

ZZ% x)&& > AJEP,

1=1 j=1
for all £ € R™ and for all x € Q. Suppose that y(x) > 0, for all
x € ().
Define the linear differential operator

N oy 52 s 2

1=1 j=1

for all u € C*(Q).
Define the bilinear functional

8
Blu, v] ;;/% 8562 856 (X)dx—k/gfy(x)u(x)v(x)dx,
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for all functions u € H () and v € H}(Q).

Clearly, £ is a linear differential operator. The inverse operator
L7t LXQ) — L*(Q) exists and it is a bounded linear compact
operator. Any nonzero complex number g € o(£™1) must be an
cigenvalue of £71. Consequently, A must be an eigenvalue of L,
where A = 1. Obviously

/Q () Lu(x)dx = / u(x) Lo(x)dx,

0
for all w € C*(Q) N H(Q) and v € C*(Q) N H} (). Hence, L is a

self-adjoint operator. Therefore, all eigenvalues of £ must be real.
Moreover

Blu,v] = Blv, ul,

for all u € H}(Q2) and v € H}(Q).
Theorem 1.
(1) All eigenvalues of the differential operator £ are real.
(2) The eigenvalues of the operator £ are positive. They may be
arranged in the following increasing way

D<A <A< Ag<ovnnn. <A< e
lim )\k:OO.
k—o00

(3) The dimension of the eigenspace N (A — L) is finite. That is,
the number of linearly independent solutions of

- ; ; ar, [@zj(x)ﬁ—a%lﬁ]
+y(x) = ), in Q,
=0, on 0,
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is finite.
(4) There exists an orthonormal basis

B = {¢17¢27¢37 """ 7¢k37 """ } C H(}(Q)’

for the vector space L?(Q2), where 9 is an eigenfunction of the
operator £ associated with the eigenvalue Aj:

_Zza [“” ]

1=1 j7=1
+y(x)hr, = )\kl% in €,
Yr =0, on 0,

forall k=1,2,3,------ :

That is
/ o (0)Pdx = 1,
0O

/ Yr(x)(x)dx =
Q

forall k=1,2,3,------ and [ =1,2,3,------  with k& #£ .
For any function u € L?(€2), the series

0,@)

= apty,

k=1
is convergent in L?(€2), where
o = [ ulx)un(x)ix,
0

where k =1,2,3,------ :
Note: The eigenfunctions

i, € C™(02),
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forall k=1,2,3,------ if
a; € C7(Q), € C™Q),

foralls=1,2,3,------ ,nand j =1,2,3,------ L.
Definition: The cigenvalue Ay > 0 is called the principal eigen-
value of the operator L.

The Variational Principle for the Principal Eigen-
value
(1) There holds

A1 = min { u, u) /]u 2dx—l}
uGH1

(2) There exists a positive eigenfunction 1, € C*(Q) N Hy ()
associated with the eigenvalue A1, such that

3 o [y

1=1 j=1
+y(x)1 = My, in €,

Y >0, in €
’le:O, on (’)Q,
[ Woiopax =1,
Q
)\1 - B[¢17¢1]-

3) If the function ¥ € H{ () is a solution of the boundary value
( 0
problem

(3
33 [y ] 2w = xw w0

=1 j=1

=0, on 0,
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then

h(x) = e (x),

for all x € (2 and for some real constant ¢ € R.
Therefore, without loss of generality, we may claim that the
eigenfunction 1 corresponding to the first eigenvalue is positive.
Proof. Recall that the set

B = {1, g, ooty }

of eigenfunctions is an orthonormal basis of L?(€2), that is,

-23 g [t

1=1 j=1
’Y(X)@bk — /\k‘qvbk'a n Qa
@Dk = O, on aQ,

[ toopax =1,
Q
/wk(x)wl(x)dx —

0

forall k =1,2,3,------ and [ =1,2,3,------ . Thus we have
Blg, vk = M, Blbg, ] =0,
forall k =1,2,3,----and [ =1,2,3,------ , with k # (.
Obviously
A1 = B[t1,11] > min { [, u] /]u 2dX— 1}
uEH1
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For all functions v € L*(Q), with [, Ju(x)|*dx = 1, we may write

(0. 9]

u(x) = > argi(x),

k=1
/ u(x)Pdx =) ag” =1,
{2 k=1

aj = /Qu(x)wk(x)dx, k=1,2,3------

Now we have the following computations

Blu, u] ZzakalB [Yr, ¥

k=1 [=1

o o
= Z Arlar]* >\ Z lap]” = M.
k=1 k=1

Note that Hj(Q) is a subspace of L*(€2). Hence

min {B[u,u] : / |u(x)|*dx = 1} > A1
uEH&(Q) Q

Now we have proved that
A1 = min { u, ul /]u del}
ueHl

Now let
u € Hy(9), / |u(x)[*dx = 1.
Q

Let us prove that u is a weak solution of the boundary value problem

3 o [

=1 j=1
+y(x)u = Aju, in €,
u=0, on 0f),

991



if and only if
A1 = Blu, ul.

This is not hard, because we have obtained the equality

00
= Z)\k\ak\z
k=1

Let u be a nontrivial weak solution of the boundary value problem

D 3) Brcq HREH

1=1 j=1
+y(xX)u = A\u, in €,
u=20, on Of.

Let

u(x) = max{+u(x),0},

u (x) = max{—u(x),0},

for all x € Q). Then

u(x) = u'(x) —u (x), u’(x)u”(x) =0,
and
0 g 0 _
o X) = 5wt (x) — 5T (x),
o .. .90 _
8x@-u (x) 6xl~u (x) =0,

for all x € ). Moreover

/]u 2dx_/\u 2dx+/]u )|?dx = 1.



Now we have

n n 0 B
;;/chw )(933 (x)dx

+ /Qv(x)qu(X)u(x)dx = 0.

The following estimates are very interesting and important. There

993



hold the estimates

>\1 — B[”?“’}

0

B /Q e aiiu(x)ﬁ—%u(x)dx

i=1 j=1

994




Then

Blu ,u] = A\ [ Ju (x)|dx.

Therefore, we have

- Z Z o [aw iiu“L(X)]

1=1 j5=1
+yut(x) = Mut(x), in Q,
uwt =0, on 09,

and
n

¥ ; a l% 0 iu(x)]

i=1
+yu” (x)(x) = Mu” (%), in €
— =0, on 0.
Finally, by using the strong maximum principle, we find that
Either u > 0, in £,
oru <0, in €.
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Let ¢ and v be nontrivial weak solutions of the boundary value

problem
235 [
=1 j=1
+y(x)u = A\u,
u=20, on Of.
Note that

/Q (x)dx # 0, /Q b (x)dx % 0.

There exists a real constant ¢, such that

/ 6(x) — cp(x))dx =
0

Note that ©u = ¢ — c is also a weak solution of

=35 o [t
=1 j7=1 856 :
+vy(x)u = A\u, in €,
u =0, on Of.
Therefore, we get ¢ = cip. The proof of Theorem is finished now.
[
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(x)u.

1;%‘7 0x; 3x]u+zﬁz

1= =1

—1/2 —1/2 —1/2 =120 o 1
( ) (&= n), (), (£/=n), :
@b = (. With respect to the inner product, the set of eigen-

functlons is an orthonormal basis of the space. 1y, Y9, 3, -+ 1y
+ exp|A(a1x1 + agwy + azxs + -+ - - - + ap,)]
+ exp|Aa1xy + aswe + agwg + -+ -+ - + anxy,))
+ exp[A(a1xy + asws + azxz + -+ - - + apy)]
+ exp[A(airy + agwo + agwg + - - - + apxy))
+ exp[A\|(a1z1 + agzy + agzg+ - - - + apxy,)
+ exp|A(a1xy + aswo + agwg + - - - - + apxy,))
+ exp|Aa1xy + aswe + agwg + -+ -+ - - + apx,))
+ exp[A(airy + agwo + agwg + -+ - - + apx,))
+ exp[A(aixy + agwe + agwg + -+ - - + apxy))
+ exp[A(a1xy + aswo + agwg + -+ - - + apx,))
+ exp|Aa1xy + aswo + agwg + -+ -+ - + apx,))

297



Applications of the method of Fourier transforma-
tion to a hyperbolic equation
Theorem 1. Consider the Cauchy problems for the one-dimensional
nonhomogeneous hyperbolic equation

0? 82
proide o 2l = f(z, 1),
u(e,0) = w(a),  Su(z,0) = w()

In this problem, o > 0 is a positive constant, the initial functions
ug € C?*(R) and vy € CHR), the external force f € C1(R x RT).
There exists a unique global classical solution v € C*(R x R"),
given explicitly by

u(z,t) = 1[u0(aj + at) + up(z — at)] + L /I ) vo(€)d€

20 ot

:c—l—at T
/ / T)dédT,
r+a(t—r)

for all (z,t) € R x RY.
Proof. Performing the Fourier transformation to the initial value
problems leads to

0? ~
o6, 1)+ olePale ) = Fle. ),
AE0) = WlE), e 0) = W(E)

Solving the initial value problems by using the method of variation
of parameters, we have the explicit representation of the Fourier
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transformation

1 .
(. 1) = [ <5>+;£vo<s>] exp(+itat)
1 1

+ 5 [ﬂo(g) — E60(5)] exp(—itag)

/ exp[+ia&(t — 1) f(&, 7)dT

210(5 0

21&5/0 exp[—iaé(t — )| f(&, T)dT

for all (£,t) € R x R™.
Recall that

1
2

oz) = = / exp(+izé) B(E) e,

2T

for all £ € R, where the function ¢ € S(R). Now if we perform the
inverse Fourier transformation to the representation and use some
elementary property, then we obtain the solution representation

u(xz,t) = 1[u0(a: — at) + ug(x + at)] + o /93 j vo(n)dn
/ /x—i-ozt ) dndT
for all (z,t) € R x R,
0 6
2 (e =)=t = )it = 7
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Sobolev Spaces

Theorem 1. Let the positive integer n > 2, let the positive
constant p > 1, such that 1 < p < n. Then W'P(R") C LV (R"),

where p* > p and ]% =1_ % Moreover, there holds the following

p
estimate

e

{ 5 ]u(x)\p*dx}p*

| »
< - { ]Vu(x)]pdx} :
2\ S

for all functions u € C§°(R").
Proof. First of all, by using fundamental theorem of calculus,
it is easy to show that

1 0
lu(x)| < i/R axiu(x) dw;,
for all functions v € C§°(R"), where i = 1,2,3, -+, n, the vector
X = (1, %9, X3, ,Xy). Now
%1
T < d; ;
) H { 83% ()| d }

for all functions u € C§°(R").

Let us integrate this inequality step by step with respect to the
variables x1, xo, T3, - -+, x,, respectively. In each step, we will use
the general Holder’s inequality:.
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Step 1: The integration with respect to xq leads to the estimate
[ )i,
R
L[]0 =
< {— / d331}
2 Jr
1
n—1
dxldxl} .

u(x)

om,

1{; /.

Step 2: The integration with respect to xo leads to the estimate

0
o )

|u(x) |7 Tdzdas
R2
1

< 1/ i ( ) dr.d i
2 Jre 6?x1ux H1e

1

1 0 n=l
{5/]1%2 a—MU(X) d.fljldlljz}

1L
iy (2R

u(x)

1
n—1
(9:137; dili’ldilfgdl'z} .
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Step 3: The integration with respect to x3 leads to the estimate

3 |u(x) |7 Tdzydaadas
R

1 0
< dZ _—
=~ {2/R3 awllL(X) dﬂ]ldﬂfgdxg}
1
{§/R3 a—@?l,(X) dl’ldl’gdl’g}
/ iu(x) dxdzeda
s |92 1dxodrs

1{: L[5
A 2 Rél

&ci
1

3‘
| =
|

3‘
| [—
—|

3‘
| =
—|

DO | —

1
1
dxldxgdxgd:ci} .

u(x)

Step 4: The integration with respect to x4 leads to the estimate

4 u(x) |7 Tdz dzsdzsday
R

‘H

VA
—N—
DO | —
Sle
b
<
>
—— ——
s
|

—u(x)| dridrodrsdry

%
Q
=
‘H

)| dridzodasdry

‘._l

—u(x)| dridzodrsdr,

,&
S
S
‘H

—N— ——
DO — N —= DN

—u(x) dxldxgdxgd:c4}

W
Q
&

N

1

n—1

0

u(x) d$1d[l?2d[l?3d$4d$i}
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Step 5: The integration with respect to x; leads to the estimate

|u(x) [ Tdzdeydas - - - day

T

3
3
|

IA

—— ——

—u(x)|dridrodrs - - - day,

5

)| drydzodas - - - day,

3
3
|

—u(x)|dridrodrs - - - day,

Sle
b
<
»
—— Y—— ——
s
|

DO — DN~ DN

1 "

B

—

1
dzidaedaxs - - - dazkdxi} .

u(x
7. (%)
Step 6: The integration with respect to x, leads to the estimate

< H { [l
np

1
n—1
dx} :
Nowlet1<p<nanddeﬁner—(np) 1:Tpand
T = oo Let w(x) = Ju(x)] WhereuEC’O( ™). Then

n—1r—1
1
n—1
dx} .

[ulx) [ 1dx
R’n

8:10@ (x)

()| Tdx
R

SUEN

8$Z (x)
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That 1s

_nr_

1
n—1
dx} .

()| Prdx
Rn

<1112 [ jueor | u)

o i1 2 R “ 51’2

By using Holder’s inequality, we have the following estimate

0

8—:@“(){) dx

[u(x)]"
R™
p—1

< { [ oo} "
ULl o}

=

u(x)

85172'

Now we have

Simplifying, we have

{ 5 yu<x)yn”—%dx}(
<1{5

7
=

(%JZ (x)
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Finally, we obtain the desired estimate

n—-p

{ 5 ]u(x)\nn_ppdx} "
< s (L]

1
np
dx} :
for all functions u € C§(R™).ra-Tra-127-127-1
Theorem 2. Let the positive integers m > 1 and n > 2, let the
positive constant p > 1, such that mp < n. Consider the Sobolev
space WP(R™).

(9562 (x)

Define the positive constants p*, p**, p™*, p™** ... p™** by
11
;"W
11 1 1 2
Pt P on op o
1 1 3
F T np W
L1 11 4
prEEE e o Z_? T
o . S o
p*** x p**...* T ﬁ — 1—? — g
Then
R C W (R C W (R
C Wm_?’?p***(R") Coeeennn C Lp***”'*(Rn).

Moreover, there hold the following estimates.
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! +ag+ag+-+ap

u(x)
aq a9 a3 (079)

o1t oatagt-tay

(. )
v u(x)

Py
< C dx
= { / o | 01025202 - - - Dy } ’
for all w € W™P(R™), where a1 +ag + g+ -+, <m — 1.

(2)
Kk %
p p
/ dx
R™
aal—i-az—i-ag—i—"'—i-ozn

p* 1%
< C d
= 2 / | 0x10x5?0xs® - - 8m%”u(x) o

for all u € Wm_l’p*(R"), where o + a9 + a3+ - -+, < m — 2.
1

(3)
$okk —%%;
p P
/ dx
Rn

aa1+a2+a3+---+an P P
< C V u(x dx
= / o | 0z 025202 - - - Ozl (x) ’

for all u € Wm_2>p**(R”), where o + ao+as+ -+, < m—23.

(4)
kokokk %
p P
/ dx
RTL
p*** PRFF
< O / dx :

o1 +ag+ag+-+ap

u(x)
aq a9 Qa3 (079

\Y

Oo1toatagt-tap

u(x)
aq ag a3 Qn

aal—i-ag—i—ag,—l—"'—i—ozn

u(x
01 0x5* 03> - - - Oxy" (x)

! +ag+ag+-+ap

u(x)
aq a2 ag Qn

V
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for all w € W™= (R"), where a + g + g+ - -+, < m — 4.

(5)
Kok p
{ u(x) dx}
R?’l

1
< Om{ !Vubdwwwdx}p ,
]Rn

for all w € W™ (R").
Therefore, we obtain the estimate

{ [ )‘M**dx}ﬁm%w
< C?{ > u/n

atogt+ag+-t+ap=

=

o1 taztazt-tap

al Q9 a3 Qp

u(x)

p
dx »

for all functions u € W"P(R").
Lemma 1. There holds the following estimate

1
[ e —ublax < o [ gy
B(xq,R) B( K

n x0,R) X — Xg

for all functions u € C'(R"), for all points xg € R" and for all
radius R > 0.
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Lemma 1. Let a > 0, 8 > 0 and v > 0 be positive constants,
such that o > 3 >~ > 1. There holds the following estimate

b=y a—p3

a—

[otarix < { [ Jooorax]”{ [ jotorax] ",

for all functions ¢ € L*(R™) N L7(R").
Proof. Note that « — 3 > 0, 8 — v > 0, «a — vy > 0 and
a—v=a— [+ —. Also note that

6—7+a—5:L Bzaﬁ—v+7a—@

a—y a—r a— o —
The proof followings from a simple application of Holder’s inequal-
ity. We have

| o)lPdx = | [o)l" I dx

5—7

< { [ poporax}” { [ |¢<x>|ﬁdx}%

Below there are four simple applications to this inequality.
Now let p > n > 2. By using the above estimate, we have

|u(x)["dx
Rn
(- 1)(p-n)

n_ (p+1-n)n (p—i—lp—n)n
< lu(x)|-TPdx lu(x)|"dx :
R" R"

Note that p > n > 1. Now we have

n
(p=V—>p>n (p-1) < 2
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Therefore, we have the following estimate

lu(x) |7 1P Ddx
Rn

< { \u(x)]mpdx} { ]u(x)\”dx} :
R™ Rn

Now let A > p > n. Note that

n p
A>—A—=1)>p>n> 1.
— p—1< )>p>n

We have the estimates

lu(x)| Adx
Rn
(n—=1)(A—p)

n +(A—p)n
< { [ oo "
RTL

(>\/\ )

pt(A-p)n

{ th)VdX} :
Rn

and
u(x)|7 T Vdx
R’n
=y iean
n p—1)[p+(A=p)n
< { ]u(x)|mAdx}
Rn

A=Dp—(A—p)n
} (p—1)[p+(A—p)n]

{[ s

Rn

Lemma 2. Let the positive integer n > 2. Then
W R") C LP(R"),

for all positive constants p > n (but not for the case p = o0).
Moreover, there exists a positive constant C' = C(n,p) > 0, such

609



that there holds the following estimate

{ wadx}% < (gp)’% [ ueoraxs | ,wxﬂndx}% |

for all functions u € WH"(R).
Proof. In the following well-known estimate

1
T
nldX<H{ [ Jgmoaax}
RTL

letting ¢(x) = |u(x)|?, where u € WI(R") and p > n is a positive

8% ()
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constant, we have

IA

IA

IA

IA

()| 717 dx

R” X
(1 B, -1
— w(x)P|| dx
({5 [, g w001 ox
n FiT
H{;p [ o ol dx}
1
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Let us cancel out

p—n
{ \u(x)\ﬁpdx}p“ "
RTL

then we get the estimate

1 \ -t i
< (p) { \u(x)!”dx}
> o
n n I
n(n—1)
(Ll
1=1 R

(9:1:2
That is

< () 7 [ borach{ [ 1vusorax} T
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Finally, we obtain the desired estimate

[u(x)[Pdx
RTL
(1) »

n_ (p+1-n)n (p+1—n)n
< [u(x) [ TPdx u(x)["dx
R” R™

p—n

w) [ wuerax)

(n=1)(p—n)
lu(x) |”dx}

(p+1-n)n

IA

(

1A
{
(30) { [ wuaraxh ™ { [ uorax]

< () { [ wooraxs [ 1vuporax)

The proof of the Theorem is finished now.

SIS

Theorem . Let the positive integer n > 2, let the positive
constant p > n. Then

W'P(R") C LN(R"),

for all positive constants A > p > n. Moreover, there exists a

1 (A—p)n

positive constant C'(A\,n,p) = (5A) » > 0, such that there holds

the following estimate
(A=p)n

{ RR\U(X)\AdX}% < (%A)T{ Rn\u(x)ypder Rnwu(x)’pdx}%’

for all functions u € WHP(R").
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Proof. In the well-known estimate

|¢ nldx<H{ /R dx}m,

letting ¢(x) = |u(x)|*, where v € W?(R") and the positive con-

8% ()
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stants A > p > n, we have the following estimates

IA

IA

IA

IA

[ux) |71 dx

n A=Dp—(A=p)n

1 \ T Dl pin
<§)\> H{ 5 |u(x)\pdx} o

A—
n p+(A—pp)n
[u(x) |71 dx

n 1
0 p (n—T)p
u(x)| dx
1=1
n A=Dp=(A=p)n_
n—1 (n—=1)[p+(A—p)n]p
>\> { |u(x)\pdx}
]Rn
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Let us cancel out
(A—=p)n

n p+(A—p)n
{ ru<x>|mkdx} |
Rn

in the above estimates, then we have

p
([ oo™
RTL

A=Dp—(A—p)n

1 \7T Dot e p)lp”
< (—A) { \u(x)|pdx} '
2 o
1

That is
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Finally, we obtained the following estimates

[u(x)|*dx
Rn
(n=D(A~p) D
_n_y p+(A—p)n p+(A—p)n
< |u<x>\n—1 ix u(x)
Rn
(A—%?)n
< ( ) { ]Vu(x)]pdx} !
(A=p)n ()\p[) [(A(/\l)p)§/\2p)n] n
2 +(A—p)n
{ |pdx} ! { |u(x)|pdx} e
RTL
(A—g)n A\
g( ) { yvu<x>ypdx} ! { yu<x)ypdx}
Rn

. (59

The proof of the theorem is finished now.

