TOPOLOGICAL COMPLEXITY OF 2-TORSION LENS
SPACES AND ku-(CO)HOMOLOGY

DONALD M. DAVIS

ABSTRACT. We use ku-cohomology to determine lower bounds for
the topological complexity of mod-2¢ lens spaces. In the process,
we give an almost-complete determination of ku,(L%(2°%)) Qpu,
ku.(L>(2°)), proving a conjecture of Gonzdalez about the annihi-
lator ideal of the bottom class. Our proof involves an elaborate
row reduction of presentation matrices of arbitrary size.

1. MAIN THEOREMS

The determination of the topological complexity of topological spaces
has been much studied since its introduction by Farber in [2]. The
(normalized) topological complexity, TC(X), of a space X is 1 less
than the smallest number of open subsets of X x X over which the
fibration PX — X x X, which sends a path ¢ to (c(0),0(1)), has
a section. See [4] and [5] for an expanded discussion of this concept,
especially as it relates to lens spaces.

Let L*"T1(t) denote the standard (2n + 1)-dimensional ¢-torsion lens
space, and let b(n,e), as defined in [5], denote the smallest integer k
such that there exists a map

(11) L2n+1(26> % L21’L+1(2e> N L2k+1(2e)

which when followed into L>°(2¢) is homotopic to a restriction of the
H-space multiplication of L>°(2¢) = BZ/2¢. In [4], it is proved that

2b(n, e) < TC(L**1(2¢9)) < 2b(n,e) + 1.

Thus the following theorem yields a lower bound for TC(L?"+1(2¢)).
Here and throughout a(n) denotes the number of 1’s in the binary
expansion of n.
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Theorem 1.2. [fe > 2 and e < a(m) < 2e, then
b(m 4 290M=¢ _ 1 ¢) > 2m — 20(m) ¢,

This immediately implies the following result for topological com-
plexity, which might be considered our main result.

Corollary 1.3. Ife > 2 and e < a(m) < 2e, then
ﬁ<L2m+2a<m)—€+l—1(2e)) > 4m — ga(m)—e+1

Other results follow from this and the obvious relation b(n + 1,e) >
b(n,e). The author believes that this result contains all lower bounds
for b(n,e) implied by 2-primary connective complex K-theory ku. In
(6], a much stronger conjectured lower bound for b(n,e) is given, with
the same flavor as our theorem. Their conjecture depends on conjec-
tures about BP*(L*"*1(2¢) x L**1(2¢)), while our theorem depends
on a theorem about ku*(L*"T1(2¢) x L*"+1(2¢)).

Our first new result for topological complexity is
TC(L*+7(220M=2)) > 4m — 8 if a(m) > 4.

Our theorem is proved by applying ku*(—) to the map (1.1), obtain-
ing a contradiction under appropriate choice of parameters. Our main
ingredient is the almost-complete determination of ku"=24(L2"(2¢) x
L?"(2¢9)). It is well-known that ku* = Z)[u] with |u| = —2 and that
its 2¢-series satisfies

ge

[2°](z) = Z (*)uital,

=1

It is proved in [3, Proposition 3.1] that
(14) Fu(L*(2°) x L*(2)) = ku"[z, y] /(2" 5", [2°)(2), [2](y)),

where |z| = |y| = 2. One of our main accomplishments is to give a
more useful description of ku"=2d(L?"(2¢) x L?(2¢)).

On the other hand, ku-homology, ku.(Lse), of the infinite-dimensional
lens space Loe = L°°(2°) is the ku,-module generated by classes z;,
1 > 0, of grading 2i¢ + 1 with relations
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Here |u| = 2 in ku,. Also, kuy(Loe X Lge) contains kuy(Laoe) @,
ku.(Lse) as a direct ku,-summand. We define

M, = ku*(Z_nge) Qku, ku*(E_lLr)-

It is a ku,-module on classes [i, j] := 2; ® 2; of grading 2i+2j, i,j > 0,
with relations
i J
(1.5) > (S)u'li— 6.4, 4.5 >0, and Y (2 )ulli,j — 1], i,j > 0.
=0 =0
The desuspending was just for notational convenience. Note that the

component of M, in grading 2d, which we denote by G, is isomorphic
to ku'"=24(L2(2¢) x L**(2¢)) under the correspondence

uFli, j] < uFam iy,
Much of our work goes into an almost-complete description of M,. The
result is described in Section 2.
In [5, Theorem 2.1}, it is proved that the ideal

_ _ 9 _ 92 _ oe—2__ ge—1__
[6 — (26’ 9¢e 1U, 9¢e 2U32 2’ 9¢e 3U32 2,...,21U32 27 U32 2)

annihilates the bottom class [0,0] of M., and in [5, Conjecture 2.1] it
is conjectured that I, is precisely the annihilator ideal of [0,0] in M..
One of our main theorems is that this conjecture is true.

Theorem 1.6. For e > 1, the annihilator ideal of [0,0] in M, is pre-
cisely 1.

This is immediate from our description of M, in Section 2. See the
remark preceding Theorem 2.6.

After describing M, in Section 2, we use this description in Section
3 to prove Theorem 1.2. In Section 4, we prove our result for Mg,
and in Section 5, we explain how this proof generalizes to arbitrary
M,. Finally, in Section 6, we give a different proof of Theorem 1.6 for
e < 5, one which is easily checked by a simple computer verification.

The author wishes to thank Jests Gonzalez for suggesting this prob-
lem, some guidance as to method, and for providing some computer
results which were very helpful for finding a general proof.
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2. DESCRIPTION OF M,

Our approach to describing M, is via an associated matrix P, of
polynomials, which we row reduce. The row-reduced form of P, is quite
complicated, and involves some polynomials which are not completely
determined. That is why we call our description “almost complete.”
In this section, we approach the description of M, in three steps.

First we give an introduction to our method, define the polynomial
matrices P., and give in Table 2.2, without proof, the reduced form
of P,, obtained without a computer. The result for P, is not used in
our general proof, but provides a useful example for comparison. Jesus
Gonzélez obtained an equivalent result using Mathematica.

Next we give in Theorem 2.3 an almost-complete description of the
reduced form of Py. This incorporates all aspects of the general reduced
P.. but is still describable in a moderately tractable way. Finally we
give in Theorem 2.6 the general result for P,, which involves a plethora
of indices.

Let G4 denote the component of M, in grading 2d. Our ordered set
of generators for G is

(2.1) 0,d],...,[d,0],ul0,d—1],...,u[d— 1,0],...,u%0,0].
Our final presentation matrix of G4 will be a partitioned matrix
MO,O M071 e MO,d
Md70 Md,l c.. Mdd

where M, ; is a (d+ 1 —i)-by-(d+ 1 — j) Toeplitz matrix. The columns
in a block M; ; correspond to monomials u/[—, —].

We will use polynomials to represent the submatrices M; ;. A poly-
nomial or power series p(z) = ap + a1 x + ax® + -+ corresponds to a
Toeplitz matrix (of any size) with (j + &, j) entry equal to aj. Thus
the matrix is
ag 0 O
a; o O
Qg 01 Qo

a3 Qg O

Qay
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We define P, to be the polynomial matrix associated to the partitioned
presentation matrix of M, corresponding to the generators (2.1) and
relations (1.5). In (4.1) we depict F.
We let .
Pn(z) = xx__ll =l+a+--+a" "
We will display a single upper-triangular matrix of polynomials, whose

restriction to the first d + 1 columns yields a presentation of G4 for all
d. For example, we will see that the first 8 columns for the reduced
form of Py, are

16 0 0 4dape(z) 0 0 0 2zpg(x)
8 0 4dps(x) 0 0 0 2p;(x)
8 0 0 00 0
8 000 0
4 00 0
4 0 0
4 0
4
This implies that a presentation matrix of G7 is as below.
16Is 0 0 Mys 0 0 0 Mys
8]7 0 M173 0 0 0 M1,7
8l 0 0O 0 0 0
8 0 0 0 0
I, 0 0 0 ’
4135 0 0
4I, 0
41,
where [; is a t-by-t identity matrix, and
00 00O 0 40000
4 0 0 00 2
4 40 00
4 4 0 0 0 2
04400 > 14400
M03: > M(]?: , M13: 04 4 4 0
’ 00440 ’ 2 ’
0 0444
00044 2
00044
00004 2 0000 4
00 00O 0

The precise reduced form of P; is as in Table 2.2. We do not offer
a proof here, but can prove it by the methods of Section 4. We often
write py, instead of py(x).

M177 —

DO DO DN NN
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Table 2.2.

