AN APPROACH TO THE TOPOLOGICAL COMPLEXITY OF THE
KLEIN BOTTLE

DONALD M. DAVIS

ABSTRACT. Recently, Cohen and Vandembroucq proved that the
reduced topological complexity of the Klein bottle is 4. Simultane-
ously and independently we announced a proof of the same result.
Mistakes were found in our argument, which was quite different
than theirs. After correcting these, we found that our description
of the obstruction class agreed with theirs. Our approach to show-
ing that this obstruction is nonzero failed to do so, while theirs did
not fail. Here we discuss our approach, which deals more directly
with the simplicial structure of the Klein bottle.

1. INTRODUCTION

The reduced topological complexity, TC(X), of a topological space X, as introduced
in [5], is roughly one less than the minimal number of rules required to tell how to move
between any two points of X. A “rule” must be such that the choice of path varies
continuously with the endpoints. An outstanding problem has been to determine
TC(K), where K is the Klein bottle.

In a recent preprint ([1]), Cohen and Vandembroucq proved that TC(K) = 4.
Simultaneously and independently we announced a proof of the same result. Mistakes
were found in our argument, which was quite different than theirs. After correcting
these, we found that our description of the obstruction class agreed with theirs. Our
approach to showing that this obstruction is nonzero failed to do so, while theirs did
not fail. Here we discuss our approach, which deals more directly with the simplicial
structure of the Klein bottle.

The Klein bottle is homeomorphic to the space of all configurations of various

physical systems. For example, it is homeomorphic to the space of all planar 5-gons
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with side lengths 1, 1, 2, 2, and 3 ([7, Table B]). Such a polygon can be considered
as linked robot arms. Knowing that TC(K) = 4 implies that five rules are required
to program these arms to move from any configuration to any other.

Our main tool is a result of Costa and Farber (]2]), which we state later as Theorem
4.1, which describes a single obstruction in H?"(X x X; G), where G is a certain local
coefficient system, for an n-dimensional cell complex X to satisfy TC(X) < 2n. We
present an approach to proving that this class is nonzero for the Klein bottle K,
which would imply that TC(K) > 4, while TC(K) < 4 for dimensional reasons.([5,
Cor 4.15])

2. THE A-COMPLEX FOR K x K

A A-complex, as described in [6], is essentially a quotient of a simplicial complex,
with certain simplices identified. As discussed there, this notion is equivalent to
that of semi-simplicial complex introduced in [3]. It is important that vertices be
numbered prior to identifications, and that simplices be described by writing vertices
in increasing order.

The A-complex that we will use for K is given below. It has one vertex v, three
edges, (0,2) = (4,5), (1,2) = (3,4), and (0,1) = (3,5), and two 2-cells, (0,1,2) and
(3,4,5).

4 54

If K and L are simplicial complexes with an ordering of the vertices of each, then the
simplices of the simplicial complex K x L are all ((vi,, wj,), .- ., (vi,, w;j,)) such that
ig < -+ <y and jo < --- < g and {vj, ..., v, } and {wj,, ..., w;,} are simplices of

K and L, respectively. Note that we may have v;, = v;,,, or w;, = wj,,,, but not both



APPROACH TO TC OF KLEIN BOTTLE 3

Now, if K and L are A-complexes, i.e., they have some simplices
identified, then K x L has

(for the same t).

<(vi0>wjo)v R (Uik7wjk)> ~ <(Ui{)’wj6>7 R ('Ui;?wj,'c»

iff {vig, . v} ~ {vig, s
of the repetitions in (v, . ..
(Wjgs -+ - wy, ) and (wy, ...
end of [4], called KAL there. There is also a discussion in [6, pp.277-278].

Following this description, we now list the simplices of K x K, where K is the

vy } and {wj, ... wj } ~ {wj, ... wy }, and the positions
,v;,) and (v, ..., vy ) are the same, and so are those of
0 k

,wj;c). This description is equivalent to the one near the

above A-complex. We write v for the unique vertex when it is being producted with
a simplex, but otherwise we list all vertices by their number. We omit commas in
ordered pairs; e.g., 24 denotes the vertex of K x K which is vertex 2 in the first factor
and vertex 4 in the second factor. There are 1, 15, 50, 60, and 24 distinct simplices of
dimensions 0, 1, 2, 3, and 4, respectively. This is good since 1 —15+50—60+24 = 0,
the Euler characteristic of K x K. We number the simplices in each dimension, which
will be useful later.

