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ABSTRACT. Let p be any prime, and let & and n be nonnegative integers.
Let r € Z and f(x) € Z[z]. We establish the congruence

pleel Y (Z)(—l)kf <kp_ar) =0 (mod pZ;’iaLn/piJ)

k=r (mod p%)

(motivated by a conjecture arising from algebraic topology), and obtain
the following vast generalization of Lucas’ theorem: If o > 1 and [, s,t are
nonnegative integers with s,¢ < p, then

1 n+s ok (k=1
[n/p>—1]! k_T(Z @mt)(‘” ' (F)

mod p%)

n S —7"[
= 2 (D) (=) medn)

k=r (mod p%)

We also present an application of the first congruence to Bernoulli polyno-
mials, and apply the second congruence to show that a p-adic order bound
given by the authors in a previous paper is sharp.
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1. INTRODUCTION

In this paper we establish a number of new congruences for sums involv-
ing binomial coefficients with the summation index restricted in a residue
class modulo a prime power; some of them are vast extensions of some
classical congruences. We begin by providing some historical background
for these results.

Let p be a prime, and let Q, and Z, denote the field of p-adic numbers
and the ring of p-adic integers respectively. For w € Q, \ {0} we define its
p-adic order by ord,(w) = max{a € Z : w/p® € Z,}; in addition, we set
ord,(0) = +o0.

In 1913, A. Fleck (cf. [D, p.274]) proved that for any n € ZT =
{1,2,3,...} and r € Z we have the congruence

S (Rt =0 (wasti)
k=r (mod p)

(where [-] is the greatest integer function, and we regard (7) = 0 for
k=—1,-2,-3,...); that is,

w2, ()52

k=r (mod p)

In 1977, C. S. Weisman [W] showed further that if «,n € N={0,1,2,...}
and r € Z then

(T ()l

k=r (mod p%)

where ¢ is the well-known Euler function. Weisman remarked that this
kind of work is closely related to p-adic continuation.

In 2005, motivated by Fontaine’s theory of (¢,I')-modules, D. Wan
got an extension of Fleck’s result in his lecture notes by giving a lower
bound for the p-adic order of the sum > ) _. (.04 p) (Z)(—l)k((k_lr)/p),
where [,n € N and r € Z. Soon after this, Z. W. Sun [S05] obtained
a common generalization of Weisman’s and Wan’s extensions of Fleck’s
congruence by studying the p-adic order of the sum

- go:d N (Z) (—1) ((k - ;")/p")

via a combinatorial approach. But, when | > n/p®, any result along this
line yields no nonzero lower bound for the p-adic order of the last sum.
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Unlike the previous development of Fleck’s congruence, there is another
direction motivated by algebraic topology. In order to obtain a strong
lower bound for homotopy exponents of the special unitary group SU(n),
the authors [DS] were led to show that if a,n € N and r € Z then

(2 (e () 2o ([5])

k=r (mod p®)

As shown in [DS], this inequality implies a subtle divisibility property of
Stirling numbers of the second kind. Note that if n € ZT then

> n > n n n
ord,(n!) = Z {—J < — = — =
] Zp pd-pt) p-1

and hence ord,(n!) < (n—1)/(p —1).

Now we introduce some conventions used throughout this paper. As
usual, the degree of the zero polynomial is regarded as —oo. For a € Z
and m > 0, we let {a},, denote the fractional part of a/m times m (i.e.,
{a}m is the unique number in the interval [0,m) with a — {a},, € mZ).
For a prime p, if a,b € Z then 7,(a,b) stand for the number of carries
when adding a and b in base p; a theorem of E. Kummer states that
7p(a,b) = ord, (a:b)'

Here is our first theorem.

Theorem 1.1. Let p be a prime and f(x) € Zpy[z]. Let a,n € N and

r € Z. Then
deg f n 1 k k—r
P > (k)< ) f ( =
k=r (mod p®)
=0 (IIlOd pzi’ia Ln/pij+7p({7"}pa71,{n—r}pa,l)) :
1.e.,

(T (o)

k=r (mod p%) (11)
>ord,, ({po‘n_lJ !) —deg f+ 1 ({r}pe-1,{n —1}pe-1).

Remark 1.1. Tt is interesting to compare (1.1) with the following inequality
([Theorem 5.1, DS]) established for topological purpose:

w5 (e ()

k=r (mod p®) (12)

> ordy (| 2 |1) + 50 =)o)
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Note that ord,(|n/p®|!) = ord,(|n/p*~!|!) — |n/p*] and

0 < 1p({rtpe {n = 7hpe) = Tp({r}pe—r, {n = rjpa—1) < 1.

In general, when deg f < |[n/p®], the term 7,({r}yo-1,{n — r}ya-1) in
(1.1) cannot be replaced by 7,({r}pe, {n — r}pe). A principal motivation
for the development of Theorem 1.1 is that the inequality (1.2), although
quite sharp when deg f > [n/p®], is not a good estimate for smaller values
of deg f.

Ezxample 1.1. Let p = o« = 2, r = 1 and n = 20. Then, for each
0 << |n/p*] =5, equality in (1.1) with f(x) = 2! is attained while

Tp({r}pe, {n—r}pe) =71(1,3) = (1,1)+1 = 7,({r}pe-1, {n—r}pe-1)+1.

Ezample 1.2. Let p=3,a=r=2,90<n <98 and 0 <! < |n/p*]| =
10. In Table 1 below, d,,(l) denotes the left hand side of (1.1) minus the
right hand side with f(x) = z!.