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
016 0 0 4xzps 0 0 0 2xpg 0 0 0 0 0 0 0 xps 0
1 8 0 4ps 0 0 0 2p7 0 0 0 0 0 0 0 P15 0
2 8 0 0 0 0 0 2%y (z2) 2pg 0 0 0 0 O 0 z2pg (z?)
3 8 0 0 0 0 0 2¢%pa(z®) 0 0 0 0 0 0 0
4 4 0 0 0 2p3 (22) 2¢pa(z®) 0O 0 0 0 O 0 pr(x?)
5 4 0 0 0 2p3(z?) 0 0 0 0 © 0 0
6 4 0 0 0 0 0 0 0 O 0 0
7 4 0 0 0 0 0 0 o© 0 0
8 4 0 0 0 0 0 o0 0 0
9 4 0 0 0 0 o0 0 0

10 2 0 0 0 © 0 0
11 2 0 0 0 0 0
12 2 0 0 0 0
13 2 0 0 0
14 2 0 0
15 2 0
16 2

17 18 19 20 21 22

0 0 0 0 x"py(2?) 25 (22)pa(a?) 0

1 0 0 0 z5pg 2ty (212) 0

2 wpeps3(z?) 0 23 p3pa(2?)p2(z7) atpapa(aT) wpap2(zt) + 28pa(23) 0

3 a?pg (?) 0 0 @®pa (a)pa (a?) @t pa(a7)ps 0

4 | wpa(23)ps(z?) 0 23pa(x?)pa(a”) 2pa(a?)pa(a®)  apa(22)(1 + 22p3 +2%) 0

5 pr(a?) 0 0 x®popa(zt) z*py(x?)pa () 0

6 0 24 py (2?) 0 x2pg (2?) 2°popa(at) 0

7 0 0 ztpy (a?) 0 22pg(2?) 0

8 0 0 0 zpa(z?t) 0 0

9 0 0 0 0 z4po (xt) 0

10 0 p3(a?) 0 22pa (2°) 0 0

11 0 0 p3(z?) 0 22pa (29) 0

12 0 0 0 p3(z?) 0 0

13 0 0 0 0 p3(z?) 0

14 0 0 0 0 0 0

15 0 0 0 0 0 0

16 0 0 0 0 0 0

17 2 0 0 0 0 0

18 2 0 0 0 0

19 2 0 0 0

20 2 0 0

21 2 0

22 1

The abelian group that the associated matrix of numbers presents has
276 generators and 276 relations. This associated matrix of numbers is
almost, but not quite, in Hermite form. For example, the polynomial in
position (2, 17) contains terms such as 22°, and so the associated matrix
of numbers will have some 2’s sitting far above 2’s at the bottom of
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the column. For the matrix to be Hermite, all nonzero entries above a
2 at the bottom should be 1’s. We could obtain such a polynomial in
position (2,17) by subtracting (z° + 2% + z° + 2'°) times row 17 from
row 2. We have chosen not to do this here because it will be important
to our reduction that the first three nonzero entries in column 17 are
%pg () times the corresponding entries of column 9.

By restricting to Gy, the 8 in position (1,1) shows that 8u[0,0] =0
in M,. Similarly, by restriction to Gy, the 4 in position (4,4) implies
that 4u*[0,0] = 0. We also obtain 2u'°[0,0] = 0 and 4*2[0,0] = 0 from
the matrix. The Hermite form of the associated matrix of numbers
implies that 8[0, 0], 4u3[0, 0], 2u°[0, 0], and u*'[0, 0] are all nonzero, and
this implies Theorem 1.6 when e = 4.

Next we describe the reduced form of F;. We let P, ; denote the
entry in row ¢ and column j, where the numbering of each starts with
0. Throughout the paper, the same notation F; ; will be used for entries
in the matrix at any stage of the reduction.

Theorem 2.3. The reduced form of the matrix Py is upper-triangular
with diagonal entries

(64 i=0

32 1<i<3

16 4<i<9
P;=48 10<i<21

4 22<i<45

2 46 <i<093

(1 =94

Other than these, the nonzero entries are as described below.

a. There are none in columns 0-2, 4-6, 10-14, 22-30, 46-62, and
94.

b. The nonzero entries in columns 3, 7-9, 15-17, 31-33, and 63—
65 are as below.
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3 7 8 9 15 16 17
0 | 16xps | 8xps 4xp1y
1| 16ps | 8pr 4p1s
2 812y (2?) 8xpe 42 pg (2?) dxpeps(z?)
3 812 py(2?) 42?pg(2?)
4 8p3(x?)  8xpa(x®) dpr(2?)  dapo(x®)ps(a?t)
5 8p3(x?) 4pr(2?)
31 32 33 63 64 65
0 | 2xp3o TP62
1| 2p3; Pe3
2 20°pra(a®)  2xpepr(xt) ©’pso(z?)  xpepis(x?)
3 2%p14(2?) 2%p30(2?)
4 2p15(2®)  2pa(a®)pr(a?) pa1(x?)  wpa(a®)prs(a?)
5 2p15(2?) ps1(a?)

c. The nonzero entries in columns 18-21, 34-37, and 6669 are
as in Table 2.4. Here B refers to everything in the 18-21 block
except the 4ps(x?)-diagonal near the bottom. The s along a di-
agonal refer to the entry at the beginning of the diagonal. Fach
letter q refers to a polynomial. These polynomials are, for the
most part, distinct. The meaning of the diagram is that, ex-
cept for the diagonal near the bottom, each entry in the middle
portion equals %pg(:vg) times the corresponding entry in the left
portion, and similarly for the right portion, as indicated. More
formally, for 18 < 7 <21 andi < j —38,

P jri6 = %pz(fvs) P oand P jiu8 = lep7(x8) - Pij.
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Table 2.4.

18 19 20 21 34 35 36 37 66 67 68 69
0 0 0 4q 4q
1 0 0 4q 4q
2 0 4q 4q 4q
3 0 0 4g 4q B - $ps(2®) B - p7(z%)
4 0 4q 4q 4q
5 0 0 4q 4q
6 | dzipa(xt). 0 4q 4q
7 0 0 4q
8 0 0 0
9 0 0 0
10 | 4ps(a?t) 0 4q 4q | 2p7(a?) p1s(z?)
11 0 0 4q
12 0 0 0
13 0 0 0

d. Similarly, the nonzero elements in columns 38 to 45 (other than
P, ;) are as in Table 2.5. If C denotes all the entries except the
2p3(x®)-diagonal near the bottom, then columns 70 to 77 are

filled ezactly with C - $ps(2'°) together with a pr(z®)-diagonal

going down from (22,70).
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Table 2.5.

40 41 42 43 44 45

39

38
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e. Finally, columns 78 to 93 have a form very similar to Table 2.5
with q instead of 2q and rows going from 0 to 61. The lower two
diagonals are x'%py(x'%) coming down from (30,78) and p3(z'°)
coming down from (46,78), and these are the only non-leading
nonzero entries in column T8.

Now we state the general theorem, of which Theorem 1.6 is an imme-
diate consequence, since the first occurrence of 2~ along the diagonal
occurs in (3 -2t —2,3. 271 —2).

Theorem 2.6. Let P;; denote the entries in the reduced polynomial
matriz for M.. The nonzero entries are

i. For0<s<e—1land3-2°—2<1<42°-2and0 <t <e—1-s,

— 267175’7t

2S
Pi,i+23+1(2t—1) Pat+11 (90 )

ii. For0<s<e—1land2-2°-2<i<3-2°=2, P,; =2°° and,
for2<t<e-—s,

R;,i+25(2t71) = 2e_s_tl'25p2t72(x25)‘
iii. For3<t<eand 2 +2072 -2 < j <204+ 2071 — 3, there are
possibly nonzero entries P;j = 27tq; ; for 0 <i < j—21 and

also, for1 <wv<e—t,

t—1

P jyotov_n) = 2° 7 pyeri 1 (2F )iy

This generalizes Table 2.2 and Theorem 2.3. Note that some of the
entries of type ii are among the entries of type iii. Note also that
p1(x) = 1, and that in part i for s = e — 1, we usually just consider the
smallest value of 7.

3. PROOF OF THEOREM 1.2

In this section, we prove Theorem 1.2 by proving the equivalent
statement

(3.1) if 0 <t <eand a(m) =t+e, then b(m+2"'—1,e) > 2m —2".

The case t = 0 is elementary ([5, (1.3)]) and is omitted. We will first
prove the following cases of (3.1) and then will show that all other cases
follow by naturality.
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Theorem 3.2. For1 <t <e,

(3.3) b(3-2"' — 142" B e) > 2B ifa(B) =e+t—1,
and

(3.4) b(2' —1+2'B,e) > (2B —1)2" if a(B) = e + t.

These are the cases m = 20‘(3)_6(43 +1) and m = ga(B)—e B of
Theorem 1.2 or (3.1).

Proof. We focus on (3.3), and then discuss the minor changes required
for (3.4). Let n =3-2!"! — 1 4 2" B and suppose there is a map

L2n(26) % L2TL<2€) N L21+3Bfl<2€>

as in (1.1). Precompose with the self-map (1, —1) of L?"(2¢) x L*"(2°),
where —1 is homotopic to the Hopf inverse of the identity. Then, as in
[1], we obtain

(x — )P =0 € ku(L™(2°) x L*(29)).
The result (3.3) will follow from showing that
(ZE o y)2t+2B ?é 0e kuQ(Zn—d)(LQn(2e) « L2n(25))

withn = 3-271 1421 B and d = 3-2¢ — 2. This group is isomorphic
to the component group Gy for M, whose presentation matrix was
described in Section 2. The ordered set of generators is obtained as
2"~ %y~ multiplied by

(3.5) 2%y ety uaty?, L uadyt L ety

We omit the 2"~ %y"~? throughout our analysis.
One easily shows that

V(2t+2B> {: a(B) j=2'B

j > a(B) 0< 2B — j| <20+,

Here and throughout v(—) denotes the exponent of 2 in an integer. We
wish to show that if t < e and d = 3 - 2 — 2, then 26H11g4/2yd/2 4
2t f(x,y) # 0 in G4, where f(x,y) is a polynomial of degree d in x
and .