The only 0-simplex is (vv).

1-simplices:

10:
11:

00, 21

13:
14

10,21

(00,21) = (40,51
(00,22) =
12: (01,22) =
(10,21) = (30,41
(10,22) =

43 %)
44,55

(40,51) =
(40, 52)
(41,52) =
(30,41) = (33,45
(30,42) = (34,45

~— — — ~— ~—

30,42

(
(
(54:
(
(

1: (0v, 1v) = (3v, 5v)
2: (0v,2v) = (4o, 5v).
3: (1v,2v) = (3v,4w).
4: (v0,v1) = (v3,v5).
5: (v0,v2) = (v4,v)).
6: (vl,v2) = (v3,v4).
7: (00, 11) = (30,51) = (33,55) = (03, 15).
8: (00,12) = (30,52) = (34,55) = (04, 15).
0: (01,12) = (31,52) = (33,54) = (03, 14).

= (03,25).
04,25).
4).

= (13,25).
= (14,25).

/\/\/\/\/-\
o
w
(]
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15: (11,22) = (31,42) = (33,44) = (13, 24).

2-simplices

1: (0v, 1o, 2v).

2: (3v,4v,50).

3: (v0,v1,v2).

4: (v3,v4,v5).

5: (00,10,11) = (30,50,51) = (03,13, 15) = (33,53, 55).
6: (00,10,12) = (30,50,52) = (04,14, 15) = (34, 54, 55).
7: (01,11,12) = (31,51,52) = (03,13, 14) = (33,53, 54).
8: (00,01,11) = (30,31,51) = (03,05, 15) = (33,35, 55).
9: (00,02,12) = (30,32, 52) = (04,05, 15) = (34, 35, 55).
10: (01,02,12) = (31,32,52) = (03,04, 14) = (33,34, 54).
11: (00,20,21) = (40,50,51) = (03,23,25) = (43,53, 55).
12: (00 20,22) = (40,50, 52) = (04,24, 25) = (44, 54, 55).
13: (01,21,22) = (41,51,52) = (03,23,24) = (43,53, 54).
14: (00 01,21) = (40,41,51) = (03,05,25) = (43,45, 55).
15: (00,02, 22) = (40,42, 52) = (04, 05, 25) = (44,45, 55).
16: (01,02,22) = (41,42,52) = (03,04, 24) = (43, 44, 54).
17: (10,20,21) = (30,40,41) = (13,23,25) = (33,43, 45).
18: (10,20,22) = (30,40, 42) = (14,24, 25) = (34,44, 45).
19: (11,21,22) = (31,41,42) = (13,23,24) = (33,43, 44).
20: (10,11,21) = (30,31,41) = (13,15, 25) = (33,35, 45).
21: (10,12,22) = (30,32, 42) = (14, 15, 25) = (34, 35, 45).
22: (11,12,22) = (31,32,42) = (13,14, 24) = (33,34, 44).
23: (00,11, 22).

24: (30,41,52).

25: (03, 14, 25).

26: (33,44, 55).

27: (00,01,22) = (40, 41, 52).

28: (30,31,52) = (00,01, 12).

29: (03,04,25) = (43, 44, 55).

30: (33,34,55) = (03,04, 15).



31:
32:
33:
34:
35:
36:
37:
38:
39:
40:
41:
42:
43:
44.
45:
46:
47:
48:
49:
50:

00, 10, 22) =
30, 40, 52)
03,13,25) =
33,43,55) =
00, 21, 22)
03,24,25) =
30,51,52)
33,54, 55
00, 12, 22
30,42, 52)
03,15,25) =
33,45, 55
01,12,22)
31,42,52)

) =

)

) =

03,13, 24
33,43, 54
10,21, 22
13,24, 25
10,11,22) =
13,14,25) =

) =
)
) =
)=

o~~~ o~ o~ o~ o~ o~ o~ o~ o~ o~ o~ o~ o~ o~ o~ o~ o~ —~

(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(

3-simplices

(00, 10, 21, 22

)
(00,11, 21, 22).
(00, 10, 11, 22).
(00,11, 12, 22).
(00,01, 11, 22).
(00,01, 12, 22).
(30,40, 51, 52).
(30,41, 51,52).
: (30,40, 41, 52).