{ - |u(x)[Pdx + Rn|Vu(x)|PdX}
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Here is the second step Now let p > n. Note that nnnp(n —
1)202p(14)141°%(2) [on |52 7 U ) dx.|c, --pA, Cnp2uep()S111" 71 CC™pn?
Yo 1n01+p_n , ()1n11—|—np1—|— + 11pl+, 2p — n(1+)C1+ + 1 +

{} 1nn2(1+) - +x.arrive a nn — 1n(2p — n)Now we have If we

—pL T . .That is There are two steps in the proof. Here is the
first step. Then

Theorem 3. Let the positive integer n > 1 and let the positive
constant p > 1, such that p > n. Then

WhP(RY) ¢ OO0 (R™).
WhP(RY) ¢ C™R(RM).

There exists a positive constant C' > 0, such that there holds the
following estimate

u(x) —u
sup |u(x)| + sup ux) — (y”
xcRP xeR" yeR" x#y ‘X — y|

< C{ o+ / n\Vu(X)\pdx} |

for all functions u € WHP(R").
Proof. Let xy) € R” be any point, let R > 0 be any positive

D=

constant. Consider the open ball B(xg, R). First of all, by using
the fundamental theorem of calculus, we have

u(xo + sz) — u(xg) = / z - Vu(xg + tz)dt,
0

for all z € R" and for all positive constant s > 0, where |z| = 1.
Thus

[u(xg + s2) — u(x0)| < / |Vu(xg + tz)|dt.
0
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Integrating this inequality over the unit sphere S(0, 1) yields

/5(0,1) [ulxo 1 52) — ulx)|d5(z) < /O S { [5 o Vb0t tz)!ds(z)} dt.

Let us make a change of variables on the right hand side. Let
X = Xg + tz, then dS(x) = t""1dS(z). Now we have

/5(0,1) lu(xq + sz) — u(xp)|dS(z) < /08 {/S(xo,t) ‘)JYU}EZTZ‘1dS<X)} dt

< / Vu)|
B(

x0,R) ‘X T Xo‘n_l

Now multiplying this inequality by s”~! and integrating the result
with respect to s over [0, R|, we get

/O ! {snl /S - u(xo + sz) — u(xo)yds<z)} ds

1
[V
n B(xq,R) ’X o Xo‘n

Therefore, we obtain the following elementary estimate

1
/ [u(x) — u(xg)|dx < —R”/ [Vulx) dx,
B(xq,R) B(xo.R) |

n x — x|

for all balls B(xg, R) C R".
Now let xg € R" and yg € R" be any two distinct points, let
() = B(xg, R) N B(yo, R), where R = |xy — yo| > 0. There hold

619



=)

the following estimates

{ [ ut) — utyalax/{ [ rax}

[u(x0) = u(yo)

N—

SN—

SN——

—N—
—— K
P —
= )
& 7
5
q/B,J\I\
—_——
-
—N— _M
b —
S SE
= =)
5 L7
s S|
)
B g
=2 =3
g 5

S =

n X
— s

=y
, ® ®
9 S S
— > >
— — —
S = =
S X >
N ;5 = N——
Dl =
\|\Xf — —
-~ » %
— g o)
| = —
Sl e N NS
> | | = = —lx =
Tx % =] > &
= | 7z | =
n/B ~— ~—
N (\\an (\\In\j



That is, there holds the following estimate

. {\u(x@ - u<yo>\} 0 { i W(X),pdx}% |

xoyo L X0 — yolt—/P

Next, let x; € R" be any point and let R > 0 be any positive
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constant. Then we have the following estimates

[u(x0)]

L
[T
)

IA

{

U100 w0 1105}
ALy

{

{

IA

)
N |u(x)
s ([ )
%Rn /B(XO,R Igiu;ji‘ldx} / {/B<xo,R> 1dX}
[t

u(x \dx} / {/ 1dx}
(X()vR) B(Xo,R)
p—1
1 1 !
—R" / o dx
n B(xq,R) ’X—Xo‘p r(n=1)
{/ ]Vu(x)]pdx} /{/ 1dx}
B(X(),R) B(XOaR)

p—1

1 p—1
+ {/ |u(x)|pdx}p {/ 1dx} ' /{/ 1dx}
B(xq,R) B(xq.R) B(xq,R)
12 z
< CR™ 5{ \vu(x)\PdX} /{ / 1dx}
R" B(x0,R)
1 1
p p
+ { ]u(x)|pdx} /{/ 1dx}
R™ B(xo,R)

< c{ Rn\u(x)\pdx}lﬁ{ Rn]Vu(X)]pdx}%.
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In the last step, we let

7 =2
(1) R= { \u(x)]pdx} /{ |Vu(x)|pdx} , if p < 2n,
© p—2n Rn p—22n
Nz 2
(2) R= {/ \Vu(x)\pdx} /{ ]u(x)]pdx} , if p > 2n.
n Rn
The proof of the theorem is finished now. O

Theorem 4. Let the positive integers m > 1 and n > 1, let
the positive constant p > 1, such that mp > n. Then

Wm,p(Rn) C Cm—l—[%],H[%]—%(Rn)’
if % is not an integer. And
wmr R ¢ ¢ eRn),
if % is an integer, where 0 < o < 1 is any positive constant.
Proof. Let k = [7]. Thenm > 1+ kand k < <k+1,if 3
1s not an integer.
Define the positive constants p*, p**, - -+, ™ by

S
prp n

11 1 1 2
p** p* n P n’
11 1 1 3
p*** p** n D n’
R N

By using the result of Theorem 1, we find that
W™ P(R") € W™TW(R™) € WTHT(RY)
C WHS3PTRY C c WmRPTTTRY),
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In each of the inclusion step, there holds the estimate

L

8041+042+Oé3+"'+04n

u(x
01 0x5* 03> - - - Oxy" (x)

8051+042+Oé3+"'+04n p* *k pFEE
< C V7= —u(x dx :
o /n 833116562282733 ¢t axnn ( )
forall oy +as+as+---+a, <m—1, where:=1,2,3,--- k.
Let
r = p*** *
Then
1 1 k
-—=———, r>mn
rop
Now

WmP(R") € W™ F(R"),
Recall that
WL (R 00,1—%(Rn)-
Therefore, we have
WmP(R") € W™+ (R")
c CmRLE Ry = oS ey,
Now let us consider the case % is an integer. As before, we have
WmP(RY) C WL (R
C WIERY) C s C WmETT(RY)
— Wk (R ¢ WmLARNY
_ m—ﬁ/\(Rn) c o B (R
= omhemn),
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where

! +ag+ag+--+ap

aq Qa2 ag 0%

u € LMNR™),

aoq—i—ag—l—oz?)—i-'“—i—ozn
aq a9 a3 (679

forall oy +as+as3+---+a, <m—1—Fk and for all A > n.
Therefore, we have

u e COX(RY),

ue C"TTORY),

forall 0 < a < 1.
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The Gagliardo-Nirenberg Sobolev’s Interpolation In-
equality.
Let m > 1, n > 1 and k£ > 0 be integers, such that m > k. Let
I1<p<oo,1<g<oocand 1 <g<oo. Let k/m<a<1bea
real constant, such that

n n n
——k=a(——m)+(1—-a)-.
% k= o —m)+ (1-a)
There holds the following Gagliardo-Nirenberg-Sobolev interpola-
tion inequality

OB +Ba+ B3+ Bn g
Z / 6/31652353 L aﬁnf(x) dx
B1+P2+P3++fn=k T1HT2HE3 In
8@1+a2+a3+ +an r afr
< C Z / o f(x)| dx
aq+ag+as+tan= " o

([ 1searad

for all functions f € W™ "(R") N LYR").

The only exception is that (1) if mr < n, k=0 and g = oo, we
require that f — 0, as |[x| — oo.

(2) k/m <a<lifl <r<oocandm—k—22>0is an
integer.
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Mathematics 435 - Introduction to Functional Analysis - 202
Mathematics 435 - Introduction to Functional Analysis - 202

Functional Analysis studies the structures and properties (of
compact sets, closed sets, open sets, convex sets) of metric spaces,
Banach spaces and Hilbert spaces and their adjoint spaces. Func-
tional Analysis studies properties of bounded linear operators (in-
cluding adjoint operator, compact operators, projection operators)
and continuous linear functionals, such as eigenvalues, eigenvec-
tors, spectrum, one-to-one, onto, boundedness of inverse operators,
etc. There are many beautiful, powerful, elegant results, such as
the Banach contraction mapping principle, open mapping theorem,
closed graph theorem, uniform bounded theorem, Riesz represen-
tation theorem, Parseval’s identity, etc. There are many important
applications to partial differential equations, differential geometry,
engineering, applied mathematics.

Instructor: Professor Linghai Zhang
Contact Information: lizb@lehigh.edu

Online Office Hours: Tuesday and Thursday, 8 PM - 9:30 PM
and by appointments. The link of the ZOOM meeting is posted
in the Coursesite.

Homework Assignments: There will be 6 homework assign-
ments. Students will submit their solutions to the Coursesite
before the deadline. 150 points.

Presentations: There will be 10 Presentations on Thursdays
starting from the third week. Prepare your presentations in the
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PDF documents or powerpoint. You may write down all im-
portant details as evidence. However, you will just talk about
the most important ideas and steps. You do not have to talk
about all the details. The presentation is worth 200 points

The Final Exam: Presentations of 45 minutes per student. 150
points.

Total Score: 500 points

A: 451 - 500
B: 401 - 450
C: 351 - 400

For the information in the Future

Chapter 1: Use about 2 weeks. Give about 1 presentation

Chapter 2: Use about 6 weeks. Give about 3 presentations
Chapter 3: Use about 6 weeks. Give about 3 presentations
Every student does 4 problems in any presentation.

There will be a Final Exam - Presentations. Every student will
present 5 - 6 problems.

There will be three homework assignments. There will be 3 prob-
lems in each assignment.

Chapter 2: bounded linear operators (focus on projection operators,
norm-preserving and onto operators, compact operators, general
nilpotent operators) and unbounded linear operators (differential
operators). Chapter 3: bounded linear operators (focus on pro-
jection operators, self-adjoint operators, unitary operators, Cayley
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transformation, Fourier transformation, Hilbert operator, compact
operators) and unbounded linear operators (differential operators).
Students may ask me for ideas and main steps.
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Notations

R" : the standard Euclidean space,
B : basis of the space R",

n
|v|| : norm of a vector in R", [|v|* = Z ;%
i—=1

n n

|A|| : the norm of a square matrix, |A|]* = Z Z ;%
i=1 j=1

u, v, W represent vectors

|lull, ||v||, ||w]| represent norms of vectors

M . a metric space

X : anormed linear space, a Banach space

‘H : a vector space with inner product, a Hilbert space
X* . the adjoint space of X

H* . the adjoint space of H

A : a bounded linear operator

A* : the adjoint operator of A,

| A|| : the norm of bounded linear operator A
| A*|| - the norm of adjoint operator A"

P . a projection operator

f : a continuous linear functional

| 1] : the norm of continuous linear functional
(u,v) : the inner product of two vectors u, v
AN={)\ € aset},

S a set in a space
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Chapter 1: Metric Spaces
Chapter 1: Complete Metric Spaces
Definition and elementary properties
Examples of metric spaces: R", C", M, (R), L/(R), I?.
Sequences, Bounded Sequences, Limits, Convergent Sequences

Bounded sets, Open sets, Closed Sets, Convex sets, Dense sets,
Compact sets

Examples of compact sets

Mappings between metric spaces: Continuous mappings, Open
mappings, Closed mappings, Contraction mappings

Complete metric spaces
Banach Contraction Mapping Principle, Applications

Summary

Chapter 2: Banach Spaces and Bounded Linear Operators

Section 1: Bounded Linear Operators

1.1 Boundedness and continuity of linear operators

1.2 The space B(X — V)

Section 2: Representation and Extension of Continu-
ous Linear Functionals

2.1 Representation of continuous linear functionals

2.2 Extension of continuous linear functionals

2.3 Applications of the extension theorem

Section 3: Adjoint Space and Adjoint Operators
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3.1 Second adjoint space

3.2 Convergence of operator sequences

3.3 Weak compactness

3.4 Adjoint operators

Section 4: Theorem on Inverse Operator and Theorem
on Uniform Bound

4.1 Theorem on inverse operator

4.2 Banach-Steinhaus theorem

Section 5: Spectrum of Bounded Linear Operators, In-
variant Subspaces

5.1 Eigenvalues and eigenvectors

5.2 Resolvent and spectrum of bounded linear operators

5.3 Invariant subspaces

Section 6: Spectrum of Compact Operators

6.1 Definition and properties of compact operators

6.2 Spectrum of compact operators

6.3 Invariant subspaces of compact operators

Chapter 3: Hilbert Spaces and Bounded Linear Operators

Section 1: Hilbert Spaces

1.1 Vector spaces with inner products

1.2 Definition and elementary properties of Hilbert spaces
Section 2: Projection Theorem

2.1 Orthogonality and projection

2.2 Projection theorem

Section 3: Orthogonal Sets

3.1 Orthonormal sets

3.2 Complete orthonormal sets
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3.3 Isomorphisms

Section 4: Adjoint Space and Adjoint Operator

4.1 Representations of continuous linear functionals

4.2 Adjoint space and adjoint operator

4.3 Bounded self-adjoint operators

Section 5: Projection Operators

5.1 Definition and fundamental properties of projection operators
5.2 Operations of projection operators

5.3 Invariant subspaces and projection operators
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Definition 1. Let M be a nonempty set. M is called a metric
space, if there exists a metric p, that is, p is a function from M x M
to R, such that

(1) plu,v) >0,
(2)  p(ua,v) =0, if and only if u = v,
(3)  plu,v) < p(u,w) + p(v, w),

for allu € M and v e M.
Example 1. The vector space R" is a metric space, with the
metric

" 1/2
def
p(x,y) = {Z‘xz —yz"Q} :
i=1

Example 2. The vector space M, (R) is a metric space, with the

metric
1/2

(A B) = 43S ay — by

i=1 j=1
Example 3. The vector space [P is a metric space, with the
metric

00
lp d:ef {($1,$2,$3,"‘ 7xn7"') : Z‘Q’]n‘p < OO} ;
n=1
,O(X,}’) - {Z‘xn _yn‘p} .
n=1

Example 4. The vector space LP(R") is a metric space, with the

=

metric

9 [ 1760 - e}’
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Definition 2. Let M be a metric space. The subset S C M
is called bounded, if there exists a point uy € M and a positive
constant C' > 0, such that

plu,ug) < C,

forallu € 8.

Definition 3. Let M be a metric space. The set S € M

is called open, if for every point uy € S, there exists a positive
number ¢ > 0, such that

B(uy, 6) o {fue M:p(u,u) <d} CS.

Definition 4. Let M be a metric space. Let {u, : n =
1,2,3,------ }Cc S It

lim p(u,,uy) =0,

n—oo

then we say the sequence u,, is convergent and we write the limit

lim u, = Uy.
n—00

Definition 5. Let M be a metric space. The set S C M is
called closed, if the limit of any convergent sequence is also in 8,
ie. if

lim p(u,,uy) =0,

n—o0

then ug € S.
Definition 6. Let M be a metric space. The set S C M is
called convex, if for any points uy € S and vy € §, there holds

Aug + (1 — )\)Vo €S,
for any number 0 < A < 1.
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Definition 7. Let M be a metric space. The set S C M is
called dense in the metric space, if for every point uy € M, there
exists a sequence

such that

nh_}xglo p(u,, uy) = 0.

Definition 8. Let M be a metric space. The set S C M is
called compact, if every bounded sequence has a convergent subse-
quence.

Theorem 1. Let M be a metric space. Then

p(u,v) = p(v,u),
foralue Sandves.
Theorem 2. Let

be a convergence sequence in the metric space M. Then the limit

Is unique.

Theorem 3. Let {u, : n = 1,2,3,---} and {v, : n =
1,2,3,---} be convergent sequences in the metric space M, that
1S,

lim p(u,,uy) =0, lim p(vy,, vg) =0,
n—oo n—oo
then

nh_g)lo p(unv Vn) - p(uo, VO)'

Definition 9. Let S C M and T C M be subsets, let ug €
M. Define the distance between uy and S by

p(ll(), S) dgf inf p(ll(), U).
ucsS
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Define the distance between S and T by

pS,T)E inf plu,v),

ueS,veT

Theorem . Let
{8)\, A E /\}

be a family of open sets. Then
Us
AEA

is also open.
Let

{S)\ZAEA}

be a family of closed sets. Then

Ns

AEA

1s closed.

637



Definition 11. Let (M, p;) and (N, p2) be metric spaces.
The mapping A : (M, p1) — (N, pa) is called continuous, if for
any point uy € M and for any positive constant € > 0, i.e. for
any ball B(A(uy),e) C N, there exists another positive constant
d > 0, i.e. there is another ball B(ug,d) C M, such that

A(B(uy,0)) C B(A(up), ).

Definition 12. Let (M, p1) and (N, p2) be metric spaces. The
mapping A : (M, p1) — (N, po) is called open, if for any ug € M
and for any 0 > 0, the image

A(B(ug,8)) € N

is open in the space (N, p).
Definition 13. Let (M, p1) and (N, p2) be metric spaces. The
mapping A : (M, p1) = (N, po) is called closed, if the graph

G(A) L {(u, A(u)) : u e M}

is closed in the metric space (M, p1) x (N, p2), where the metric
is defined by

p(u,v) = {[p1(u, v)]* + [p2(u, v)]*}

Theorem (Baire) Any complete metric space is of the second

1/2

category.
Proof. Suppose that (X, p) is a complete metric space and that
X is of the first category. Let

n=1

Suppose that all §,, are sparse sets. That is, for every set §,,, for
any closed ball S(y,,, pn), there exists another closed ball S(z,,, o,,),
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such that
S(Znaan) C S(Ynapn)a S(Zn70n> mSn — @

Let S(x, R) be any closed ball. Then there exists a closed ball
S(x1, Ry), such that

S(x1, Ry) C S(x, R), S(xy, R1) NSy = 0.
Similarly, there exists a closed ball S(x2, Ry), such that

S(x9, Ry) C S(x1, Ry), S(x2, Ry) NSy = ).
Then there exists a closed ball S(x3, R3), such that

S(x3, R3) C S(x2, Ra), S(x3, R3) NSz = 0.

Repeating this process, there exists a sequence of closed balls S(x,,, R,,),
such that

S(Xn, Rn) C S(Xn—17 Rn—1)7 S(XTU Rn) m Sn — @7

where n = 2,3,4,---. Without loss of generality, we may let the
radius 0 < R, < 2% Overall, we obtain

S(x1, R1) D S(xa, 2) D S(x3,R3) D -+ D S(xp, Ry) D+,
S(xp, R,) NS, =0.

Based on Theorem , there exists a unique point X:

X € m S(Xn,Rn>

n=1

However, xg ¢ S, for all n =1,2,3,---. Hence

X0 ¢ X = ng
n=1
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This is a contradiction. Therefore, there exists a set S,, and there
exists an open ball B(yq, R), such that

S, is dense in S(yo, R).

The proof is finished now. O
Definition 14. Let (M, p;) and (N, p2) be metric spaces. The
mapping A : (M, p1) — (N, pa) is called a topological mapping,
if A is one-to-one and onto, and both A and A~! are continuous
mappings.
Definition 15. Let (M, p1) and (N, p2) be metric spaces. The
mapping A : (M, p1) — (N, p2) is called distance-preserving, if

/02(“4(“)7 A(V)) — p1<u7 V),

for all u € M and v € M. Additionally, if A is onto, then it is
called an isomorphism.

Definition 16. Let (M, p) be a metric space. The mapping
A(M, p) = (M, p) is called a contraction, if there exists a positive
constant 0 < a < 1, such that

p(A(u), A(v)) < ap(u,v),
for allu € M and v € M.

Banach Contraction Mapping Principle

Theorem 1. Let (M, p) be a complete metric space and let
A (M, p) = (M, p) be a contraction mapping. Then there exists
a unique fixed point vy € M, such that

A(vy) = vo.
The key point in the proof is to show that the sequence
{uo, Auy, A%ugy, A*ug, - -+ - - A"y, A g, }



is convergent, because there holds the following estimate
p(A"ug, A" Mag) < a”p(uy, Auy),

for all m > 1.

Theorem 2. Let (M, p) be a complete metric space, let A :
(M, p) — (M, p) be a mapping, such that A" is a contraction
mapping, where n > 1 is a sufficiently large positive integer. Then
there exists a unique point uy € M, such that

A(uy) = uy.
The key point in the proof is to show that
A" (ug) = vy = A(ug) = uy.
Note that
p(ug, A(ug)) = p(A" (1), A" (1p)) < ap(up, A(up)).
Therefore
A(ug) = uy.

Example 1. Let the continuous function f = f(x,y) be de-
fined in

R={(z,y):a<z<b  yeR}

such that its partial derivative with respect to y exists. Let C7 > 0
and Cy > 0 be positive constants, such that

0
Cl S a_yf<x7y) S 027

for all (x,y) € R. Then there exists a unique solution y = ¢(x) €
Cla, b] to the equation

flz,y)=0.
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The key point in the proof is to define the mapping
A : Cla,b] — Cla, b,
1
A(9) = 6~ & f(z,0)
2

A@) — AW) = 0= & 1w.0)] - o= &1

— (6 ) {1 - C%a%f(x,)} ,
|A(p) — A()]
<lp—[(1—C/Ch).