In the reduced matrix for P. we omit all columns and rows not of
the form 3 -2° — 3, 0 < ¢ < t. Omitting columns amounts to taking a
quotient, and when a column(generator) is omitted the row(relation)
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with its leading entry can be omitted, too. The resulting matrix is
presented below, where the various polynomials ¢ are mostly distinct.

Table 3.6.
0 3 9 3.22-3 ... 3.2071_3 3.20-3
2e 2872p2 2573(] 2674q 2e7tq Qeftflq
2e—1 26_3]92(332) 2e—4q 2e—tq 2e—t—1q
2e—2 26_4])2(%4) 2e—tq 2e—t—1q
3.93_3 9e—3 2eftq 2eft71q
3.9t=1 _3 ge—t+1 25471])2(232“1)
3.2t -3 2e—t

We temporarily ignore the polynomials ¢ and the polynomial f(z,y).
The first few relevant relations in the corresponding numerical matrix

are /2y

of u; they equal the degree of the written polynomial.

2¢ + 2572(xy2 + ny)

26711’y

2

2671x2y

+ 2573(1,3:[/6 +5L‘5y4)
+ 2673(x4y5 +.T6y3)

times the following polynomials. We omit writing powers

25—2x3y6 + 26_4(1»'7y14 +a:11y10)
2572x4y5 4 2574(1,8:1/13 +x12y9)
2572x5y4 + 2674(x9y12 +l’13y8)
2@72m6y3 + 2674(x10y11 +x14y7).

From these relations, we obtain

(37) 26+t71

=+

_gett=3 (

xy? + 2y)

2e+tf5(x3y6 +x4y5 +.’E5y4 +$6y3)

14
_gett=T Z iyl
=7

2t+1_9

i2e—t—1 Z xiy3~2t—3—i

:l:Qe—t—l<x3-2t*1—2y3-2t*1—1+

0,

1=2t—1

3.2t—1_1 3.9t-1_9
T y )

since maximum exponents are 3-2'~! — 1. That the last line is nonzero
follows from the reduced form of the matrix M, of relations.
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Now we incorporate the polynomials ¢ in the above matrix. We
denote by m; a monomial or sum of monomials of degree 3 - 2¢ — 3, in
x and y. At the first step of the above reduction sequence, we would
have an additional Y¢_, 2+¢~"~2m;,. At the second step, we add

t
(3.8) > ot Tim,
i=3
We can incorporate the first monomials for ¢ > 3 into the second, and
we replace 277¢7*my by Y7427 "*m] and incorporate these into
(3.8). The third step adds >_i_, 2**"""*m/’. We incorporate (3.8)
into this for ¢ > 3, while the term in (3.8) with ¢ = 3 is equivalent to a
sum which can also be incorporated. Continuing, we end with
t
Z 2t+e—z—tm§t) _ Qe—tmgt) =0,
i=t
so the ¢’s contribute nothing.
We easily see that incorporating 2 f(z, y) also contributes nothing,
since

28+tm ~ 2€+t—2m1 ~ 26+t—4m2 ~ U 2e+t—2tmt =0.

The proof of (3.4) is very similar. We want to show (z—y)?5=D2" £ 0
in Ggpt 9 ifa(B)=e+tand 1 <t <e. For (B-2)2'<j< (B+1)2,
we have

2B—-1)2"\ |=a(B)—1 ifj=(B—1)2"or B-2!
V( J ) > a(B)—1 other j.

We have factored out 2" %" ¢ with n —d = 2'B — 2+ 4 1. Our
ordered set of generators is again (3.5), and our class now, mod higher
2-powers, is 26T (g2 12T =1y 2121y Utilizing the relations
similarly to (3.7), we end with
2t+1_3
iQe+t—1(x2f—1y2i+l—1 + thH_lyQt_l) Z xiy3~2t—3—i
i=2t—1

_ i2e+t—1(x3~2t—3y3~2t—2 +x3~2t—2y3-2t—3) ?é 0’

since 24! = 0 = y4*! (after factoring out x™~dy"9). O
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Proof of (3.1). The proof is by induction on ¢t. If ¢ = 1, the theorem
follows from (3.3) with m = 4B+1if m = 1 mod 4, and from (3.4) with
m = 2B if m is even. If m = 3 mod 4, then a(m+1) < a(m) —1=e¢,
so the result follows from the case t = 0 for n = m + 1.

Now we assume that the result has been proved for all ' < t. If m
is odd, then a(m — 1) = e+t — 1, so using the induction hypothesis in
the middle step,

bm+2"—1,e) >bm—1+2"1—1¢) >2(m—1)—2"">2m —2".
If v(m +2") =k with 1 <k <t — 2, then, noting that v(m) = k, too,
am—2%) = (t+e)—2"+vim--(m—2F+1))

= t+e-2"4+(2"-1)=t+e—1
Therefore
bm—+2'—1,e) > b(m—2F4+271 — 1 e) > 2(m —2F) =271 > 2m — 2.
If v(m) > t, let m = 2'B with a(B) = a(m) =t +e. By (3.4), we
obtain b(m + 2 —1,¢e) > 2m — 2, as desired. If m = 271 + 271 B with
a(B) =t + e —1, then (3.3) is exactly the desired result.
Finally, if m = 327! 4+ 271 A with a(A) =t + e — 2, then
am+2"1 = a(A+1)
= a(A)+1—-v(A+1)
= e+v withv <t.
Thus, by the induction hypothesis,
bm+2'—1,e) > b(m+2"14+2"—1,e) > 2(m+2""1) -2V > 2m — 2"
U

4. PROOF OF THEOREM 2.3

In this section we prove Theorem 2.3. Because it is a fairly com-
plicated row reduction, we accompany the proof with diagrams of the
matrix at several stages of the reduction. Although the proof of Theo-
rem 2.6 in Section 5 is a complete proof and subsumes the much-longer
proof for e = 6, we feel that the more explicit example renders the
general proof more comprehensible, or perhaps unnecessary.
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If M is a Toeplitz matrix corresponding to a polynomial p(x) as
described in the preceding section, then the Toeplitz matrix corre-
sponding to the polynomial (1 + az + Sx?)p(x) is obtained from M
by adding « times each row to the one below it and (§ times each row
to the row 2 below it. This illustrates how row operations on the matrix
of polynomials correspond to row operations on the partitioned matrix
of numbers.

Our matrices now refer to the case e = 6. The initial partitioned
matrix for G4 could be considered as the matrix of numbers associated
to the following matrix of polynomials, which has d + 1 columns and
2(d + 1) rows.

64 (64) T (64) 1’2 (64) .1'3

64 (5) (5 ()
0 64 (624> X (634) z?
(4.1) o 64 (5) (%)
0 0 64  (%)z
0 0 64 (%)

The first two row blocks of the associated matrices of numbers have
d 4 1 rows of numbers, the next two d rows, etc., while the sizes of the
column blocks are d+1,d, . ... The first (resp. second) (resp. third) row
block corresponds to the first (resp. second) (resp. first) set of relations
in (1.5) with i + j = d (resp. d) (resp. d — 1).

Note that if the first two rows and the first column of (4.1) are
deleted, we obtain exactly the initial matrix for G4_;. We may assume
that the matrix for G4_; has already been reduced, to Q4_;. Thus we
may obtain the reduced form for G, by taking ();_1, placing a column
of 0’s in front of it and the top two rows of (4.1) above that, and
then reducing. By the nature of the matrix (4.1), the restriction of the
reduced form @ to its first d columns will be Qg_1.

This is an interesting property. Let (), denote the reduced form of
the polynomial matrix for G4. Remove its last column, put a column of
0’s in front, put the top two rows of (4.1) above this, and reduce. The
result will be the original matrix, ()4. We will prove that the matrix
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described in Theorem 2.3 is correct by removing its last column (the
one with the 1 at the bottom), preceding the matrix by a column of 0’s
and this by the first two rows of (4.1), and seeing that after reducing,
we obtain the original matrix (Q94. Because of the initial shifting, each
column is determined by the column which precedes it, together with
the reduction steps, which justifies the method of starting with the
putative answer, shifted. This seems to be a rather remarkable proof.
However, the reduction is far from being a simple matter.

Now we describe the steps in the reduction. We begin with the
putative answer pushed one unit to the right and two units down,
preceded by the first two rows of (4.1) and a column of 0’s. We often
write ?; and Cj for row ¢ and column j.

Step 0: Subtract Ry from Ry, then divide R; by (1 — x), and then
subtract xR, from Ry. These rows become

64 0 —(P)z —(Dape —(D)aps - —()epe2 0
0 (%) e Ces (Ppe - G)rss 0

Divide Ry by 63, which is the unit part of (624). We now have, in R,
and Ry,

64 i=j=0
32 i=j=1
o i+j=1
Pid = as—v0gp =0 2< i <63
i p]—l ? ) SJ7>
0 0<i<1, 64<j<94,

64

where u; is the odd factor of _(j+1)’ and v} = u; mod 64.
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Our goal is to reduce this matrix so that the first nonzero entry
(which we often call the “leading entry”) in R; is

64inCy, i=0
20,  i=
16in Cy =2
320, 3<i<4
8in Cyy i=

16in C;; 6<i<10
4in Cypy  i=11
8inC;, 12<i<22
2in Oy 4 =23
4in O, 24<i<46
lin Coy i =47
2in C;_; 48 <i < 94.