Table 1: Values of d,,(1) with 0 <7 <9 and 90 < n < 98

ol 123|456 7] 81|09
910|201 ]0o|1]0]|3]0
91 1|0 |10 3]0 |1]0/|1]o0O
92010301 ]0]1]0]2
93 (o201 |01 0]4]0]1
9glo|1lo|2]lo0o]1l0o]1]0]S3
95 1|0 lo]o o1 |1]o0o/]|O0]oO
9% 1|0 lo]o|lo]|1|2]0/]01]oO
97 1 |o|lo|o|lo|1|1]o0o/]|O0]oO
98 | 1 [ 310 |1]0 1|14 0]1

FEzample 1.3. The combination of using Theorem 1.1 when deg f <
|n/p®] and the inequality (1.2) for larger values of deg f provides an ex-
cellent estimate for

w5, (e (5)

k=r (mod p%)

For example, if p =2, = 1,7 = 0, n = 20 and f(z) = 2!, then the actual
values of the expression for [ = 0,...,21 are

19,19,17,17,14,14,12,12, 10, 10, 8, 8, 8,8,11,9,9,9, 8, 8, 8, 8.
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The inequality (1.2) guarantees that each of the 22 numbers should be at
least 8, while Theorem 1.1 gives the lower bounds

18,17,16,15,14,13,12,11,10,9, 8

for the first 11 of the above 22 values respectively. The bound given by
(1.1) is attained in this example with [ = 4, while ord,([(n/p®*~1)]!) =
18 < 19 = [(n — p*~1)/p(p®)]; this shows that for a general f(x) €
Zyp|x] we cannot replace ord,(|(n/p®~1)|!) in (1.1) by Weisman’s bound
[(n —p*~1)/o(p®)] even if r = 0 (and hence the T-term vanishes).

Here is an application of Theorem 1.1 to Bernoulli polynomials. (The
reader is referred to [IR] and [S03] for some basic properties and known
congruences concerning Bernoulli polynomials.)

Corollary 1.1. Let p be a prime, and let « € N, m,n € Z* and r € Z.

Then
ord,, (1%1 kZ:O (Z) (~1)*B,, ( Vp—a”’J ))
>§iV;fJ+%GT—HW1&n—@w1y

1=

Proof. Set 7 = r + p® — 1. In view of [S05, Lemma 2.1] and the known
identity B,,(z + 1) — B,,(z) = mz™ !, we have

n . k .
> ()5 (5))
k=0 m p
_ _1)\k—1 = .
L2 ) S e () - (5))
k m pa pa
k
n—1 k—r\""
= —1)k1 .
L2 e (5
This, together with Theorem 1.1, yields that

w(£0)L (22)

sord, (|52t 1) = 0n = 0 4 s = 1= o),

p—l

So (1.3) follows. O
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Let f(xz) € Qplz] and deg f < € N. It is well known that f(a) € Z,
for all a € Z if and only if f(x) = Zé‘:o a; (f) for some ag, ... ,a; € Zy.

Since any f(x) € Zpy[z] with degf = | € N can be written in the
form Zé’:o bjj!(‘;”.) with b; € Z, (e.g., 2! = Zé‘:o S(l,j)j!(f) where
S(l,7) (0 < j < 1) are Stirling numbers of the second kind), we can
reformulate Theorem 1.1 as follows.

Theorem 1.2. Let p be a prime, a,n € N and r € Z. Let f(x) € Qplz],
deg f <l eN, and f(a) € Z, for all a € Z. Then we have

(T (o)

k=r (mod p%) (14)

>ord, pr_lJ !> — 1= ordy(I1) + 7, ({r}po-1, {n — r}pacs).

Remark 1.2. This theorem has topological background. In the case p =
o =7 =2and f(z) = (7), it first arose as a conjecture of the second
author in his study of algebraic topology.

Let [z"]F(z) denote the coefficient of ™ in the power series expansion
of F(x). Theorem 1.1 also has the following equivalent form.

Theorem 1.3. Let p be a prime, and let o, l,n,r € N. Ifr > n—(I+1)p~,
then

>ord,, pr_lJ !> — 11— ordy(I1) + 7p({r}pa-1, {n — r}pacs). .

Proof. Let v > n — (I + 1)m where m = p®. Observe that

o e =30 () 0 ey

k=0
£ ()i (e
S @

k=r (mod m)
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Ifr<k<nandk=r (modm),then0< (k—7r)/m<(n—7r)/m<i+1
and hence (l_(k_lr)/ ™) = 0. Therefore

- Y (e (TR,

0<k<n
k=r(mod m)

Y <Z)(_1)k(<k—;«'>/m)7

k=r’ (mod m)
where ' = r + m. Applying Theorem 1.1 or 1.2 we immediately get the
inequality (1.5). O

Here is another equivalent version of Theorem 1.1.

Theorem 1.4. Let p be a prime and a be a nonnegative integer. Let
f(z) € Zylx] with deg f =1 € N. Then, there is a sequence {aj}ren of
p-adic integers such that for any n € N we have

B0 [ e

k=0 (1.6)
_ { pF(EEE) if n=r(mod p*),

0 otherwise.

Proof. The binomial inversion formula (see, e.g., [GKP]) states that
Sieo () (=1)*bp = d,, for all n € N, if and only if >, (?)(=1)dy = b,
for all n € N. Thus the desired result has the following equivalent form:
There exists a sequence {ay, }nen of p-adic integers such that for all n € N

we have
)
(o)

This is essentially what Theorem 1.1 says. [
A famous theorem of E. Lucas states that if p is a prime and n,r, s, t
are nonnegative integers with s,¢ < p then

(2= () ) troan

Now we present our following analogue of Lucas’ theorem.
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Theorem 1.5. Let p be a prime and o > 2 be an integer. Then, for any
l,n €N andr € Z, we have the congruence

= (e (5] emn. 0
where

10wn =t > (e (M)

k=r (mod p%)

Remark 1.3. Theorem 1.2 guarantees that Tl(f;) (n,r) € Z, (and our proof
of Theorem 1.2 given later is based on analysis of this 7). Theorem 1.5
provides further information on Tz(,];) (n,r) modulo p.

Since f(z) = U!(]) — a' € Z[z] has degree smaller than I, we have

n =l S (e (A7) tmoan

k=r (mod p®)

by Theorem 1.1. Thus, Theorem 1.5 has the following equivalent version.

Theorem 1.6. Let p be any prime, and and let I,n € N, r,s,t € Z and
0 < s, t <p. Then, for every a = 2,3,..., we have

DD DI o) (I €=

" k=r (mod p®)

e, 2, e (=) oon

mod p®)

Remark 1.4. Theorem 1.6 is a vast generalization of Lucas’ theorem. Given
a prime p and nonnegative integers n,r, s,t with » < n and s,t < p, if we
apply (1.8) with a > log,(max{n,p}) and | = 0 then we obtain Lucas’

congruence (Z’;fits) = (M)(5) (mod p). We conjecture that (1.8) (or its

equivalent form (1.7)) also holds with o = 1.

Let p > 3 be a prime. A well-known theorem of Wolstenholme asserts
that (2;__11) =1 (mod p?), i.e., (2;) = 2 (mod p?). In 1952 W. Ljunggren
(cf. [G]) generalized this as follows: (27;) = (") (mod p?) for any n,r € N.