10: (30,41, 42,52).
11: (30,31,41,52).
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04, 14, 25).
34,44, 55).
00, 10, 21).
30,40, 51).
40,51, 52).
43,54, 55).
00,11, 12).
03,14,15).
04,15, 25).
34,45, 55).
00, 11,21).
30,41, 51).
03, 14,24).
33,44, 54).
01,11,22).
31,41,52).
30,41,42).
33,44, 45).
30, 31, 42).
33,34, 45).



12:
13:
14:
15:
16:
17:
18:
19:
20:
21:
22:
23:
24:
25:
26:
27:
28:
29:
30:
31:
32:
33:
34:
35:
36:
37:
38:
39:
40:
41:
42:
43:

30,31,42,52).
03,13, 24, 25).
03,14, 24, 25).
03,13, 14, 25).
03,14, 15, 25).
03,04, 14, 25).
03,04, 15, 25).
33,43, 54, 55).
33,44, 54, 55).
33,43,44,55).
33,44, 45, 55).
33,34,44, 55).
33,34,45,55).

( )
( )
( )
( )
( )
( )
( )
( )
( )
( )
( )
( )
( )
(00,10,20,21) =
(00,10,11,21) =
(00,01,11,21) =
(00,10,20,22) =
(00,10,12,22) =
(00,02,12,22) =
(01,11,21,22) =
(01,11,12,22) =
(01,02,12,22) =
(00,01,02,12) =
(00,01,11,12)
(00,10,11,12) =
(00,01,02,22) =
(00,01,21,22) =
(00,20,21,22) =
(10,11,12,22) =
(10,11,21,22) =
(10,20,21,22) =
(30,40, 50,51) =

DONALD M. DAVIS

(03,13, 23,25).
(03,13, 15,25).
(03,05, 15,25).
(04,14, 24, 25).
(04,14, 15, 25).
(04,05, 15, 25).
(03,13,23,24).
(03,13, 14, 24).
(03,04, 14, 24).
(30,31, 32, 52).
(30,31,51,52).
(30,50, 51, 52).
(40,41, 42, 52).
(40,41, 51,52).
(40,50, 51, 52).
(30,31, 32, 42).
(30,31, 41, 42).
(30,40, 41, 42).
(33,43, 53,55).



44:
45:
46:
47:
48:
49:
50:
51:
52:
03:
54:
55:
o6:
YR
58:
29:
60:

30,40,41, 51
30,31,41,51
30,40, 50, 52
30, 40, 42, 52
30, 32, 42, 52
31,41,51,52
31,41,42, 52
31, 32,42, 52
03,04,05,15
03,04, 14,15
03,13,14,15
03, 04,05, 25
03,04,24, 25
03,23, 24,25
13,14, 15,25
13,14, 24,25
(13,23,24, 25

e N N N N N N N e e e e N T e

4-simplices

10:
11:
12:
13:
14:

(00, 10,20, 21, 22).
00,10, 11,21, 22).
00,10, 11,12, 22).
00,01,11,21,22).
00,01,11,12, 22
00,01,02, 12, 22).

30,40, 50, 51,
30,40,41, 51,

o~ o~ o~ o~ o~ o~ o~ —~

30,31,41, 51,
30,31,41,42,
30,31, 32,42,
03,13, 23, 24,

(
(
(
(
(03,13, 14, 24,

22).
52).
30,40,41,42,52).
52).

592).

)
52)
).
)
)

52

25).
25).

)
)
)
)
).
)
)
)
)

)= (
)= (
)= (
)= (
)= (
)= (
)= (
)= (
)= (
)= (
)= (
)= (
)= (
)= (
)= (
)= (
)= (

APPROACH TO TC OF KLEIN BOTTLE

33,43, 45, 55).
33,35, 45, 55).
34,44, 54, 55).
34,44, 45, 55).
34,35, 45, 55).
33,43,53,54).
33,43, 44, 54).
33,34, 44, 54).
33,34, 35, 55).
33,34, 54, 55).
33,53, 54, 55).
43,44, 45, 55).
43,44, 54, 55).
43,53, 54, 55).
33,34, 35,45).
33,34, 44, 45).
33,43, 44, 45).
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15:
16:
17:

(03,13, 14, 15, 25).

(03,04, 14, 24, 25).

(03,04, 14, 15, 25).
18: (03,04, 05, 15, 25).
19: (33,43,53, 54, 55).
20: (33,43,44, 54, 55).
21: (33,43, 44, 45, 55).
22: (33,34, 44, 54, 55).
23: (33,34, 44, 45,55).
24: (33,34, 35,45, 55).