(4.2)

The above entries for ¢ = 0, 1, 2, 5, 11, 23, and 47 will be the only
nonzero entry in their columns. Then we rearrange rows. For ¢ = 2, 5,
11, 23, and 47, R; moves to position 2i. For other values of i > 2, R;
moves to position ¢ — 1. Then we are finished. The entries P;; will be
as stated in Theorem 2.3, and the matrix will be upper triangular with
nonzero entries above the diagonal less 2-divisible than the diagonal
entry in their column.

Table 4.3 depicts the first 22 columns of the matrix at the end of
Step 0, except that we omit writing the odd factors in rows 0 and 1.
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Table 4.3.

0 1 2 3 4 5 6 7 8 9 10 11 12
0|64 O 64x 16xps 64xps 32xpy 64aps 8xps 64xpr 32xps 64xpo 16zp1o  64zp1y
1 32 64p> 16ps  64ps  32ps  64ps  8pr  64ps 32py 64p10 16p11 64pi2
2 64 0 0 16xp2 0 0 0 8xpe 0 0 0 0
3 32 0 16p3 0 0 0 8pr 0 0 0 0
4 32 0 0 0 0 0 8x2ps (z?) 8xps 0 0
5 32 0 0 0 0 0 822y (2) 0 0
6 16 0 0 0 8ps(z?) 8xp2(z?) 0 0
7 16 0 0 0 8ps () 0 0
8 16 0 0 0 0 0
9 16 0 0 0 0

10 16 0 0 0
11 16 0 0
12 8 0
13 8
13 14 15 16 17 18 19 20 21
0 | 32zp12 64wpis  4xpia  64xpis 32zp16 64xp17 16zp1s 64xp1g 32xp2o
1] 32pis 64p14 4p1s 64p16 32p17 64p1s 16p19 64p20 32pa1
2 0 0 0 dxpig 0 0 0 0 4q
3 0 0 0 4p1s 0 0 0 0 4q
4 0 0 0 0 4z%pe (x2) 4zps(z*)ps 0 4q 4q
5 0 0 0 0 0 422 pg (x?) 0 0 4q
6 0 0 0 0 4p7(2?)  dapa(z®)ps(z?) 0 4q 4q
7 0 0 0 0 0 4p7(z?) 0 0 4q
8 0 0 0 0 0 0 4atps (z*) 0 4q
9 0 0 0 0 0 0 0 4z*pa(z?) 0
10 0 0 0 0 0 0 0 0 4z py (z*)
11 0 0 0 0 0 0 0 0 0
12 0 0 0 0 0 0 4ps(z*) 0 4q
13 0 0 0 0 0 0 0 4ps(z*) 0
14 8 0 0 0 0 0 0 0 4ps3(z*)
15 8 0 0 0 0 0 0 0
16 8 0 0 0 0 0 0
17 8 0 0 0 0 0
18 8 0 0 0 0
19 8 0 0 0
20 8 0 0
21 8 0
22 8

Although it is just a simple shift, it will be useful to have for ref-
erence, in Tables 4.4 and 4.5, the shifted versions of Tables 2.4 and
2.5. These are the relevant portions of the matrix at the outset of the



20 DONALD M. DAVIS

reduction. The shifted version of part b of Theorem 2.3 can be mostly
seen in Table 4.3.

Table 4.4.

19 20 21 22 35 36 37 38 67 68 69
2 0 0 4q 4q
3 0 0 4q 4q
4 0 4q 49 4q
5 0 0 4g 4q B - $ps(z%) B - 1p7(z%)
6 0 4q 4q 4q
7 0 0 4q 4q
8 | dxipa(x?). 0 4q 4q
9 0 0 4q
10 0 0 0
11 0 0 0
12| dps(a) 0 4g  4q | 2pr(2?) pis(a?)
13 0 0 4q
14 0 0 0
15 0 0 0
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Table 4.5.

41 42 43 44 45 46

40

39
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At any stage of the reduction, let él denote R; with its leading entry
changed to 0. The first nonzero entry of R; at the outset occurs in

column
(i+5 4<i<5
1+3 6<:<7T
1+11 8<3<11
(4.6) 1+7 12<4i<15

i+23 16<i<23
i+15 24<i<3l
i+A4T 32<i<A47
li+31 48 <i<63.

For 7 > 64, R; has no nonzero elements.

The relationship between the three parts of Table 4.4 and the similar
relationship that columns 71 to 78 are mostly $ps(z'®) times Table 4.5
will be very important. We call it a “proportionality” relation. We
extend it to also include that in rows 4, 5, and 6 we have Ci3/Cy =
sp3(at), Csq/Cho = tp7(a*), and Cg6/Cro = $p15(2*), and similarly in
row 4, columns 9, 17, 33, and 65. When we perform row operations
involving these rows, these relationships continue to hold. Rows 12-15
and 24-31, where the proportionality relationship does not hold, will
not be involved in row operations, since the columns in which their
leading entry occurs have all 0’s above the leading entry. (Although
rows 0 and 1 are initially nonzero in these columns, clearing out Ry and
Ry, as in Step 1 below, is a 2-step process, and so R, for12<i <15
or 24 < ¢ < 31 will not be combining into Ry or Rj, either.)

In Steps 3, 6, 9, and 12, we will divide rows 2, 5, 11, and 23 by =,
22, 2%, and 2% It will be important that the entire rows are divisible
by these powers of x. We keep track of bounds for the z-divisibility of
the unspecified polynomials in Table 4.4 and 4.5 and in columns 79 to
94. We postpone this analysis until all the reduction steps have been
outlined. Similarly to the proportionality considerations just discussed,
divisibility bounds are preserved when we add a multiple of one row
to another, in that the z-exponent of P, ; 4+ cPy ; is > the minimum of
that of F;; and Py ;. The rows, 3, 6-7, 12-15, 24-31, and 48-63, where
entries not divisible by x occur will not be used to modify other rows.
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Now we begin an attempt to remove most of the binomial coefficients
from Ry and Rj.

Step 1. The goal is to add multiples of lower rows to Ry and R; to
reduce them to

‘0 1 2 3 4 5 6 7 15 31 <o 63

064 0 0 16axp2 0 0 O 8xps O 4dxpyy 0 2xp3p 0 xpg2 O
110 32 0 16ps 0 0 0 8y O 4p;is O 2p33 0 pes O

with each 0 referring to all intervening columns. However, we will be
forced to bring up some additional entries. We claim that, after Step
1, the nonzero entries P; ;, in addition to those in columns 2 — 1 listed
just above, are combinations of various Ej with 7 > 5 and j not in
6,8] U [12,16] U [24,32] U [48,64]. Row 0 is similar but has an extra
power of x, since this is true at the outset. Rows 0 and 1 will thus have
the requisite proportionality and z-divisibility relations.

It will be useful to note that since at the outset all entries in R
for ¢+ > 2 are a multiple of % times the leading entry at the bottom of
their column, then, using (4.6), 2R; can be killed (reduced to all 0’s)
by subtracting multiples of lower rows if ¢ > 32. For example, nonzero
entries of Rs» occur only in C; with j > 79. If the entry in (32, j) is a
polynomial ¢, then subtracting ¢R;;; from 2R3, kills the entry in Cj
without changing anything else, since ﬁjH = 0 for such j.

Similarly 4R; can be killed in two steps if i > 16, and 8R; can be
killed if 7+ > 8. We can use this observation to kill the entries in Ry and
Ry in many columns.

For example, if 32 < j < 46, then the numerical coefficient in F ;
and P ; is 0 mod 8, while there is a leading 4 in (j +1, j). Subtracting
multiples of 2R; 1 from Ry and Ry kills the entries in (0, j) and (1, j)
while bringing up multiples of QEJ-H. This can be killed by the obser-
vation of the previous two paragraphs. This method works to eliminate
the entries in Ry and R; in columns 12, 14, 16-18, 20-22, 24-30, and
32-62. (Initial entries in Ry and R; in columns > 63 were all 0.) Since
—(gf}) = 267t mod 2372 for 2 < t < 6, the entries in Ry and R; in
columns 3, 7, 15, 31, and 63 can be changed to their desired values
with pure 2-power coefficients by similar steps.
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For (3, we subtract even multiples of Roy from Ry and R; to kill
the entries. This brings into Ry and R; multiples of 4 in some columns
39 to 46 and even entries in some columns > 71. The latter entries
can be cancelled from below, while cancelling multiples of 4 in C; for
39 < j <46 brings up multiples of §j+1. A very similar argument and
similar conclusion works for removal of entries in (0, 19) and (1, 19).

Now we consider C1;. We subtract multiples of 2R, to kill the
entries in Ry and R;. This brings up multiples of 8 in Cig, C5;, and
Ca2, 4 in C; for 35 < j < 46, and 2 in some columns > 64, the latter of
which can be cancelled from below. We kill the earlier elements with
multiples of R;;, leaving a combination of the various RJH

Column 9 is eliminated similarly, giving multiples of R, R37, and
some others, while columns 8, 10, and 13 are, in a sense, easier since
their binomial coefficients are 4 times the number at the bottom of
their column, rather than 2. For example, to kill the entry in (1, 13),
we first subtract a multiple of 4R4. This contains a 16¢g in C5;, which
is killed by a multiple of 2R5,. This brings up a 2¢’ in Rys, the killing
of which brings up a multiple of ﬁ%-.

To kill the entry in (1,5), we subtract a multiple of 2Rg, which has
entries in Cj for many values of j > 9. We can cancel each of these
by subtracting a multiple of R;;, accounting for the contributions to
Ry of multiples of many Ry, with & ¢ [6,8] U [12, 16] U [24, 32] U [48, 64].
Killing the entries in Cy and Cj is similar.