T
Our following conjecture extends Ljunggren’s result greatly.
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Conjecture 1.1. Let p be an odd prime, and let o« € ZT, n € N and

r € Z. Then, for alll € N we have
0 (mod p3) if p> 3,
10 )~ ) = {0
’ 0 (mod p?) ifp=3.

Equivalently, for any f(x) € Zy[x] we have

w2, () () e (=)

B (mod p3) ifp >3,
:{ 0 (mod p?) if p=3.

Remark 1.5. The reason for the equivalence of the two parts in Conjecture
1.1 is as follows: For any [ € N we have

_ i S, )P jlp? (j) and [1p' (?) = i(—l)l‘js(l,j)pl‘j(pjmj),

J=0 j=0
where s(l,j) (0 < j <) are Stirling numbers of the first kind.

The proof of Theorem 1.5 involves our following refinement of Weis-
man’s result.

Theorem 1.7. Let p be any prime, and let a,n € N, a« > 2, r,s,t € Z
and 0 < s,t < p®~2. Then

a—2

e P
P (%) Z L ( 1)

k=p>*—2r+4t (mod p®)

=co()(rE S ()enr) modp.

k=r (mod p?)

(1.9)

Here is a consequence of this theorem.

Corollary 1.2. Leta € Z*, n €N and r € Z. Then

n—2o—1

sy (Z) = 1 (mod 2),

k=r (mod 2%)
if and only if « =1 < n, or

a>2 & Gﬁ;j_;) =1 (mod 2)

and
ne>2&n, Z2r. +2 (mod 4) or n,=2& 2|r,,

where n, = |n/2°°2| and r, = |r/2972].

As a complement to Theorem 1.7, we have the following conjecture.
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Conjecture 1.2. Let p be any prime, and let n € N, r € Z and s €
{0,...,p—=1}. If p|norp—1tn—1, then

el oy (e

k=pr+t (mod p?)

=0 (st S ()t modp

k=r (mod p)

for everyt =0,... ,p—1. Whens#p—1,pfnandp—1|n—1, the
least nonnegative residue of

oy (p”k*s)(—m’f
k=pr+t (mod p?)

modulo p does not depend onr fort =s+1,... ,p—1, and these residues
form a permutation of 1,... ,p—1 if s = 0.

Conjecture 5.2 of [DS] stated that the bound in the inequality (1.2) is
attained if f(x) = 2! and [ satisfies a certain congruence equation. In the
following result, we prove this conjecture when p = 2 and r = 0.

Theorem 1.8. Leta € N, n >2% 1> |n/2%| and
] = {ﬁJ <m0d 2L1og2(n/2“u>,
20(

Then

ot Y )(Z)<_1>k(2ﬁa)l)zor@q;&p). (110)

k=0 (mod 2¢

Remark 1.6. Theorem 1.8 in the case a = 0 essentially asserts that if
n € Z* and ¢ € N then S(n + 2U°827lg n) is odd. This is because
Sieo () (=DFE = (=1)"n!S(I,n) for | € N (cf. [LW, pp. 125-126]).

The following conjecture is a refinement of [DS, Conjecture 5.2].

Conjecture 1.3. Let p be a prime, and o > 0 and r be integers. Let
n=2p*—1,1>|n/p*| and

l= LLJ + {n _QTJ (mod (p— 1)pU°gP(”/”Q)J) :

P p

Then

i, (e () s

T+/ k=r (mod p%)
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where 1. = {r}pe and ny, =1y +{n —r}ye. When 0 < r < p the sign +
can be made explicitly by taking the value (—1)17.

For convenience, throughout this paper we use [A] to denote the char-
acteristic function of an assertion A, i.e., [A] takes 1 or 0 according to
whether A holds or not. For m,n € N the Kronecker symbol 6,, ,, stands
for [m = n].

The next section is devoted to the proof of an equivalent version of
Theorems 1.1-1.4. In Section 3 we will prove Theorem 1.7 and Corollary
1.2, and in Section 4 we establish Theorems 1.5 and 1.8.

2. PROOF OF THEOREM 1.2

In this section we prove the following equivalent version of Theorem
1.2.

Theorem 2.1. Let p be a prime, and let a,l,n € N. Then, for all v € Z,
we have

ord,(Ti(n,r)) = mp({r}pa-1,{n —r}ye-1), (2.1)
where Ty(n,r) stands for Tl(f;) (n,r) given in Theorem 1.5.
Lemma 2.1. Theorem 2.1 holds in the case o = 0.

Proof. Clearly 7,({r},-1,{n —r},-1) = 7,(0,0) = 0. Provided o = 0 we
have

mten = G ()0 (1) = G ()

where we have applied a known identity (cf. [GKP, (5.24)]) in the last step.
If | < n, then Tj(n,r) =0 € Z,. When | > n, we also have T;(n,r) € Z,
because ord,((pn)!) = n+ord,(n!) <l+ord,(I!). This ends the proof. [

For convenience, below we let p be a fixed prime and « be a positive
integer.

Lemma 2.2. Letle N, ne€Z" andr € Z. Then

eoa—1
Tin = L) =Ti(n=1,r—1) = { ii’;l)(n, 7) Zi@rwii:, (22)
When I > 0, we also have
Ti(n,r)+ ar_l Ti—1(n,r + p%)
{ —Ti—1(n—1,7r4+p*—1) if p*~1 | n, (2.3)
—pa”,lTl_l(n —1,r+p*—1) otherwise.
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Proof. Clearly

3 (Z) (1) ((k — Z“)/pa)

k=r (mod p%)

Therefore
{ nlJ!ﬂ(n’T)+ V 1J!Tl(”_1ar—1)= V 1J!Tz(n—1,r)
pa— pa— a—

and hence (2.2) follows.
Now let [ > 0. Note that

Pl

=Ip - go:d " (Z) (—1) (k— ;”)/pa ((k’ — ;”)_/11(1 — 1>

I, W) ()

n(7-1), we find that
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So we have

n n |n-— o
Lya_lJ!Tl(n,r):— { a_lJ!Tll(n—l,r—I—p -1)

—_

r n o
- \‘pa_lJ!TIZ—l(nvr"i_p )7
which is equivalent to (2.3). O

Remark 2.1. Lemma 2.2 is not sufficient for an induction proof of Theorem
2.1; in fact we immediately encounter difficulty when p®~! | n and p®~! { r.

