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Norbert Wiener (1894 - 1964)

• PhD from Harvard 1913 (age 18)

• Went to work with Bertrand Russell in Cambridge

• Wrote 3 papers on the theory of measurement in psychology

• Moved on to other areas of mathematics

• Papers lost, results reporved 1960’s

• Papers rediscovered in 1990’s by Fishburn



• Bertrand Russel and Alfred North Whitehead:
Principia Mathematica (1910-1913)

• Attempt to develop all of mathematics from basic axioms

• Doomed in 1931 by Godel’s Incompleteness Theorem
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R. Duncan Luce Example (1956) from Econometrica

• Add one grain of sugar at a time

• Cannot distinguish between consecutive cups

• Can distinguish first and last

• Indifference is not transitive!



Reference to Petrie
1899



Intervals Interval Order

Interval Graph

⇒



Intervals Interval Order

Interval Graph
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• Psychophysics
- just noticeable difference

• Seriation in archeology

• Scheduling events

• DNA sequencing



Intervals Interval Order

⇐
?

Given an order can we test if it is an interval Order?



l1 r1 l2 r2 l3 r3

l4 r4

l5
r5 l6 r6

Intervals Interval Order

⇐
?

Algorithm for testing if an order has an interval representation:
Check all possible orderings of endpoints

Check:
l1l4l5r4r1l2r5l6r3l3r3r6
l1r1l4l5r4l2r5l6r3l3r3r6

...
l4l1l4l5r4l2r5l6r3l3r3r6

With 6 elements, check 12!
26

= 12·11·10···2·1
26

= 7, 484, 400 orderings
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. . . . . . . . .

If 37 elements: How long to test all 74!
237 orderings?

Can NOT test quickly
with all the computers in the world!

True
Also true that Bill Gates is worth at least $1, but ...
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All of the atoms in the known universe checking 100 billion
orderings per second

Still not done checking all possibilities for this instance

Use mathematical tools to make the check faster
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Theorem (Wiener 1914, Fishburn 1971)

Interval Order ⇔ NO 2 + 2

• Fast algorithm to test if there is an interval
representation:
Check all size 4 subsets to see if any is a 2 + 2

• Millions of elements in a fraction of a second

• BUT: this doesn’t provide a representation



WE WILL NOT ATTEMPT
THIS PROOF



Model Interval Order using Inequalities

2 3

1

l1 ≤ r1 r1 < l2 not r2 < l3

l2 ≤ r2 r1 < l3 not r3 < l2

l3 ≤ r3

Rewrite as:

r1 −l2 ≤ −ε
r1 −l3 ≤ −ε

−r2 +l3 ≤ 0
l2 −r3 ≤ 0

l1 −r1 ≤ 0
l2 −r2 ≤ 0

l3 −r3 ≤ 0



We can represent an an order with intervals
⇔

Particular system of inequalities has a solution

Extends to:

• Constraints on interval length

• Minimize number of distinct endpoints

• Minimize ‘support’ length
(if all lengths non-trivial)

• Partial information on ordering

• .....



WAIT

• We added ‘minimize’ to a system of inequalities

• Can we do that?

• Yes ......

max 3x+4y+7z
x+ y−2z= 1

−2x+ y−3z=−3
x−5y+9z= 2

max 3x+4y+7z
x+ y− z≤ 1

−2x+ y−3z≤−3
x−5y+9z≤ 2

Uninteresting Interesting
Why?? Nobel Prize
... in Economics



Which has a solution?

x + y − 2z ≤ 1
−2x + y - 3z ≤ −3

x − 5y + 9z ≤ 2

x+ y− z≤ 1
−2x+ y - 3z≤−3

x−5y+9z≤ 2

Has a solution Has no solution
for example x = 1, y = 2, z = 1 Why not?
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Show
x + y − z ≤ 1

−2x + y - 3z ≤ −3
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Has no solution

3 ( x+ y− z≤ 1)
2( −2x+ y−3z≤−3)
1 ( x−5y+9z≤ 2)

⇒ 3x + 3y − 3z ≤ 3
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0x + 0y + 0z ≤ −1

There is no solution
Else 0 ≤ −1
u = 3, v = 2, w = 1 is a certificate of inconsistency



Show
x + y − z ≤ 1

−2x + y - 3z ≤ −3
x − 5y + 9z ≤ 2

Has no solution

3 ( x+ y− z≤ 1)
2( −2x+ y−3z≤−3)
1 ( x−5y+9z≤ 2)

⇒ 3x + 3y − 3z ≤ 3
−4x + 2y − 6z ≤ −6

x − 5y + 9z ≤ 2
0x + 0y + 0z ≤ −1

There is no solution
Else 0 ≤ −1
u = 3, v = 2, w = 1 is a certificate of inconsistency



Show
x + y − z ≤ 1

−2x + y - 3z ≤ −3
x − 5y + 9z ≤ 2

Has no solution

3 ( x+ y− z≤ 1)
2( −2x+ y−3z≤−3)
1 ( x−5y+9z≤ 2)

⇒

3x + 3y − 3z ≤ 3
−4x + 2y − 6z ≤ −6

x − 5y + 9z ≤ 2
0x + 0y + 0z ≤ −1

There is no solution
Else 0 ≤ −1
u = 3, v = 2, w = 1 is a certificate of inconsistency



Show
x + y − z ≤ 1

−2x + y - 3z ≤ −3
x − 5y + 9z ≤ 2

Has no solution

3 ( x+ y− z≤ 1)
2( −2x+ y−3z≤−3)
1 ( x−5y+9z≤ 2)