Finally, to kill the entry in (1, 2), we subtract a multiple of 2R3. This
brings up entries in columns 4, 8, 16, 32, 64, and others, the killing of
which brings up combinations of R5, Rg, R17, and R33, as allowed.

Step 2. Subtract 2R; from Rj to remove the 64 in P ;. This brings
entries into Ry in columns

(4.7) j €{3,7,10,15,18,20-22, 31, 34, 36-38, 40-46}

and others with j > 63. The entry brought into C; has numerical coef-
ficient equal to P;; ;. These are then killed by subtracting correspond-
1ng multiples of R;;, which brmgs up into Ry corresponding multiples
of RJH for j as in (4.7). From Ry, this will place ¢ = 822p(22)ps in Cy,
2p3( Yq in Cyr, 4p7( 21)q in Cs3, and %pw(x‘l)q in Cgs. This extends
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the proportionality property of columns 9, 17, 33, 65 to include also
row 2.

Now Rs has 16xp, as its leading entry, in column 4.

Step 3. Divide R, by xps. Dividing by a polynomial p of the form
1+>" a;x?, such as po, is not a problem. If M is a Toeplitz matrix corre-
sponding to a polynomial ¢, then the Toeplitz matrix corresponding to
q/p is obtained from M by performing the row operations correspond-
ing to finitely many of the terms of the power series 1/p. Dividing by
x is more worrisome, and is the reason for much of our work. In this
step it is not a big problem, but later, when we have to divide by z*
and %, more care is required, which will be handled in Theorem 4.11
after all steps have been described.

We have the important relation

(4.8) Pat/P2 = Pt($2)>

which implies that the entries in P ; for j = 8, 16, 32, and 64 are
now 8ps(x?), 4pr(z?), 2p15(x?), and ps1(2?). The relation (4.8) and its
variants will be used frequently without comment. In Cy, we obtain

2
xp2($ )P3
b2

We use Rjy to cancel the second term, at the expense of bringing up

8 = 8awpy(2%) + 1623 /ps.

multiples of x3}N%10 into Ry. This satisfies proportionality properties,
which continue to hold.

Step 4. Subtract psR, from R3 to change P54 to 0. Since

(4.9) a1 — Papr(a?) = —a?pp_1(2?),

we obtain —8z%py(x?) in Psg, —4x°ps(2?) in P36, and similar expres-
sions in U3, and Cgy. We can change the minus to a plus by adding
a multiple of Ry, Ri7, etc. This brings up multiples of Eg, ﬁn, etc.,
into R3, but these maintain proportionality and x-divisibility proper-
ties. Note that x-divisibility keeps changing. For example, in Step 3,
that of Ry was decreased by 1, and now all that we can say is that
the z-divisibility of Rj3 is at least the minimum of that of Ry and its
previous value for R3. But this will be handled later.

For the convenience of the reader, we list here columns 0 through 10
at this stage of the reduction. Some of the specific polynomials are not
very important, and will later just be called gq.
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0 1 2 3 4 5 6 7 8 9 10
0[64 0 0 16zp, O O O Sapg 0 0 823 popa ()
1 32 0 16ps 0O O 0 S8p; 0 0 8x2pa (2?)pa(2?)
2 0 0 0 16 0 0 0  8psa?) Sapa(ad) 8psps(z?)
3 32 0 0 0 0 8z2pa(2?)  Saps 8p3(z*)
4 32 0 0 0 0 0 822pa(x?) 8pg
5 32 0 0 0 0 0 822ps(22)
6 16 0 0 0 8p3(x?) 8xpa(2?)
7 16 0 0 0 8ps(a2)
8 16 0 0 0
9 16 0 0
10 16 0
1 16

Step 5. Subtract 2R, from Rj to remove the leading entry in Rs. If
P, ; = q for j > 4, then adding ¢R; to Rs will cancel the subtracted
entry, at the expense of adding q]:?jﬂ to R5. So Rj; gets multiples of
éjﬂ for many values of j in the intervals [8,10], [16,22], and [32, 46].
The rows that we don’t want to bring up are 12-15, 24-31, etc., which
contain the lower diagonals in Tables 4.4 and 4.5, where neither pro-
portionality nor z-divisibility holds.

Now the leading entry of Rj is 8x2py(2?) in Cl.

Step 6. Divide R5 by x?py(2?). We need to know that all entries in
Rs are divisible by 22. In Theorem 4.11, we will show that this is true
for columns 19-22, 35-46, and 67-94. The only other nonzero entries
in R5 are those in columns 10, 18, 34, and 66 with which it started.
See Table 4.3. The first nonzero entries in Rs5 after dividing are 8 in
Cho and 4ps(x?) in Cjs.

Step 7. Subtract multiples of R5 from rows 0, 1, 2, 3, 4, 6, and
7 to clear out 'y in these rows. Because it had been the case that
P13/ P10 = 3ps(a?) for 0 < i < 6, we will now have P35 = 0 for
i€{0,1,2,3,4,6}. Also, by (4.9), Pr1s = 4(pr(2?) — p3(2?)ps(x?)) =
—4apy(2*). We can change the minus to a plus by adding z%p,(2?) Ryg.
Similarly, the only nonzero entries in column 34 (resp. 66) (except for
Pji15) are 2p7(a?) (vesp. pis(2?)) in Rs, and 22ps(2?) (resp. 2'pia(2?))
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in R7. This illustrates why the proportionality relations are important.

Step 8. Subtract 2R5 from R;; to remove the leading entry in Ry;.
Similarly to Step 5, if P5; = ¢ for j > 10, then adding ¢R;; to 1, will
cancel the subtracted entry, at the expense of adding qﬁjﬂ to Ry;. So
R11 gets multiples of }N%J»H for many values of j in the intervals [18, 22]
and [34, 46].

The first 23 columns now are as below.

0 1 2 3 4 5 6 7 8 10 11 12 13 14
0[64 0 0 16zp 0 O 0 Swpe 0 0 0 0 0 0
1 32 0 16ps 0 0 0 8p; 0 0 0 0 0 0
2 0 0 0 16 0 0 0 8ps(z2) 8qo 0 0 0 0 0
3 32 0 0 0 0 0 8x2ps(a?) 8q, 0 0 0 0 0
4 32 0 0 0 0 8z%pa(z?2) O O 0O O O
5 0 0 0 0 0 8 0 0 0 0
6 6 0 0 0 8ps(z?) 0 0 0 0 0
7 16 0 0 0 0 0 0 0 0
8 16 0 0 0 0 0 0 0
9 16 0 0 0 0 0 0

10 16 0 0 0 0 0

11 0 0 0 0 0

12 8 0 0 0

13 8 0 0

14 8 0

15 8
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15 16 17 18 19 20 21 22
0 | 4zp1g 0 0 0 0 4q 4q 4q
1| 4pis 0 0 0 0 4q 4q 4q
2| o0 4p7(2®)  8qops(z?) 0 4q 4q 4q 4q
3 0 4:1:2;06(9:2) 8q1p3 (z4) 0 4q 4q 4q 4q
4 0 0 4z%pg (x2) 0 0 4q 4q 4q
5 0 0 0 4p3(z*) 0 4q 4q 4q
6 0 0 4p7(2?) 0 0 4q 4q 4q
7 0 0 0 4z*pa(zt) 0 4q 4q 4q
8 0 0 0 0 4zt py (z*) 0 4q 4q
9 0 0 0 0 0 4xtps(z?) 0 4q
10 0 0 0 0 0 0 4z*pa(z?) 0
11 0 0 0 0 0 0 0 4xtpy(zt)
12 0 0 0 0 4ps(z*) 0 4q 4q
13 0 0 0 0 0 4ps(z*) 0 4q
14 0 0 0 0 0 0 4ps(z*) 0
15 0 0 0 0 0 0 0 4ps(z*)
16 8 0 0 0 0 0 0 0
17 8 0 0 0 0 0 0
18 8 0 0 0 0 0
19 8 0 0 0 0
20 8 0 0 0
21 8 0 0
22 8 0
23 8

In addition, we have, at this stage of the reduction:

a. 4 in Pjy;; for 23 < j <46, and 2 in Pjy;; for 47 < j < 94.

b.
C.

Other than that:
0 in columns 23 to 30 and 47 to 62.

A pattern resembling that of columns 15 to 18 in columns 31
to 34 and 63 to 66.

. Columns 35 to 38 (resp. 67 to 70) are ips(z®) (resp. 1pr(z®))
1

times columns 19 to 22, except that corresponding to the 4ps(z*)
in rows 12 to 15 we have 2p;(z?) (resp. pis(z?)).

. Columns 39 to 46 resemble Table 4.5. Columns 71 to 78 are

p3(2'%) times these, except for the diagonal near the bottom,
which is p7(29).

Columns 79 to 94 have a form similar to that of columns 39 to
46.

The z-divisibility in columns 19-22, 39-46, and 79-94 will be
described in Theorem 4.11 and its proof.
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Step 9. Divide Ry; by z%py(z*). We will show in Theorem 4.11 that
all entries in Ry, are divisible by z*. The leading entry in row 11 is
now a 4 in Cy,.

Step 10. Subtract multiples of Ry; from rows 0 to 10 and 12 to
15 to clear out their entries in Cy. Similarly to Step 7, we now have
that P33 = 0 except for Piy3s = 2p3(a®), Piszs = 22%pa(28), and
Psg 35 = 4, with a similar situation in C7. In particular, P57 =
28ps(2®) = $ps (%) Pis 3.

