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Ballot Lists: n 0 ’s; n 1’s, # 0’s ≥ # 1’s in initial segments

111000, 110100, 110010, 101100, 101010

Parentheses: n ( , n ) , well formed pairs

((())), (()()), (())(), ()(()), ()()()

(n)-Multisets: 0 ≤ a1 ≤ a2 ≤ · · · ≤ an ≤ n with ai ≤ i − 1

000, 001, 002, 011, 012

Easy bijections between these as well as the larger collections:
balanced binary strings, balanced parentheses,
n element multisets from an n + 1 set
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Catalan counts we will refer to:
Ballot Lists: n 0 ’s; n 1’s, # 1’s ≥ # 0’s in initial segments
Parentheses: n ( , n ) , well formed pairs
(n)-Multisets: 0 ≤ a1 ≤ a2 ≤ · · · ≤ an ≤ n with ai ≤ i − 1
Proof versions:

• Reflection: count bad lists and subtract

• Recursion and generating functions

• Uniform multijections
Good reasons for other proofs - But not today
Lots of generalizations - But not today
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Multijective proof:

•
(2n
n
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balanced strings of parenthesis: e.g )())()((

• of these Cn are well formed: e.g. ()(()())

• Find an (n + 1) to 1 map!



n = 5: Catalan sequence: ()((()()))
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the forward map: iteratively remove () until )))((( then flip these.



Multijective proof that well formed balanced parenthesis are
counted by Cn = 1
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n = 3

• Partition
(6
3
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= 20 balanced strings

• Into C3 = 1
3+1
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)
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4 · 20 = 5

• Parts of size 3 + 1 = 4

• Each with exactly 1 Catalan object

((())) (()()) (())() ()(()) ()()()
)(())( )()()( )()(() )((()) )(()()
))()(( ))(()( ))((() ())()( ())(()
)))((( )())(( (()))( ()))(( ()())(

By MeX Rubenstein (1994)



Multijective proof that 012...n dominated n-multisets are

counted by Cn = 1
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n = 3

• Partition
((
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= 20 multisets from {0, 1, 2, 3}

• Into C3 = 1
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4 · 20 = 5

• Parts of size 3 + 1 = 4

• Each with exactly 1 Catalan object

000 001 002 011 012
111 112 113 122 123
222 223 220 233 230
333 330 331 300 301

Add 0,1,2,3 mod 4
One version of the Chung-Feller-MacMahon proof



n = 3: balanced binary string sequence: 110010

Find inverse image: append a 1 and write down all cyclic shifts
starting with 1

1 1 1 0 0 1 0
1 1 0 0 1 0 1

1 0 0 1 0 1 1
1 0 1 1 1 0 0

Removing the lead 1 from these we get the inverse image of
110010 to be
110010, 100101, 001011, 011100.

Cycle Lemma of Dvortzky and Motzkin



Multijective proof that ballot lists are
counted by Cn = 1
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n = 3

• Partition
(6
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= 20 binary strings with 3 ones and 3 zeros

• Into C3 = 1
3+1
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4 · 20 = 5

• Parts of size 3 + 1 = 4 (using cycle lemma)

• Each with exactly 1 Catalan object

111000 110100 110010 101100 101010
110001 101001 100101 011001 010101
100011 010011 001011 100110 010110
000111 001110 011100 001101 011010

Cycle Lemma of Dvoretzky and Motzkin



Rubenstein:
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Chung-Feller-MacMahon:

000 001 002 011 012
111 112 113 122 123
222 223 022 233 023
333 033 133 003 013

Cycle Lemma Devoretzky and Motzkin:

111000 110100 110010 101100 101010
110001 101001 100101 011001 010101
100011 010011 001011 100110 010110
000111 001110 011100 001101 011010

Are these the ‘same’ partition?



Rubenstein:

000 001 002 011 012
113 123 122 111 112
233 223 222 023 022
333 133 003 033 013

Chung-Feller-MacMahon:

000 001 002 011 012
111 112 113 122 123
222 223 022 233 023
333 033 133 003 013

Cycle Lemma Devoretzky and Motzkin:

000 001 002 011 012
003 013 023 113 123
033 133 233 022 122
333 222 111 223 112

Not the same?



Rubenstein:

111000 110100 110010 101100 101010
011001 010101 010110 011100 011010
001011 001101 001110 100101 100110
000111 010011 110001 100011 101001

Chung-Feller-MacMahon:

111000 110100 110010 101100 101010
011100 011010 011001 010110 010101
001110 001101 100110 001101 100101
000111 100011 010011 110001 101001

Cycle Lemma Devoretzky and Motzkin:

111000 110100 110010 101100 101010
110001 101001 100101 011001 010101
100011 010011 001011 100110 010110
000111 001110 011100 001101 011010

Same? 2nd and 3rd are complements!



σ
A ←→ B

α | | β
↓ ↓
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π
General framework: α, β multijective proofs for Catalan numbers;
σ, π bijections

α, β are Translations with respect to σ, π if
the partitions of A and B map to each other.

Informally:

• α, β are translations if for ‘the’ natural/obvious σ, π

• α, β are different if obvious π forces non-obvious σ
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• Cycle Lemma and CFM are different under the ‘standard’

bijections

• But if σ is complementation followed by standard bijection
then they are translations

• Rubenstein seems to be different from cycle lemma and CFM

• Maybe an interesting ‘new’ σ can be found.
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Large number of new exercises/projects

• For given α and ‘obvious’ σ, π is β interesting/new?

• Find interesting translations of known multijections in new
Catalan families

• Find new and ‘different’ multijections

• Determine if known multijections are ‘different’



Translate Cycle Lemma to multiset version

122255 Good lists dominated by 001234

If smallest is 0⇒ n & shift If not 0 ⇒ −1 from all

122255
011144
111445
000334
003345
033455
334555
223444
112333
001122
012223

122255

n = 5, size 6 multisets from {0, 1, 2, 3, 4, 5}

rules partition
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multisets

into classes of size 2 · 5 + 1 = 11

with exactly one good multiset

partition
((

n+1
n+1

))
into size 2n + 1 classes

1
n+1

(2n
n

)
= 1

n+1

((
n+1
n

))
= 1

2n+1

(2n+1
n

)
= 1

2n+1

((
n+1
n+1

))



σ
A ←→ B

α | | β
↓ ↓
A ←→ B

π

Large number of new exercises/projects

• For given α and ‘obvious’ σ, π is β interesting/new?

• Find interesting translations of known multijections in new
Catalan families

• Find new and ‘different’ multijections

• Determine if known multijections are ‘different’

• Look at partition ‘statistics’ for multijections

• Some Catalan families do not have an obvious
(2n
n

)
find

multijections for these