The estimate shows that the mapping is a contraction.

Example 2. Let f = f(x) be a continuous function defined
on [a,b], let K = K(z,y) be a continuous function defined on
la, b] x [a,b], such that

b
K< sup/ | K (z,y)|dy < oo.
la,b] Ja

Then there exists a unique solution y = ¢(z) € Cla,b] to the
integral equation

b
o) = F(2) + A / K, 1)é(y)dy,

as long as the constant A satisfies the condition IC|A| < 1.
Let

b
A0) = 1)+ ) [ Klag)olwa.
The key point in the proof is to establish the estimate
[A(¢) — A()| < K[A[[l —]l.
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Example 3. Let f = f(z) be a continuous function defined on
la,b], let K = K(x,y) be a continuous function defined on

R=A(z,y):a <x <D, a<y<uz}.
Let
= K :
K = max|K(z,y)|

Then, for each constant A € R, there exists a unique solution
y = ¢(x) to the equation

6= 1)+ [ Klag)otu)dy
Let
At@) = fla) + A [ Klz,mioluiy
Then
A" (g )+ A / K(x ()] (y)dy.

Obviously, we see that

A(g) - A7) = [ " K{a,y) A" () — AM)]dy

The key point in the proof is to show the estimate

n+l ntl (b — a)K[A"™

Example 4. Let the real vector valued, continuous function
f = f(u,t) be defined on

I —o]l.

R =R"xR.
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Given the constant vector ug, let
£ (o, )| < Co,

for all £ € R, where Cy > 0 is a positive constant. Let L > 0 be a
positive constant, such that

|f(u7t) o f(Vat)| < L|11 o V|7

for allu € R", v.€ R" and for all ¢ € R. Consider the initial value
problem for the first order system of ordinary differential equations

d
U= f(u,t), u(ty) = uy.

The function u = u(t) € C'(R) is a solution to the initial value
problem, if and only if it is a solution to the integral equation

u(t) = ug —I—/ f(u(r), 7)dr.

to
There exists a unique continuously differentiable solution on R.
Let ty) < T' < oo be a fixed positive constant. Define the operator
A on C[ty, T| and iterate for infinitely many times

Au) = u0+/t f(u(r), r)dr,

0

A%(u) = uo—i—/t f(A(u(r)), 7)dr,

0

Ad(u) = u0+/t f(A*(u(r)), 7)dr,

A'(u) = u0+/t f(A" (u(r)), 7)dr,

At (a) = u0+/t f(A"(u(r)), 7)dr,
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The key point is to establish the estimates
A" (w) — A" (v)]

t
L[ ||A"(a) — A"(v)[d7

IA

VAN

to
t
2 [ ) = A )l
0

L [ [l A(w) = A(v)|jdr

to

IA

t
L la(r) = v(r)lldr
to

(LT)n+1
< [ —v].
(n+1)!
The estimates are true for all n > 1 and for all tg <t < T.
Note that

VAN

. (LT)n+1
lim = 0.

n—oo (n + 1)!
Therefore, for each fixed T' > £ and for all sufficiently large n, the
mapping A" is a contraction. There exists a unique fixed point

u = u(t), such that A(u) = u, that is

u(t) = ug +/t f(u(r), 7)dr,

0
for all £ with t) < t < 1. Note that T is arbitrary, namely, the
solution exists on (ty,00). Very similarly, the solution exists on
(—o0,tp). Therefore, there exists a unique continuously differen-
tiable solution on R.

Complete Metric Spaces
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Definition 1. Let (M, p) be a metric space, let {u, : n =
1,2,3,--- } C M beasequence of points. We call it a fundamental
sequence or a Cauchy sequence, if for every positive constant € > 0,
there exists an integer N = N(g), such that

p(u,,u,) < e,

for all integers m > N and n > N. The metric space (M, p) is
called complete if every Cauchy sequence is convergent in (M, p).
Examples of Complete Metric Spaces: Let () be a subset

of R". Let 1 < p < oo and m > 0 be positive constants.

R™, Cla, b]

P(R),  I*(R)

LM(R"),  L(Q)

LERY, LX)

m mpny def n m/2| 1
)™ {o e R [ (IR ABORE < oo
Theorem 1. Let (M, p) be a complete metric space. Let

550585 D585D---D0285,D-,
S, ={ueM:p(uu,) <e,},

lim ¢, = 0.
n—o0

Then there exists a unique point uy € M, such that

00
Ug € ﬂ S,,.
n=1

The key point in the proof is that the sequence
{w, : n=1,2,3,---}
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is a Cauchy sequence. It is convergent in (M, p).
Theorem 2. Let (M, p) be a metric space. If for every se-
quence of closed balls

S$D085D285D---DS8,--,
Sn:{U_E./\/lp(u,un) Sgn}’

lim e, =0,
n—oo

there exists a unique point ug, such that

Uy € ﬁ Sn,
n=1

then (M, p) is a complete metric space.

Definition 2. Let (M, p) be a metric space. If there exists
a complete metric space (M, p1), and there exists a distance-
preserving isomorphism A : (M,p) — (N, p1), then we say
(M, p1) is a completion of the metric space (M, p), where N7 C
M is a dense subset, i.e

M, = N.
Theorem 3. For any metric space (M, p), there exists a com-
pletion (M, p1).

Proof. There are several steps in the proof of the theorem.
The First Step: Define the space M by

My ={A: A= {u,} is a Cauchy sequence in M}.
Define the metric p; by
:01(/\7 F) = lim p(un,vn),

n—o0
for any two Cauchy sequences A = {u,,} and I' = {v,,}. The above
definition makes sense for the following reasons. Note that

(W, Vi) — p(uay, Vn)‘ < p(Wp, uy) + p(Vin, Vi),
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for all positive integers m > 1 and n > 1. Hence {p(u,,v,)} is a
Cauchy sequence in R. Therefore, the limit

A p(8n, Vi)

exists. If two Cauchy sequences A = {u,,} and I' = {v,,} in (M, p)
satisty

i p(ug, vi) = 0,

then we say {u,} = {v,}.
Moreover, if {u, } = {u,} and {v,,} = {v,}, then

for all positive integers n > 1. Now we have
e P V) = I Pl V).

Therefore, the definition of the metric p; is independent of the
choices of the Cauchy sequences. Overall, (M, p;) is a metric

space.
The Second Step: Define

N ={A(u) : A(u) = (u,u,u,--- ,u,---),u e M}.

Then N is dense in the metric space (M, p1).
In fact, for any Cauchy sequence

A:(u17u27u37"' 7un7'”) EMl?

648



let us define the following sequences

A 111) — (ul,U.1,U1, , Ui, )
A Ug) = (U2, U2, Uy, , U2, )
A u3) = (us, us, Uus, , U3, )
A(un) - (uTw una u?”w ) una )7

in NV;. Then

pl(AvA(un)) = lim p(uma un> <E.

m—00

The Third Step: The metric space (Mg, p;) is complete. Let
{A17A27A37”' 7An7”'}

be any Cauchy sequence in the metric space (M, p1).

For any positive constant € > 0, there exists a positive integer
N = N(e), for any positive integers m > N and n > N, there
holds the following estimate

1
pl(AmpAn) < 56.

Recall that A is dense in M. Therefore, there exists a sequence

A 111) = (111,111,111, , Up, 5
A(ug) = (ug, ug, uy, , U2, 5
A(ug) = (us, us, us, , U3, 5
...... :

Au,) = (uy,, uy,, v, Uy, ),
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in Vi, such that

1
p1(Ap, Aluy,)) < 3¢
Now we have the following estimates

p(Wn, w) = pr(A(u), A(uy))
< m (A(um), Am) + pl(Am, An) + p1<An7 A(un)>

- 1 +1 _|_1
—ET €T € =E¢.
3 3 3
Let
AO:(u17u27u37'” 7una"')'

Hence Ay € M. Moreover,

pl(Ana AO) < pl(Ana A(un)) + ,01(/\(1171)7 AO) < &,
where

p1(A(uy,), Ag) = lim p(u,, u;) < €,

k—00

for all sufficiently large n > 1. The proof of the theorem is finished.

Theorem . Let (M, p1) and (Ms, p2) be two completions of
the metric space (M, p). There must exist a distance-preserving
isomorphism A : (My, p1) = (Mo, p2), such that

A(u) = u,
for all u € M.

Theorem. A complete metric space is of the second category.
Let us begin here!

Compact Sets in Metric Spaces
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Definition 1. Let (M, p) be a metric space. The subset
S C M is called compact, if there exists a convergent subsequence
{u,,up,, upy, -+, 1y, - - - } inany sequence {uy, ug,us, - -+ ,u,, -} C
S, such that

lim u, = Up c S.
k—00

The set S C M is called pre-compact, if exists a convergent subse-
quence {Uy,, Up,, Upg, - -+, Uy, - -+ } il any sequence {uy, Uz, us, -« , Uy, - - }.
such that

lim u, = Uy < M.
k—o0

Here the limit ug is not necessarily in S.

Elementary Properties of Compact Sets:
(1) A is compact, if there are finitely many points.
(2) UL Ay is compact, if every Ay, is compact.

(3) Nxea Ay is compact, where { Ay : A € A} is a family of compact
sets.

(4) A=A, if Ais compact.
(5) (M, p) is a complete metric space, if M is compact.

Theorem 1. Any bounded closed subset in R" is compact.

Definition 2. Let (M, p) be a metric space and let S C M
be a set. We call § totally bounded, if for every positive constant
e > 0, there exist finitely many points {uy, up,us, -+ ,u,,} C S,
such that

S C U B(uy, ¢).
k=1
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Theorem 2. Let S be a set of the metric space (M, p). Then &

is totally bounded, if and only if every sequence {uy, g, us, - -+, u,, - - -

S contains a Cauchy subsequence {uy,, U,,, Wy, =+, Wy, -+ - }.

Theorem 3. (1) Any pre-compact set & in any metric space
(M, p) is totally bounded.

(2) Any totally bounded set S in any complete metric space (M, p)
1s pre-compact.

(3) Any totally bounded set S is bounded. Any compact set S is
bounded.

Theorem 4. Let (M, p) be a metric space. If every totally
bounded set S is pre-compact, then (M, p) is a complete metric
space.

Theorem 5. Let (M, p) be a metric space. Let S be a totally
bounded set or a pre-compact set. Then there exists a subset R,
at most countable, R is dense in S.

Let S be a set in the metric space Cla, b], where —oco < a < b <
oo. We call § uniformly continuous, if for every positive constant
e > 0, there exists a positive constant 6 = d(e) > 0, such that

[f(x) = fly)] <e,

for all f € S and for all z,y € [a, b], such that |z — y| < 9.

Theorem 6. Any bounded, uniformly continuous set in C/|a, 0]
1s compact.

Theorem 7. Any compact set in the metric space C'a, b] must
be bounded and uniformly continuous.

Theorem 8. Let § be a set in the metric space [’. Then
S is compact, if and only if § is bounded, and for every positive

constant € > 0, there exists a natural number N = N(e), such

)
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that there holds

o0
g |z, | < €7,
n=N+1
for any sequence {uy, us,ugz, -+ ,u,, -} CS.

Theorem 9. Let § be a compact set in the metric space
(M, p). If there exists a family of open sets O = {O) : X € A},
which covers §, that is

scl o,
AEA

then there must be finitely many open sets, such that

S C CJO)\Z

i=1
For any u € S, there exists an open set O, and there exists a
positive constant § > 0, such that

B(U_, 5) C O,.
Let
d(u)= sup .
B(u,6)COy

Define the Lebesgue’s number

uesS

We claim that 0, > 0.
There exists a sequence of points

{u17u27u37'” 7un7'”}7
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such that

1
5+ S 5(un) < 5+ + 2_n

There exists a convergent subsequence
{unpungaung)'” 7unk7”°} C {u17u27u37'” 7un7°”}7
and there exists a point uy € S, such that

kh_}rglo p(u,,,up) = 0.

There is a positive constant oy > 0 and there exists an open set
O,,, such that

B(u(), 50) C O/\O'

1
p(unka uO) < 550
Note that
1
B(unk, 550) C B(u0,50) C O)\O.
There exist finitely many points uy, ug, uz,--- ,u, € S
! 1
L B, S0) C 8.
k=1
n 1 n
Sc| B, 500) C L Oy,
k=1 k=1
AN

Theorem 10. Let S be a set in the metric space (M, p). If
there are finitely many open sets in every open cover O = {0, :

A € A} of S, such that

S C 00)‘“

1=1
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then & is compact. On the other hand, for any positive constant
e > 0,

{B(w,e):w e S}

is an open cover of §. There must be finitely many open balls
B(wy, ), such that

S c | JB(w,e).

k=1
Let
{u17u27u37'” 7un7”'}

be any sequence in §. There must be an open ball B(wy, g), so
that

{unlaun27un37 ey Upy, } C B(Wk,éf).

[terating this idea for infinitely many times, each time letting ¢ =

1

55, we find a convergent subsequence

{unp Upy, Upg, =m0 5 Uy, 0 }
The limit
u = lim u,, € 8.
k—o00

Otherwise, without loss of generality, we may assume that all points
in the sequence {u,} are distinct. One cannot find a finite open
set in the open cover

{B(u,e) :u € S} U{B(uy),ex},
B(u,,,e;) N B(uy,, ) =0,k #1,

to cover the subsequence {u,,, Uy, Wy, - -+, }-
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Theorem 11. Let § be a compact set in the metric space
(M,p). Let A: (M,p) — (M,p) be a continuous mapping.
Then A(S) is also compact.

Theorem 12. Let Y be a closed subspace in the normed linear
space (X, p), and X # Y. Then for any positive constant 0 < € <
1, there exists a unit vector ug, such that

p(ug, Y)>e,  [uof =1.
Let u; € X, but u; ¢ Y. Then

def
P1 = p(th) > 0.

There exists a vector us € Y, such that

g — || < 2.
9

Let
u; — Uy

ung = .
Ul — wy|

Now for any u € Y,
u+ [[uy —wfluey.

Hence we have the following estimates

1

U + |[Uu] — ugfju) —uy|l > €.
a1 = e —

lu = wl| =

Since & is compact, S is totally bounded. For any positive con-
stant € > 0, there exists finitely many points {z1, z9, z3, 2,, } C S,
such that

S C U B(Zk,€).

k=1
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For any linear combination of finitely many vectors

m
E arpuy,
k=1

where
m
ap >0, u €S, Z@k,
k=1

without loss of generality, we may assume that

up, Uz, us, -+, Uy, S B<Z17 8)7

Wy +1, W42, W43, ° -, Uy S B<Z27 5)7

Wpno+1) Wimg+2, Umy4-3, -+ + 5 Umg S B(Z37 5)7

ump_1—|—17 ump_1+27 ump_1+37 e 7ump S B(Zpa 8)'
Define

br=a1+a+az+ -+ ap,,

ﬁQ — Ofmﬁ—l —i_Ofml +05m1 T +O‘mg7

Bp amp_1+1 -+ amp_1+2 + @mp_1+3 Tt Oy,
Then
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Moreover, we have the following estimates

Y% m
Z Bizi — Z QU
1=1 k=1

p m
3 (z ﬁo) b3 o,
=1 k=1

i
2}

is a bounded subset in a finite-dimensional space. It is totally
bounded. Therefore, the set

)

AS) C S,
h(A(S)) C S.

The convex set

is totally bounded.

A h(S) — h(S),

is a continuous mapping. For any positive constant € > 0, there
exist finitely many (pp)(p)p)p)(p)(p) € p)p)p)p)(p)
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Chapter 2: Banach Spaces and Bounded Linear Operators

Section 1: Bounded Linear Operators

1.1 Boundedness and Continuity of Linear Operators
Definition 1. Let X be a vector space, let |- || : X — R be a
function. || - || is called a norm on X, if

x| >0, x € X,

|x|| =0if x =0, x| > 0if x # 0,
lox|] = |e[|x]},

1%+ yll < [[x[| + llyll;

for any vectors x € X and y € X and for any constants a € R,
The space (X, || - ||) is called a normed linear space. If the space
(X, || - ||) is complete, then it is called a Banach space.

Definition 2. Let (X, - ||) and (¥,]| - ||) be normed linear
spaces and let A : X — Y be a mapping. A is called a linear
operator, if

Alonx) + aoxo + asxs + - - - + @, X,)
= a1 Ax) + ap Axy + asAxz + - - - + a, A%,

for any vectors x;, Xo, X3, - -+, X,, in X', for any real constants o,
g, as, -+ -, ap € R, and for any positive integer n > 1.

Definition 3. Let A : (X,] -|) — (),] - ||) be a linear
operator. The mapping A is called bounded, if it maps any bounded
subset in X to a bounded subset in V.
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Definition 4. The linear operator A : (X, || - ||) = (V.|| - ||)
is called continuous at the point x5 € X', if

lim || Ax, — Axq|| =0,

n—oo

for any convergent sequence {x,} C X"

lim ||x,, —xq|| = 0.
n—oo

Theorem 1. Let A: (X, ||-]|) = (V,]|-||) be alinear operator.
If A is continuous at some point xy € X, then it is continuous
everywhere in X

Theorem 2. Let A: (X, ||-]|) = (V,]|-||) be alinear operator.
Then A is bounded, if and only if there exists a positive constant
C > 0, such that

[ A < Cix]l,

for any point x € X,
Definition 5. Let (X,]| -||) and (Y,]| - ||) be normed linear

spaces, let
A X =Y
be a bounded linear operator. Define the norm of A by
|A] = sup [lAx]|
xeX||x||=1
| A
sup

B xeX x#0 x| '
Theorem 3. Let

A(X D = 501D

be a linear operator. Then A is bounded, if and only if it is con-
tinuous.
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1.2 The Space B(X — )
Definition 6. Let n > 1 be any positive integer, let

A (X)) = - 1D

be bounded linear operators, let aq, as, as, ---, «, be real con-
stants. Define the new operator A by

A = oAy + avAy + asAs + - + a, Ay,
Ax = (a1 A; + asAs + asAs + ap Ay (X)
= o Aix + oo Aox + azAsx + - - - + o A,

forall x € X.
Theorem 4. Let (X, -||) and (Y, || - ||) be normed linear

spaces. Then

B(X — V) o {A: A:X — Y is abounded linear operator },

is a normed linear space. If ) is a Banach space, then B(X — ))
is a Banach space.
Definition 7. The functional f : (X, ||-]|) — R is called linear
and continuous, if f: X — R is a bounded linear operator.
Theorem 5. The linear functional f : X — R is continuous,
if and only if the null space of f:

N(f) ={xe X : f(x) =0},

is closed in X.
Theorem 6. The dual space

Y BX - R),

is a Banach space.
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Theorem 7. Let (X, || -]|) be a Banach space, let A: X — X
be a bounded linear operator. Then there exists the following limit

lim {77} = inf { A"

n—oo

Section 2: The Representations and Extensions

of Continuous Linear Functionals

2.1 Representations of Continuous Linear Functions

Definition 1. Let (X, |- ||) and (V,]| - ||) be normed linear
spaces, let A : X — )Y be a linear mapping. The mapping A
is called a norm-preserving isomorphism, if A is one-to-one, onto,
such that

A = [l

for all x € A’. In this case we say the spaces X and ) are iso-
morphic. Roughly speaking, we may regard Ax and x as the same
vector.

Theorem 1. The normed linear spaces (I1)* and [* are iso-
morphic.
Proof. Define the mapping A : (I')* — [ by

A(f) = (fler), flea), fles), -, flen), ),
for all f € (I*)*, where
e, =(1,0,0,0,---,0,---) €',
ey =(0,1,0,0,---,0,---) €',
e; = (0,0,1,0,---,0,---) €',

e, = (0,0,0,0,---,0,1,0,---) € I*,
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Then the mapping

A (1N — 1
is one-to-one, onto and
AL =111,
for all f e (1')*.
For any vector
X = (x17x27x37... 7In7"') e ll7
we know that
Z z,| < o0,
n=1
n=1
Moreover
Fx) = znf(en)
n=1
Obviously
[flen) < IfIl, n=>1
sup [ f(en)| < || £]
n>1
[ASI < (L]
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On the other hand

FE) <D zall flen)]

F(x)] < sup |flea)l Y |zl

n>1
1f1] < lAS]
IASIF= 1L

Theorem 2. The normed linear spaces (I7)* and [? are iso-
morphic, where p > 1 and ¢ > 1 are positive constants, such that
=1
Proof. Define the mapping A : (I?)* — 19 by

A(f) — (f(el>7 f(eQ)a f(e3)7 T 7f(en)7 T )7
for all f € (I?)*, where
e; =(1,0,0,0,---,0,---) € l”
ey =(0,1,0,0,---,0,---) € l?
€3 = <07071707”° 707"'> € lpa

e, = (0,0,0,0,-+,0,1,0,---) € I7,

First of all, the mapping is well defined. Let
x, = (| f(en)|"" exp[—iarg f(e1)], | f(e2)]" " exp[—iarg f(e)],

| f(e3)]" Lexp[—iarg f(es)], -, |f(en)|? ' exp[—iarg f(e,)],0,- -

for all positive integers n > 1. Then x,, € [’. Moreover
allh, = > " 1fen) PO = | flex)|".
k=1 k=1
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n

[FGa)l = ) [fler)|” < [LFIlIxnlli

k=1

n 1/p
Z [f(er)| = [fxa)| < ([ I%nllw = || £]] {ZI (e k)lq}
k=1
1/q
{Z!f(ek)!q} <|fll, n=1
k=1

Therefore

00 1/(]
{Zmen)\q} <|Ifl <oo,  AfI <IfIl
n=1

Note that for any x € [?,
Up ¢ 1/q
anf e < {Z |xn|p} {Z If(en)lq}

n=1
IfIl < IIAfH
IS <111
IAFIF= 1171

Forany x € I and y € [9,
X = (21, T, T3, -, Ty,
Y = (W,y2, 43, Yns )
let us define the linear functional f € (IP)*:

00
— E LnYn-
n=1

Then
Af = (Y1, Y2, Y3, Yy o0 )
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Thus the mapping A : (I’)* — [ is both one-to-one and onto.