Step 11. Subtract 2R;; from Rss, and, similarly to Steps 5 and
8, kill entries subtracted from P,z ; for j > 22 by adding multiples of
R 1, thus bringing up these multiples of I%H. The smallest such j is
38, due to the entry in (11, 38) described in the previous step.

Step 12. Now the leading entry of Rys is 22%ps(2®) in Cyg. (This
can be seen using (4.6) and that there have been no other changes to
Ry3 in columns less than 62.) Divide Ryz by x®py(2®). We will show
later that all entries in Ry3 are divisible by 2® at this stage.

Step 13. Subtract multiples of Ro3 from rows 0 to 22 and 24 to
31 to make their entries in Cy equal to 0. Similarly to Step 10, this
will cause P73 = 0 except for Pas s = p3(21°), Ps17s = x'%py(2'%), and
Pro7s = 2.

Step 14. Subtract 2Rs3 from Ry;. This will add multiples of 2
to R47 in some columns j > 78. These can be removed, without any
other effect, by subtracting a multiple of R;;;. Now R4; has leading
entry z'%py(2%) in Cyy. Divide R4z by x'py(2'%), and then subtract
multiples of R47 from the others to clear out Coy.

Step 15. We are now in the situation described in the paragraph
containing (4.2). Rearrange rows as specified there, and we are done.

It remains to show that Steps 3, 6, 9, and 12 above could actually
be carried out, by showing that there was sufficient divisibility by x.
This will follow from Theorem 4.11.

Definition 4.10. Let A(0) = 3 and A(1) = 2. Fori > 2, let b(7)
denote the largest integer < i of the form 2" — 1 or 3-2' — 1, and let
A(i) =1 —b(i).
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For example, the values of A(7) for 2 <14 < 17 are as in the following

table.
i‘234567891011121314151617
0010101 2

A(i) | 3 0 1 2 3 0 1 2

Theorem 4.11. Let v(i,j) denote the exponent of x in P, at any
stage of the reduction from the end of Step 1 to the end of Step 14.
Then
e /f19<j<22and0<i<j—38, thenv(i,j)>22—j+ A(i).
e [f39< 75 <46 and 0 <i < j—16, thenv(i,j) > 46 —j+ A(1).
e If79<j <94 and0<i<j—32, thenv(i,j) > 94— 7+ A(0).

Since this applies to any stage of the reduction, it says that all -
exponents in these columns are nonnegative at the end of Steps 3, 6, 9,
and 12, which means that there was enough x-divisibility to perform the
step. The divisibility of other columns in rows 2, 5, 11, and 23 at Steps
3, 6,9, and 12 is easily checked, mostly following from proportionality.

Proof. We give the proof for 79 < j < 94. The proof for the smaller

ranges is basically the same. The proof is by induction on j. By

Theorem 2.3(e) shifted, at the outset v(32,79) = 16, while v(i, 79) = oo

for i # 32 and ¢ < 47. If j > 80, we assume the result is known for

j — 1. With the rearranging and shifting, we start with, for ¢ > 2,
vp(i—1,j—1) i¢{2,3,6,12,24,48}

v(i,j) =S ve(3i—1,7—1) i€ {6,12,24,48}

ve(i—2,j—1) ie{2,3},

where vg(—, —) refers to the value of v at the end of Step 14. By the

induction hypothesis, this is

94—j+1+A6G—1) i €{2,3,6,12,24,48}
> 094 —j+1+AGi—1)=94—7+1+A—1) ie{612,24,48}
94 —j+1+5—i i€ {2,3}.

Let u(i,j) denote a lower bound for v(i,j) — (94 — 7). At the outset,
we have, for all i > 4 and j > 79,

while 1(2,7) > 4 and u(3,7) > 3.
We will go through the steps of the reduction and see how i changes.
We can dispense with 7 as part of the notation. We will now call it
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w(7). To emphasize that p is changing, we will let y; denote the value
of v after Step k. We have pg(i) > A(i — 1) + 1 for i > 4, pp(2) > 4
and po(3) > 3. Although it is possible that actual divisibility could
increase after a step (by having terms of smallest exponent cancel),
our lower bounds, being just bounds, cannot see this. Thus we always
have pg41(7) < ug(i), so we wish to prove that py4(i) > A(7).

Step 1 sets

(412) (1) = min(uo(5), 10(9), to(17), p0(33), 110(10),
110(18), 110(34), 110(20), 110(36), 10(40)) = 2

and p1(0) = p(1) + 1 > 3. Of course, pq(i) = po(i) for @ > 1, since
Step 1 is only changing Ry and R;. In asserting (4.12), it is relevant
that the various R; which affect R; do not include i = 2¢ or 3-2t, since
those are the only i for which pg(i) = 1.

Step 2 sets

p2(2) = min(p(2), pa(4), pa(8), 1 (16), p (32)) = 1.

Other rows that affect Ry would contribute exponents at least this
large. Step 3 subtracts 1 from ps(2), so now u3(2) > 0. Step 4 sets

114(3) > min(uz(3), p3(2)) > 0.

We have py(5) = po(5) > 2. Step 5 does not change this estimate,
i.e., pus(5) > 2, because at Step 5, R is not affected by any of the rows,
i=2"witht>1ori=3-2"with ¢t > 0, for which py(7) < 2. This is
due to the fact that, for these values of 7, Ek is 0 in C;_; throughout the
reduction for all £ > 2. Step 6 subtracts 2 from u(5), so now pg(5) > 0.

For Step 7, we need to know the z-exponents of the entries in C}
at this stage of the reduction. These exponents in row ¢ will be 3, 2,
0,0,1,1,0 fors =0, 1, 2, 3, 4, 6, and 7. These can be seen in the
table at the end of Step 4, or by noting that the entries in rows 4, 6,
and 7 will be unchanged from their values in Table 4.3, while R; got x?
from Rs at Step 1, Ry got x from Ry at Step 2, then changed to 2% at
Step 3, while R then got 2° at Step 4. For these values of i, we obtain
that p7(7) is > the minimum of pg(7) and the exponent listed above.
It turns out that the only change is p7(7) > 0. Our bounds now for i
from 0 to 7 are 3, 2,0, 0, 1, 0, 1, 0.
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Since p7(11) > 4 and p7(i) > 4 for 19 < i < 23 and 35 < ¢ < 47,
we obtain ug(11) > 4, and then pg(11) > 0. For Step 10, we need to
know exponent bounds in Cyy at this stage of the reduction, because
it is these multiples of R;; that are being subtracted from the row in
question. For ¢ < 15, they will be the same as the p-values that we
are computing here, because the same steps apply. However, we have
p10(15) = 0 due to the 4ps(z*)-entry in Py52. Our exponent bounds
t10(2) now for i from 0 to 15 are 3,2, 0,0, 1,0, 1,0, 1, 2, 3,0, 1, 2, 3,
0.

Since p10(23) > 8 and pp(i) > 8 for 39 < ¢ < 47, we obtain
111(23) > 8, and then p5(23) > 0. For Step 13, we need to know ex-
ponent bounds in Cyg at this stage of the reduction, because it is these
multiples of Ro3 that are being subtracted from the row in question.
For + < 31, they will be the same as the u-values that we are computing
here, because the same steps apply. However, we have 113(31) = 0 due
to the 2p3(2®)-entry in Py 46.

In Step 14, we obtain p14(47) = 0, with no other changes to . Our
final values for py4(i) are 0 for ¢ = 2, 3, 5, 7, 11, 15, 23, 31, and 47,
and increasing in increments of 1 from one of these to the next. This
equals A(7), as claimed. O

5. PROOF OF THEOREM 2.6

In this section, we prove Theorem 2.6 by defining a sequence of
matrices Ny, ..., N._1 at various stages of the reduction, and then show
that Ny reduces to N, 1. After its rows are rearranged, N, ; will
become the matrix described in Theorem 2.6. We explain in Theorem
5.2 how Ny is obtained from N._;. Comparing with the case e = 6, Ny
through N, are the matrix after Steps 1, 4, 7, 10, and 13, respectively,
while N5 is the matrix at the end of Step 14 except that Pys 94 has not
yet been cleared out.

In the following, lg(—) denotes [log,(—)], and §; ; is the usual Kro-
necker symbol. We continue to suppress e from the notation.