Lemma 2.3. Letd,m € Z*,n € N andr € Z, and let f(x) be a function
from Z to the complex field. Then we have

>, Were(57))

k:r(mod a) | . (2.4)
:jZO (ZL) <Er (mZOd ) (Z) (—l)i) ; Tij

where

= Y (") (D) e

k=r+i—j (mod m)

Proof. Let  be a primitive dth root of unity. Given 0 < j < n, we have
;d—1

s (er-g 0 e

i=r (mod d)
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Therefore

This proves (2.4). O
Lemma 2.4. Letl,n € N andr € Z. Then

ﬂ(nar) = Z an(naj)TO(j7T)ﬂ(n_ja T+i_j)a
where /et — )/
o\ L (=) /!
o= () P

Proof. 1t suffices to apply Lemma 2.3 with d = m = p® and f(z) = (
Lemma 2.5. We have co(n,j) € Zy for all j =0,... ,n.
Proof. Clearly

ondy (1. 1)) =ord (1) ~ ond (| 5 1)

(i ([])

~ (ordyttn = - ona, (|-

-5 (21212

This concludes the proof. [

T
l

).
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Proof of Theorem 2.1. Lemma 2.1 indicates that Theorem 2.1 holds when
a = 0. Below we let a > 0.

Step I. Use induction on [+ n to show that Tj(n,r) € Z, for any r € Z.

The case [ = n = 0 is trivial since Ty(0,7) € Z.

Now let [+n > 0, and assume that T;_ (n.,r.) € Z, whenever l,,n, € N,
lo +ne <l+mnandr, € Z.

Case 1. [ =0. By Weisman’s result mentioned in the first section (see

also, [S05)),
(5 ()

k=r (mod p<)
S R e b
L el p—1 p—1

where ng = [n/p®~1|. If ng > 0, then ord,(ng!) < [(no —1)/(p — 1)] (as
mentioned in the first section), hence

To(n,r) = nio‘ 3 (Z)H)k €7,

" k=r (mod p)

Clearly this also holds when ng = 0.
Case 2. | > 0 and p® { r. In this case, Tp(0,r) vanishes. Thus, by
Lemmas 2.4-2.5 and the induction hypothesis, we have

p—1
Ti(n,r) = Y caln, )To(,r)Ti(n—j, r+i—j) €Ly (28)
1 =0 0<j<n

Case 3. [ >0 and p® | r. If p* 1 ¢n,
Ti(n,r) =Ti(n—1,r) = Ti(n—1,r—-1) € Z,

by (2.2) and the induction hypothesis. If p*~! | n and n # 0, then

-
—T-1(n,r+p*) = Tia(n—=1L,r+p*=1)€Z, (2.9)

Tl(”? T) - T4
by (2.3) and the induction hypothesis. Note also that 7;(0,7) € Z,.
In view of the above, we have finished the first step.

Step II. Use induction on n to prove (2.1) for any r € Z.
If p® { r, then T;(0,7) = 0; if p® | r then 7,({7}pa-1,{n —7}pe-1) = 0.
So (2.1) holds when n = 0.
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Now let n > 0 and 7,({r}ye-1,{n — r}pe-1) # 0. Then both ord,(r)
and ord,(n —r) are smaller than o — 1. Assume that (2.1) with n replaced
by n — 1 holds for all » € Z. For ' =n —r — (I — 1)p*, we have

T ({r'}pa-1,{n = r'}pa-1) =1, ({n — r}pe-1, {r}pa-1)
=Tp ({T}pa—l, {n — T}pa—l)

and

Ti(n, ") :Wlp'_plw S (e (e

k=r’ (mod p®)

e, X, W )
:—(L_n %Zﬁ'ﬁl ka(go:d » (Z) (-1 ((k —(n- r’)l)/p“ +1- 1)
=(=1)"*"Ty(n, 7);

also, ord,(r’) = ord,(n—r) = ord,(n) if ord,(r) > ord,(n). Thus, without
loss of generality, below we simply let ord,(r) < ord,(n).
In view of Lemma 2.2,

“Tin—1r—1)  ifp*n,

pan_l Ti(n—1,r —1) otherwise.

r — p®
Tiva(nr =) + L i) = {

As Tir1(n,r —p*) € Zy, and
ord,(Ti(n —1,r = 1)) =2 7,({r = 1}pe-1,{n =1 = (r —=1)}pe-1) >0
by the induction hypothesis, we have

ord, (rT;(n,)) in{a — 1,ord,(nT;(n — 1,7 — 1))}

Z m
> min{a — 1,ordy(n) + 7 ({r — 1} pa—1,{n — r},0-1)}.
By the definition of 7,
Tp({r}pa—la {n — T}pa—l) <a—1-— Ordp(r)
and also
Tp({r}pe-1, {n—r}pe-r) < p({r—1}pe-1,{n—r}pe-1)+ordy(n) —ordy(r).

(Note that {r},a-1 4+ {n—r}ya-1 =n (mod p*1).) So, (2.1) follows from
the above.
The proof of Theorem 2.1 is now complete. [l
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3. PROOFS OF THEOREMS 1.7 AND COROLLARY 1.2

To prove Theorem 1.7 and Corollary 1.2, we need to establish an aux-
iliary theorem first.

Lemma 3.1. Let m € Z* and r € Z be relatively prime. Then, for any
n € Z*T, we have

1= 1 1 m
— =_4 —[2 d . 1
”kzzokm*T ~+5[2]n] (mod m) (3.1)

Proof. We use induction on n.
If n is relatively prime to m (e.g., n = 1), then 2 cannot divide both m

and n, hence

i
0}

-1

3

1
km+r

1
n

S| =
Il
S|

+ —[2|n] (modm).

Il
S
| 3

(]

>
e
I
=

=0

Now suppose that p is a common prime divisor of m and n, and set
no = n/p. Then

—km+r = (i 4+ jno)m +r 5 g imet gmng v
For any ¢ = 0,... ,ng — 1, clearly
1 ”i 1 1
(e mm+ jmng+r  im+r
1 pz_:l —jmn/p
n = (im + jmng +r)(im +1r)
p—1 .
_ jm/p  p—1 m _ . m
= — Tz = — 5 —2 :61),25 (mOd m)
7=0
Therefore
O B s 1”2‘:1 1 m
n km+r n“~im-+r P2y
=0 7=0
U | m n
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Note that ng < n. If

?’LQ-].