Theorem 3. Either let p > 1 and ¢ > 1 be positive constants,
such that ]lj + % =1, or let p =1 and ¢ = oco. Then the following
statements are true.

(1) The normed linear spaces [LP(R)]* and LY(R) are isomorphic.
(2) The normed linear spaces | LP(R™)]* and L4(R") are isomorphic.

(3) The normed linear spaces (LF[a,b])* and La,b] are isomor-
phic.

(4) The normed linear spaces [LP(2)]* and L4(€)) are isomorphic,

where {2 C R" is a bounded open domain.
2.2 Extensions of Continuous Linear Functionals
Definition 1. Let (X, - ||) and (¥, ] - ||) be normed linear
spaces. Let A : X — ) be a bounded linear operator and let
Ay 1 € — Y be a bounded linear operator, where £ is a subspace
of X. We say A is an extension of Ay, if

(1) Al = [[Aoll,
(2) Ax = Apx,
for all x € €.
Theorem 4. Let (X, ]|-]|) be a normed linear space, let (), ||-]|)
be a Banach space. Let Ay : £ — ) be a bounded linear operator,

where &£ is a dense subspace of X'. Then there exists a unique
bounded linear operator A : X — ), such that

(1) [[All = [l4l,
(2)  Ax = Apx,

for all x € €.
Proof. For any point xg € X, there exist a sequence of points

{X17X27X37'” 7Xn7'“} C ga
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such that
lim ||x, — xo|| = 0.
— 00

Now {Apx,} is a Cauchy sequence in the Banach space ). Define
the operator A:

.AX() = lim .A()Xn.

n—oo

Theorem 5. Let (X, || - ||) be a real normed linear space, let
E C X be a subspace and let fy : £ — R be a real continuous
linear functional. For any vector xp € X — &, let

F = span {x,E}.

Then there exists a continuous linear functional f : F — R, such
that

(1) A= 11l
(2)  f(x) = folx),

for all x € €.
Proof. Let the real constant \q satisfy the conditions

sup { /o) = [l olllIx = o[l } < Ao < inf {{[ follllxo +x]| = fo(x)}-
X€E X
For any point rxg+y € span {xq, £}, we define the linear functional
f:

flrxo+y) =1+ foly),

for all y € £ and for all » € R. Then f is a continuous linear
function on F. The above conditions guarantee that

720 + fo(¥)I < [l follllrxo + I,
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for all real constants » € R and for ally € &£.

Theorem 6. Let (X, ||-]|) be a normed linear space, let £ C X
be a subspace. Suppose that there exist finitely many, at most
countable many points

X1, X2, X3, 00, Xpy t e
in X, such that x; ¢ &,
Xn+1 §é Spall {X17X27X37' o 7Xn78}7

for all positive integers n > 1. Moreover, suppose that

X = Spall {X17X27X37"' y Xpy o0t 78}

For any continuous linear function f; : & — R, there exists a
continuous linear functional f : X — R, such that

@) A= 1ol
(2)  f(x) = folx),
for all x € €.
Proof. By using induction and Theorem 4.
2.3 Applications of the Extension Theorem
Theorem 7. Let (X, ||-]|) be a normed linear space, let £ C X

be a subspace, let xg € X, such that py = p(x0,E) > 0. Then
there exists a continuous linear functional f : X — R, such that

) flI=1,
(2)  f(x0) = p(x0, X),
3) f(x)=0,

for all x € £.
The key point in the proof is to define the subspace

Fo = span {Xo,g}.
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and define the functional

fO(AXO + Y) - )\p(x()a g))
for all A € R and all y € £. Note that
fo(x0) = p(x0, &),
fly) =0,
for all y € £. Moreover
foAxo +y) = Ap(x0, &) < [|Axo + .

Then || f|| = 1 follows from || f|| < 1 and || f|| > 1.
Theorem 8. Let (X, - ||) be a normed linear space, let xq €

X and xy # 0. Then there exists a continuous linear functional
f € X*, such that

1 A =1,
(2)  f(x0) = [Ixoll

Theorem 9. Let (X, ||||) be a normed linear space, let x5 € X.
Then

I%oll = sup [ f(x0)].
fean|fl=1

Theorem 10.

Theorem 11. Let (X, || -||) be a normed linear space. Then

dim(&’) < oo, if and only if dim(X™) < oo.
dim(X) = dim(X™") < oc.
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Proof. The main idea is to apply Theorem in Chapter 1, Section 6
and to use the extension theorems for continuous linear functionals
in Chapter 2, Section 2. This is the first half of the proof. Let the

dimension

1 <dim(X)=n < oo,

Let x; € X, [|x1]] = 1. Then there exists a continuous linear
functional f; € X, such that
1) Al=1

(2) f(Xl) = HX1H = 1.
Let
& = span {x1}.

Then there exists a point xo € &, ||x2|| = 1, such that

1
p(x2,&1) > 5
Moreover, there exists a continuous linear functional f, € X'*, such

that

(1) Ll =1, 1
(2)  falx2) = p(x2, &) > 27
(3)  falx) =0,

for all x € &;.
Let

Ey = span {x1,xs}.

Then there exists a point x3 € &X', ||x3|| = 1, such that

1

IO(X3, 52) > 5
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Furthermore, there exists a continuous linear functional f3 € X',
such that

(1) fil=1 1
(2)  f3(x3) = p(x3,&) > 5
(3)  fs(x) =0,

for all x € &. We repeat this process for finitely many times and
we get the following points, closed subspaces and continuous linear
functionals:

X1, X9, X3, ", Xp S Xa HX]CH — ]-7

Er = span {x1,Xs, X3, , X,

[ fell = 1, 1
fr(xk) = p(xp, Ep—1) > 7
fr(x) =0,

for all points x € &,_1, where k =1,2,3,--- . n.
Now we may claim that

def
B(‘)() — {X17X27X37 o 7Xn}

is a basis of the normed linear space X, and that

def

B(X*) - {f17f27f37”° 7fn}

is a basis of the dual space X*.
In fact, let

X1 + aoXo + aszX3z + - - - + aX, = 0.
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Note that

Xn ¢ gn—l: — oy, = 0,
Xn—1 @é 8n—27 — Q1 = 07
X3 §§ 82, — 3 = O,
X9 ¢ 81, — Ay = 0
Therefore
] = Qg = Qi3 = =qa, =0
Now let
arfi+aefo+agfs+ -+ apf, =0.
Note that
filxa) = [[xi1]| = 1, falxa) = fa(x1) = -+ = fua(xa) = fulxa) = 0.
Plugging x = x; leads to a; = 0. Similarly, plugging x = X
leads to as = 0, plugging x = x3 leads to ag = 0, - - -, plugging
X = X, leads to a,, = 0. Therefore fi, fo, f3, - -+, f, are linearly
independent.

Now any continuous linear functional f € X* may be written as
the linear combination of fi, fo, f3, - -+, f,. In fact, let

f(x) = a1 fi(x) + aafo(x) + azf3(x) + - + @, [u(x),

for all x € X,
To find the values of ay,, where &k =1,2,3,--- ,n, we let x = x7,
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X = X9, X = X3, + -, X = X,,, respectively, to get

arfi(x1) = f(x1),
a1 f1(x2) + as fa(x2) = f(x2),
a1 fi(x3) + azfa(xz) + azfa(xs) = f(x3),

o f1(x,) + aofo(x,) + asf3(x,) + - - + o fu(xn) = f(x0).

Intuitively, it is easy to solve these equations one by one to get

o — f(x1)
fi(x1)’
oy = f(xa) fl(X2)
fax2) falxa)’
e AX8) fis) falxs)
27 fa(x) 1fé(X3) ? fa(xs)”
f(x) fi(xn) fa(xn) f3(xn) fa1(xn)

= fn(Xn) 1fn(xn) N azfn(xn) N agfn(xn) et fo(xn)

Now for any point
X = C1X] + C9X9 + Cc3X3 + - - + X, € X,

we have

f (Z Cka:> = onf (%)
k=1 k=1

(i) folxi) falxi) - fulx) \ [ an )

fi(x2) fo(x2) f3(x2) -+ fulx2) o

= (a1 ea ez oo )| filxs) folxs) falxs) -+ fulxs) || as

\fl(xn) f2(Xn) f3<Xn) fn(Xn)) \an)




Therefore, the dimension
dim(X) = dim(X™*) = n < oc.
Below is the second half of the proof. Let the dimension

1 < dim(&X™) =m < 0.

From the first half of the proof, we know that the dimension
dim(X) < oc.
Moreover, if the dimension
dim(X) =n < oo,

then

dim(X™) = dim(X) = n.
Overall

dim(X) = dim(X*) =m =n < .

The proof of the theorem is finished.

Theorem 12. Let (X, || - ||) be a normed linear space. Then

dim X = oo, if and only if dim(X™) = oco.
dim(&X) = dim(X™) = oo.

Proof. The main idea is to apply Theorem in Chapter 1 Section 6

and to use the extension theorems for continuous linear functionals

in Chapter 2, Section 2. First of all, let the dimension dim X = oo,

Let x; € X, [|x1]] = 1. Then there exists a continuous linear

functional f; € X, such that

(1) Nfaill=1,
(2)  filx1) = ||x1|| = 1.
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Let
& = span {x1}.

There exists a point x3 € X, ||x2|| = 1, such that

1
IO(X27 51) > 5

Moreover, there exists a continuous linear functional f, € X'*, such
that

(1) [l =1, 1
(2)  fa(x2) = p(x2,&1) > 2
(3)  folx) =0,

for all x € &;.
Let

Ey = span {x1,Xs}.

Then there exists a point x3 € X, ||x3|| = 1, such that

1
IO(Xg, 82) > 5
Furthermore, there exists a continuous linear functional f3 € X',

such that

(1) fil=1, 1
(2)  f3(x3) = p(x3,&) > 5
(3)  f3(x) =0,

for all x € &,.
Let

Es = span {x1, X2, X3}
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Let us continue this process. There exists a point x,, € X, ||x,,|| =
1, such that

p(xp, En1) > %
There exists a continuous linear functional f,, € X*, such that
1) Al =1
2) fula) = ol E11) > 5,
(3)  falx) =0,

for all x € £,_1.

If we continue this process forever, then we obtain a sequence of
points, a sequence of closed subspaces and a sequence of continuous
linear functionals.

Now we may claim that

def
B(X> - {X17X27X37"' 7Xn7"'}7

is a linearly independent subset of X', and that
def

B(‘){*) - {f17f27f37”' 7fn7"'}7

is a linearly independent subset in A",
In fact, let

a1X] + aoXo + agxs + - - - + a%x, = 0.

Note that
Xn ¢ gn—la — oy, = 0,
Xn—1 ¢ gn—?a — Qp=1 = Oa
X3 ¢ 52, — 3 = O,
xy & &1, — s =0



Overall, we have the trivial solution
o] =09 =03 ="---=q, =0.
Now let
arfitaofot+asfs+ -+ anf, =0.
Note that
fx1) = [xif] =1, fa(x1) = fa(x1) = - = fulx1) = 0.

Letting x = x; leads to a; = 0. Similarly, letting x = x5 leads to
as = 0, letting x = x3 leads to ag = 0, - - -, letting x = x,, leads
to a,, = 0. Overall, we have the trivial solution

=y =aq3="---=q, =0.

Therefore, the dimension

dim(X™) = oo.
Secondly, let
dim(X™) = oo.
Claim: The dimension
dim(X) = oo.

Otherwise, if the dimension dim(&’) < oo, then dim(X*) < oo.
This is a contradiction with Theorem 11.

Very similarly to the above analysis, there exists a sequence of
continuous linear functionals, which are linearly independent in
X

91,92,93," " y9n, "+ € X**a
lgrll = Nlgall = llgsll = --- = llgall = --- =1,

1
p(Gni1, Fn) > 1
‘Fn = Spall {917927937 T 7gn}
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If the space X is self-reflexive, that is
X=X
then there exists a sequence of points
X1, X9, X3, ,Xp, - € X,
such that
gn = Ax, =X,

foralln=1,2,3,---.
Let

a1X] + aoXo + agxs + -+ - + ax, = 0.
Performing the operator A to this equation, we have

191 + age + azgs + - - - + ap,g, = 0.

Since g1, g2, g3, * - -, g, are linearly independent, we see that
] =09 =03 ="---=q, =0.
Therefore
dim X = oo.

The proof of the theorem is finished now.

Section 3: Dual Spaces and Adjoint Operators
Definition 1. Let (X, || - ||) be a normed linear space. Let

X0, X1, X2, X3, , Xp, " € X.
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(1) We say the sequence {x,} converges strongly to xy, if

lim ||x, — %o/l = 0.
n—oo
We write
. strongly
lim x,, =" Xp.
n—o0

(2) We say the sequence {x,} converges weakly to xg, if

lim [f(x,) = f(xo)| = 0,

n—oo
for all f € A*. We write

. weakly
lim x, =" Xp.
n—oo

Definition 2. Let (X, - ||) be a normed linear space. Let
f07f17f27f37"' ,fn,"' c X*

(1) We say the sequence of continuous linear functionals { f,,} con-
verges strongly to fj, if

lim ||f, — fol| = 0.
n—oo
We write

. strongly
lim f, =" fo.
n—00

(2) We say the sequence of continuous linear functionals {f,,} con-
verges weaklyx to fy, if

T [fulx) = fol(x)] =0,

for all points x € X'. We write
weaklyx

lim fn = 0-
n—00
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Definition 3. Let (X, |- ||) and (Y,]| - ||) be normed linear
spaces. Let

A07A17A27A37' te 7~An>' - e B('X — y)
(1) We say the sequence {A,} converges uniformly to Ay, if
lim || A, — Agl| = 0.
n—oo
We write

) uniformly
lim A, = "~ A,.
n—00

(2) We say the sequence {.A, } converges strongly to Ay, if
lim [|A,x — Apx]|| =0,
n—oo

for any point x € X.
We write

. strongly
lim A, =" Ajp.
n—00

(3) We say the sequence {A,,} converges weakly to Ay, if
T [f(Aax) = f(Aox)] =0,

for any x € X and for any f € V*.
We write

. weakly
lim A4, =" A,.

n—oo

Definition 4. Let (X, - ||) be a normed linear space. Let
S cC &

(1) We say S is a strongly compact subset, if in any sequence
{fn} C S, there exists a strongly convergent subsequence {f,, },
that is

1 foy. = foll = 0.
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(2) We say S is a weaklyx compact subset, if in any sequence
{fn} C 8, there exists a weakly* convergent subsequence { fnk},
that is

Tim | (%) = folx)| =0,

for all x € X.
Definition 5. Let (X, |- ||) be a normed linear space. For any
x € X, we define the continuous linear functional x** € A™**:

X" (f) = f(x),

for all f € A™.
Definition 6. Let (X, -||) be a normed linear space. We call
the mapping

A X — X, X = X" =Ax

a natural embedding.

Definition 7. Let (X, | - ||) be a normed linear space. The
space (X, || - ||) is called self-reflexive, if the normed linear spaces
X** and X are isomorphic. We write

X=X""

Theorem 1. Let (X, | - ||) be a normed linear space. The
mapping A : X — X defined by x** = Ax is linear and norm-
preserving. That is

(1) (a9X1 + aoXs + agXsg + - - - + pXy,) ™
= X} xS+ asxE - apx
(2) (= =]
for any constants aq, ag, as, -+, a, € R, and for any points x,

X9, X3, -+, X, € X, where n > 1 is any positive integer.
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The proof follows from the definition of x** and Theorem 8 in
Section 2.

Theorem 2. Let (X, ]| - ||) be a normed linear space. Suppose
that there exists a sequence of continuous linear functionals

{f1, f2, [ s S ]

which is dense in X'*. Then there exists a sequence of points

{X17X27X37'” 7Xn7'”}7

which is dense in X
Proof. Without loss of generality, let || f,,|| = 1, otherwise replace
fn with m fn- There exists a point x,, € X, such that ||x,|| =1

and | f,,(x,)| > %, for all positive integers n = 1,2, 3, - - -. Define

Ezspan {X17X27X37"' 7XTL7°"}'

Claim: The normed linear space X = &.
In fact, if there exists a point xy € X, but xq ¢ &, then there exists
a continuous linear functional fy € X", such that

(1) |lfoll =1,
(2) f(XO) - p(X()?g) > (),
(3)  folx) =0,

for all x € £. On the other hand, we have the following computa-
tions and estimates

1

an - fOH > ‘fn(xn> - fO(Xn)‘ - ‘fn(xn” > 57

for all positive integers n > 1. This contradicts the fact that

{f17f27f37"' 7fn7"'}
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is dense in the unit sphere of X*. Therefore, the normed linear
space X = &.

Theorem 3. Let (X, || - ||) be a normed linear space, and let
(V.|| - |) be a Banach space. Let

A17A27A37'“ 7“4717'“ S IB(‘X — y)
There is a positive constant C' > 0, such that
[ A < C,

for all positive integers n > 1. Suppose that there exists the fol-
lowing limit

lim A,x
n—oo

for every point x € §, where § is dense in X'. Then there exists a
bounded linear operator

./40 - B(X — y),
such that
lim [|A,x — Apx|| =0,
n—o0
for all x € X. Moreover
| Ag|| < liminf ||.A,||.
n—o0

Theorem 4. Let (X, - ||) and (V.|| - ||) be normed linear
spaces. Let
Ao, A, Ay, As, -+ L Ay, - € B(X = )),
Jo, fuo fos foy o oo fny oo € AT
If

. weakly
lim An - AU )
Nn—00
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then the limit Ay is unique. If

. weaklyx
lim fn - f07
n—00

then the limit fj is unique.

Definition 8. Let (X, || - ||) be a normed linear space. A set
S in X'* is called bounded, if there exists positive constant C' > 0,
such that

ige

for all f € S.
Theorem 5. Let (X, || -|) be a normed linear space. Suppose
that there exists a sequence of points

8:{X17X27X37”' 7Xn7"'}

such that & is dense in X'. Then any bounded subset 7 C X™* is
weaklyx compact.
Proof. Let xy € X'. Without loss of generality, suppose that

lim ||x,, —xg|| = 0.
n—o0

Let
f17f27f37”' 7fn7“'

be any sequence in the bounded subset 7 .
Consider the sequence

fi(x1), fa(x1), fa(x1), -+, fu(X1), - -

This is a bounded sequence in R. There exists a convergent subse-
quence, say

flnl(Xl)v flng(Xl), flng(Xl), ce 7f1nk(X1); ..
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Consider the sequence

f1n1<X2), flng(x2)7 flnS(XQ), s 7f1nk(x2)7 ce

This is a bounded sequence in R. There exists a convergence sub-
sequence, say

f2n1(x2)7 f2n2(X2)7 f2n3(X2), SR 7f2nk:(x2)7 ce

Consider the sequence

f2n1<X3), f2n2(X3)’ f2n3(X3)7 T f2nk(x3)7 T

This is a bounded sequence in R. There exists a convergence sub-
sequence, say

f3n1(X3)7 f3n2(X3)7 f3n3(X3), s f3nk(X3)7 Ce.

Repeat this procedure for infinitely many times, we obtain conver-
gent subsequences

fmnl(xm)a fmng(xm)a fmng(xm)a U 7fmnk(xm>a T

where m =1,2,3,------ :
Let us consider the subsequences

f1n1<x)a f2n2<X>, f3n3(X>, o g, (X)y -

and
Finy (X1, Fong(X2), Fana(X3)s -+ s Foms (X)), <
Define fo by
folx) = lm_fop, ().
Then
foe X"
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Definition 9. Let (X, || - ||) and (V,]| - ||) be normed linear
spaces. Let A € B(X — J). If there exists an operator A* :
YV* — X*, such that

(Ag)(x) = g(Ax),

for all x € X and for all ¢ € Y*, then we call A* the adjoint
operator of A.

Theorem 6. Let (X,| - ||) and (Y,] - ||) be normed linear
spaces. For any bounded linear operator

AeBX =),
there exists a unique bounded linear operator
A" e B(Y" — X7,
such that
(A"g)(x) = g(Ax),

for all x € X and all g € V*.
The mapping ¢ : A — A*

d:B(X = Y) = B — &Y,
is a linear, norm-preserving operator. That is

(1) (ap Ay + oAy + azAs + -+ + A"
= a1 A} + A5 +as A+ -+ o, A

2) AT = IAlL
for all bounded linear operators A, Ay, Ay, Az, ---, A,, for all
constants oy, s, ag, -+, a, € R, where n > 1 is any positive

integer.
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Note that
(A"X7)(f) =x7(A"f) = (A f)(x)

= f(Ax) = (Ax)™(f), fey,
(AX)** _ A**X**.

Theorem 7. Let (X,| - ||) and (V.| - |) be normed linear
spaces. Let A € B(X — ))). Then the bounded linear operator

is an extension of the bounded linear operator

A X =
Moreover
A= [lA™[] = [l.A™]
Note that
X Ccx™
ycyr.