Definition 5.1. For 0 < s <e—1, N, is a matrix with rows numbered
from 0 to 3271 — 1, and columns from 0 to 3 -2~ — 2 satisfying

a. Its leading entries are
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e 2¢4n (0,0) and 2°7! in (1,1);
o for0<k<e—1,2%in (i,i—1) for

2 1
1

IV IA
» ®

&2“1§¢§3ak—{ kss—
k > s;
o for 1 <(<s,2¢7 in (3.2 —1,3.20-2).
b. For2</(+2<t<e, it has
o 2702 poe i o (2%) in (207 m—1— Oy, 20+ 20— 24m)
for
0<m<2—-1 (<s
0<m<240 (=35
1<m<2640 ¢>s;

o 27 py o (2%) in (3-204m —1,2"+ 2 — 2+ m) for

-1 /<s

1<m<2t+

and in ([3-271] — 1,20 +2° — 2) if £ < s.
c. Except for the leading entries described in (a),

e all entries in Cj are 0 for 3-28 —1 < j <4-28—2 k>0,
as are those in Csor_o if k < s, while the only additional
nonzero entry in Cs.as_o 15 2°7571 in row 3 - 2571 — 1;

o ift>2andj = 2" +d with —1 < d < 271 — 2, then
Pz’,j =0 Zfi Z d + 2lg(d+1.5)+1 + 27.

e ifk>0andi=3-2"—1, then P,; =0 fori < j < 2i.

d. For3<t<u<e, 272 -1<d<27' -2 andi<d+271,

_ 1 2t—1
Piouiq = WPZU*tH—l(x )Pty

This is also true for d = 272 — 2 if s > t — 2, except in Tow
32073 — 1.

e. If2<t<e—1,3-20-2"1-1<j<3.20-2 andi<j—2,
then P, ; is dwisible by x* with v =3 - 2" — 2 — j + (1), where

3—i 0<i<1
(i) = { 6 — i 2<i<3
i—c(i)+1 i>4,
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with c(1) the largest integer < i of the form 2V or 3-2", and
. 0 ifi+1=3-2"0r4-2" for0<uv <s
775(1) =

no(?)  otherwise.

Theorem 2.6 is an immediate consequence of the following result,
together with the discussion preceding Step 0 of Section 4.

Theorem 5.2. Let Ny denote the matrices of Definition 5.1.

1. After subtracting 2Rs.9e—2_1 from Rg.oe-1_1 and then rearranging
rows, N._1 satisfies the properties of Theorem 2.6. Call this
rearranged matriz Q. The rearranging is that fori =3-2' —1
with 0 < t < e — 2, R; moves to position 21, while for other
values of i > 2, R; moves to position i — 1.

2. Delete the last column of @), precede this by a column of 0’s,
and precede this by the following two rows.

‘0 1 2 3 2¢ _ 1 2¢ 3.9¢-1 _9
020 (H)w (5)a* (G)a® o 21 0 0
tle () G G) - 10 0

Then perform the 2¢-analogues of Steps 0 and 1 of Section 4.
The result is the matrix Ny.
3. For 0 < s < e—2, the matriz Ny reduces to Ngyq.

Proof. Part 1 is straightforward but tedious and mostly omitted. As an
example of the comparison, the final case of the second e of Definition
5.1(b), after rearranging and changing ¢ to T', says

Pyoe gor gy = 2 T pyr-e_y (%)
With ¢ = s and T' = s + t + 1, this becomes the case i = 3 -2 — 2 of
Theorem 2.6(i).

Next we address Part 2. After shifting and performing Step 0 of
Section 4, we will have the 2¢ analogue of Table 4.3, in which we recall
that odd factors were not written. It is easy but tedious to verify that
everything except rows 0 and 1 will be as stated for Ny. For example,
the first @ of Definition 5.1(b) with its s = 0, and ¢ replaced by T
becomes

_ U ¢
P22+1+m_172T+2€_2+m = 2° TCC2 pQsz_Q(l’Q ) for 1 S m S 2£
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for £ > 0. With ¢/ = s and t = T — s, this matches with part ii of
Theorem 2.6 shifted 2 down and 1 to the right.

Part e of Definition 5.1 for Part 2 is somewhat delicate. We had
Ne—1(1) =0fori=2,3,5 7 11,15,...,i.e. i =2"—1or 3-2"— 1, with
Ne—1 increasing by 1’s between these values of . The rearranging done
in Part 1 puts these 0’s in 7 = 4, 2, 10, 6, 22, 14,..., i.e. 1 = 2! — 2
or 3-2' — 2, with 7 again increasing by 1’s between these values of i.
Shifting these down by 2, as is done in Part 2, puts the 0’s in 2! and
3 - 2! starting with ¢ = 4, but we add 1 to the n values because of the
shift of columns. For example, column 21 had v > 1 + 7, but this now
applies to column 22, where it is interpreted as 0+ (n+ 1). The values
of 79(2) and ny(3) are 1 greater than 7.-1(0) and 7._1(1), respectively.
These values are all as claimed of 7,(é) for i > 2.

We kill the terms in Ry and Ry except for those in columns of the
form 2! — 1 by the method of Step 1 of Section 4. For example, if j is of
the form 3-2' —1 or 5-2' —1, ¢t > 0, then the 2-exponent in Ry and R,
is 1 greater than that in R;,;, which is a leading entry. We subtract
multiples of 2R;; to kill the terms. This brings up multiples of ZEJ-H.
If this is nonzero in C}, the term brought up can be killed by subtracting
a multiple of Ryq1. This brings up multiples of ékﬂ. Because columns
11-15, 23-31, etc., i.e. those j satisfying 3-28—1 < 5 < 4.2 —1, are 0,
we will not bring up le for ¢ from 12-16, 24-32, etc., and these are the
only rows which contain entries which do not satisfy the proportionality
and z-divisibility conditions stated in d and e of Definition 5.1, and the
only rows that will have n(i) < 2. Thus we will obtain (1) > 2, and
10(0) > 3 since Ry has an extra factor of x as compared to Rj.

Similar reasoning applies to columns j not of the form 3-2! — 1 or
528 —1. If also j # 2" — 1, then the 2-exponent in Ry and R; will
exceed that in R;y; by more than 1. We can use an even multiple
at one of the two steps of the previous paragraph, or can break it up
into more steps, which will make the rows eventually brought up have
larger values of i, but, either way, we will not be bringing up the bad
rows such as 1216, etc., and so all the properties will be transferred to
Ry and R;. Changing the terms —@:) in Cy_; to 2¢7t is accomplished
similarly, using that these differ by a multiple of 2¢7**2, while the entry
in (2¢,2" — 1) has 2-exponent ¢ — ¢ + 1.
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There are three steps to the reduction in Part 3, analogous to Steps 5,
6, and 7 in Section 4. Note that the only nonzero entries of N, in C3.9s_»

2¢7571 in Rgq:-1_1, and 2°7° in Rs.9s_;, and the second nonzero

are
entry in Rgos_1 is 2°7° 7222 py(2%") in Cygs41_5. The first step is to
subtract 2Rg.9s-1_; from Rz.os_1. If ]723,2571_1 has ¢ # 0 in C}, then the
—2q brought into R3.9s_; can be killed by adding ¢R;+;. The net effect
is to remove the leading entry of Rzos 1, making the 275 22% py(2%")
in C5.9s+1_5 its new leading entry, and to bring into this row various
qﬁjﬂ for which Pygs-1_1 ; # 0. By (c), such j must satisfy j > 257241,
and then nonzero entries in Ej only occur in columns > 2573 + 1. This
extends the first e in (c) to include also k = s, which is needed for
Ngy1.

We must also consider the effect of these changes on n(3-2*—1). We
had 75(3-2° — 1) = ne(3-2° — 1) = 2°. It follows from (c) that none
of the j’s appearing above can satisfy 3-2f —1 <57 <3-2042% -3 or
420 —1<5<4-2"4+2°5—3 t> s, which are the only values having
ns(j+ 1) < 2° Thus n(3-2° — 1) does not change at this step.

The second step divides Rsos_; by 2% po(2?”). This can be done
because 74(3 - 2° — 1) > 2°. The dividing changes 7(3 - 2° — 1) to 0,
which is consistent with the claim for 7,,1(3-2°—1). This step changes
Pige_1.9use+1_ from 26742 pyue_5(22) t0 2 pou—s—1_1 (2> ) for u >
s + 2. It removes the entry in the first ® of (b) with ¢ = s, m = 2%,
t = u and adds the final entry in the second e of (b) with ¢/ = s+ 1
and t = u. Now (C3.9s+1_9 has

e 2°° 2 in row 3 - 2° — 1;

o 2¢7572ps(2?") in row 2572 — 1;

e multiples of 27572 in rows 0 through 2°+2 — 1;
e a leading 2°7°~! in row 3 - 25! — 1;

e other entries 0.

Now we subtract multiples of row 3-2° — 1 from all other rows except
row 3 - 2%t — 1 to make them 0 in column 3 - 257! — 2. By property
(d), this will zero all entries in column 2% + 2571 — 2 4 > s+ 2, except
in rows 3-2° — 1,272 — 1, and 2% + 2571 — 1. For u > s+ 2, the entry
in (2572 — 1,2% 4 25*1 — 2) is changed from 2¢ “pyu—s_1(2%) to

26_“(P2u75—1($25) - p3(=’f25 )p2u7571—1($25+1))

_ s+1 s+1
_26 uZL'2 p2u7571_2(x2 )
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The minus here can be changed to plus by modifying by a multiple
of row 2% + 2571 — 1, which will not affect the properties such as (d)
and (e). Property (d) will now hold in Ny, for proportionality out
of Cys+3 gs+1_9, to the extent claimed there. This change removes the
entry of the second e of (b) with ¢ = s, m = 2°, and ¢ = u and replaces
it by the entry of the first @ with / =s+ 1, m =0, and t = u.

Finally we consider the effect of this step on x-divisibility. If j is as
in (e) with ¢ > s+ 1, and i < 2572 — 1 and 7 # 3 - 2° — 1, then the new
value of P; ; will equal

od _ Ligzerioe o

The old P, ; is divisible by 23 27710 Also, P, 5.9s+1_, is divisible by
270 if 4 < 2572 — 2 and by 2° if i = 2°72 — 1. (Note that (e) did not
apply in this latter case due to the condition there which here would
say i < j —2°t1) We now have Ps9s_1; divisible by 232277 since
n(3-2° — 1) became 0 at the previous substep. Thus the z-divisibility
of P, ; does not decrease except when i = 2572 — 1, where it changes to
0, consistent with 7,,1(2°72 — 1) = 0.