DI
no mm+r

S|

i %[[2 | no] (mod m),

then (3.1) holds by the above, because

m n

m m m
pa'y 5+ 212 [ mol = 803 (14 [ n =2+ [4 | n]) = 7

[2 ]| n] (mod m).

This concludes the induction proof. [

Remark 3.1. Lemma 3.1 can be further extended by considering the arith-
metic mean ZZ;& (km 4+ r)! modulo m via the same method.

Lemma 3.2. Let p be a prime, and let k € N and n € Z*. If p is odd,

then
pn — n 20rdp(n)+2> )
(pk‘) = <k) (mod p . (3.2)
For p =2 we have

(ZZ) — M(Z) (mo q 220rd2(n)+1>_ (3.3)

Proof. The case k =0 or k > n is trivial. Below we let 0 < k < n.
By a result of Jacobsthal (see, e.g., [G]), if p > 3, then

(3)/3) 1+

for some ¢ € Z,, and hence
o n ny s 3 ofn—1
— = k(n —k)q = —k
() = (&) =t (12 Yo
=0 (mod p3+2°rdp(")) .

Now we handle the case p = 3. Observe that

@Z) / (Z) _(Bn— 1)‘(;% —2), Bn- i).(gn —95)

(3n — (3k — 2))(3n — (3k — 1))
(3k —2)(3k — 1)

and

(3n — (3i +1))(3n — (3i +2)) = 9n? — (2 + 1) + (3i + 1)(3i + 2)
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for any 7 € Z. So we have

G0/ () =T (oo s)

n—2—1
El 9 d 32+ord3(n) 2 .
* ”Z(3z+ 1)(3i + 2) <m° ( )>

Clearly

M

]!

o —2i—1 k_1<n—2i—1 n—2i—1)

— (3i+1)(3i +2) 3i+1  3i+2

;@‘s
HO

B n—2-1 n-2k-1-4)—1
B 3i+1 3(k—1—14)+2

1=0

and hence

B
|
—_

1 n—2—1
ke (3i+1)(3i + 2)

??‘s
)—IO

?lﬂ»—t

n—(2i+1) n+(2i+1)—2k
3i+ 1 3k — (3i+ 1)

T
»—AD

— 3k(n — (2 + 1)) + 2k(3i 4+ 1) — 2n(3i + 1)
(3i +1)(3k — 3i — 1)

wl»—k
o

A

w

3n—1 2n 1 1

— (3i+1)(3k—3i—1) k = 3(k—1—1)+2

A

-1

k‘

I
?r@
Ll
Il
o

-1
—1
0

1
=k—n (mod 3),

_2 X —
L

A

where we have applied Lemma 3.1 with m = 3 to get the last congruence.
Therefore

3n n n—1\"2 n-2-1
= - — — d 2ords(n)+4
<3k) (k>+9” ( ); 3i+ 1)(3i 1 2) (mo J )

— n 2 n—1 . 2ords(n)+3
_(k> +9n <k—1><k n) (modB )

E(”) (mod 320rd3(n)+2> )
k
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Finally we consider the case p = 2. Observe that
- 2] +1 2] +1
— 1
=(—1 k 1—-29 < d 20rd2(n)—|—1 2> )
) ( n2;2j+1) mod ( )

This, together with Lemma 3.1 in the case m = 2, yields that

2 =(—1)" " —ﬁ nol kil—l <mod 22°rd2(”)+2>
2k) k E \k—-1 j:02j+1

E(—l)k<2) — (—1)k2n? (Z:Du +[2|K]) (mod 2%rd(v+2)

:]
|

We are done. [J
If p is a prime, and a,n € N and r € Z, then

w5 (o) [

k=r (mod p®)

by Weisman'’s result, and hence

S (n,r) = p~ o1 Z <p:1”>(—1)’f (3.4)

k=r (mod p®)

is an integer.

Theorem 3.1. Let p be a prime. Then, for each a = 2,3,..., whenever
n € N and r € Z we have
(p) 2—6,2)(a—2 :
Sthﬁz{swmeMOmﬂﬂ ) el

a72)

0 (mod p otherwise,

where S (n,r) is defined by (3.4).

Proof. We use induction on « and write Sy (n,r) for S» (n,r).

When o = 2 we need do nothing.

Now let @ > 2 and assume the desired result for « —1. We use induction
on n to prove that (3.5) holds for any r € Z.
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First we consider the case n < p. Note that |[(n—1)/(p—1)] = —1 and
p*~In < p®. Thus
pa—ln
satnr) =p (), ")
: {r}pe

If pfr, then

(o) =T (o 71) =0 tmod )

and hence S, (n,7) =0 (mod p*). When p | r, by Lemma 3.2 we have

(—1){ho ~(r/p}ye ( pn )

{T/p}po‘—l

() () ()

thus Sy (n,7) = Sa_1(n,r/p) (mod p?@=1),

Below we let n > p, and assume that (3.5) is valid for all r € Z if we
replace n in (3.5) by a smaller nonnegative integer. Set n’ = n—(p—1) > 1.
Ehen by Vandermonde’s identity (*1¥) = > jen (f) (kgj) (cf. [GKP]), we

ave

Saln,r) =p 5 Y (Z)( )(a‘lﬁ')(_lw

k=r (mod p%) j=0 _j

(_TPj (@(?a))p_y;’—llj 3 (p";;n’> (—1)".

k=r—j (mod p%)

I
DA

(=
Q

7=0
If0<j<o(p*) and ptj, then
1 « a—1 -1 oy 1
_(90(1? )> _ )(@(1_? ) ) — 0 (mod p*~2),
p\ J PJ J—=1

and also S, (n’,7 — j) = 0 (mod p®~2) (by the induction hypothesis) pro-
viding p | . Thus

o(p*h)

Sa(n,r) = Z (_;)m' (w(pa)) Sa(n',r — pj) (mod p(1+ﬂp|rﬂ)(o‘_2)> )

= P P

Note that when j # 0 (mod p®~2) we have

()
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Case I.pfr. By the induction hypothesis, p*=2 | S, (n',7 — pj) for all
7 € Z. Thus, by the above,

In view of Lucas’ theorem,

(05 7) = (0 ) == () = v

for every j =0,...,p — 1. Note also that (—1)? =1 (mod 2). So we have

151
= - S,(n/,r—p*'j) (mod p*~?).
P
Observe that
p—1
Z Sa(n',r —p>~1j)
§=0

2

5 Y (pa_kp”/) (—1)*

k=r (mod p>—1)

_ n'—1 pn’—1 !
—p~ = Ip=T s, (o 1) = 7 Saca (o 7).