Section 4: The Inverse Operator Theorem and

the Uniform Boundedness Theorem

Definition 1. Let (X, - ||) and (¥, ] - ||) be normed linear
spaces. Let

AeBX —)),
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be a bounded linear operator. The operator A is called regular, if
it is one-to-one and onto, and the inverse operator A~ is a bounded
linear operator. Namely

At eB(Y — X).

Theorem 1. Let (X, - ) and (Y, || - ||) be normed linear
spaces, let the bounded linear operator

AeBX —Y).
Then A is regular, if and only if there exists a bounded linear
operator

BeB) — X),
such that

BA=Tv, AB=1I.

Theorem 2. Let (X,| - ||) and (),] - ||) be normed linear
spaces, let the bounded linear operator

AeBX —)),
be regular. Then
A" € B(Y" — X7,
is regular as well, and
(A= (AT e B — V).
Theorem 3. Let (X, |- |), (V,]-||) and (Z,] -]|) be normed

linear spaces. If both

AeBX —)Y),
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and
BeB) — 2Z),
are regular bounded linear operators, then
BAe€B(X — Z),
is also a regular bounded linear operator. Moreover
(BA ' '=A"'B'ecB(Z— X).

Question: Let (X, ||-]]) and (Y, | -||) be normed linear spaces,
and let the bounded linear operator

AeBX —)),

be both one-to-one and onto. Then the inverse operator A~! :
Y — X exists. Question: Is A~! a bounded linear operator? Is

A eB(Y — &),

true?
Theorem 4. Let (X, -||) and (Y, || - ||) be Banach spaces, let
the bounded linear operator

AeBX —=)),

such that AX = ). Then for any positive constant R > 0, there
exists another positive constant ¢ > 0, such that

AS(0, R) is dense in B(0, RJ).

Proof. There exists a positive integer N > 1 and there exists an
open ball B(yq, Ry), with center yy and radius Ry > 0, such that

AS(0, N) is dense in B(yq, Ry).
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Let 0 = %. Then
AS(0, R) is dense in B(0, RJ).

Theorem 5. Let (X, ||-||) and (Y, || -||) be Banach spaces, let
bounded linear operator

AeBX —)),

satisfy AX = ). Then there exists a positive constant € = %5 > 0,
such that

B(0,¢) C AS(0,1).

Proof. We have proved that there exists a positive constant 6 > 0,
such that the image of the closed ball S(0, R):

AS(0, R),

is dense in the open ball B(0, R¢), for any positive constant R > 0.
Now let e = %5 and let yy € B(0, ¢) be any point. By using the
above result again and again, we find a sequence {x,}, such that

1
€S(0,— ),

1
lyo — AXx1 + X0+ X3+ - +X,)|| < @57

for all positive integers n > 1. It is easy to see that both

X1+X2+X3—|—"'—|—Xn,
A(X1+X2—|—X3—|—’°"|‘Xn),
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are convergent. Moreover

The proof of the theroem is finished now. O
Theorem 6. Let (X, ||-||) and (Y, || -||) be Banach spaces, let
the bounded linear operator

AeBX =),
be one-to-one and onto. Then the inverse operator
A eB(Y — X).

Proof. The proof follows from Theorem 5. O
Theorem 7. Let (X, || -||) and (Y, || - ||) be Banach spaces, let
the bounded linear operator

AeBX —Y),

satisfy AX = ). Then A is an open mapping.
Proof. Let § be any open set in X'. For any point x; € S, there
exists a positive constant d > 0, such that

xg + B(0,9) = B(x0,0) C S.

It is easy to find that

B(0. %55) c AS(0, %5).
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Therefore
1 1 1
Axy + B(0, 5(55) C Axy+ AS(0, 555) = AS(x, 555).

The proof of the theorem is finished. O
Definition 2. Let (X, - |[1) and (X, ]| - ||2) be normed linear
spaces. If there exists a positive constant C' > 0, such that

[x[]2 < Cllx]|1,
for all x € X, then we say || - || is stronger than || - ||1, we also say
| - ||2 is weaker than || - ||1, we say || - [|2 is continuous with respect

to | - [l
Theorem 8. Let (X, || - [[1) and (X, || - ||2) be normed linear
spaces. The following statements are true.

(1) The dual spaces
(- )" = (X - {l2)
and there are two positive constants Cy > 7 > 0, such that
Gillfllz < [ f]l < Co £ 2,
for all f e (X, | -|1)" if || - |1 and || - ||2 are equivalent.
(2) The dual spaces
(-l < (X ] )7
and there exists a positive constant C' > 0, such that
1l < Cllfll2,
for all f e (X, -|l2)", if || - |1 is strongewr than || - |2

(3) || - [|1 is stronger than || - ||2, if and only if || - ||2 is & continuous
function on the space (X, | - [|1) .
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Theorem 9. Let (X, -||1) and (X, ]| - ||2) be Banach spaces.
Suppose that there exists a positive constant C' > 0, such that

Ix[l2 < Clix]1,

for all x € X’. Then there are two positive constants Cy > C > 0,
such that

Cix|l2 < [[x]l1 < Col|x][,

for all x € X.
Theorem 10. Let (X, | -|) and (Y, ]| - ||) be Banach spaces.
Let

A X =Y,
be a linear closed operator. Then
AeBX —=)).

Proof. The main idea is to apply the inverse operator theorem.
Let us define another space Z = X x Y and define the norm

16, 3)llo = (x> + [l 11%)"2,

for all (x,y) € X x V.
Now it is not difficult to show that

(X >3V, |- lo)

is a Banach space.
Consider

G {(x, Ax) 1 x € X}
This is a closed subspace of X x Y. It is also a Banach space.
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Consider the mapping
TG | flo) = (&1 {]),
defined by
T (x, Ax) = x,

for all x € X. Clearly, T is one-to-one and onto. 7 is linear and
bounded. Based on the inverse operator theorem, 7 ! is a bounded
operator. Therefore, there exists a positive constant C' > 0, such
that

lAx]| < Clx]],

for all x € X.

Theorem 11. Let (X, ||-||) be a Banach space and let (), [|-]|)
be a normed linear space. Let

{A eBX = Y): A€ A},
be a family of bounded linear operators. If

sup || Axx|| < oo,
AA

for every point x € X', then

sup || Ay || < oo.
AEA

Proof. The main idea of the proof is to apply the inverse operator
theorem. Let us define another norm, || - ||1, on X

[x[[1 = [|x|| + sup [|Axx]|,
AEA
forall x € X.
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Claim 1: The space
(1)

is a normed linear space.
Claim 2:

(& 11 11)

is a Banach space.
Claim 3: The identity operator

A=T (X, ][ ) = (&, ] - 1),

is one-to-one, onto, linear and bounded, because ||x|| < [|x[|1, for
all x € X. Based on the inverse operator theorem, the inverse
operator

A1=TcBX — X).
There exists a positive constant C' > 0, such that
%[l < Clix|,

for all x € X.

Theorem 12. Let (X, [|-]|) be a Banach space and let (), || -||)
be a normed linear space. Let

A, e B(X = )), n > 1.
Suppose that there exists the following limit

lim A,x,
n—oo

for every vector x € X'. Then there exists a bounded linear opera-
tor

Ao c B(X — y),
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such that
lim [|A,x — Apx|| =0,
n—oo
for all x € X', and
[ Aol < Tim inf [[ A, ].
n—oo
Definition 3. Let (X, || - ||) be a normed linear space, let
S C X, T Y.

The set § is called strongly bounded, if there exists a positive
constant C' > 0, such that

x| < C,

forall x € S.
The set is called weakly bounded, if there exists a positive con-
stant C' > 0, such that

f(x)| < C

for all f € X™.
The set T is called strongly bounded, if there exists a positive

constant C' > 0, such that
Il <,

for all f € T.
The set T is called weaklyx bounded, if there exists a positive

constant C' = C'(x) > 0, such that

f(x)| < Clx),

for all f € T.
Theorem 13. Let (X, || - ||) be a Banach space. Then
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Any weakly* bounded set in X'* is strongly bounded.
Any weakly bounded set in X* is strongly bounded.
Any weakly* compact set in X'* is strongly bounded.
Any weakly bounded set in X is strongly bounded.

Section 5: The Spectrum of Bounded Linear Operators

and Invariant Subspaces of Linear Operators

Definition 1. Let X be a vector space and let A : X — X be
a linear operator. If there exists a constant A € C and there exists
a nonzero vector x, such that

Ax = \x,

then we call A an eigenvalue of the operator A and we call x an
eigenvector of A associated with the eigenvalue A\. We define the
cigenspace of A by

Ex={xe X : Ax = \x}.

We call the dimension, dim(€)), the geometric multiplicity of the
eigenvalue .
Example 1. Let X = L*(R"), let the linear operator

A L*(R") — L*(R"),
be defined by

n

(AD)(€) = / exp(—ix - £)p(x)dx.

This is the Fourier transformation operator. Clearly, A = (27)"/?
is an eigenvalue and ¢(x) = exp(—1|x|?) is an eigenfunction of A.
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Example 2. Let X = C(0, 00), the collection of all continuous
functions. The Laplace transformation is a linear operator

£ = [ exp-xott)ds

0
There exists an eigenvalue A\g = /7. The eigenfunction is

1

o(t) = el for all £ > 0.
Definition 2. Let (X, || -||) be a complex normed linear space,
let
A X — X,

be a linear operator. Let A € C be a complex constant. If the
operator A\Z — A is one-to-one, onto, and the inverse operator

(A — A

is bounded, that is, AZ — A is a regular operator, then we call A a
regular point of the linear operator A. We define the resolvent set

p(A) ={X € C: the operator \Z — A is one-to-one and onto,
and the inverse operator (A\Z — .A)~" is bounded}.

We define the spectrum of the operator A by
g(A)={AeC: ¢ p(A)}.
We define the point spectrum (eigenvalues), o,(A), and the con-
tinuous spectrum, o.(A), by
o,(A) = {A € C: \is an eigenvalue of A},
o.(A) = {\ € C: \isnot an eigenvalue of A,
either AZ — A is not onto, that is, (\Z — A)X # X,
or (AT — A)! is onto, but it is unbounded}.
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Theorem 1. Let (X, || - ||) be a complex normed linear space,
let

AeBX — X).

(1) The complex constant A € p(A), if and only if there exists a
bounded linear operator

BeBX—X),
such that
(A —A)B=BNL—A) =1,
if and only if there exists a unique solution to the equation
(M —A)x =y,

for any y € AX. Moreover, there exists a positive constant
C > 0, such that

x|l < Cly]l-

(2) The complex constant A € C is not an eigenvalue of the linear
operator A, if and only if the operator

A — A X — (0T — A)X,

is one-to-one and onto. In this case, A € p(A), if the dimension
dim(X) < oo.

Theorem 2. Let (X, || -]|) be a complex normed linear space,
let

AecBX — ).
Let
f(z) = ag+ a1z + asx® + - - - + a,z”,
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be a polynomial of degree n, a, # 0, and let
f(A) = agZ + a1 A + apA* + - - + a, A"
Then

where

flo(A) ={f(A) - A e a(A)}.

Proof. There are two steps in the proof.

(1) flo(A) Ca(f(A).

(2)  a(f(A)) C fla(A)).

First of all, let A € o(A). Then f(\) € f(o(A)). If f(A) €
p(f(A)), then there exists a bounded linear operator B, such that

FNT — FLA)B = BN — f(A)] = T.
It is very easy to rewrite
FNT = f(A) = (AT — A)g(\T, A) = g(AT, A)(NT — A).
Now we have
(AL — A)g(\Z, A)B=Bg(\Z, A)(\T —A) =T.
This means that
A€ p(A).
This is a contradiction to the fact that
Aea(A).
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Therefore, we find

fA) € a(f(A).
Overall, we have
flo(A)) Ca(f(A)).
Let
v & fo(A)).
Then

v# fA),  v—=[fA)F#0,
for all A € o(A).

We may write

v—[f(A) = an(MA = A)Ae = A)(As = A) -+ (A = A) # 0,

for complex constants Ap, where k = 1,2,3,--- ,n. This means
that \r € p(A), for all k. Hence the inverse operator
(M — A,
exists and is bounded. Therefore,
VI — fA)]
= [an(MZ — AN — ANT — A) - (NI — A
1
— a—(AnI — A (AT — AN - AT NI - AT

exists and it is bounded. Thus,

v e p(f(A)).
Overall,

a(f(A)) C flo(A)).
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The proof of the theorem is finished now. O
Theorem 3. Let (X, || -||) be a complex Banach space, let

AeBX — X).
Suppose that
2 i {HA"H%} <1.

n—oo
Then
(1) A=1€plA).
(2) (ZT-A)'=) A"
n=0
1
3 T-A) < —0 if |A]| < 1.
3 I —
Theorem 4. Let (X, || - ||) be a complex Banach space, let
AecBX — X).

Suppose that
r ¥ lim {HA”H%} :

Then
(1) XN plA), if [A] > 7.
L o~ 1
2) M -A)'= WA,IHA|>7“.
n=0

1
3 N — A7 < ———if A > || Al
3) I( )| = Al Al > || Al

Theorem 5. Let (X, || - ||) be a complex Banach space, let
AeBX — X).
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Then the set p(A) is open. Let p(A) # (). For any Ay € p(A), let
e _anl
ro ™ lim { (AT — A7}

Then
N plAL (AT — A) = 31T — A) I - A",
n=0
if
A= | < -
To

Theorem 6. Let (X, || -||) be a complex Banach space, let
AeBX — X).

Then the spectrum o = o(A) is a closed set. Moreover, there holds
the following estimate

sup [\ < hm {HA”H }

Aeo(A)
Remark. The spectrum o(A) is a closed set, even if A is linear
unbounded.
Definition 3. Let (X - ||) be a normed linear space, let

AecBX — X).
Define the spectrum radius 7(.A) by

r(A) ' max ||
Aeo(A)

Theorem 7. Let (X, || - ||) be a complex Banach space, let
(1) AeBX — X),
(2) fe&”
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Then
FAT-A)™

is an analytic function of A in the set p(A).
Proof. Let Ay € p(A). Then

o0

FIOAZ = A7) = (=" f((MZ — A7 (A= Xo)",

n=0
forall A € C, A — X\g| < %, where
. Cnypd
ro = Tim {[|(0T = A) "7}

Theorem 8. Let (X, || - ||) be a complex Banach space, let

AcBX — X).
Then
r(A) = max [\ = lim {[}A4"]7}.
Proof. For all A € C with [A| > ||A||, there holds
A\ —A) ' = f% N}HA".

Now for any continuous linear functional f e X", we have

is a complex analytic function of )\, ])\\ > || A||. Note that this is
also true for all |A| > r(A). Now for any € > 0, we have

1
[r(A) + )t

09

[F(A")] < oo

n=0
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From this result, we claim that

/ ([r<A>1+ e]n““n) | <o

This means that the operator sequence

{ T s]n““"}

is weakly bounded. By using the uniform boundedness theorem

sup
n>1

in Section 4, we know that the sequence of operators is strongly
bounded. There exists a positive constant C' > 0, such that

1
r(A) + €

A" <C, n>1

That is
|4 < Colr(A) +¢], n>1
Therefore, we obtain the estimate

hm{%ﬂﬁ}ﬁﬂAHﬁ.

n—oo

Letting e — 0 yields the estimate
nm{mMW}gmAy

n—oo

In Theorem 6, we have proved the estimate

r(A) < nm_{wAﬂﬁ}.

n—oo
The proof of Theorem 8 is finished. O
Theorem 9. Let (X, ] - ||) be a complex nontrivial Banach
space, let
ZeB(X — X),
AeBX — X).
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Then
a(A) £ 0.

Proof. Based on the extension theorem for functionals, there ex-
ists a continuous linear functional

f € B — X)L,
such that || f|| =1 and f(Z) = ||Z|| > 0.
For any Ay € p(A), there exists the constant ry > 0:

ro = lim {IWT = A"},

n—oo

such that if |\ — Ag| < 1+, then

XL =) = SO0 — A A= )
FIAZ=A)T) = > ()" F((AT = A" HA =)™
Suppose that
o(A) = 0.
Hence
fFAZ =AY

is a complex analytic function of A in the whole complex plane C.

On the other hand, if |\| > ||.A]|, then

A\ -A)7" = 3 A
— 1
T -AT) = ;Anﬂf(fl”)-



Moreover, if |A| > 1+ ||.A4]|, then

n f
102471 3o pli a0 < i

This means that f((AZ—.A)"!) is bounded. By Liouville’s theorem,

F((AZ — A)~") must be a constant. However, the coefficient of

is f(Z) # 0. This is a contradiction. Therefore, o(A) # (.
Definition 4. Let (X, - ||) be a complex Banach space, let

AeBX — X).
If
lim {477} =
n—00
then we call the operator A general nilpotent operator. In this case

A ={NeC:A#£0},  o(A) = {0

Moreover
=1
-1 n
AL —A) = Z >\n+1A )
n=0
for all A # 0.

Example 3. Consider the bounded linear operator

A : Cla,b] — Cla, b,

/ab

There holds the following estimates
A" < (b— a)"|| o],
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for all ¢ € C'a, b).
Clearly, A is a general nilpotent operator. Obviously,

pA)={reC:A#£0},  o(A)={0}.
Moreover, the only spectrum
A=10

is not an eigenvalue of the linear operator A.
Definition 5. Let (X, ||-||) be a complex normed linear space,
let

AeBX — X).

Let A € C be a constant. If there exists a sequence of unit vectors
{x,} C X, [|x,]|=1,n=1,2,3,---, such that

lim [[(AZ — A)x,| =0,
n—0o0
then we call A an approximation spectrum point. Define

og.(A) = {\ € C: there exists a sequence of unit vectors
{x,} C &, [|x,|| =1, such that
lim [|(AZ — A)x,|| = 0}.

n—oo

Define the residual spectrum o,.(A) by
or(A) = 0(A) — a4(A).
Remark. Let
A€ aq(A).
Then, either
A€ 0y(A),
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or
A€o (A).
In the second case, the inverse operator
(A — A)!
exists, but (A\Z — A)~! is unbounded.
Theorem 10. Let (X, || -||) be a complex Banach space, let
AecBX — ).
The following statements are true.
(1) op(A) CaalA),  or(A) CalA),
(2) o(A) =0, (A)Ua(A),  op(A)
o(A) =o,(A)Uoc,(A), o.(A)
(3)  o,(A) is an open set
(4)  The boundary do(A) C a,(A), do(A) # 0.
(5)  04(A) is a closed set and o,(A) # 0.

In particular, if

then
g.(A) =0,(A).

Proof. Obviously, 0,(A) C o,(.A).

Let A € C. If A ¢ o.(A), then \o,(A). Clearly A € o,(Al),
hence A ¢ o,(A). In another word, if A € 0,.(A), then A € o.(A).
For any A\ € 0,(A), we know that Ay ¢ o,(.A), hence there exists
a positive constant Cy = Cy(Ng) > 0, such that

I(AZ = A)x[| = Collx]],
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for all x € X. Now let us show that if A\; € C and

A1 — Ao < %Co,
then
A € o (A).
First of all, there hold the following estimates
I(MT — A)x||
> [[(AZ — A)x|| = [Ar = Aol[|x]
> ~Collxl,

for all x € X. This implies that A & o,(.A).
Secondly, if Ay € p(A), then

2
— _1 —
|(MZ —A) | < o

Now we have

o= dim LT - 47

n—,oo
. —n|
= inf {0 - A7)
2

— AN <
T = A7) <

IA

However, based on Theorem 5, since

1
|>\0 - )\1’ < —,

1

then \g € p(A). But A\g € 0,(A). Therefore, we have A € o,(A).
Obviously, we have the boundary

do(A) C o(A).
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Let A € C. If A € 0o (A), then
Ao (A).
Since o(A) # (), we know that
do(A) #0,  o,(A) #0.

Remark. If there is only one point in the spectrum, say A = 0,
then o(A) = {0}. Certainly A = 0 € 0,(A) and o,.(A) = 0.
However, it is possible that A =0 € 0,(A) or A =0 € 0.(A).

Definition 6. Let X be a linear space, let £ be a subspace of
X, let

A X - X
be a linear operator. If

AE C €,

then we call £ an invariant subspace of A.

Section 6: The Spectrum of Compact Operators

in Complex Banach Spaces

Definition 1. Let (X, - ||) and (I,] - ||) be normed linear
spaces, let

AecBX —Y).

The operator A is called compact, if it maps any bounded set to a

compact set.
Define

CX - )Y)={AecBX — X): Ais acompact operator}.
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Theorem 1. Let (X, - ) and (Y, || - ||) be normed linear
spaces. Then C(X — ) is a subspace of B(X — ). Moreover,
C(X — ) is a closed subspace of B(X — V), if (X,|-]|) is a
Banach space.

Proof. Let a € C and § € C be constants. Let

AeCX =),
BeCXx—=Y).

Then
aA+ B e CX = )).

