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ABSTRACT. We present a proof of the fact that for a primep, the p-th cyclotomic poly-
nomialΦp(x) is irreducible, that is a simplification of Gauss’s proof.

It is well-known and very easy to prove that thep-th cyclotomic polynomialΦp(x) is
irreducible forp prime by using Eisenstein’s criterion. But this result is originally due to
Gauss in theDisquisitiones Arithmeticae[1, article 341], by a rather complicated proof.
We present a simplified version of Gauss’s proof.

Theorem 1. Let p be a prime. Then the p-th cyclotomic polynomialΦp(x) = xp−1 +

xp−2 + . . .+1 is irreducible.

Proof. We have the identity

d

∏
i=1

(x− r i) =
d

∑
i=0

(−1)isi(r1, . . . , rd)x
d−i ,

where thesi are the elementary symmetric functions.
Let ϕ(r1, . . . , rd) = ∏d

i=1(1− r i). Then we see that

ϕ(r1, . . . , rd) =
d

∑
i=0

(−1)isi(r1, . . . , rd).

The theorem is trivial forp = 2 so we may supposep is an odd prime.
Suppose thatΦp(x) is not irreducible and letf1(x) be an irreducible factor ofΦp(x) of

degreed. Then f1(x) = (x− ζ1) · · ·(x− ζd) for some set of primitivep-th roots of unity
{ζ1, . . . ,ζd}. Fork = 1, . . . , p−1, let fk(x) = (x−ζ k

1) · · ·(x−ζ k
d). The coefficients offk(x)

are symmetric polynomials in{ζ k
1 , . . . ,ζ k

d}, hence symmetric polynomials in{ζ1, . . . ,ζd},
hence polynomials in the coefficients off1(x), and sofk(x) has rational coefficients. Since
eachfk(x) dividesΦp(x), by Gauss’s Lemma in fact eachfk(x) is a polynomial with integer
coefficients.

(It is easy to see that eachfk(x) is irreducible, thatd must dividep−1, and that there
are exactly(p−1)/d distinct polynomialsfk(x), but we do not need these facts.)

Since fk(x) has leading coefficient 1 and no real roots,fk(x) > 0 for all realx. Also,

Φp(x)
d =

p−1

∏
k=1

fk(x)
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since every primitivep-th root of 1 is a root of the right-hand side of multiplicityd. Then

pd = Φp(1)d =
p−1

∏
k=1

fk(1)

andd < p−1, so we must havefk(1) = 1 for someg > 0 values ofk, and fk(1) a power
of p for the remaining values ofk, and hence

p−1

∑
k=1

fk(1) ≡ g 6≡ 0 (mod p).

But

ϕ(ζ k
1 , . . . ,ζ k

d) = fk(1) for k = 1, . . . , p−1, andϕ(ζ p
1 , . . . ,ζ p

d ) = ϕ(1, . . . ,1) = 0.

Thus
p−1

∑
k=1

fk(1) =
p−1

∑
k=1

ϕ(ζ k
1 , . . . ,ζ k

d)

=
p

∑
k=1

ϕ(ζ k
1 , . . . ,ζ k

d)

=
p

∑
k=1

d

∑
i=0

(−1)isi(ζ k
1 , . . . ,ζ k

d)

=
d

∑
i=0

(−1)i
p

∑
k=1

si(ζ k
1 , . . . ,ζ k

d).

But si(r1, . . . , rd) is a sum of terms of the formr j1 · · · r j i , so each term in the inner sum
above is a sum of terms

p

∑
k=1

ζ k
j1 · · ·ζ

k
j i =

p

∑
k=1

(ζ j1 · · ·ζ j i )
k = 0 or p

according asζ j1 · · ·ζ j i is a primitivep-th root of unity or is equal to 1. Thus

p−1

∑
k=1

fk(1) ≡ 0 (mod p),

a contradiction.
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