Therefore
Sa(n,r) = pn/_lsa_l(pn',r) (mod p*~?) .

By the induction hypothesis for a — 1, we have p*=3 | S,_1(pn/,r),
hence Sy (n,7) = 0 (mod p*~2) if n’ > 1. In the case n’ = 1, we need to
show that S,_1(p,7) =0 (mod p®~2). In fact,

Sac1(p,r) =p~ L=t > (pa:p) (—1)F

k=r (mod p>—1)

-y pak_Q (pak_l__l 1) (=1)* = 0 (mod p*~2).

k=r (mod p>—1)

(Note that if k = r (mod p*~1) then p{ k since p{r.)



COMBINATORIAL CONGRUENCES MODULO PRIME POWERS 23

Case II.p|r. In this case,

r
Sa(n,r) —Sa_1|n,—
=5 (1)

a—1

e(P* ) j
—1)Pi o ‘
B () PR
= P PJ
e N ) a—1
_ (-1) 90(]9. ) Sy n’,f—j (mod pz(a—2)>'
= P J
By Lemma 3.2,
o— a—2
p 1(p. —1) = (—1)(P-Di p (? —-1) <m0d p(z—ap,g)(a—z)u) ‘
Y J

Thus S, (n,7) — Sa—1(n,7/p) is congruent to

‘P(pa_l) (_1)] S0(270471) r
> —( , )(Sam’,r—pj)—sa_l (n’,— —j))
par j p

modulo p(?~%.2)(@=2) Tf p@=2 4 j then

1(s0(p0‘1)> _ -1 (so(pal) - 1) cz,

P J pJ Jj—1

Since So(n', 7 —pj) = Sa_1(n/,7/p—7) (mod p~9r.2)(=2)) by the induc-
tion hypothesis, and —1 =1 (mod 2), we have

-
Sa(n,r) —Se_1|n,—
) =5 ()

P p*—2j

Sa(n/,r —p* 1) = Sa_1(n/,r/p — p*~2j) (mod p(z—ém)(a—z)) ,
b

where we have used the fact that (pa;?;;l)) = (’71) = (—1)’ (mod p) for
0<j<p—1. Asin Casel,
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T a—2 - n' T
Sa—l (nlv ——p 2.7) =Pp Sa—Q <p77/, _) .
p p

Sa(n,r) — Sa_1 (n,

=p"' 1 <Sa—1(pn',r) — Sa—2 (pn', f)) (mod p(2_51’*2)(0‘_2)) .
b

and

Thus

By the induction hypothesis for a« — 1, S, _1(pn’,r) and S,_2(pn’,r/p)
are congruent modulo p2=%.2)(@=3)  Therefore, if n’ > 2 then

- r (2-6p,2)(a—2)
Sa(n,r) = S0_1 <n, p) (mod D ) )

When n’ € {1,2}, we have n’ — 1 — |(pn’ —1)/(p — 1)| > —2 and also

> (" )er- o (e

k=r (mod p>—1) k=r/p (mod p*—2)

= > (<pap;n/>(—1)”’“ - <p a;"/)(—l)’“).

k=r/p (mod p>—2)
By Lemma 3.2, the last sum is a multiple of

p2(o¢—2)—|—2—5 (2_517,2)(0‘_2)1)2"_617,2(o‘_3)'

p,2 :p

So we also have the desired result in the case n’ < 2.
The induction proof of Theorem 3.1 is now complete. []

We believe that (3.5) in the case p | r can be improved slightly. Here is
our conjecture.

Conjecture 3.1. Let p be an odd prime, and let a > 2 be an integer. If
n € N and r € Z, then

Sép) (n’pr) = Sépzl(n’ T’) (mod p2a—2—6p73) ‘

Now we give a useful consequence of Theorem 3.1.

Corollary 3.1. Let p be a prime, and let a,3,n € N with a — 3 > 2.
Given r € Z we have

S((xp) (mpﬁ?“) = Sép,)ﬁ(n, T) (mod p(z_‘sp*Q)(a_ﬁ_l)> ) (3.6)
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Provided r # 0 (mod p) we also have

SP)(n, pPr)=0 (mod po‘_ﬁ_2) . (3.7)
Proof. By Theorem 3.1, if 0 < j < ( then

Sép_)j(n,pﬁ_jr) = g®) 1(n7pﬁ—j—17a) (mod p(2—5p,z)(a—j—2)> '

a—j—
So (3.6) follows.

If p{r, then Sép_)ﬁ(n, r) =0 (mod p*~#~2) by Theorem 3.1, combining

this with (3.6) we immediately obtain (3.7). O
Proof of Theorem 1.7. Write n = png 4+ sg with ng,sg € N and sg < p.

Then
V +s/p* " —pJ _ V - pJ
e (p?) ©(p?)
n/p—1| |no—1
p—11 L[p-1]
By Vandermonde’s identity,

> (") e

k=p>*—2r+t (mod p®)

\‘pa—2n + s _pa—lJ
©(p*)

a—2

B B

k=p*—2r+t (mod p*) jEN

a—2 a—1
. p So+s j p no k
e L e
jEN k=p*—2r+t—j (mod p%)
In light of Corollary 3.1, for any »’ € Z we have

So(ng, ' /p®~2) (mod p>~%2) if ' =0 (mod p*~2),
0 (mod p) if ord,, (1) < a — 2.

Su(ng,r’) = {

Thus

a—2
_|no—1 p 7’L—|—8
p Lo S ( . )(_1)k

k=p>—2r+t (mod p®)

a—2
o p S0 + S D‘72i+t _L"O__ll bno k
- (pO‘_Qi—i-t )(_1)p bt 2 ( k >(_1)

k=r—i (mod p?)

= (V) ()oY (70 nod

ieN k=r—i (mod p?)
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where we have applied Lucas’ theorem in the last step. (Note that s =
t=0if a =2, also —1 =1 (mod 2).) Since

ST ()

1=0 k=r—i (mod p?)