Now let (X, || - ||) be a complex Banach space. Let

A, e C(X =),
Ay € B(X — y),
such that
lim || A, — Ayl = 0.
n—oo
Then

Ay € C(X — y)

Let (X, ]|-]|) be a normed linear space and let (), ||-||) be a Banach
space. Let

A, € C(X =),
.Ao € B(X — y),

such that
lim HAn — AOH = ().
n—oo
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For any positive constant € > 0, there exists a positive integer
N > 1, such that if n > N, then

1
A = Aol| < e
Let
SCAX,

be a bounded set. Then A;nS is a compact set. For any positive
constant € > 0, there exist finitely many points x; € S, where
k=1,2,3,---,m, such that

" 1
.AQNS C U B(AQNXk, 56)

k=1
Now we have the following estimates
HA()X - AOX]{;H
< HAOX — .AQNXH + H.AQNX — AQNXk” + HAQNXk — .A()X]gH < g,

where || Aoyx — Aonxi || < 3e. Therefore, we see that

AOS C U B(.AOX]{;,eE).

k=1
In another word, AyS is compact. Recall that (), ||-|) is a Banach
space. Finally, we have proved that

Ao c (C(X — y)
Theorem 2. Let (X, - ), (X, |- 1), (Z,1-]]) and (&, ]| - II)

be normed linear spaces, let
AeCX =),
BeB(Y — 2),
CeBE& — AX).
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Then
(1) A" eCY"— &7).
(2) BAeCX — Z).
3) ACeCE& —Y)).
(4)  AX is a separable set in V.
Let
S={xeX:|x|]|=1}

Then AS is compact. For any positive constant € > 0, there exist
finitely many points x; € S, where k =1,2,3,--- , m, such that

£
AS ¢ kL:JlB(Axk, m).
Define
F=AX.
Then F is closed and separable. There exists a sequence of points

Yi,Y2, Y3 Y, e F.

{y.} is dense in F.
Let

f17f27f37"' 7fn7'“€y*7

be a bounded sequence of continuous functionals. There exists a
positive constant C' > 0, such that

I full < C, for allm > 1.

Consider the sequence

A, 1), (71, Falyn), -
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This is a bounded sequence in R. There exists a convergent subse-
quence

f1n1<Y1)7 fan(yl>, flng(yl)7 cee flnk(y1)7 .

Consider the new sequence

fin(¥2)s fine(¥2), fing(y2), - - 7f1nk(Y2)> .

This is a bounded sequence in R. There exists a convergent subse-
quence

Jon (¥2)s fony(Y2), fons(¥2), -+, fon, (¥2), -+

Consider the new sequence

Fory (¥3)s Fons (¥3)s Fons (¥3)s -+ -+ fomy (3), - - -

This is a bounded sequence in R. There exists a convergent subse-
quence

f3n1 (Y?))a f3n2 (yg), f3n3(y3), cee f3nk (Y3), e

If we repeat this process, then we obtain the convergent subse-
quences

Smny (Ym); fan(ym), fmng(ym), cee fmnk(}’m); -

for all positive integers m =1,2,3,---.
Let us consider the subsequence

f1n1(Y>: f2n2(y), f3n3(y>, ce 7fmnm<y>, .

and

Fios (Y1) Fona (72), Fans (¥3)s -+ Fonmpy (), - -
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Based on Section 3, Theorem, there exists a continuous linear func-
tional fy € X", such that

lim ‘fmnm(Y) - f0<Y)‘ — 07

m—00

for all y € F. For any positive constant € > 0, there exists a
positive integer N > 1, such that if m > N, then

1

‘fmnm(Y) - fO(Y)| < 55-

Now we have the following estimate

A" frun, — A" fol
= sup ‘fmnm(AX) - fO(-AX)‘

[[x[|=1

< sup |fon, (Ax — Axi) — fo(Ax — Axy)

+ | fana (AXg) = fol(Axp)| <€,
1 [JA® i, — Aol = 0.
Theorem 3. Let (X, - ||) be a complex Banach space, let
AecCX — X).
Let A € C be a complex constant and A # 0. Suppose that
(M —A)X =2X.
Then X € p(A).

Proof. The main idea is to use the onto to prove the one-to-one.
Define the closed subspaces

En={xe X (\Z—-A)"x=0},
foralln=1,2,3,------ :
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Note that
(M —A)X =2X.

If there exists a vector x; € &1, X1 # 0, then there exists a sequence
of vectors {x,}, such that

()\I— .A)Xl = 0,
()\I— A)Xg = Xi,

Overall, we have
(A — A)"x, = 0,
(A — A)"x,.1 = x1 #0.

There exists a sequence of unit vectors {y,}, ||y.|| = 1, such that
1
Yn+1 §é 8717 Yn+1 S 8n+17 p(Yn—}—lagn) > 57
forallm=1,2,3,------ . Then
1
|Aym — Ayl > 5‘)“7

for all m > n.
Theorem 4. Let (X, || -||) be a complex Banach space, let

AeCX — X).
Let A € C be a constant and A # 0. Then
(M — A)X
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is a closed subspace of X.
Proof. For any y € (\Z — A)X, there exists x € X', such that

y = (A — A)x.
There exists a vector xy € X, such that

Xg|| = inf x|.
ol = inf

There exists a positive constant C' > 0, such that

1ol < Cliy -

If not, for any positive integer n > 1, there are vectors x,, € X and

yn € (AL — A)X, such that

x|l = inf x|,
(/\ _A)XZYn
such that
[xull = 2"[|yall,
for all n > 1.

1
2_7’l‘
There exists a convergent subsequence {x,, } C {x,}, such that

Without loss of generality, let ||x,|| = 1. Then |ly,| <

kh_{Iolo x5, — X0l = 0.
Hence
()\I — A)XO = 0.

However, we also have

(AL — A)(x,, — X0) = Y.
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This implies that
L= {[xn, || < [lxn, — %ol|-

Letting k& — oo leads to a contradiction.

Now let {y,} € (AZ — A)X be a Cauchy sequence. We will
show that the limit is in the same space (AZ — A)X. There exists
a sequence {x,} C &, such that

()‘I_A>Xn = Y
[xul] < Cllyall < M,

for all positive integers n =1,2,3,---.
There exists a convergent subsequence {x,, } C {x,},

()\I o A)Xnk = Y

lim Hxnk — x| =0, lim Hynk — vyl = 0.
n—oo n—oo

Therefore
(AL — A)xp = yo.
Theorem 5. Let (X, || -||) be a complex Banach space, let
AecCX — X).
Let A € C be a constant and A\ £ 0. Then A € p(A*), if \ is not

an eigenvalue of A.
Proof. First of all, the linear operator

N —A): X = (M- AX,
is one-to-one, onto. Note that

(N — A)X
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is a Banach space. Therefore, the inverse operator
N -A) (N -AX = X,

is a bounded linear operator.
Now for any f € X'*, define

g(x) = f((AT — A)'x),

for all x € X'. By using the extension theorem for functionals, we
may extend it so that g € X*. Obviously

(A" — A)X* = X"

Finally, we find that

A€ p(A").
Definition 2. Let (X, - ||) and (Y, ] - ||) be normed linear
spaces, let
AeBX —)),
x € X, fey.
If

(A f)(x) = f(Ax) = 0,

then we say Ax and f are perpendicular and we write Ax L f.
In this case, we may also say A*f and x are perpendicular and we
write A*f L x.

Let (X, || - ||) be normed linear space, let X* be the dual space.
Let

x € X, feixr
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If

then we say x and f are perpendicular. We write x L f.
Theorem 6. Let (X,| - ) and (),]| - ||) be normed linear

spaces, let
AeBX —)),
A" e B(Y* — X7).
Then
(AX)" = N(AY),
(A" V) = N(A).
Let
AecCX — X).
Then

AT - AX = N((AT - A)),
(M — A X* = NI - A)*.

To establish the first result, we will prove that

(1) (AT —AX C IN((AT — A
(2) MM — A" (M- AX.

For any point
(A — A)x e (AT — A)X,
for any
feN(AT - A)),
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we have

FIAL = A)x) = (A = A)"f)(x) = 0.

Thus
(AL — A)x € [N((M\T — A))].
Therefore
(AT — AX C [N((M\T — A"
Let
y € IW((AZ - A)")]
That is
fly) =0,
for all f:
(AT — A)f =0.
If
y & (M- AX,

then there exists a continuous linear functional f, such that

(1) [If]l = 1]
2)  fly)=ply,(\ - A)X) >0,
(3) AL —A)x) =0,

for all x € X.
On the other hand, we have

(AZ — Ay f)(x) = F((ALT — A)x) = 0.
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Hence
feN(AT — A)).
Thus
y e\ —AX.
Therefore
N(AT — AN]*F Cc (M - A)X.

D D D Y SUD oy P2 (Y 2]
fRn dx fR” dx fRn dx fRn d fR" dx fRn d
p0p(p() Le o()

To establish the second result, we will prove that

(1) (M — A)X* C [N(AT — A
(2) INAT — A c (M — A&,

Let
fear
Then
(AL — A f € (\T — A)*x*,

Simple computation shows that

(AL — A) fl(x) = (AL — A)x) =0,
for all x,

x e N(AZ — A).
Therefore, we have
(AL — A X* C [IN(A\T — A)]*-.
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Let

This is to say that

for all x € N(\Z — A).

Let us define the functional
g: (N —-—A)Xx — C,
by
9(AZ — A)x) = f(x0),
where x; € X is a vector such that

= inf :
POl = o iz 7]

There exists a positive constant C' > 0, such that
[xo0l] < CIAL = A)x]],

for all x € X.
The functional g is well defined, because if there exist two vectors
x; € X and xo € X, such that

(VT — At = (ML — A)xo,
then
(AT — A)(x) — x3) = 0.
This means that
fx1i=x2) =0,  f(x1) = f(x2).
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Moreover, we have the following estimates

9((AZ — A)x)| = [f(x0)|
< [flHIxoll < [IANIAZ = A)x]l,

for all x € X'. Moreover it is easy to see that g is linear. Hence, g
is a continuous linear functional on (AZ — A)X. We may extend it
to a continuous linear functional on X'. Now

(AT — A)*gl(x) = (AT — A)x) = f(x),
for all x € X'. That is
(AL —A)yg="
Therefore, we have
N — A € (AT — A&
Let (X, - |) be a normed linear space, let

AecBX — &),
fe X
Suppose that
f(Ax) =0,
for all x € X, then A*f = 0.

In particular, if AX isnot dense in X', then A = 0 is an eigenvalue
of A*.
Proof. To establish the first result, we will prove that
(1) (AX)*: C N(AY).
(2) N(AY C (AX)*.
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Let feY* If
fLAX,  fe(AX)
then
(A f)x) = f(Ax) =0, A f=0,

for all x € X. This means f € N (A").
Let f e Y* If f € N(A"), then

f(Ax) = (A"f)(x) = 0,
for all x € X. Hence
fLAX,  fe(AX)™.
To establish the second result, we will prove that

(1) (A*Y) C N(A).
(2) N(A) C (A Y

Letx € X. If
x c (A Y, x LAY

then

f(Ax) = (A" f)(x) = 0,
for all f € Y*. Hence

Ax=0, xeN(A).
Now let x € X. If

x € N(A), Ax =0,
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then

(A" f)(x) = f(Ax) =0,
for all f € V*. Hence

x € (A* V")
Let (&, || - ||) be a normed linear space, let
AeBX — X).
The key point is that
(Ag)(x) = g(Ax),

for all x € A and for all g € X™.
Remark. Let A € C be a complex constant and A # 0. Let

7 eBX — X)),
AeBX — X).

The above results are also true if we replace

A with M\ — A,
A" with (AT — A)*.

Therefore, we have

(1) [(AT — AX]F = N((AT - A)Y).
(2) [(AT — A)*X*E =N\ — A).

Theorem 7. Let (X, || - ||) be a complex Banach space, let
AecCX - X).
Then

727



(1) If dim(X) = oo, then A =0 € o(A).

(2) f A€ o(A) and A # 0, then A € g,(A).
(3) If A € 0(A) and A # 0, then dim &), < oo.
(4)

4) Let )\1, A2, Az, - -+, A, be distinct eigenvalues of A, let &, &9,
s, -+, &, be the corresponding eigenvectors, that is

A& = N, k=1,2,3,---,n,
then these eigenvectors are linearly independent.
(5) The only possible limit in o(A) is A = 0.
Proof. Let A € C be a constant and A # 0. Then
(M —A)X
is a closed subspace of X. Let A € o(A). Then
(AN — AX #£ X.

Now based on the extension theorem for continuous linear function-
als, there exists a f € X*, such that

(=1,
(2)  F(AT = A)X) = {0}.

Now we see that
(AL =AY fl(x) = F((AL — A)x) =
for all x € X. That is
(M —-A)f=0
Thus, A is an eigenvalue of A*. Based on Theorem 5, A € 0,(A).
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Without loss of generality, let {\,} be a convergent sequence of
nonzero eigenvalues. Suppose that

lim )\n = )\0 7é 0.
n—0o0
Let x,, be the corresponding eigenvectors, that is
Ax, = \,X,,.

Let A\, # A\, for m # n. It is easy to see that the eigenvectors
{x,} are linearly independent.
Define the following closed subspaces

& = span {x1},
Ey = span {xy,Xs},

E3 = span {xy, X, X3},
gn = Sspal {X17X27X37"' 7Xn}7
There exist unit vectors y,,, ||y.|| = 1:

Yn S gn: Yn ¢ &1—17
such that

foralln =2,3,4,------ :
Let

Yn = 01Xy + 02X + 03X3 + - -+ X,
Obviously, we have
(AZ — Ay
= (A — A)xXp A+ apa( Ny — Xo)Xo + apz( Ay — A3)x3
+ a1 (A — Am)Xpm1 € €,
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foralln =2,3,4,------ . Namely,

foralln =2,3,4,---.
Hence

Vo — A (i\’—m> € En_1, v, — A (&> S

where m > n. Now we have the following estimates
Ym Yn
()4
_ _ _q(Ym YRR .
= e A G -4 () -

1
2 p(Ym7€m—1) > 5

However, there must be a convergent subsequence

ety

since
Yn
< C
' )\n - 7
for all n = 1,2,3,---. This is a contradiction. Therefore, there

exists at most one limit: A = 0.
Theorem 8. Let (X, || - ||) be a complex Banach space, let

AecCX = X).
The following statements are true.
(1) o(A) = o (A").
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(2) Let A € o(A) = o(A*) and A # 0. Then
dmN (AT — A)] = dimN(AT* — A7)].
(3) Let
AE =X, A f=uf

If A # p, then f(¢&) =

(4) Let A € 0(A) and A # 0. Then there exists a solution to the
equation

(M —A)x =y,
if and only if
y LN — A").

(5) Let A € 0(A) and A # 0. Then there exists a solution to the
equation

(A" = A")g = [,
if and only if

f LN - A).
There are two cases to consider. Let the dimension
dim X < oo.

Then the operator A is just a constant square matrix.

det(AZ — A) = det(\Z — A").
det(\Z — A) =0, <= A€ d(A).
det(\Z — AT) =0, <= X\ € o(A).
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Hence
o(A) =a(A").
Let the dimension
dim X = oo.
Then
A=0€co(A)Na(A).
Let A € C be a constant and A # 0. Then

AEp(A) — A€ p(AY).
ANeEo(A) = Aeo(AY).

Overall, we have
o(A) =a(A").
Let (X, || -||) and (Y, || - ||) be a normed linear spaces. Let

AeBX —)),
BeBX —)).

Without loss of generality, let A # 0 and B # 0. Let n > 1 be
any positive integer. Then

(AB)™! = A(BA)"B,
(BA)™ = B(AB)"A.

Hence

I(AB)" |
I(BA)" |

AN BA"BI
1B CAB) 1Al

IA N
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Therefore, we obtain the limits

tim {48y} < i {1BAY )
?}LIEO{H(BA)”“Hﬁ} < nlggo{H(AB) H%}

Finally, we obtain

lim {||(A5)n\|%} = lim {II(BA) g }

n—oo

Recall that

r(A) = lim {]l4"7},

n—oo

r(B) = lim {\\Bnu%}.

n—oo

For any positive constant € > 0, there exists a positive integer
N = N(e) > 1, such that

A"
15"

for all positive integers n > N.
Let n > N 4 1 be any positive integer. Since AB = BA, we
find that
o= =2)- =kt
(A+B)" =) - A BF

k=0

where 0! = 1 and

A =1T.
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There hold the following estimates

IA

IA

_|_

I(A+B)"|
L R UL BT
k=0
zn:n(n— 1)(n—2}i!...(n—k+1) {HAn_kHﬁ}n_k{HBkH%}k
k=0

n n(n—l)(n—QIz!-..(n—k+1) {HAn_kHﬁ}n_k{HBkH%}k
k=N+1

N n(n—l)(n—le!...(n—k:—i—l) {HAn_kHﬁ}R_k{HBkH%}k
k=0

i n(n—l)(n—2]2!...(n—k—|—1) {\\An_k\\ﬁ}n_k{r(8)+g}k
k=N+1
kﬁ;n(n— 1)(n—2/2!...(n—k+1) {T(A)—i-e}n_k{HBkH%}k,

There exists a positive constant C' > 0, such that

for

lA R < IBRIF < G

all positive integers k£ and n.

Finally, we obtain the desired estimate

lim {I|(A+B)|7 b < lim {flA)F )+ im {87

n—o0 n—oo

r(A+B) < r(A)+r(B).

Remark. Let (X, -||) be a complex Banach space, let

A X — X,
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be an unbounded linear operator, such that the inverse operator
(A —A)teCx — ),

is a compact operator, for some complex constant A € C.
For example, let

X = L*(R"),

and

A L*(R") — L*(R")

is an unbounded linear operator. What is the influence on the
spectrum of unbounded linear operators?
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Chapter 3: Hilbert Spaces and Bounded Linear Operators

Section 1: Hilbert Spaces and Elementary Pproperties

Definition 1. Let H be a complex or real vector space, let
(,+) : H x H — C be a function. Then the space H is called an
inner product space, if

(1)  (x,x) >0 forall x # 0, (x,x) =0 for x =0,
(2)  (ax+fBy,2) = a(x,2) + 5(y, 2),
(3) (xy)=(y,x),

for all x,y,z € H and for all constants «, 8 € C.

Theorem 1. Let H be an inner product space. There holds
the Schwarz’s inequality

(x,y)° < (x,%x)(y,y),

for all x,y € H.
Theorem 2. Let H be an inner product space with the inner
product (-, ). Define || - || by

Ix[|* = (x, %),

for all x € H. Then (H, || -||) is a normed linear space.
Theorem 3. Let H be an inner product space, let

lim ||x, — x| =0, lim ||y, — yo| = 0.
n—o0 n—oo

Then

lim (x,,, ¥») = (X0, ¥o)-

n—o0o
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In another word, the inner product is a continuous function of the
two variables.
Theorem 4. Let H be an inner product space. Then

I+ ylI* + IIx — ylI* = 2]Ix]I* + 2y ||,

for all x,y € H.
Let (H, || - ||) be a normed linear space, such that

I+ ylI* + [Ix = yII* = 2[1x|I* + 2]y |,
for all x,y € H. Then (H, | - ||) is an inner product space.
If H is a real vector space, then
1
(¢ y) = 7 (I +yl* = Ix = yIP)

for all x,y € H.
If H is a complex space, then

1 o L
&JOZZUB+YW—HX—wV+MX+wW—MX—WW%

for all x,y € H.

Definition 2. Let H be an inner product space. H is called a
Hilbert space, if H is complete.

Examples of Hilbert spaces:

(1) L*(R)

(2) L*R")

3 W@y ={oe 2w [ arlePriBerds < oo
Remark. The normed linear space LP(R") is NOT a Hilbert

space, where 1 < p < oo and p # 2. The normed linear space
C'(R) is NOT a Hilbert space.

n
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Section 2: The Projection Theorem

Definition 1. Let H be an inner product space, let x,y € H.
We say x and y are orthogonal and we write x L y, if

(x,y) = 0.

Let £ and F be two sets in H. We say € and F are orthogonal
and we write £ L F, if

(X7 Y> =0,

for all x € £ and for all y € F.

Theorem 1. Let H be an inner product space, let X,y € H, let
& and F be subspaces of H. There hold the following elementary
properties:

(1) [+ yIP = [P+ Iy | if (x,3) = 0.
(2) x L H, if and only if x = 0.
(3) £+ is a closed subspace of H.
(4) ENEL ={0}.

(5) If &€ C F, then £+ D F+.

(6) If £ L F, then £ENF = {0}.

Definition 2. Let H be an inner product space, let £ C H
and F C H be two subspaces. If £ L F. then we define the direct
sum

EoF={x+y:xefyeF}
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Theorem 2. Let H be an inner product space, let £ C ‘H and
F C H be subspaces. Suppose that

H=E+F.
Then it is a direct sum:
H=EDF,
if and only if
Et=F  Ft=¢&.

Theorem 3. Let H be an inner product space, let £ C H be a
subspace and let x; € H. If xq is the projection of x; onto &, then

|x1 — x%¢|| = inf ||x1 — z]|.
zc€

Theorem 4. Let H be an inner product space, let £ C H be
a complete convex set and let x; € H. Define

p=px1,&) = nf |[x; —z|.
zef
Then there exists a unique xy € H, such that

[x1 — xo|| = p(x1,E).

Theorem 5. Let H be an inner product space, let £ C H be
a subspace, let x;1 € H and x¢ € €. If

Ix1 = xo]| = inf |[x; — z],
ze&
then x; — xg L &.
Theorem 6. The Projection Theorem Let H be an inner

space, let £ be a complete subspace. For any vector x; € H, there
exists a unique projection xy € &€, such that

x| = Xo + X/, xg€ E,x LE.
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Theorem 7. Let H be a Hilbert space, let £ C H be a sub-
space. Then

ELAD, fE#H
£ (Yt
In particular, if £+ = {0}, then & is dense in H.