O

6. AN EASILY-CHECKED PROOF FOR e < 5

In this section, we give an easily checked proof of Theorem 1.6 for
e < 5. Its discovery used the reduced form for M, described in Section
2, and a Mathematica calculation by Gonzélez for the M; analogue.
However, checking its validity only requires elementary verifications.

It is proved in [5, Proposition 4.1] that Theorem 1.6 would follow
from showing that

(6.1) 2¢ k321310, 0] £ 0 in M, for 1 < k < e.
For e <5, (6.1) is an immediate consequence of the following, which is

the main result of this section.

Theorem 6.2. Fore>1 and 1 < k < min(e,5), there is a homomor-
phism ¢pe : M, — 728771 sending 2¢*u>?"" 3]0, 0] nontrivially.

The homomorphism ¢, . is nonzero only on the component of M, in
grading 2(3-2%~1 —3). The component of M, in grading 2d is generated
by the same monomials u?~7/[i, j] for any e, but the relations depend
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on e. We will give an explicit formula for ¢ (u*2 " —37[i j]) € Z
for 7,7 > 0, which is independent of e. Thus we usually call it just
¢r. We will prove that ¢, applied to a relation (1.5) in M, is divisible
by 2¥te=1. Since part of our formula is ¢y (u>2" ' ~3[0,0]) = 22*-2 and

hence
Or(2 P a0, 0) = 22 £ 0 € /2

Theorem 6.2 will follow. The hope was to see a pattern in the formulas
for ¢, that might extend to all k, but they seem a bit too delicate for
that.

. . ok—1_a_ i -
Since the exponent of u in w2 —3717J|

i,7] is determined by k, i,
and j, we do not list it. We write ¢y(i, ) for ¢p(u®2" " —3-171[i, j]),
and will sometimes omit the subscript k. We have ¢1(0,0) = 1, and
the only relation in grading 0 in M, is 2¢[0, 0], which handles the case
k=1.

Here are the lists of values of ¢ (i,j) when k =2 and k = 3.

[4]0,0]2,2,2]0,1,1,0],

[16 | 0,0 ] 0,0,0 | 0,0,0,0 | 8,0,8,0,8 | 0,8,0,0,8,0 | 0,0,4,0,4,0,0 |
0,4,4,4,4,4,4,0 | 0,0,6,6,4,6,6,0,0 | 0,0,0,—1,—1,—1,—1,0,0,0]

Our functions always satisfy ¢(i,7) = ¢(j,7). The first line says that
the nonzero values of ¢ are ¢5(0,0) = 4, ¢2(2,0) = ¢o(1,1) = 2, and
¢2(2,1) = 1, and their flips. The next pair of lines says, for example,
that ¢3(0,0) = 16 and

4 =24

@a(0,6 1) = {0 i=0,1,3,5,6.

Before we list the formulas for ¢4 and ¢5, we discuss the verification
that ¢s . : M, — Z/2°72 is well-defined for all e > 3. This one is simple
enough that it can be (and was) done by hand. We first consider
the case e = 3. The coefficients (7),...(}) in (1.5) are of the form
8, 4a,8c’, 20,853,443, 8,1, where the o’s are 3 mod 4, and the ’s odd.
There are 55 relations after symmetry is taken into account, but only

13 of them contain any term for which u((éfl)gzﬁ(i —{,7)) < 5. The
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most delicate is the case + = 5, j = 4, in which we have
84(5,4) + dag(4,4) + 8a'p(3,4) + 22" $(2,4) + 834(1,4) + 45'$(0,4)
= 8- 1—4a-4+8d-4—-2a"-44+85-8+45 -8
= 84+164+0—-2440+0=0 (mod 32).

If e > 3, then it is as if the binomial coefficients are multiplied
by 2¢73. Their odd factors change, but where it matters, the odd
factors are still 3 mod 4. So ¢ applied to each relation is divisible by
2¢73.32. Terms with (296 ) and (f;) also appear, but they are multiplied
by ¢(0,0) or ¢(0,1), and so yield multiples of 272, This establishes
the well-definedness of ¢3., and that of ¢ . is much easier.

Next we list values of ¢4(7, ) in rows of fixed ¢ 4+ j for which there
are some nonzero values. We precede the row by the value of 1+ j. For
example, the third listed row says that

32 1=2,8
1,10 — i) = ’
¢4(7l’ Z) {0 7/ - 07 17 37 47 57 67 77 97 10
0:64

8:32,0,0,0,32,0,0,0,32
10:0,0,32,0,0,0,0,0,32,0,0
12:0,0,0,0,16,0,0,0,16,0,0,0,0
14:0,0,16,0,16,0,16,0,16,0,16,0,16,0,0
15:0,0,0,0,0,16,16,0,0, 16, 16,0,0,0,0,0
16:0,0,0,0,8,0,8,0,16,0,8,0,8,0,0,0,0
17:0,16,0,16, 16,8,0, 16, —8, -8, 16,0, 8, 16, 16, 0, 16, 0
18:0,0,0,0,8,8,4,8,—4,0,-4,8,4,8,8,0,0,0,0
19:0,8,8,0,0,—4, —4,—-4,4,8,8,4,—4,—-4,-4.0,0,8,8,0
20:0,0,—4,—-4,-4,0,—-6,—6,—4,2,4,2, —4,—6,—6,0,—4,—4,—-4,0,0
21:0,0,0,6,6,6,0,3,3,1,—-1,—-1,1,3,3,0,6,6,6,0,0,0.
These numbers were discovered using Table 2.2. Because of the way
that they were obtained, it better be the case that they send all rela-
tions to 0, at least when e = 4. The beauty is that despite the hard

work that went into obtaining them, once we have them, it is a simple
computer check to verify that they work. It is just a matter of reading
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these numbers ¢4(1, j) into the computer and then having the computer
check that

(gfl)@(’i —4,7) =0 (mod 128) for 0 <7 <21, 0<j <21 —1.
(=0

Now we can prove by induction on e that if e > 4, then

(ﬁ:l)@(i —£,5) =0 (mod 2°"?) for 0 <i <21, 0<j <21 —i.
=0

It is easy to prove that, for 1 < £ < 2¢+1,

(6.3) v((*)) = 2(%)) = 2e + 1 — [logy (£ — 1)] — v(0).

The induction argument follows from this and the values of ¢4(—) listed
above. Indeed, the induction step requires

(6.4) v(da(i — £, 7)) = flogy(O)] +v(£+1) — 1,

and since i + j < 21, we have v(¢4(i — £,7)) > 1,2, 3,4, 5, 6if £ > 1,
2,4, 6, 10, 14, respectively, from which (6.4) follows.

Our treatment for ¢ is similar. Because of the longer lists, we take
advantage of symmetry, and only list ¢5(i,j) for ¢ < j. As before,
we list values of ¢5(i, ) in rows of fixed ¢ + j for which there are some
nonzero values. We precede the row by the value of i+7. If i4+j = 2t+1
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(resp. 2t), the last entry listed is ¢5(¢, ¢t + 1) (resp. ¢5(t,1)).

0 : 256

16 : 128,0,0,0,0,0,0,0,128

20 : 0,0,0,0,128,0,0,0,0,0,0

24 : 0,0,0,0,0,0,0,0,64,0,0,0,0

28 : 0,0,0,0,64,0,0,0,64,0,0,0,64,0,0

30 : 0,0,0,0,0,0,0,0,0,0,64,0,64,0,0,0

32 : 0,0,0,0,0,0,0,0,32,0,0,0,32,0,0,0,64

33 : 0,0,0,0,0,0,0,0,0,64,0,0,0,0,0,0,64

34 : 0,0,64,0,0,0,64,0,64,0,-32,0,0,0,64,0,32,0

35 : 0,0,0,0,0,0,0,0,0,64,64,64,0,64,64,0,64,0

36 : 0,0,0,0,0,0,0,0,32,0,32,0,16,0,32,0,—16,0,0

37 : 0,0,0,0,0,0,0,0,0,32,0,0,32,32,0,0,32,0,0

38 : 0,0,32,0,32,0,0,0,0,0,16,0,-16, 32, —16,0, 16, 32,0,0

39 : 0,0,0,0,0,32,32,0,0,0,0,0, 32, 16, 16, 0,0, 16, 16, 32

40 : 0,0,0,0,16,0,16,0,16,0,32,32,24,0, 56, 32, 16, 32, 56, 32, 48

41 : 0,32,0,32,32,48,0,0,16,48,0, 48,48, 56,0, 16, 8,24, 16, 16, 8

42 : 0,0,0,0,16,16,8,16,8, 16, 40,0, 40, 8, 36, 8,28, 16, 52, 8, 28, 48

43 : 0,16,16,0,0,8,8,24,8,8,8,24,0,28,28,12,4,24,8,12,12,8

44 : 0,0,24,24,24,0,28,28,16,4,28,24,0,0, 18, 2,4, 26, 28, 2, 20,2, 20

45 : 0,0,0,12,12,12,0,10,10,14,14,4,8,10,0,15,15,5,3,15,9,1,15
The computer checks that

> (F)os(i—€,5) =0 (mod2°M*) for 0 <i <45, 0<j <45—i
=0

is true for e = 5. It is then proved for all e > 5 by induction, using

(6.3) as in the previous case.
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