⇒ 3x + 3y − 3z ≤ 3
−4x + 2y − 6z ≤ −6

x − 5y + 9z ≤ 2
0x + 0y + 0z ≤ −1

There is no solution
Else 0 ≤ −1
u = 3, v = 2, w = 1 is a certificate of inconsistency



Show
x + y − z ≤ 1

−2x + y - 3z ≤ −3
x − 5y + 9z ≤ 2

Has no solution

3 ( x+ y− z≤ 1)
2( −2x+ y−3z≤−3)
1 ( x−5y+9z≤ 2)

⇒ 3x + 3y − 3z ≤ 3
−4x + 2y − 6z ≤ −6

x − 5y + 9z ≤ 2
0x + 0y + 0z ≤ −1

There is no solution
Else 0 ≤ −1

u = 3, v = 2, w = 1 is a certificate of inconsistency



Show
x + y − z ≤ 1

−2x + y - 3z ≤ −3
x − 5y + 9z ≤ 2

Has no solution

3 ( x+ y− z≤ 1)
2( −2x+ y−3z≤−3)
1 ( x−5y+9z≤ 2)

⇒ 3x + 3y − 3z ≤ 3
−4x + 2y − 6z ≤ −6

x − 5y + 9z ≤ 2
0x + 0y + 0z ≤ −1

There is no solution
Else 0 ≤ −1
u = 3, v = 2, w = 1 is a certificate of inconsistency



Lemma (Farkas’ Lemma 1906)

A system of inequalities has a solution
⇔ it is not inconsistent

Ax ≤ b has a solution
or yA = 0, y ≥ 0, yb < 0 has solution



Can we extend Farkas’ Lemma to Optimization?

max 7x − 2y + z
x + y − 2z ≤ 1

−2x + y - 3z ≤ −3
x − 5y + 9z ≤ 2

7 ( x+ y−2z≤ 1)
1( −2x+ y−3z≤−3)
2 ( x−5y+9z≤ 2)

⇒ 7x + 7y − 14z ≤ 7
−2x + y − 3z ≤ −3

2x − 10y + 18z ≤ 4
7x − 2y + z ≤ 8

So max is at most 8
Aim is to find best multipliers

Called Shadow Prices/Lagrange Multipliers
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max 7x − 2y + z
x + y − 2z ≤ 1

−2x + y - 3z ≤ −3
x − 5y + 9z ≤ 2

min u − 3v + 2w
u − 2v + w = 7
u + v - 5w = −2

−2u − 3v + 9w = 1
u, v , w , ≥ 0

(Fundamental Theorem of Linear Programming Duality)

Min = Max



Linear Programming fast facts

• Name from ‘Program of resource Allocation’
Before computer programs existed

• George Dantzig developed Simplex Method for solutions 1947
• 1975 Nobel Prize in Economics

to Kantorovitch and Koopmans
Koopmans threatened to boycott since Dantzig not included

• One of the most used algorithms today



Dantzig quote:

It happened because during my first year at Berkeley I arrived late one day at one 

of [Jerzy] Neyman's classes. On the blackboard there were two problems that I 

assumed had been assigned for homework. I copied them down. A few days later I 

apologized to Neyman for taking so long to do the homework — the problems 

seemed to be a little harder than usual. I asked him if he still wanted it. He told me 

to throw it on his desk. I did so reluctantly because his desk was covered with such 

a heap of papers that I feared my homework would be lost there forever. About six 

weeks later, one Sunday morning about eight o'clock, [my wife] Anne and I were 

awakened by someone banging on our front door. It was Neyman. He rushed in 

with papers in hand, all excited: "I've just written an introduction to one of your 

papers. Read it so I can send it out right away for publication." For a minute I had 

no idea what he was talking about. To make a long story short, the problems on the 

blackboard that I had solved thinking they were homework were in fact two 

famous unsolved problems in statistics. That was the first inkling I had that there 

was anything special about them.  

 

 
 

 
 



Dantzig quote:
 

 

The other day, as I was taking an early morning walk, I was hailed by Don 

Knuth as he rode by on his bicycle. He is a colleague at Stanford. He 

stopped and said, "Hey, George — I was visiting in Indiana recently and 

heard a sermon about you in church. Do you know that you are an influence 

on Christians of middle America?" I looked at him, amazed. "After the 

sermon," he went on, "the minister came over and asked me if I knew a 

George Dantzig at Stanford, because that was the name of the person his 

sermon was about."  

 

The origin of that minister's sermon can be traced to another Lutheran 

minister, the Reverend Schuler [sic] of the Crystal Cathedral in Los Angeles. 

He told me his ideas about thinking positively, and I told him my story about 

the homework problems and my thesis. A few months later I received a 

letter from him asking permission to include my story in a book he was 

writing on the power of positive thinking. Schuler's published version was a 

bit garbled and exaggerated but essentially correct. The moral of his sermon 

was this: If I had known that the problem were not homework but were in 

fact two famous unsolved problems in statistics, I probably would not have 

thought positively, would have become discouraged, and would never have 

solved them.  

 
 



Shortest Paths

• Find shortest path to each vertex

• Can also be modeled with linear inequalities

• Makes sense iff there are no negative ‘cycles’

• Iff corresponds to multipliers for inequalities



Shortest Paths and Interval Orders
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(Weiner 1914, Fishburn 1971)

Interval Order ⇔ NO 2 + 2

‘Proof’:

• Formulate as solving a system of linear
inequalities

• Observe that the system corresponds to a
shortest path problem

• Show that negative cycles ⇒ there is a 2 + 2

Proof has advantage of extending to bounds on
interval lengths, partial information, minimizing
support....



Shortest Paths and Interval Orders

Intervals

⇐
?

r1 r4 r2 r5 r3

l1 l4 l2 l5 l3

1 2 3

4 5