Section 3: Complete Orthonormal Sets in Hilbert Spaces

Definition 1. Let H be an inner product space, let S be a
subset of H. If

(e,f) =0, foralle,f € S;e # 1,

then we say S is an orthogonal set.
If § is an orthogonal set and

le]| =1, foralle € S,
then we say S is an orthonormal set. In this case, we call the set
{(x,e):e e S}

the set of Fourier coefficients of the vector x € H relative to the
orthonormal set S.
Theorem 1. Let H be an inner product space, let

S ={ej,ere3 -, e,},
be an orthonormal set, let
E = span {ej,eq,e3, -+ ,e,}.
For any x € H, the projection of x onto £ is given by
Xo = (Xx,e1)e; + (X, e2)ex + (x,e3)es + - - - + (X, e,)e,.
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Moreover, we have

(1) ol =D Ix el
k=1
(2)  IIxI* = lixoll* + [Ix — xo|*

(3) D lxen)* < |Ix||”

n n
< ”X - Z akﬁekH?
k=1

X — Z(X, e;)ey
k=1

for any constants a; € R, ap € R, a3 € R, -+, o, € R. The

equal sign = holds only if ay. = (x, ey).

(4)

Theorem 2. Let H be an inner product space, let
S = {e,\ A E /\}

be an orthonormal set in . Then for any x € H, there are at most
countably many nonzero Fourier coefficients in the set {(x,e)) :
A € A}. Moreover, there holds the estimate

>l e < [Ix|%
AEA
7}1_{1;10()(, e,) =0.

Definition 2. Let H be an inner product space, let
S = {e)\ T\ E /\}

be an orthonormal set in 7. Then & is called a complete orthonor-
mal set, if there holds the Parseval’s identity

Ix[7 =) lx el
AEA
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for all x € H.
Definition 3. Let H be an inner product space, let

SZ{GAZ)\EA}

be an orthonormal set in ‘H. Let x € ‘H. We call the formal series
D (x,e\en,
AEA

the Fourier series of x relative to the orthonormal set.
Example 1. Let
1 27T

M=), (fo)== [ flge)
0
for all f,g € L*0,27].
The set
1
S =< —,cosz,sinx, cos(2x),sin(2x), cos(3x), sin(3x), -« - - - -
{5 (2), sin(20), cos(3e).sin(3), - |
is a complete, orthonormal set.
Example 2. Let
H=L'R), (f9) / fla
for all f,g € L*(R).
The set

1 dm
- ﬂwwwvﬂm( Oaﬁkm“fﬂmrﬂ&z& ......

is a complete orthonormal set in L*(RR).
Theorem 3. Let H be an inner product space, x € H, let
{e) : A € A} be an orthonormal set and let

E = span {e) : A € A}
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The following statements are equivalent to each other:

(1) xe€&
@) [P =) lxe)l
AEA
(3) X = Z(X, e)\)e)\
AEA

Theorem 4. Let H be an inner product space, let x € H. Let
S = {8)\ A E /\}

be an orthonormal set in H. Let

E =span {e) : A € A}

If there exists a projection x( of x onto &, then

Xy = E:(X7 e)\)e)\.

AEA

Let H be a Hilbert space. Then for any x € H, the projection of

X = Z(X,ek)ex

X is given by

AeA
Theorem 5. Let H be a Hilbert space, let
S = {e)\ A E /\}

be an orthonormal set in H. Let

E =span {ey : X € A}
Let
{C)\ S\ E A}
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be a set of numbers, such that

DG < o0

AEA

Then there exists a unique point xy € &€, such that

xp=»_ Chey,
Cy\ = (xg,ey), forall A € A,
Definition 4. Let H be an inner product space, let
S={ey: e A}

be an orthonormal set in . The set S is called seamless if St =

{0}.

Theorem 6. Let H be an inner product space, let
{e)\ S E A}

be an orthonormal set in H. If it is complete, then it is seamless.
Let H be a Hilbert space. Then any seamless orthonormal set is
complete.
Definition 5. Let H and /C be inner product spaces. We say
‘H and K are product-preserving isomorphic, if there exists a linear,
one-to-one, onto operator

A H— K,

such that

(1) (Ax,Ay) = (x,y),
(2)  Alax+ By) = aAx + Ay,

for all x,y € ‘H and for all o, 8 € C.
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Theorem 7. Any finite-dimensional inner product space must
be isomorphic to some Euclidean space R".

Any separable Hilbert space must be isomorphic to some Eu-
clidean space R" or isomorphic to [°.

Section 4: Dual Space and Adjoint Operator

Theorem 1. Let H be a Hilbert space, let f € H*. Then there
exists a unique point y € H, such that

(1A=l
(2) fx)=(xy)

for all x € H.
Theorem 2. Let H be a Hilbert space. Define the mapping

A:H — H”,
Ay=f=1(.y), YE€H,

where f(x) = (x,y), for all x € H. Then A is one-to-one, onto,
and

(1) [lAx|] = Il
(2)  A(ax; + fx9) = aAx; + SAX,,

for all x,x1,%x9 € H.
Theorem 3. Let H be a Hilbert space, let I be an inner
product space, let

AeB(H — K).
Then there exists a unique bounded linear operator

BeB(K—H),
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such that

(Ax,y) = (x, By),

for all x € ‘H and for all y € K.
Definition 1. Let H and K be inner product spaces, let

(1) AeBH — K),
2) A" eB(K—H).

The mapping A* is called the adjoint operator of A, if
(Ax,y) = (x, Ay),

for all x € ‘H and for all y € K.
Theorem 4. Let X’ and H be Hilbert spaces, let KC be an inner

product space. Let o, 8 € C be constants, let
(1) AeBH —K),
(2) BeB(H—K),
3) CeBX —H).

Then
(1) (A=A
2) JAA] = A = [lA]"
(3) (A4 BB)" =aA* + BB
(4) (AC)" =CA"
(5) A=0€plA), iff A=0 € p(A").
(6) (A=A ifA=0¢€p(A).
Theorem 5. Let H be a complex Hilbert space and let

AEB(H — H).
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Then
(1) plAY) = oA,
(2) o(A")=0c(A).

Let £ e N(AZ—A)andn € N((uZ—A)*). Then & L n, if X # p.
Theorem 6. Let H and K be Hilbert spaces, let

AeBH —H).
Then

(1) AH = [N(A)]".
(2) AH = [N(A)"
(3)  (AH)T = N(AY).
(4) (A*H ) = N(A).
Definition 2. Let H be a Hilbert space, let
AeBH —H).

The operator A is called self-adjoint, if 4* = A.
Theorem 7. Let H be a complex Hilbert space, let

AeBH—H).

Then A is self-adjoint, if and only if

(Ax,x) € R,
for all x € H.
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There hold the following polarized identities
(Ax,y)

— i{[(,A(x—ky),X—Fy)—(A(X—Y)aX_Y)]

+ i[(Alx +iy), x +iy)(Alx —iy), x — iy)]},
(Ay, x)

= i{[(A(x—i—y),x—i—y)—(A(X—Y)yx_}")]

— {[(Ax +1y),x + iy)(A(x — iy), x — iy)]},

for all x,y € H.
Therefore, we see that

(Ax,y) = (Ay,x) = (x, Ay),

for all x,y € H.
Theorem 8. Let H be a Hilbert space, let

(1) AeB(H —H).
(2) BeB(H - H).
3) A, €B(H—H),

be self-adjoint operators, where n = 1,2,3,---. Then
aA+ B

is self-adjoint, for any a, 5 € R.
If

. stronglyorweakly
lim An - - AO )
n—00

then Ay is self-adjoint.

Section 5: Projection Operators and Their Operations
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Definition 1. Let H be a Hilbert space, let £ be a closed subspace
of H. Define the projection operator

P.-H—E,
x = Px +x/,

for all x € H, where Px is the projection of x onto £, x' L £.
Theorem 1. Let H be a Hilbert space, let £ be a closed
subspace, let

P.H—=E,
be a projection operator. Then

(1) PeB(H—H).

(2) PH=E={xeH: Px=x}.
(3) Pl =1, it & #{0}.

(4) |IP] =0, if &={0}.

Theorem 2. Let H be a Hilbert space, let
P:H—-H

be a linear operator. Then P is a projection operator, if and only

if

Theorem 3. Let H be a complex Hilbert space, let
PeBH—H).
Then P is a projection operator, if and only if

IPx|* = (Px,x).
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for all x € H.
Theorem 4. Let H be a Hilbert space, let £ and F be closed
subspaces, let

(1) P:H—=E,
(2) Q:H—=F,

be projection operators. Then
(1) £ L F,if and only if PQ = 0.

(2) P + Q is a projection operator, if and only if PQ = 0. If
P + Q is a projection operator, then (P + Q)H =& & F.

(3) PQ is a projection operator, if and only if PQ = QP. If PQ
is a projection operator, then POH = £ N F.

(4) P — Q is a projection operator, if and only if € D F. If P— Q
is a projection operator, then (P — Q)H = £ © F.

(5) Z — P is a projection operator and (Z — P)H = E*.

(6) PQ is a projection operator, if and only if [£ © (£ N F)| L
Fe(ENF).

(7) Let PQ = QP. Then P — PQ + Q is a projection operator
onto [F —(ENF)|dE.

Theorem 5. Let H be a Hilbert space, let
817527537”, 75717' o
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be a sequence of mutually perpendicular, closed subspaces of H, let

ﬁﬁi?i—%>gb
77227'[—>52,
?ﬁ 271-—%5%,

be a sequence of mutually perpendicular projection operators. Then
there exists a projection operator P:

Px = Pix+Pox+Psx+ -+ PX 4,

for all x € H.
Define

E=806H0850 - 0ED- -

— {ZX”:ZHX"HQ < 00,X, €E,,n = 1,2,37...}.
n=1 n=1

Then
PH=CE.
Definition 2. Let H be a Hilbert space, let

(1) AeB(H —H),
(2) BeB(H—H),

be bounded linear, self-adjoint operators. We say A < B, if
(Ax,x) < (Bx,x),
for all x € H.
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Theorem 6. Let H be a Hilbert space, let £ and F be closed
subspaces of H, let

(1) P:H—=E,
(2) 9 H—F,
be projection operators. Then the following statements are equiv-
alent:
(1)P=>0Q.
(2) |Px]|| > ||Qx]|, for all x € H.
3)EDF
(4) PO =0
(5) QP = Q

Theorem 7. Let H be a Hilbert space, let

Pr<P<P3<--- <P, <---o0r
Pr>2Py>P3 > 2P, >

Then there exists a projection operator P, such that
lim ||P,x — Px|| =0,
n—oo

for all x € H.

Theorem 8. Let H be a Hilbert space, let £ be a closed
subspace, let

P.-H—=E
be a projection operator. Let

AEB(H — H).
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Then £ is an invariant subspace of A, if and only if
PAP = AP.

Theorem 9. Let H be a Hilbert space, let £ be a closed
subspace, let

P:H—=E
be a projection operator. Let
AeB(H —H).
Then both € and £ are invariant subspaces of A, if and only if
AP =PA;

if and only if £ is a subspace of both A and A*.
Remark. Let A be a self-adjoint operator and let £ be an
invariant subspace of A. Then £+ is also an invariant subspace of

A

Section 6: Bilinear Hermite Functionals
and Self-Adjoint Operators

Definition 1. Let H be a vector space, let f : HxH — R or C
be a functional. f is called a bilinear functional, if

(1)  flax+ By,z) =af(x,2)+ 6f(y,z),
(2)  f(x,ay + fz) =af(x,y) + Bf(x,2),

for all x,y,z € H and o, 8 € C.
Definition 2. Let H be a vector space, let f : H X H — C be
a functional. f is called Hermite functional, if

f(x,y) = fly,x),
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for all x,y € H.
Definition 3. Let H be an inner product space, let

A:H—H
be a linear operator. Then
(Ax,y)
is called the functional induced by A. If A* = A, then
(Ax,y) = (x, Ay),

for all x,y € H. We call this the Hermite functional induced by
A.

Theorem 1. Let H be a complex vector space, let
f:HxH—>C
be a bilinear functional. Then f is Hermite, if and only if
f(x,x) € R,

for all x € H.
There hold the following polarized identities

{(X,y)
= {lfx+y.x+y) - flx—yx-y)

+ i[f(x+iy,x+iy) = f(x —ly,x —iy)[},
Jl”(y,X)
= ({lfx+yxty) = flx—yx-y)
— if(x+iy,x+1iy) — f(x —iy,x —iy)|},
for all x,y € H.
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Therefore, we see that

fly,x) = f(x,y),

for all x,y € H.
Definition 4. Let H be an inner product space, let

FHxH—C

be a bilinear functional. f is called a bounded bilinear functional,
if there exists a positive constant C' > 0, such that

[Fxy)] < Clixlflyll;

for all x,y € H.
Theorem 2. Let H be an inner product space, let

FHxH—C

be a bilinear Hermite functional. Suppose that there exists a posi-
tive constant C' > 0, such that

[f(x,x)| < O],

for all x € H. Then f is bounded and || f]| < C.
Theorem 3. Let H be a Hilbert space, let

f HxH—C

be a bounded, bilinear functional. Then there exists a bounded
linear operator

AeBH —H),

such that
f(xy) = (Ax,y),
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for all x,y € H. Moreover, A is self-adjoint, if f is Hermite.
Definition 5. Let H be an inner product space, let

f:H—=C
be a functional. f is called a functional, if

(1) flox) = |a]*f(x),
(2) fx+y)+flx—y)=2f(x)+2f(y)

for all x,y € ‘H. Moreover, if

then
Theorem 5. Let H be a Hilbert space, let

f:H—=-R

be a real bounded functional. Then there exists a unique, self-
adjoint bounded linear operator A,

AeBH —H)

such that

f(xy) = (Ax,y),
for all x € H. ABB.
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Let 0 <a<1, A>01<p< oo be positive constants. Let

m > 1 and n > 1 be positive integers.

def

M =R"
with the standard norm
lall* = Jur | + fual® + us|* + - + Ju[?,  weR"
Define the following spaces

Cla, b],

C (ﬁ[ak, bk]) :

k=1

with the standard norm

o = maxo(z)]

ak

BC"(R) < {¢ € BC(R): 576 € BC(R), k= 1,23,

[ 1
sup
ry |z — y|®

with the standard norm

ola) — () | <oof.

5o 1) g

def 2| o
9]l cmam®) = igg Z %qﬁ(x)
k=0
1 o o
+ su r) — —— .
o, e e - gmow)

H(R") {qs c®): [ (1+lgPAiBE e < oo}
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with the norm defined by

def A
ol [ (1 I P
me(Rn) def {¢ c Lp(Rn) : Z
a1t+agtagt-+ap<m
/ Jag + o + g+ -+ + ay,
| 0x]'0x520x5 - - - Oy

p
with the norm defined by

def
D S

a1toag+ag+-+an

¢(x)

dx<oo}

aal—l—ozg-f—ag-‘r'"-i—ozn

aq ag a3 Qn

dx.

¢(x)
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1. Let (My, p1) and (My, p2) be complete metric spaces. Let

A (My, p1) = (M, p2)

be a continuous isomorphism. Let
S C M, Sy C My,

be subsets. Define
AS; = {A(u) :u € S},
ALS, = {ue M;: Au € S,}.

(A) Prove the following results.

1 If §; is bounded, then AS; is bounded.

2 If Sp is open, then AS; is open.

3 If S; is closed, then AS; is closed.

4 If Sy is convex, then ASj is convex.

5 1f §; is dense in My, then AS; is dense in M.
6 If S; is compact, then AS; is compact.

7 If §; is finite-dimensional, then ASj is finite-dimensional.

(B) Prove the following results.
1 If Sy is bounded, then A~1S, is bounded.

2 If S, is open, then A™LS, is open.

3 If Sy is closed, then A~'S, is closed.

4 If Sy is convex, then A8, is convex.

5 If Sy is dense in My, then A~1S, is dense in M.
6 If S, is compact, then A™1S, is compact.

7 If S, is finite-dimensional, then A~'S, is finite-dimensional.
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1. Let & C€ R” be a bounded closed set. Let the mapping
A S — § satisfy the following conditions

p(A(u), A(v)) < p(u,v),

forallu € S and v € §, u # v. Prove that there exists a unique
point uy € S, such that

A(ug) = uy.
2. Let (M, p) be a complete metric space, let
A (M, p) = (M, p),
be a mapping. Define

p(A"u, A"v)
a, = sup .
u#v p(u, v)

(1) If the series

00
E oy < 00,
n=1

is convergent, then prove that for any point uy € M., the sequence
{A"uy} converges to the unique fixed point of A.
(2) If

inf a,, < 1,
n

then prove that there exists a unique fixed point to A.
3. Let A = (a;;) be a real n x n matrix, let b € R” be a real
vector. Consider the system of equations

Ax = b.
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Suppose that there hold the following conditions

(a1 — 1)* 4 a2y +als+---+aj, <1,
a3, + (ax — 1)+ a5+ +a3, <1,
a§1+a§2+<a33_1>2+"'+a§n<1,

ary + @y + ang + 0+ (ag, — 1) < 1.

Prove that for any vector b, there exists a unique solution to Ax =
b.

4. Make and prove a theorem on the existence and uniqueness
of the solution to the initial value problem

d
U= f(u,t), u(ty) = uy.

5. Let f = f(x) be a continuous function defined on (0, 00).
Prove that there exists a unique solution to the integral equation

y(t) = f(t) + )\/0 e Ty(r)dr.

Find the solution explicitly.
6. Let (M, p) be a complete metric space. Let

A (M, p) = (M, p)

be a mapping. Suppose that there exist positive constants 0 < o <
1,v>0and ¢ > 0, such that

p(A(u), A(v)) < ap(u,v),
p(ug, Aug) < 79,

for all u € B(ug, ) and v € B(ug,d), u # v.
(1) Prove that there exists a unique fixed point in B(ug,d) to A,
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fa+vy <1
(2) Prove that there exists a unique fixed point in S(uy, §) to A, if
a+ v =1and A is continuous on S(uyg, 9).

Make problems (with applications of ideas, concepts, definitions,
theorems, results)

Presentations 2

Students: Pick up three problems for your presentation.
Dates of presentation: Thursday, September 22 and 29.
1. Show that the linear operator A : Lla, b] — C|a, b|:

~ [ ot
is bounded, and prove that
lAl = 1.
2. Show that the linear operator A : L{a,b] — Lla,b]:

_ / on
is bounded, and prove that
| Al = b — a.

3. Let K = K(x,y) be a continuous function defined on [a, b] x
la,b]. Let A : Cla,b] — Cla,b] be a bounded linear operator,
defined by

(Agp)(x /Kwycb( )dy, ¢ € Cla,b].

Prove that

JA] = max / 1K (2, )| dy.

a<zr<b



4. Let K = K(x,y) be a continuous function defined on |a, b] x
la,b]. Let A : Cla,b] — Cla,b] be a bounded linear operator,
defined by

(o)) = [ Ka.y)olyd.
Compute the limit
lin (]|.A7[[)"/".

n—oo

A

5. Let (X, || -|) and (V,]| - ||) be normed linear spaces. Let
A X — Y be a linear operator.
(1) Is A bounded, if the null space N(A) is closed?
(2) Is the null space N'(\A) closed, if A is bounded?

6. Let (X, | - ||) be a normed linear space, let

AeBX —X), CeBX—AX).
(1) Prove that there exists a positive constant Ay > 0, such that
(Aol —A)"x]|| > 0,

forall x € X, x #0, and forallm =1,2,3,---.
(2) Prove that there exist no bounded linear operators A and C,
such that

AC—-CA=T.
Hint: Without loss of generality, let C™ # 0. Then show that
AC™H — ™A = (m + 1)C™,
for all positive integers m > 1.
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7. Let (X, ]| -]|) be a normed linear space, let £ C & be a closed

linear subspace, and x,, € &, for alln =1,2,3,---. Prove that if
li weakly
im x, = X,
n—o0
then xg € £.

8. Let (X, ]|-]]), (V,]|-]|) and (Z, ] -||) be normed linear spaces.
Let

AeBX—=Y),
and
CeB(Y— 2).
Prove that
(CA)* = AC”

9. Let the positive integer n > 1. Let the constant 1 < p < o0.
Let the constants a and b satisfy a < b. Let €2 C R" be the
unit closed ball. Prove that the following normed linear spaces are
self-reflexive.

()p}

4) L'(R")
10. Let (X, -||) and (Y, || - ||) be normed linear spaces. Let

./40 € B(X — y),
A, € BX = Y),n>1.
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(1) Prove that
lim [l A, = Agll =0,

n—oo

lim || A% — A5 =0, if

n—oo

lim ||A, — Al = 0.
n—oo
(2) Is it true that
lim [lA(g) = Ay(g)ll =0,

n—o0
for all g € V¥, if
im 4,(%) — Aox)]| = 0

for all x € &7
(3) Is it true that

lim_[(A,9)(x) = (Ayg)(x)| =0,

n—o0

for all g € V* and for all x € X, if

lim [|A,x — Apx|| =0,

n—0o0
for all x € X.

11. Let K € L*(R), where
R =1[0,1] x [0,1].

Define the operator A by

(Ad)(z) = / K (2, y)ély)dy, 6 € L2, 1]

Find the explicit representation of the adjoint operator A*.

12. Let (X, - ||) be a self-reflexive Banach space. Prove that
there exists a dense countable set in X', if and only if there exists a
dense countable set in X",

765



13. Let (X,]| - ||) be a Banach space. Prove that X is self-
reflexive, if and only if any closed subspace £ C X is self-reflexive.