(1)L, ()

1=0 k=r (mod p?)
pno + So n
DN AR (G SR W IS
k=r (mod p?2) k=r (mod p?)
the desired result follows from the above. O

Proof of Corollary 1.2. The case o = 1 is easy, because Zk;r(mod 2) (}) =
2n=1if n > 0.

Now let o > 2 and write n = 2* 2n, + s and r = 2 2r, + t where
0<s,t <292 Then s = {n}ga—2 and t = {r}ga—2. By Theorem 1.7,

o 25 3 (Z)(_nk =1 (mod 2)

k=r (mod 2%)

— ('z) = o [ %] 3 <7;‘€*)(—1)’€ =1 (mod 2).

k=r. (mod 4)

In the case n, =1 (mod 2), by [S02, (3.3)] we have

> > ()

0<k<ns
4|lk—r.

—Tx "z— Nk —
—(—1) ((_1)81221 _ 1) :

thus

D S (A R (TS R (TP IS

k=r. (mod 4)
T (M —Tx) nz—l nx—1
Py (S

2
T*(n*—"’*)_i_n*_l nx—1
2 8

=21 4 (1)

and hence

9—L5]+1 Z (7;*) =1 (mod 2) <= n, > 1.
k=r. (mod 4)
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When n, =0 (mod 2), if n, > 0 then by the above we have

.z, 0

k=r. (mod 4)
= > (") X (M
B k k
k=r. (mod 4) k=r.—1(mod 4)

e (Mg —1—7rk ny—1 271 ng—1)—1
(netore) g (na=DPo ) (mac)

—9(na—1)—1 4 (-1)

P —1) (g —1— (s —1 ne—1)2-1 (nx—1)—1
( )( - ( ))Jr( 8) 2( 2)

+ 2(77»**1)71 + (_1)
—9ns—1 | (_1)(”*2/2)2n*/2—1 «_DW n (_1)w>

—on-—1 4 (_1)(7L*2/2)+L%* <1+ (_1)"7*+r*) 2n*/2—1,
therefore

-l 3 (";) =1 (mod 2)

k=r. (mod 4)

<:>n*>2&%zr* (mod 2), or n, =2 & 2| r..

Combining the above we obtain the desired result. [J

4. PROOFS OF THEOREMS 1.5 AND 1.8
Let us prove Theorem 1.5 first.

Proof of Theorem 1.5. For convenience, we set 1} o(n,r) := Tz(l;) (n,r).
We point out that the case n = 0 is easy, because

o =i () < o e o2

Below we use induction on [ + n to prove the desired result.
If Il +n =0, then n = 0 and hence we are done.
Now let n > 0, and assume that

T () = ()0 ()7 (2] 2] amod

whenever l,,n, € N, I, +n, <l +n and r, € Z. Write n = png + s and
r = pro + t, where ng,ro € Z and s,t € {0,... ,p—1}.



28 ZHI-WEI SUN AND DONALD M. DAVIS

Case 1. p® {n. By Lemma 2.2 and the induction hypothesis, if s # 0
then

Ty ar1(n,7) =T ar1(pno +s — 1,pro + 1)
—Tar1(pno+s—1,pro+t—1)

s—1
— (-1 ( )Tlamo,ro)
(52D (no, o) if t >0,
L) Thalno,ro — 1) if t =0,

—(-1)’ ( - 1)Tl,a<no: )+ (0} 7} ) Thalna,ro)

t t—1

s
E(—l)t( )TZ,a(no,?“o) (mod p).
Similarly, provided s = 0 we have

ﬂ,a+1(n; 7”) :ﬂ,a+1(p(n0 - 1) +p - 1,])7“0 + t)
—Tiat1(p(no—1)+p—1,pro+t—1)

0 (77t~ 1)

(—1)t_1(fj)Tl,a(no —1,7r9) (mod p) ift >0,
(—1)pt (gj)Tl,a(no — 1,70 — 1) (mod p) ift=0.

Thus, if 0 < t < p then
Tios (n.7) = (~1)" (f)Tl,amo —1,r0) =0 (mod p)

and hence T} o+1(n,7) = (—1)1())T1,a(n0,70) (mod p); if t = 0 then
irl,a—l—l(”a T) = ﬂ,a(no - 17T0) - ﬂ,a(no - ]-7 To — ]-) = ﬂ,a(n07T0) (mOd p)

with the help of Lemma 2.2.
Case 2. p® | n and p® tr. In this case,

ordy(Tha+1(n,7)) 2 Tp({r}pe, {n = 7}pe) >0

by Theorem 2.1. If ptr (i.e., t > 0) then ({{Z}]f’p) = (Y) =0;if p | 7 then

ordy(T,a(n0,70)) Z7p({ro}pe-1, {no — ro}pe-1)
=Tp(P{ro}pe-1,p{no = ro}pe—1) = Hp({r}pe, {n —r}pe).
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So we have

{”}p
{T}p

Case 3. n=7r =0 (mod p%*). When [ = 0, by Theorem 3.1 we have

Tisa(n,7) = 0= (D)0 (Y07) 13 (0, 10) (mod )

Ln/po‘flJ

) ( n )
T o n,r)= —Sa —r
0, +1( ) (n/pa)! +1 P
pLL_ll_lJ n .
p— 0 ) .
EWSép) (pa—l ’ 5) - TO,a(n07T0) (mod p(2 6p,2)( 1)) .

In view of Lemma 2.2 and the induction hypothesis, if [ > 0 then

a+1) a+1l 1)

r
Tiat+1(n,r) =— p_aﬂ—l,a+1(na r+p —Ti—1a+1(n—1,r+p

,
== pa(il Ti-1,a+1(pno, p(ro + p%))

—Ti—ta+1(no—=1)+p—1,p(ro +p* —1)+p—1)

.
=- a(ilTl—l,a(nO; ro +p%)
—(p—1
0 (P ) Taalno -~ Lo+ - 1)

=T},a(n0,70) (mod p).
Combining the above we have completed the induction proof. [
To establish Theorem 1.8 we need some auxiliary results.

Lemma 4.1. Let p be a prime, and let n = p°(pq + r) with 3,q,r € N
and {—q}p—1 <7 <p. Then

n—1
p—1

ordy(n!) = { J < q=0.