3. HY(K x K) WITH LOCAL COEFFICIENTS

We will need to show that a certain class is nonzero in H*(K x K;G) with coeffi-
cients in a certain local coefficient system G. In this section, we describe the relations
in H4(K x K;@G) for an arbitrary free abelian local coefficient system G.

For a A-complex X with a single vertex xy, such as the one just described for
K x K, a local coefficient system G is an abelian group G together with an action
of m(X;x0) on G, giving G the structure of Z[m (X; zo)]-module. If Cj denotes the

free abelian group generated by the k-cells of X, homomorphisms
dk—1 : Hom(Cy_1,G) — Hom(C%, G)

are defined by
k

6k—1(¢)(<vi07 s 7Uik>) = pio,i1'¢<<vi17 s 7Ulk>>+2(_1>z¢(<v7«07 ce 7@7 te 7/Uik>)7
i=1
(3.1)
where v; denotes omission of that vertex, and p;, ;, is the element of m (X;zg) corre-

sponding to the edge from v;, to v;;. Then
H*(X;G) = ker(6;,)/ im(6_1).
This description is given in [3, p.501].

We have
m(K;v) = {a,b,c)/(c = ab™ = ba)
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and
(K x K; (v,v)) = (a,b,c,d, b, ) /(c = ab™ =ba, ¢ =a'b~" =Vd),

where the primes correspond to the second factor. We will prove the following key
result, in which 7, ..., 724 denote the generators corresponding to the 4-cells of K x K
listed at the end of the previous section, and G is any free abelian local coefficient

System.

Theorem 3.2. Let
-1 j=2 mod3
€ =
! 1 7=0,1 mod 3,

24

and let ¢ € Hom(Cy, G). Then [¢] = 0 € HYK x K; Q) if and only ifZejl/z(%-) is
j=1
0 in the quotient of G modulo the action of b— 1,0 —1, ¢+ 1, and ¢ + 1.

Proof. We find the image of ¢ : Hom(C3, G) — Hom(C}, G) by row-reducing, using
only integer operations, the 60-by-24 matrix M whose entries m; ; € Z[m (K x K)]
satisfy

3(8)(v;) = Zmz-,m(ﬁi), j=1,...,24. (3.3)

Here 3; denotes the generator of C5 corresponding to the ¢th 3-cell.

We list the matrix M below. Each row has two nonzero entries, as each 3-cell
is a face of two 4-cells, while each column has five nonzero entries, as each 4-cell is
bounded by five 3-cells. For example, mg21 = ¢ because (10, 20,21, 22) is obtained
from (00, 10, 20, 21, 22) by omission of the initial vertex, and poo 10 = c.

The row reduction of this matrix can be done by hand in less than 30 minutes. We
find that the row-reduced form has 27 nonzero rows, with its only nonzero elements
in rows i = 1,...,23 being 1 in position (i,7) and —&; in position (i,24), while in
rows 24 through 27 the only nonzero element is in column 24, and equals b—1, ' — 1,
¢+ 1, and ¢ + 1, respectively.

A row (ry,...,794), with r; = 1(;) for ¢ € Hom(Cy, G), is equivalent, modulo the
first 23 rows just described, to a row with 0’s in the first 23 positions, and 234:1 ;T
in the 24th column. The last four rows of the reduced matrix yield the claim of
Theorem 3.2.
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4. OUR SPECIFIC OBSTRUCTION CLASS

In [2], the following theorem is proved.

Theorem 4.1. Let X be an n-dimensional A-complex with a single vertex xy, and let
m=m(X,x9). Let I C Z[r] denote the augmentation ideal. The action of m x 7 on I
by (g, h) - = gah™ makes I a Z[r X 7w|-module, defining a local coefficient system I
over X x X. If C1(X x X)) denotes the free abelian group on the set of edges of X x X,
then the homomorphism f : C1(X x X) — I defined by (e, es) — [e1][ea] ™ —1 defines
an element v € H' (X x X;I). Then TC(X) < 2n iff v** =0 € H*(X x X;I®?"),

where ™ X 7 acts diagonally on 1€*".

The discussion of the function f of this theorem in [2] refers to [9, Ch.6:Thm 3.3],
and we use the proof of that result for our interpretation of the function.