14. Let (X, - ||) be a self-reflexive normed linear space. Prove
that any bounded set in X is weakly compact.

15. Let (X, ] - ||) be a normed linear space. Prove that X" is
self-reflexive, if and only if X" is self-reflexive.

Bonus Let (X, || - ||) be a Banach space and let (), || - ||) be a
normed linear space. Prove that the normed linear space

BX —Y)

is weakly complete, if and only if ) is weakly complete. (By weakly
complete, we mean that any weak Cauchy sequence is weakly con-
vergent. )
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Homework Assignment 1
1. Let (M, p) be a metric space. Let
{Oy\: X e A}
be a family of open sets, let
{Cu-pel}

be a family of closed sets. Prove that

Jo

AEA

is open and
(¢
pel

1s closed.

2. Let
—00 < ap < by < o0, k=123, ---
Let

= [al,bl] X [ag,bg] X [Cbg,bg} X [an,bn}.

Let S € C(f2) be a bounded set. Prove that A is totally bounded,
if and only if for every positive constant € > 0, there exists another

positive constant 0 = §(¢) > 0, such that

[f(x) = f(y)l <e,

for all f € A, forall x € Q and y € €, such that |x —y| < §.
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3. Let (X, || - ||) be a n-dimensional normed linear space, let
B — {u17u27u37 e 7un}

be a basis of X. Prove that there exist two positive constants
Cy > (7 > 0, such that there holds the following estimates

n n
Gy ap <lul*<Cy) of
k=1 k=1

for all
u=qou +auy + aguz + - - - + a,u, € X.

4. Let (X, ]| - ]|) be a normed linear space and let Y C X be
a closed subspace, Y # X. Prove that for every positive constant
0 < & < 1, there exists a unit vector ug € X, ||ug|| = 1, such that

p(uo, Y) > €.

5. Let (X, || -||) be an infinite-dimensional normed linear space.
Prove that the unit ball

fueX:|u| =1

1s not compact.
6. Let (X, ||-]|) be a Banach space and let S C X be a compact
subset. Prove that the convex closure

h(S) o {Zakuk:ak>0,uk68,2ak1,m2 1}

k=1 k=1
is compact as well. This is a Bonus Problem.

7. Let (X, ]| - ||) be a Banach space and let S C X be a convex,
closed subset. Let

A:S§— S
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be a continuous mapping, such that A(S) is compact. Prove that
there exists a fixed point ug € S, such that

A(ug) = uy.

Make basic problems about: definitions, theorems, results, nec-
essary and sufficient conditions of results or theorems.

Homework 2

Due October 2 at 11:59 PM
Definition 1. Let (X, ]| - ||) be a normed linear space, let

AecBX — X).
The mapping is called a projection operator, if
A? = A.

Definition 2. Let X be a vector space, let ) and Z be sub-
spaces of X. If every vector x € X can be written uniquely as

X=y+z

where y € Y and z € Z, then we say X is the direct sum of )
and Z. We write

X=YODZ.

1. Let (X, ||-]|) be a Banach space and let (), || - ||) be a normed
linear space, let

A)\ € B(X — y),

for all A € A. Prove that there exists a positive constant C' > 0,
such that

AN < C,

769



for all A € A, if for every g € YV* and for every x € X', there exists
a positive constant Cy = Cy(g,x) > 0, such that

l9(Ax)| < C(g,x),

for all A € A.
2. Let X be a vector space. Let

A X = X

be a projection operator. Prove that

IT-A
is also a projection operator.
Define
y ¢ {x e X¥: Ax =x},
zZ Y xeX:(T-Ax=x}.
Prove that
X=YDZ
On the other hand, if
X=Y&Z,

then define the operator A:

Ax =y,
where
X=Yy -tz
Prove that
A X > X
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is a projection operator and
Y={xe X Ax=x}.
3. Let (X, || - ||) be a normed linear space, let
AeBX— X)
be a projection operator, that is A? = A. Prove that

Y = {xe X Ax = x},
Z ={xeX (IT-Ax=x},

are closed subspaces of X
4. Let (X,]| - ||) be a Banach space, let ) and Z be closed
subspaces of X', such that

X=)YoZ
Prove that the operators A and P defined by

Ax =y,
Px = z,

are bounded linear operators and are projection operators, where

X =Yy +z,

xeX,ye)ze Z
Moreover, show that
A+P=1.
5. Let (X, || - |]) and (), ]| - ||) be Banach spaces, let
A X =Y
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be a linear operator. Prove that
AeBX—=Y),
if for every g € V*, the functional on X define by
9(Ax)

is a continuous linear functional.
6. Let (X, -||) and (), ] - ||) be Banach spaces, let

AeBX —Y),

such that AX = Y. Let yg € V. Prove that there exists a positive
constant C' > 0, such that for any convergent sequence

b Yl flys— yoll =0,

there exists a convergent sequence

{x,} C X, lim ||x, — xo|| =0,
n—0o0
such that
5ol < Cllyall,  ¥u= Ax T [[x) — X0 =0
n—o0

7. Let (X, || - ||) be a Banach space, let
B={x,} CX

be a sequence of points. B is called a basis of X, if for each point
x € X, there exists a sequence {a,(x)} of real numbers, such that

n

Z ar(x)x; — X

k=1

= 0.

lim
n—oo
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Let (X, || - ||) be a Banach space with the basis B. Prove that
ap € X for all £ > 1, where oy appears in the representation

o0
X = Z (X)X,
k=1

for all x € X,
Presentation 3
1. Let
o —f —=f —f o —f a —f
-5 a = —f -8 a —f «
A= : B = :
-5 =5 a —p a —f a —f
-5 =6 —b « -5 o = «
where v and 3 are real constants.
Let

f(z) = ag + a1x + apx® + asx® + - - - + a,a”,
be a real polynomial of degree n, where a,, # 0. Define

f(A) = agl + a1 A + as A% + a3 A’ + - + a, A",
f(B) = aol + B + ayB* + asB* + - - - + a,B".

(1) Find all eigenvalues and all eigenspaces of f(A).
(2) Find all eigenvalues and all eigenspaces of f(B).

2. Let the Fourier transformation operator A : L*(R) — L*(R)
be defined by

(AD)(€) = / exp(—iz€)p(x)dz, ¢ € LA(R).

R

Find all eigenvalues and all eigenspaces of A.
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3. Let (X,]| - ||) be a complex Banach space, let

A, € B(X — X),
Ap € B(X — X),

where n = 1,2, 3, -, such that
lim ||A, — Ayl = 0.
n—o0

Let the complex constant A\g € p(Ap). Show that A\g € p(A,), for
all sufficiently large n > 1. Morevoer, show that

lim [|(AZ — An) "t — (AT — Ag) 7| = 0.

n—oo

4. Let (X, ]| - ||) be a complex Banach space, let
AeBX — X).

Show that o,(A) C 0,(A*).
5. Let (X, | - ]|) be a complex Banach space, let

AeBX — &),
BeBX— X).

(1) Prove that
r(AB) = r(BA)
(2) Prove that
r(A+B) <r(A)+r(B),

if AB=BA.
6. Let (X, ] -||) and (O, | - ||) be normed linear spaces, let

f17f27f37”' 7fn€ X*v
Yi1,Y2,¥Y3, - 7YTL€y
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Define the operator A by
Ax = fi(x)y1 + fo(X)y2 + f3(X)ys + -+ + [u(X)¥n,
for all x € X. Show that
AecCX —)).
7. Let the bounded linear operator
A C0,1] — C0, 1],
be defined by
(A¢)(z) = zd(),
for all ¢ € C'[0,1]. Find
p(A),  alA),  oy(A), oA, A, oA

8. Let (X, ||]|) be an infinite-dimensional complex Banach space,
let

AeCX —)).
Prove that
A #£ N\,

for any complex constant A € C with A # 0.
9. Let (X, | - ||) be a complex Banach space, let

AecCX —)).

Let A € C be a complex constant and A # 0. Prove that the
dimension of the null space is finite

dimN(AZ — A)] < oc.
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10. Let the bounded linear operator A : Cla,b] — Cla, b] be
defined by

_ / s()dt, e Cla,b.
Show that A is a compact operator. Find
p(A), o(A), op(A), oc(A), oa(A), or(A).

11. Let T" be a positive constant and let M be a constant n x n
matrix. Prove that the operator

A:C0,T] — C|0,T],

/Mu

where u = u(t) € C|0,T] is a real vector valued function, is a
compact operator. Find

p(A), oA,  oy(A), oA, aiA), (A
12. Let D > 0 be a positive constant. Define

()1 = B(0,1), this is the unit open ball in R",
(ly = [_D7D] X {_DaD] X [_DaD} Ko X [_DaD]a

(23 =R".
Define
A= (T -A2)"1
where
n_oa2
D
k=1 "k

represents the second order differential operator. Is A from the
Banach space to itself (see below) a compact operator
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(1) C(€h) = C(h)?
(2) L?(Q) — L*(Q)?
(3) L?(3) — L3(Q3)7
13. Let (X, ]| - ||) be a normed linear space, let
AecBX — X).
Let A € C be any constant. Show that

(AT — A)X]: = N(\TF — AY),
(\T* — ANX - =N - A).

14. Let (X, || - ||) be a normed linear space, let
AecBX — ).
Let A € C and p € C be constants and A # . Show that
NN —A) LN(uZ" — AY).
15. Let (X,]| - ||) be a complex Banach space, let!
AecCX —=)).
Let A € C be a constant and A # 0. Show that
(A — AX =X,
if and only if
(ANTF — A" = X",

Ts the result true, if

AeBX — X)?
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16. Let X = L*(R"). Let a > 0 and T' > 0 be fixed positive
constants. Is A given by

A L*(R") — L*R"),
(Ag)(x) = exp(—al&*T)(¢),

a compact operator, where ;5 represents the Fourier transformation
of @7
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Homework 3
L. Let (X, -]) and (I, || - ||) be normed linear spaces, let
{A,eBX = Y): Ae A}
be a family of bounded linear operators. Suppose that the set

sup{|f(Ax)| : A € A} < o0,
A€A

for every point x € X and every functional f € Y*. Prove that
there exists a positive constant C' > 0, such that

sup || Ay < C.
AeA

2. Let (X, | - ||) be a Banach space, let
f.: X —=R,
be a functional, such that

f(x) >

f(x 1+X2)<f(X1)+f(X2)
flax) = |a|f(x),a € R,
liminf f(x,) > f(x0),

if lim [|x, —xo|| =0,%9 € X,
n—oo

(
(
(
(

for all vectors x € X, xp € X, x1 € X, x9 € X, and for all
constants a € R. Prove that there exists a positive constant C' > 0,
such that

[f(x)| < O]l
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forall x € X.
3. Let (X, ] - ||) be a complex Banach space, let

AeCX — X),

be a compact operator. Let A € C be a constant and A # 0. Prove
that there exist at most finitely many, linearly independent, unit
vectors

X1,X2,X3, ", Xy € X;
1]l = 1, [|x2f| = 1, |Ixs]| = 1, -+, [[xnll = 1,
such that
X =span {(\Z — A)X,x1,X9, X3, , X}

Let

Xy =span {(\Z — A)X,x;},

Xy =span {(A\Z — A)X, x1, X2},

X3 = span {(A\Z — A)X, X1, X2, X3},

X, = span {(A\Z — A)X,x1,X9, X3, ,Xp}.

Moreover, prove that there exist continuous linear functionals

f17f27f37"' 7fn€ X*a

which are linearly independent, such that

IAI=1, fila) = e, AT =A%) > 5 A(OT — A)X)
1A= 1 Plo) = o, ) >3, A - A)X) = {0},
13l =1, fa(xs) = p(x3, Xa) > %a f3((AL — A)X) = {0},
Ill=1 ) = pben K > 5, SuOT = A)X)



The continuous linear functional also satisfy the conditions

fQ(Xl) =0,
f3(x1) =0, f3(x2) = 0,
fa(x1) = 0, fa(x2) = 0, fu(x3) =0,

fn(Xl) = O, fn(Xz) = O, fg(Xg) = O) ce 7fn(Xn—1) — 0.
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Proof. There is nothing to prove, if

(M —AX = X.
If (\Z — A)X # X, then there exists a vector x; € X', such that
1
HXlH - 17 p(Xh ()‘I_ A)X) > 5

Moreover, there exists a continuous linear functional f; € X*, such
that

(1) Al=1,
(2)  filx1) = p(x1, (M — A)X) >
(3) AN —A)X)={0}.

)

N | —

Define

Xy = span {(\Z — A)X, x;}.
We have finished the proof, if
span {(A\Z — A)X,x,} = X.

If X; # X, then there exists a vector xo € X, such that
1
x| =1,  p(xa, X1) > 9

Moreover, there exists a continuous linear functional fo € X, such
that

(1) [l =1, 1
(2)  fa(x2) = p(x2, X1) > 2
(3)  fol(AZ — A)X) = {0}, f(x1) = 0.
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Define

Xy = span {(A\Z — A)X, x1, %2}
We have finished the proof, if

Xy = X.
If X, =4 X, then there exists a vector x3 € X', such that
1
sl =1, plxs, X2) > 5.

Moreover, there exists a continuous linear functional f3 € X, such
that

(1) sl =1,
1

(2)  fa(x3) = p(xs, A2) > 5

3)  fs((ANL — A)X) = {0}, f(xx) =0,
for k =1, 2.
Define

X3 = span {(\Z — A)X, x1, Xo, X3}
We have finished the proof, if
Xy = X

If X3 # X, then we may continue this process. - - - - - - There exists

a vector x,, € X, such that

1
x|l = 1, p(Xp, Xy1) > 5%

Moreover, there exists a continuous linear functional f,, € X*, such
that

(1) full =1, 1
(2> fn(xn) - p(Xm Xn—l) > 57
(3)  ful(MT = A)X) = {0}, f(xx) =0,
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for k=1,2,3,--- ,n—1
Define

X, = span {(\Z — A)X, X1, X0, X3, , X, }-

Clearly, this process must stop after finitely many steps. Therefore,
there exists a unique positive integer n > 1, such that

X =span {(A\Z — A)X, X1, X9, Xy, -+ ,Xp }

Overall, we have
(AL — A)* fi](x) = fiu((AT — A)x) =0,
for all x € X'. We have found eigenvalues and eigenvectors of A*:
A" [ = A,

forall k =1,2,3,--- ,n. It is easy to see that the continuous linear
functionals are linearly independent. Hence

dim[N(A\Z* — A")] > n.

The proof is completely finished now. O
AelC(X —=))

AelC(X = ))

AelC(X —))

1. Let R™ be the n-dimensional Euclidean space, let
B={eeses -, e,},
be a basis of R". All vectors in R™ may be represented as
X = (€] + (pey + aizez + - -+ + €,

where aj. € R. Prove that (-, -) is an inner product in R”, if and
only if there exists an n x n symmetric, positively definite matrix
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A, such that

(Z ver, Y 5zez> =) ) anap.
P =

k=1 [=1

2. Let H be an inner product space, let yo € H. Define the
functional fo:

fo(x) = (x,¥0), x € H.

Show that fy € H* is a continuous linear functional. Additionally,
show that || fol = [[yoll

3. Let H be an inner product space, let S = {x1, X2, X3, , X, }
be a set of vectors, such that

(1) (Xk7X/€) — 17
(2)  (xk,x) =0,k #L.
Prove that S is linearly independent.
4. Prove that any inner product space may be completed to a

Hilbert space.
5. Define the complex space

H = {gb © ¢ is Lebesgue measurable on R", [ |¢(x)|*dx < oo} :
R’n,

Define

(6:9) = | S6IxIdx,

for all ¢,y € H. Prove that H is a Hilbert space.
6. Let H be an inner product space, let £ be a complete subspace
of H. Prove that

£— (e
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7. Let H be an inner product space, let S and T be subsets of
H, let

£ = {ZozkkarZﬁlyl:ozkE]R,XkES,mZ L,BieR,y, €T ,n> 1}

k=1 =1
Prove that
EF=8"nNnT*
8. Let
H = L*[0, 27,
and

S = {L, cos(x), sin(x), cos(2x), sin(2x), cos(3x), sin(3x), - - - , cos(max), sin(

V2

Show that S is a complete orthonormal set in H.

9. Let
H = {¢ ; /R|¢(a?)|2dx < oo} ,

B 1 L, d™” oy
S = {(2mm!ﬁ)1/2 exp(2:l: )dxm[exp( z7)]:m=0,1,2,3, } :

Show that S is a complete orthonormal set.

and

10. Let H be a Hilbert space, let IC be an inner product space.
Let

AeB(H — K),
Al € B(HH).

Show that IC is a Hilbert space.
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11. Let H be a Hilbert space, let

A€ B(HH).
Prove that A* = —A, if and only if
Re (Ax,x) =0,
for all x € H.
12. Let ‘H be a Hilbert space, let Ay be an eigenvalue of
AeB(H —H).

Is \ an eigenvalue of A*?

13. Let H be a complex Hilbert space, let A be a bounded linear,
self-adjoint operator. Suppose that there exists a positive constant
C > 0, such that

(Ax,x) > C(x, %),
for all x € H. Define a new inner product

(x,¥)a = (Ax,y),

for all x,y € H. Prove that H is a Hilbert space with respect to

the new inner product.
14. Let ‘H be a Hilbert space, let

817527837”' 7gn7°”

be a sequence of mutually perpendicular closed subspaces. Prove
that

@zozlgn = Spall {517 527 837 e 78717 U }

15. Let ‘H be a Hilbert space, let £ and F be closed subspaces,
let

P.H—E,
Q:H— F,
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be projection operators. Prove that PQ is a projection operator,
if and only if
Ee(ENF))LFe(EnF).
16. Let H be a Hilbert space, let P and Q be projection opera-
tors, let

P+Q—-PQ

be a projection operator as well. Question: Is PQ = QP true?

17. Let H be a Hilbert space, let {Py : A € A} be a family of
mutually perpendicular projection operators and let {€, : A € A}
be the corresponding projection subspaces. Prove that there exists
a projection operator P:

Px = Z PAX,

AEA
Let PH = £. Prove that

E=Prepl) = {ZXA : Z HX)\H2 < 00, X) € 5)\} .

AEA AEA

18. Let ‘H be a Hilbert space, let A\, be a sequence of bounded
constants, let

P H— &,

be a sequence of mutually perpendicular projection operators. Prove
that there exists a bounded linear operator

A e B(HH),
such that

n—oo

A= lim Z APy strongly.
k=1
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Moreover, prove that {\,} are the eigenvalues of A and
Er, = PuH.
Additionally, prove that
| A[] = sup [ An].

n>1

19. Let H be a Hilbert space, let £ be a closed subspace and let
AeBH —H).
Suppose that €& and £+ are invariant subspaces of A. Prove that
£ and £+ are invariant subspaces of A*.
£ and £+ are invariant subspaces of 471 if A7t € B(H — H).
20. Let H be a Hilbert space, let
AeBH—H).
Suppose that
A" A —AA" > 0.
Prove that
N(A) and [N(A)]* are invariant subspaces of A.
N(Z — A) and [N(AZ — A)]* are invariant subspaces of A.
21. Let ‘H be an inner product space, let
f-HxH—C,

be a bilinear functional. Prove that f is bounded, if and only if f
is continuous with respect to the two variables.
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22. Let 'H be a Hilbert space, let
f:HXxH—C,

be a bilinear functional. Prove that f is bounded, if and only if f
is a continuous function of one variable when the other variable is

fixed.
23. Let H be an inner product space, let

fiHxH—C,

be a bilinear functional. Suppose that

Is f bounded?
24. Let H be a complex inner product space, let

f:HxH—C,
be a bilinear functional, such that
Re f(x,x) =0,

forall x € H. Is

sup [ f(x,y)] = sup [f(x,x)],
[x[|=1,]lyl=1 Ix[|=1

true?
25. Let H be a Hilbert space, let

fiH xH—C,

be a bilinear functional. f is called non-degenerate, if there exists
no nonzero vector y € H, such that

(1)  f(x,y)=0, forally € H,
(2) fly,x)=0, forally € H.

790



Prove that f is non-degenerate, if and only if there exists a bounded
linear operator

AeBH —H),
such that
f(x,y) = (Ax,y),
and that
N(A) = {0}, AH =H.
Definition. Let H be a vector space, let
-] - H xH—C,
be a functional, such that

(1) lax + By, 2] = alx, 2] + fly, 7],
(2) [y, x] =[xyl
(3) x| 20,

for all x,y,z € H. We call H an inner product* space.
26. Let H be an inner product* space. Prove that

[, ¥ < B, x][y. v,

for all x,y € H.
27. Let H be an inner product* space. Suppose that

lim [x,, — X0, %, — o] = 0, lim [y, — yo, yn — yo] = 0.

n—o0 n—o0

Prove that

lim Hxna}’n] - [XOaYO” = 0.

n—o0
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Definition. If

x,y] =0,
then we say x and y are perpendicular and we write x L y.
Definition. Let H be an inner product* space, let £ be a closed

subspace. Let x; € H. If there exists xg € £ and x' L &, such
that

/
X1 =X+ X,

then we say xq is the projection of x; in &.

28. Let H be an inner productx space, let £ be a complete
convex set in H, let x; € H — €. Prove that there exists a point
Xy € &, such that

[x1 — X0, X1 — Xo] = inf[x; — x, %1 — X].
xef

29. Let H be an inner productx* space, let £ be a closed subspace,
let x; € H — &£. Suppose that there exists a point xy € &£, such
that

[x1 — X0, X1 — Xo] = inf[x; — X, %1 — X].
xe&

Prove that
X1 — X 1 €.

30. Let H be an inner productx space, let £ be a complete
convex subspace, let x; € H. Then the projection x( of x; onto £
always exists.

HHH — HH — H
H— H
EEEE
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