Proof. For s = {—q},—1 we clearly have pg+ s = 0 (mod p — 1). Observe
that

Ln— 1J :pﬁ__ 1(pq—|—r) n VLr—lJ

p—1 p—1 p—1
-1
D pq+s
—p_1@m+r}+ —
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Also,

5 o |8
p’(pg+r) p’(pg+r)
ond(ut) = 3 LIy 5| 2]
o<i<p P i=1 p
=(pq+r) > P +ordy((pg + 1))
0<iLp
ol
e

(pqg + 1) + ordy((pg)!).

In the case ¢ = 0, we have s = 0 and hence

-1 8 _1
n _ r = ord,(n!)
p—1 p—1

by the above.
Now let ¢ > 0. Then

oo S
P P q pq__ pg+s
ord, ((pg)!) ;_1: Lsz ;_1: pi 1—p 1 p—1 " p—1

and therefore ord,(n!) < [(n —1)/(p —1)|. This ends the proof. O

Remark 4.1. By Lemma 4.1, if p is a prime and n is a positive integer with
ord,(n) = [log, n], then ord,(n!) = [(n —1)/(p — 1)].
Using Lemma 4.1 and Corollary 1.2, we can deduce the following lemma.

Lemma 4.2. Leta e N,neZ", reZ andn=r =0 (mod 2%). Then

Té’QO)CJrl(n,r) =1 (mod 2) <= n is a power of 2.

Proof. Clearly

9 (_1)r2n/20‘—1 _ n;20¢ n
T()(’O)[H(n,r) = ECON 2 Lp(z +1>J Z L)

k=r (mod 22t1)

By Lemma 4.1 in the case p = 2,

ords (%‘) = /21—y 2% is a power of 2.

If a =0, then

5 (e g ()

k=r (mod 22t1) k=r (mod 2)
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Now we let a > 0. Note that both n, = n/2%"! and r, = r/2°71 are
even. Also, {n}sa—1 = {r}sa-1 = 0. Thus, Corollary 1.2 implies that

2_{;(12%2;11)J Z <Z) =1 (mod 2)
k=r (mod 22t1)

< n, =2 or n,=2r, =0 (mod 4).

Combining the above we find that TO(’QO)(H(n, r) =1 (mod 2) if and only
if n is a power of 2. This concludes the proof. [
The following result plays a major role in our proof of Theorem 1.8.

Theorem 4.1. Let a,c,d,e € N and 0 < d < 2°. Then

T2, (2%(2° + d),2%¢) = G0 (mod 2) for alll=0,...,d.  (41)

Proof. By Lemma 4.2, if n € Z*, r € Z and n = r = 0 (mod 2°) with
B =1, then Té?ﬁ)ﬂ(n,r) = Téfg, (n/2,r/2) (mod 2). Thus, by modifying
the proof of Theorem 1.5 (just the third case) slightly, we get a modified
version of (1.7) with p = 2 and « replaced by 8 = 1. This, together with

Theorem 1.5, shows that if [ € N and « > 0 then

T2 (225 + d), 2%) =12 (29712 + d), 27 L)

= Tl(i)(Qe +d,c) (mod 2).

So, it suffices to show the following claim:
Claim. Ifl €N, ne€ Z* and d,, :==n — 2l°827] > | then

Ti(n,r) = Tl(? (n,r) = 01,4, (mod 2) for allr € Z.
We use induction on [ to show the claim.
As n € Z7 is a power of two if and only if d,, = 0, in the case [ = 0 the
claim follows from Lemma 4.2.
Now let [ € Z* and assume the claim for [ —1. Let n € ZT with d,, > (.
Clearly d; = 0 < [ and hence n > 1. By Lemma 2.2,
Ti(n,r) = —rTi—1(n,r+2) —Tj—1(n— 1,7 + 1).

Since d,,_1 =d, —1 > [ — 1, by the induction hypothesis we have

Ti—1(n,r4+2) = 6;—1,4, (mod 2) and T;_1(n—1,7+1) = 6;_1,4,—1 (mod 2).
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Therefore
Ti(n,r) = —=rdi—1,4, — 01-1,d,-1 = O1,4, (mod 2).

This concludes the induction step, and we are done. [J

Proof of Theorem 1.8. Write n = 2%(2°+d)+c with ¢,d,e € N, ¢ < 2% and
d < 2¢. Clearly ng :=2¢+d = [n/2%]. Since 2¢ < n/2% < ng+1 < 2¢"1,
we also have e = |logy(n/2%)|. By Vandermonde’s identity,

s, W)

k=0 (mod 2¢)

2 B0 @)

k=0 (mod 2) 7=0

S()ev x (e ()

j (mod 2«

(Note that signs are not omitted because a might be zero.) If 0 < j < ¢ <

2%, then
wi X ) ()

k=—j (mod 2«

> orda(ng!) + 12(2% — j,7) > orda(ng!)
by the inequality (1.2). So, we need to show that
!
2%ny vl K\ 2%ng 29k .1
> G () -2 (i)
k=0 (mod 22) keN

has the same 2-adic order as ng!. If k is even, then ordg(k: Y= 1>=ng >
orda(no!). Thus, it remains to prove that ordQ(Z) = orda(ng!), where

2¢ no 20‘n0 . 1
Y= Z( ) Z(a , )(2;+1).
o S\
Observe that

i =3 (Vo =3 (e st o)

3:0 S:O tZO



COMBINATORIAL CONGRUENCES MODULO PRIME POWERS 33

and hence

[ a
= ( )28_t5(5,t)(—1)2 Tt(,2a)+1(2an072a)
0<t<s<l 5
l

Now we analyze the parity of (i)Tt(i)H(Qo‘no, 2%) for each 0 <t < 1. As
I > ng and [ = ny (mod 2°), we can write | = ng +2°¢ = 2°(¢+ 1) +d
with ¢ € N. Note that

Cz) = 11 <1+§(q+1)) =1 (mod 2).

o<r<d

Also, if 0 < t < d then Tt(2+1(20‘n0,20‘) = 0,4 (mod 2) by Theorem 4.1.

When d < t < [ and Tt(73+1(2an0,2“) # 0, we have 291y > 29Tt 4+ 2%
hence d <t < mnp/2 < 2° and thus

e ()5 (2] 2] 5)
SHEUECRER

Combining the above we find that

Sl
==Y (t> T;2), 1(2%n0,2%) = 1 (mod 2).

ng!
0 t=0

So ordy(X) = orda(ng!) as required. O
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