When X = K is the Klein bottle, we have 7 = m;(K) = {a™b"} with the multipli-
cation of these elements determined by the relation ab~! = ba. Also relevant for us
is the element ¢ = ab™' = ba. The ideal I for us is the free abelian group with basis
{mn =amb" —1:(m,n) € ZxZ—{(0,0)}}. Using the numbering of the 1-cells e;
of K x K given in Section 2, we obtain that the function f is given as in the following
table.

) 1 2 3 4 5 6 7 8
f(ei) ;1 Q10 OGp1 G_1-1 G_10 ap,—1 0 Qo1
1 9 10 11 12 13 14 15

f(ei) a2 Qp-—1 0 a1 Q012 Q1] 0

(4.2)

For example, f(e;) = a; 1 because ¢ = ab™!, while f(ej2) = ay_; because the edge
from 0 to 2 is a, while that from 1 to 2 is b.

In [3, p.500], it is noted that the Alexander-Whitney formula for cup products in
simplicial complexes applies also to A-complexes. Our mistake was to overlook the

twisting in this formula due to local coefficients. The correct formula, from [8], is

(fPUG" ) (vg, ..., ) = (—l)p("_p)f(vo, s Up) @ Pugwpd(Vpy - -5 Un),s
(4.3)
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where p; ; is as in (3.1) and is what we overlooked.
We apply this to f*(7;), where f* = fU fU f U f with f the function on 1-cells
defined above, and «; is any of the 24 4-cells listed in Section 2. For example,
Fin) = £(00,10) @ cf(10,20) © af(20,21) © af(21,22)c”"
= fler) ®@cfles) @ af(es) @ af(es)c™
= (' -1D@chb-1)@al@a b -1 @alb™t —1)c*
= (a'-D@@—ab )b —a)®(1-0""). (44)
Formula (4.4) equals (T19) in the expansion of the obstruction class in Section 3.2 of
[1], after adjusting for different notation. They use x,y for our a,b, and they write
their classes as y"2™ rather than our ab". The relations in m(K) must be used to
compare these.
For all of our 4-cells, consecutive vertices are constant in one factor, and so only
f(e;) for i < 6 are relevant for f4. Once we knew about incorporating the twisting in

(4.3), our obstruction class exactly agreed with the class in Section 3.2 of [1]. Prior

to this realization, we worked with a different obstruction class for several months.

5. APPROACHES TO PROVING THAT OUR CLASS IS NONZERO

As just noted, once (4.3) was understood, our obstruction class agreed with the
J g
obstruction class of [1]. They successfully showed that this was nonzero in H*(K x
K; I®"). From our viewpoint, the relations were of the form

(1) by iy @ Oy iy @ DO g @ Dy s — Qg iy & Qg iy @ U g @ Qg iy s

(2) O‘ml,mbil ® amz,nzbil ® O‘ma,nng1 ® C“Tm;,m[f1

—®mq,nq ® Omig,no ® Omg,ng ® Omgyngs
(3) COmy iy & COmy ny @ COmg gy @ COmy my + Oy iy @ Qg g @ Qg g @ Qg iy,
(4) O‘mhmc_l ® amz,nzc_l ® am:smsc_l ® am4,n40_1

Ty g @ Qmy iy & Qg g @ Oy ngs

and we hoped to show our class could not be reduced to 0 mod these relations.
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The factors by, ny, Umab™t, € p, and ay, ¢ appearing above are, respectively,

Umon(—1)m — Qo 1,
Omn—1 — Qp,—1,

A1 (—1)m+l — Q1 1,

U N

Am—1,—n—1 — Q_1,—1-

The relations are much simpler in Z[r]®?, and we had a nice form for those. For

example,
ba™'b" ® - ® ba™ b ~ a™ DM ® - @ a™b™

is much simpler than (1). Prior to our understanding of the twisting in (4.3), we had
been able to show our class was not 0 mod the Z[r]®*-relations. Once we were made
aware of the twisting, we showed our corrected class was 0 mod these relations. Then
it was pointed out to us (by Cohen and Vandembroucq) that it followed from the
work in [2] that the class would necessarily be zero with coefficients in Z[r]®*. Our
methods lent no insight toward showing it nonzero with coefficients 1.

We wish to thank the authors of [1] for their help in our understanding of this
project. Still, we feel that our approach to obtaining the obstruction class, quite

different from theirs, is worth publicizing.
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